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CERTAIN HOLOMORPHIC SECTIONS RELATING TO 2-POINTED

WEIERSTRASS GAP SETS ON A COMPACT RIEMANN SURFACE

Tohru Gotoh

Abstract

For a compact Riemann surface X of genus g, we will construct a holomorphic

section of the line bundle p�
1K

gðgþ1Þðgþ2Þ=6
X np�

2K
gðgþ1Þðgþ2Þ=6
X over X � X whose zero set

consists exactly of the points ðP;QÞ with the cardinalities of the Weierstrass gap sets

GðP;QÞ greater than the minimal value ðg2 þ 3gÞ=2.

1. Introduction

This is a continuation to the previous paper [G].
Throughout this article, we denote by X a compact Riemann surface of

genus g. For a pair of distinct points P and Q in X , the Weierstrass gap set
GðP;QÞ is defined by

GðP;QÞ :¼ fðm; nÞ A N0 �N0 j b= f A MðXÞ such that ð f Þy ¼ mPþ nQg:
Here N0 denotes the set consisting of all non-negative integers, MðXÞ the space
of meromorphic functions on X , and ð f Þy the polar divisor of a meromorphic
function f . It has then been shown by Kim [K] (see also Homma [H]) that
the cardinality of the gap set at ðP;QÞ satisfies the inequality ðg2 þ 3gÞ=2a
aGðP;QÞa ð3g2 þ gÞ=2. The minimal cardinality ðg2 þ 3gÞ=2 is attained by
generic pair ðP;QÞ in X � X , while the maximal cardinality ð3g2 þ gÞ=2 is
attained only when both P and Q are the hyperelliptic Weierstrass points in X .

In the previous paper [G], we have investigated the Wronskian matrices
associated to e¤ective divisors on X and constructed a holomorphic section
relating to the gap sets, which are summarized as Theorem 1.1 below. Let KX

denotes the canonical line bundle of X , WðXÞ ¼ H 0ðX ;KX Þ and pi : X � X ! X
the projection onto the i-th component ði ¼ 1; 2Þ.

Theorem 1.1. For each basis o1; . . . ;og of WðXÞ, there exsists a holo-

morphic section C½o1; . . . ;og� of the holomorphic line bundle p�
1K

gðgþ1Þðg3þgþ4Þ=12
X n

p�
2K

gðgþ1Þðgþ2Þ=6
X over X � X , for which the following (1) and (2) are equivalent for

each distinct pair ðP;QÞ.
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(1) aGðP;QÞ attains the minimal value ðg2 þ 3gÞ=2.
(2) There exists a basis o1; . . . ;og of WðX Þ depending on ðP;QÞ such that

C½o1; . . . ;og�ðP;QÞ0 0.

Our motivation of constructing the holomorphic section is that we want to
obtain a holomophic section whose zero set consists exactly of the points ðP;QÞ
with the cardinalities of the gap sets greater than the minimal value ðg2 þ 3gÞ=2.
Such a holomorphic section is likely to play the role of the Wronskian deter-
minant in the classical Weierstrass point theory. However the holomorphic
section C½o1; . . . ;og� does not work well, because of dependence on each point
in the assertion (2) above. For Theorem 1.1 gives the following expression only.
Putting Z :¼ fðP;QÞ A X � XnDX jaGðP;QÞ > ðg2 þ 3gÞ=2g,

Z ¼ 7
o1;...;og;

basis of WðXÞ

fðP;QÞ A X � XnDX jC½o1; . . . ;og�ðP;QÞ ¼ 0g:ð1Þ

Here DX denotes the diagonal set in X � X .
In this article, we will construct the other holomorphic sections in order

to remove such a weak point. We shall prove the following theorem in section
2.

Theorem 1.2. For each basis o1; . . . ;og of WðX Þ, there exsists a holo-
morphic section S½o1; . . . ;og� of the holomorphic line bundle p�

1K
gðgþ1Þðgþ2Þ=6
X n

p�
2K

gðgþ1Þðgþ2Þ=6
X over X � X , for which the following (1) and (2) are equivalent for

each distinct pair ðP;QÞ.
(1) aGðP;QÞ attains the minimal value ðg2 þ 3gÞ=2.
(2) S½o1; . . . ;og�ðP;QÞ0 0 for each fixed basis o1; . . . ;og of WðXÞ.

In contrast with (1), for each fixed basis o1; . . . ;og, we have

Z ¼ fðP;QÞ A X � XnDX jS½o1; . . . ;og�ðP;QÞ ¼ 0g:

Now we are going to review some known results that will be needed in
this article. The Weierstrass gap sequence at P in X is denoted by aP

1 ¼
1 < aP

2 < � � � < aP
g < 2g, then the Weierstrass weight at P is defined by wtðPÞ :¼Pg

i¼1ðaP
i � iÞ as well. After Kim [K], we define the map m : GðPÞ ! GðQÞ by

mðaÞ :¼ minfb j ða; bÞ B GðP;QÞg. One of the key observations made in [G] is
the following characterization for mðaÞ in terms of holomorphic 1-forms:

mðaÞ ¼maxfb j bo A WðXÞ such that ordPðoÞ ¼ a� 1 and ordQðoÞ ¼ b� 1g:ð2Þ

Let tðmÞ be the number of pairs ði; jÞ satisfying both i < j and mðaP
i Þ > mðaP

j Þ,
then Homma [H] has proved an expression of aGðP;QÞ:

aGðP;QÞ ¼ wtðPÞ þ wtðQÞ � tðmÞ þ gðgþ 1Þ:ð3Þ
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By virtue of the expression, Homma has found thataGðP;QÞ attains the minimal
value gðg2 þ 3gÞ=2 if and only if both P and Q are non-Weierstrass points and m
is given by mðiÞ ¼ gþ 1� i ði ¼ 1; . . . ; gÞ as well. This fact has been the reason
for constructing the holomorphic section C½o1; . . . ;og� in [G].

After constructing the holomorphic section S½o1; . . . ;og� and proving The-
orem 1.2 in section 2, we will observe the orders of the holomorphic sections in
section 3. In the final section 4, some examples will be examined.

We conclude the introduction with noticing two expansion formulae for
determinants, which are used frequently in this article.

Let A ¼ ðaijÞ be an m� n matrix. Then for sequences 1a i1 < � � � < ia am
and 1a j1 < � � � < jb a n, we put

Ai1;...; ia ¼

ai11 ai12 � � � ai1n

ai21 ai22 � � � ai2n

aia1 aia2 � � � aian

0BBB@
1CCCA; Aj1;...; jb ¼

a1j1 a1j2 � � � a1jb
a2j1 a2j2 � � � a2jb

amj1 amj2 � � � amjb

0BBB@
1CCCA:� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

Then for a g�m matrix A and a g� n matrix B with mþ n ¼ g, the determinant
of the square g matrix ðA;BÞ can be expanded as

jA;Bj ¼ ð�1Þmðmþ1Þ=2 X
s ASm; n

ð�1Þsð1Þþ���þsðmÞjAsð1Þ;...;sðmÞj jBsðmþ1Þ;...;sðgÞj:ð4Þ

Here we denote by Sg the symmetric group of degree g, and denote likewise by
Sm;n the set of all ðm; nÞ-shu¿es. Namely

Sm;n ¼ fs A Smþn j sð1Þ < � � � < sðmÞ; sðmþ 1Þ < � � � < sðmþ nÞg:

When m ¼ 1 or n ¼ 1, (4) is the ordinary expansion of a determinant using
cofactors according to the first or the last column respectively. The expansion
formula (4) implies another one. Let A, B be square g matices, L a g� l matrix
and M a g�m matrix with lþm ¼ g. Then

jAL;BMj ¼
X

1ai1<���<ilag
1a j1<���< jmag

jAi1;...; il ;Bj1;...; jm j jLi1;...; il j jM j1;...; jm j:ð5Þ

2. Construction of holomorphic sections and the proof of Theorem 1.2

In order to illustrate the reason for constructing the holomorphic section
S½o1; . . . ;og� mensioned in the introduction, we shall first review the definition of
C½o1; . . . ;og� and write down an explicit expression of it.

Let o ¼ ðo1; . . . ;ogÞ be a basis of WðX Þ and z, w be local coordinate
functions on open sets U and V respectively on X . Write oi ¼ fi dz ¼ hi dw
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ði ¼ 1; . . . ; gÞ, where fi and hi are holomorphic functions on U and V respecti-
vely. We denote by

W ½ f �ðzÞ :¼ W ½ f1; . . . ; fg�ðzÞ :¼

f1ðzÞ f 0
1 ðzÞ � � � f

ðg�1Þ
1 ðzÞ

f2ðzÞ f 0
2 ðzÞ � � � f

ðg�1Þ
2 ðzÞ

fgðzÞ f 0
g ðzÞ � � � f

ðg�1Þ
g ðzÞ

0BBBB@
1CCCCA� � � � � � � � � � � � � � � � � � � � � � � � � � � �

the Wronskian matrix for f ¼ ð f1; . . . ; fgÞ, and likewise by Wð f ÞðzÞ its deter-
minant, the Wronskian determinant. A lower triangular matrix Tlow½ f � is
defined by

Tlow½ f �ij ¼ ð�1Þ iþ j Wð f1; . . . ; bfjfj; . . . ; fiÞ
Wð f1; . . . ; fi�1Þ

Yg�1

k¼1

Wð f1; . . . ; fkÞ:

for 1e je ie g, where the circumflex over a term means that it is to be
omitted. Then, in [G], we have defined the function c½o�ðz;wÞ on U � V
by

c½o�ðz;wÞ :¼
Yg
i¼1

d iðW ½ f �ðzÞÞ �
Yg
i¼1

diððTlow½ f �ðzÞÞ � ðW ½h�ðwÞÞÞ:

Here for a square g matrix A ¼ ðaijÞ and 1a ia g, we set

d iðAÞ :¼
a11 � � � a1i

ai1 � � � aii

������
������; diðAÞ :¼

ag1 � � � agi

ag�iþ1;1 � � � ag�iþ1; i

�������
�������:� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

Those local functions define together a global holomorphic section C½o1; . . . ;og�
of the line bundle in Theorem 1.1.

Now, by making a somewhat involved calculation, we have the following
explicit expression of c½o�ðz;wÞ. Namely,

c½o�ðz;wÞ ¼ ð�1Þgðgþ1Þðgþ2Þ=6 Yg�1

i¼1

Wð f1; . . . ; fiÞ
 !gðgþ1Þ=2

ð6Þ

�
Yg
n¼0

f1ðzÞ f 0
1 ðzÞ � � � f

ðg�n�1Þ
1 ðzÞ h1ðwÞ h 0

1ðwÞ � � � h
ðn�1Þ
1 ðwÞ

f2ðzÞ f 0
2 ðzÞ � � � f

ðg�n�1Þ
2 ðzÞ h2ðwÞ h 0

2ðwÞ � � � h
ðn�1Þ
2 ðwÞ

fgðzÞ f 0
g ðzÞ � � � f

ðg�n�1Þ
g ðzÞ hgðwÞ h 0

gðwÞ � � � h
ðn�1Þ
g ðwÞ

����������

����������
:

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
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We omit the proof for c½o�ðz;wÞ to have the expression above, because it is
not needed in what follows. However, motivated by (6), we define the local
functions on U � V by

Sn½o�ðz;wÞ :¼ jW ½ f �ðzÞ1;...;g�n;W ½h�ðwÞ1;...; nj ðn ¼ 0; 1; . . . ; gÞ;ð7Þ

S½o�ðz;wÞ :¼
Yg
n¼0

Sn½o�ðz;wÞ;

hence the expression (6) is rewritten as

c½o�ðz;wÞ ¼ ð�1Þgðgþ1Þðgþ2Þ=6 Yg�1

i¼1

Wð f1; . . . ; fiÞ
 !gðgþ1Þ=2

S½o�ðz;wÞ:ð8Þ

Note that S0½o�ðz;wÞ ¼ Wð f ÞðzÞ and Sg½o�ðz;wÞ ¼ WðhÞðwÞ.
In contrast with c½o�ðz;wÞ, these functions are subjected to nice transition

rules in changing bases of WðX Þ. That is to say, let A be an invertible square g
matrix, then

Sn½oA� ¼ jAjSn½o� and S½oA� ¼ jAjgþ1
S½o�:ð9Þ

Especially the zero sets of Sn½o� and S½o� are determined independently on the
choice of the basis o of WðX Þ.

Now we are going to prove the local version of Theorem 1.2.

Theorem 2.1. Let o ¼ ðo1; . . . ;ogÞ be a basis of WðX Þ and ðU ; zÞ, ðV ;wÞ
two charts of X. Then the following are equivalent for each distinct pair ðz;wÞ in
U � V.

(1) aGðz;wÞ attains the minimal value ðg2 þ 3gÞ=2.
(2) S½o�ðz;wÞ0 0.

Proof. First we show that (1) implies (2). When aGðz;wÞ ¼ ðg2 þ 3gÞ=2,
as mentioned in the introduction (or by Lemma 3.1 in [G] more precisely), there
exists a basis ôo ¼ ðôo1; . . . ; ôogÞ of WðXÞ for which the Wronskian matrix turns to
be of the form

ðW ½ f̂f �ðzÞ;W ½ĥh�ðwÞÞ ¼

A1 � � � 0 � � � 0 B1

0 A2 � � ..
. ..

.

B2 �
..
. . .

. . .
.

� 0

..
.

� �
0 � � � 0 Ag Bg � � �

0BBBBB@

1CCCCCA;

where A1; . . . ;Ag and B1; . . . ;Bg are non-zero complex numbers. Here ôoi ¼
f̂fi dz ¼ ĥhi dw as above. Thus, for each n ¼ 0; 1; . . . ; g, we have
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Sn½ôo�ðz;wÞ ¼

A1 � � � �
. .
. ..

. 0

0 Ag�n

Bg�nþ10

..
.

..

.

0 B1 � � � �

����������������

����������������
¼ ð�1Þnðn�1Þ

A1 � � �Ag�nBg�nþ1 � � �Bg

0 0:

The transition rule (9) then shows S½o�ðz;wÞ0 0.
Next we suppose S½o�ðz;wÞ0 0. Then because S0½o�ðz;wÞ ¼ Wð f ÞðzÞ0 0

and Sg½o�ðz;wÞ ¼ WðhÞðwÞ0 0 by definition, both P and Q are non-Weierstrass
points in X and their gap sequences are the same f1; 2; . . . ; gg. Then according
to (2) (Theorem 2.6 in [G]), we can take a basis ôo of WðXÞ, depending on a
point ðz;wÞ, with respect to which the orders of ôoi are given by ordzðôoiÞ ¼ i � 1
and ordwðôoiÞ ¼ mðiÞ � 1 ði ¼ 1; . . . ; gÞ. Because W ½ f̂f �ðzÞ is an upper triangular
matrix, the expansion formula (4) implies

Sn½ôo�ðz;wÞ ¼ jW ½ f̂f �ðzÞ1;...;g�n;W ½ĥh�ðwÞ1;...; nj

¼ jW ½ f̂f �ðzÞ1;...;g�n
1;...;g�n j jW ½ĥh�ðwÞg�nþ1;...;g

1;...; n j;

which does not vanish by the assumption S½o�ðz;wÞ0 0 and the transition rule
(9). Therefore jW ½ĥh�ðwÞg�nþ1;...;g

1;...; n j0 0 for each n ¼ 1; . . . ; g, which verifies the

assertion. For first jW ½ĥh�ðwÞg1 j0 0 implies mðgÞ ¼ 1, second jW ½ĥh�ðwÞg�1;g
1;2 j0 0

implies mðg� 1Þ ¼ 2. We obtain inductively mðiÞ ¼ gþ 1� i for each i ¼ 1; . . . ; g,
when aGðz;wÞ attains the minimal value ðg2 þ 3gÞ=2 as mentioned in the
introduction. U

Remark 2.1. If we assume the expression (8), then Theorem 2.1 is obtained
as a corollary to Theorem 1.1. However once we have defined S½o� directly,
c½o� is not needed to prove Theorem 2.1.

Next we shall proceed to find the transition rules for Sn½o� and S½o� in
changing the local coordinate functions. Let z, ~zz and w, ~ww be local coordinate
functions on U and V respectively. For a basis o ¼ ðo1; . . . ;ogÞ of WðXÞ, write
oi ¼ fi dz ¼ ~ffi dz ¼ hi dw ¼ ~hhi dw as before. With respect to these local coor-
dinate functions, the functions defined by (7) above are

Sn½o�ðz;wÞ :¼ jW ½ f �ðzÞ1;...;g�n;W ½h�ðwÞ1;...; nj;
~SSn½o�ð~zz; ~wwÞ :¼ jW ½ ~ff �ð~zzÞ1;...;g�n;W ½~hh�ð~wwÞ1;...; nj:
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It is known that the Wronskian matrices are subjected to the following transition
rules in changing the local coordinate functions:

W ½ f �ðzÞ ¼ W ½ ~ff �ð~zzÞLðzÞ and W ½h�ðwÞ ¼ W ½~hh�ð~wwÞMðwÞ:

Here LðzÞ and MðwÞ are the square g matrices of the forms

LðzÞ :¼

d~zz

dz

0
d~zz

dz

� �2
0 � � � . .

.
� � �

0
d~zz

dz

� �g

0BBBBBBBBBBB@

1CCCCCCCCCCCA
; MðwÞ :¼

d ~ww

dw

0
d ~ww

dw

� �2
0 � � � . .

.
� � �

0
d ~ww

dw

� �g

0BBBBBBBBBBB@

1CCCCCCCCCCCA
:

� � � � � � � � � � � � � � � � � � �

� � � � � � � � � � �

� � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � �

� � � � � � � � � � � �

Making use of the expansion formula (5), we obtain

Sn½o�ðz;wÞ ¼ jW ½ f �ðzÞ1;...;g�n;W ½h�ðwÞ1;...; njð10Þ

¼ jðW ½ ~ff �ð~zzÞ � LðzÞÞ1;...;g�n; ðW ½~hh�ð~wwÞ �MðwÞÞ1;...; nj

¼ jW ½ ~ff �ð~zzÞ � LðzÞ1;...;g�n;W ½~hh�ð~wwÞ �MðwÞ1;...; nj

¼
X

1ai1<���<ig�nag
1a j1<���< jnag

jW ½ ~ff �ð~zzÞi1;...; ig�n
;W ½~hh�ð~wwÞj1;...; jn j

� jLðzÞ i1;...; ig�n

1;...;g�n j jMðwÞ j1;...; jn1;...; n j:

Substituting

jLðzÞ i1;...; ig�n

1;...;g�n j ¼
d~zz

dz

� �ðg�nÞðg�nþ1Þ=2
ði1 ¼ 1; . . . ; ig�n ¼ g� nÞ

0 ðotherwiseÞ;

8><>:
jMðwÞ j1;...; jn1;...; n j ¼

d ~ww

dw

� �nðnþ1Þ=2
ð j1 ¼ 1; . . . ; jn ¼ nÞ

0 ðotherwiseÞ;

8><>:
into (10), we have

Sn½o�ðz;wÞ ¼ jW ½ ~ff �ð~zzÞ1;...;g�n;W ½~hh�ð~wwÞ1;...; nj
d~zz

dz

� �ðg�nÞðg�nþ1Þ=2
d ~ww

dw

� �nðnþ1Þ=2
ð11Þ

¼ ~SSn½o�ð~zz; ~wwÞ
d~zz

dz

� �ðg�nÞðg�nþ1Þ=2
d ~ww

dw

� �nðnþ1Þ=2
:
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Taking products on n ¼ 0; 1; . . . ; g in (11), we also have

S½o�ðz;wÞ ¼ ~SS½o�ð~zz; ~wwÞ d~zz

dz

d ~ww

dw

� �gðgþ1Þðgþ2Þ=6
:ð12Þ

On account of (11) and (12), we put

Sn½o�ðz;wÞ :¼ Sn½o�ðz;wÞðdzÞnðg�nÞðg�nþ1Þ=2 n ðdwÞnnðnþ1Þ=2;

S½o�ðz;wÞ :¼ S½o�ðz;wÞðdzÞngðgþ1Þðgþ2Þ=6 n ðdwÞngðgþ1Þðgþ2Þ=6
ð13Þ

in order to define holomorphic sections of the line bundles p�
1K

ðg�nÞðg�nþ1Þ=2
X n

p�
2K

nðnþ1Þ=2
X and p�

1K
gðgþ1Þðgþ2Þ=6
X n p�

2K
gðgþ1Þðgþ2Þ=6
X over X � X respectively.

Hence Theorem 2.1 implies Theorem 1.2. U

3. The orders of Sn

In this section, we investigate the orders of the holomorphic section Sn½o�
ðn ¼ 0; 1; . . . ; gÞ defined in the previous section. If Sn½o� is expressed by Sn½o�
locally as (13) and local coordinates of the point ðP;QÞ is ðz0;w0Þ, the order of
Sn½o� at a point ðP;QÞ in U � V is defined by

ordðP;QÞðSn½o�Þ

:¼ min
N AN0

bm; n A N0 such that N ¼ mþ n and
qNSn½o�
qzmqwn

ðz0;w0Þ0 0

� �
:

The definition does not depend on a choice of a local coordinate function.
Let P and Q be distinct points in X and put mi ¼ mðaP

i Þ for i ¼ 1; . . . ; g,
so that GðQÞ ¼ fm1; . . . ; mgg. Take a basis o1; . . . ;og of WðXÞ with orders

ordPðoiÞ ¼ aP
i � 1 and ordQðoiÞ ¼ mi � 1. We also take local coordinate func-

tions z, w centered at P and Q respectively. Write oi ¼ fi dz ¼ hi dw, and
further

fiðzÞ ¼ za
P
i �1uiðzÞ ðuið0Þ0 0Þ; hiðwÞ ¼ wmi�1viðwÞ ðvið0Þ0 0Þ;ð14Þ

uiðzÞ and viðwÞ being locally defined holomorphic functions around the origin.
Now let aij denotes the ði; jÞ-entry of the square g matrix ðW ½ f �ðzÞ1;...;g�n;

W ½h�ðwÞ1;...; nÞ. Then by means of (14) and Leibniz formula for higher derivatives
of a product of functions, aij is given by

aij ¼

Xj�1

k¼0

j � 1

k

� �
ðzaP

i �1ÞðkÞuð j�1�kÞ
i ðzÞ ð1a ja g� nÞ;

Xj�gþn�1

k¼0

j � 1

k

� �
ðwmi�1ÞðkÞvð j�gþn�1�kÞ

i ðwÞ ðg� nþ 1a ja gÞ:

8>>>>><>>>>>:
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The lowest order term of aij is

bij :¼
ðzaP

i �1Þð j�1Þ
uiðzÞ ð1a ja g� nÞ;

ðwmi�1Þð j�gþn�1Þ
viðwÞ ðg� nþ 1a ja gÞ;

(
some of which may vanish. Therefore Sn½o�ðz;wÞ ¼ detðbijÞ þ ðremainder termsÞ.
We use the expansion formula (4) to compute detðbijÞ. Namely,

detðbijÞ ¼
za

P
1
�1u1ðzÞ � � � ðzaP

1
�1Þðg�n�1Þ

u1ðzÞ wm1�1v1ðwÞ � � � ðwm1�1Þðn�1Þ
vgðwÞ

za
P
g �1ugðzÞ � � � ðzaP

g �1Þðg�n�1Þ
ugðzÞ wmg�1vgðwÞ � � � ðwmg�1Þðn�1Þ

vgðwÞ

�������
�������ð15Þ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

¼ ð�1Þðg�nÞðg�nþ1Þ=2 X
s ASg�n; n

ð�1Þsð1Þþ���þsðg�nÞ

z
aP
sð1Þ�1

usð1ÞðzÞ � � � ðza
P
sð1Þ�1Þðg�n�1Þ

usð1ÞðzÞ

z
aP
sðg�nÞ�1

usðg�nÞðzÞ � � � ðza
P
sðg�nÞ�1Þðg�n�1Þ

usðg�nÞðzÞ

�������
�������� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

�
wmsðg�nþ1Þ�1vsðg�nþ1ÞðwÞ � � � ðwmsðg�nþ1Þ�1Þðn�1Þ

vsðg�nþ1ÞðwÞ

wmsðgÞ�1vsðgÞðwÞ � � � ðwmsðgÞ�1Þðn�1Þ
vsðgÞðwÞ

�������
�������� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

¼ ð�1Þðg�nÞðg�nþ1Þ=2 X
s ASg�n; n

ð�1Þsð1Þþ���þsðg�nÞ

� usð1ÞðzÞ � � � usðg�nÞðzÞWðza
P
sð1Þ�1

; . . . ; z
aP
sðg�nÞ�1Þ

� vsðg�nþ1ÞðwÞ � � � vsðgÞðwÞWðwmsðg�nþ1Þ�1; . . . ;wmsðgÞ�1Þ:

The Wronskian determinants of monomials are given as follows. See [BD], for
instance.

Lemma 3.1. For any sequence b1; . . . ; bm of non-negative integers, the

Wronskian determinant of monomials xb1 ; . . . ; xbm is given by

Wðxb1 ; . . . ; xbmÞ ¼
Y

mbk>lb1

ðbk � blÞ � xb1þ���þbm�mðm�1Þ=2

Now Lemma 3.1 yields

Wðza
P
sð1Þ�1

; . . . ; z
aP
sðg�nÞ�1Þ ¼

Y
g�nbk>lb1

ðaP
sðkÞ � aP

sðlÞÞ � z
aP
sð1Þþ���þaP

sðg�nÞ�ðg�nÞðg�nþ1Þ=2
;

Wðwmsðg�nþ1Þ�1; . . . ;wmsðgÞ�1Þ ¼
Y

gbk>lbg�nþ1

ðmsðkÞ � msðlÞÞ � wmsðg�nþ1Þþ���þmsðgÞ�nðnþ1Þ=2:

Substituting those Wronskian determinants into (15), we obtain
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detðbijÞ ¼ ð�1Þðg�nÞðg�nþ1Þ=2 X
s ASg�n; n

ð�1Þsð1Þþ���þsðg�nÞ

�
Y

g�nb k>lb1

ðaP
sðkÞ � aP

sðlÞÞ �
Y

gbk>lbg�nþ1

ðmsðkÞ � msðlÞÞ

�
Yg�n

k¼1

usðkÞðzÞ �
Yg

k¼g�nþ1

vsðkÞðwÞ

� z
aP
sð1Þþ���þaP

sðg�nÞ�ðg�nÞðg�nþ1Þ=2
wmsðg�nþ1Þþ���þmsðgÞ�nðnþ1Þ=2:

For this reason, for each shu¿e s A Sg�n; n and n ¼ 0; 1; . . . ; g, we set

Cn;s :¼ ð�1Þðg�nÞðg�nþ1Þ=2ð�1Þsð1Þþ���þsðg�nÞð16Þ

�
Y

g�nbk>lb1

ðaP
sðkÞ � aP

sðlÞÞ �
Y

gbk>lbg�nþ1

ðmsðkÞ � msðlÞÞ

�
Yg�n

k¼1

usðkÞð0Þ �
Yg

k¼g�nþ1

vsðkÞð0Þ:

We set further, for each sequence y ¼ ðy1; . . . ; ygÞ and n ¼ 0; 1; . . . ; g,

wtnfyg :¼
Xn
i¼1

ðyi � iÞ; wtnfyg :¼
Xn
i¼1

ðyg�nþi � iÞ; wt0fyg ¼ wt0fyg :¼ 0;

and for a point P, wtnðPÞ :¼ wtnfaPg, wtnðPÞ :¼ wtnfaPg. Hence the Weier-
strass weight at P equals to wtgðPÞ ¼ wtgðPÞ by definition.

We summarize the argument above as follows.

Proposition 3.2. In accordance with the notation above, Sn½o�ðz;wÞ is
expanded at the origin as follows.

Sn½o�ðz;wÞ ¼
X

s ASg�n; n

Cn;sz
wtg�nfaP

s gwwt nfmsg þ Rðz;wÞ:ð17Þ

The remainder term R satisfies
(1) the order of R along the z-axis is greater than mins ASg�n; n

fwtg�nfaP
s gg ¼

wtg�nðPÞ,
(2) the order of R along the w-axis is greater than mins ASg�n; n

fwtnfmsgg ¼
wtnðQÞ.

Moreover we have the inequality
(3) ordðP;QÞðSn½o�Þbmins ASg�n; n

fwtg�nfaP
s g þ wtnfmsgg.

The pull-back of the point divisor P by the projection pi : X � X ! X is
denoted by p�

i P. Then Proposition 3.2(1), (2) are interpreted as
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Corollary 3.3. The orders of Sn½o� along p�
1P and p�

2Q are given by

ordp �
1
PðSn½o�Þ ¼ wtg�nðPÞ and ordp �

2
QðSn½o�Þ ¼ wtnðQÞ:

Especially the gap sequences at P and Q can be obtained by the following formula.

aP
1 ¼ ordp �

1
PðSg�1½o�Þ þ 1;

aP
2 ¼ ordp �

1
PðSg�2½o�Þ � ordp �

1
PðSg�1½o�Þ þ 2;

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
aP
g ¼ ordp �

1
PðS0½o�Þ � ordp �

1
PðS1½o�Þ þ g:

8>>><>>>:
a
Q
1 ¼ ordp �

2
QðS1½o�Þ þ 1;

a
Q
2 ¼ ordp �

2
QðS2½o�Þ � ordp �

2
QðS1½o�Þ þ 2;

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
aQ
g ¼ ordp �

2
QðSg½o�Þ � ordp �

2
QðSg�1½o�Þ þ g:

8>>>><>>>>:
Proof. Because Cn;s 0 0 for any n, s by definition (16), those orders are

verified from (17) and Proposition 3.2(1) and (2). The expressions of aP
i and a

Q
i

are obtained from the definition of wtn and wtn. U

When n ¼ 0 or n ¼ g, these mean that ordPðWð f ÞÞ ¼ wtðPÞ or ordQðWðhÞÞ
¼ wtðQÞ respectively, which is a classical result in the theory of Weierstrass
points. On the diagonal set DX , the orders of Sn½o� are given explicitly.

Corollary 3.4. For each n ¼ 1; . . . ; g� 1, we have the following.
(1) Sn½o�ðP;PÞ ¼ 0 for all P A X.
(2) ordðP;PÞðSn½o�Þ ¼ wtðPÞ þ nðg� nÞ.
(3) ordDX ðSn½o�Þ ¼ nðg� nÞ.

Proof. We take a local coordinate function ðz;wÞ centered at ðP;PÞ to be
w ¼ z, then (14) turns to

fiðzÞ ¼ za
P
i �1uiðzÞ; hiðwÞ ¼ waP

i �1uiðwÞ ðuið0Þ0 0Þ:
Hence the expansion (17) turns to

Snðz;wÞ ¼
X

s ASg�n; n

Cn;sz
wtg�nfaP

s gwwt nfaP
s g þ Rðz;wÞ:ð18Þ

In this case, the degree of zwtg�nfaP
s gwwt nfaP

s g equals to wtðPÞ þ nðg� nÞ for each
s, which is positive because 0 < n < g by assumption. Therefore Proposition
3.2(3) implies ordðP;PÞðSn½o�ÞbwtðPÞ þ nðg� nÞ > 0, which shows (1). Practi-
cally we have the equality (2). For in the summation (18), the coe‰cient of
zwtg�nðPÞwwt nðPÞ is just Cn; id, id being the identity permutation, that is not zero
by definition (16). Thus we obtain (2). See also Remark 3.1 below. Finally,
(3) comes from (2), because wtðPÞ ¼ 0 for all but finitely many P’s. U
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Remark 3.1. It seems likely to be true that the equality in Proposition 3.2(3)
holds, although it is not proved at present. We make some remarks when this is
the case.

To this end, we put d P;Q
n ðsÞ :¼ wtg�nfaP

s g þ wtnfmsg for each s A Sg�n; n

and also d P;Q
n :¼ mins ASg�n; n

fd P;Q
n ðsÞg. Thus the problem is whether or not the

equality ordðP;QÞðSn½o�Þ ¼ d P;Q
n holds. Take s0 A Sg�n; n with d P;Q

n ðs0Þ ¼ d P;Q
n .

For a shu¿e s A Sg�n; n, we denote s@ s0 when

wtg�nfaP
s g ¼ wtg�nfaP

s0
g and wtnfmsg ¼ wtnfms0g:

Then the coe‰cient of z
wtg�nfaP

s0
g
wwt nfms0g in the summation (17) is

P
s@s0

Cn;s.
Therefore the equality in Proposition 3.2(3) holds if and only if there exists such
a s0 for which

P
s@s0

Cn;s does not vanish. The following are when this is the
case.

(1) There is no s with s@ s0 other than s0 itself.
(2) s0 can be taken as the idendity permutation. This is the case of

Corollary 3.4(2).
(3) n ¼ 1 or n ¼ g� 1.
(4) Because of (3), the equality holds for each n when the genus of X is

three.

4. Examples

In this section, we shall apply the argument in the preceding sections to some
examples, that is, the hyperelliptic curves and the Fermat curve of genus three.

4.1. Hyperelliptic curves
Let Y be a hyperelliptic curve of genus g. This is a compactification of

an a‰ne plane curve y2 ¼ aðx� b1Þðx� b2Þ � � � ðx� b2gþ2Þ with two points at
infinity. Here b1; b2; . . . ; b2gþ2 are distinct complex numbers and a a non-zero
complex number. The Weierstrass points on Y are exactly ðb1; 0Þ; . . . ; ðb2gþ2; 0Þ.
We denote by s the hyperelliptic involution of Y . That is defined by sðx; yÞ ¼
ðx;�yÞ.

Now put oa ¼ xa dx=y ða ¼ 0; . . . ; g� 1Þ on Y . Then those 1-forms be-
come a basis of WðY Þ. Let ððx; yÞ; ðx; hÞÞ be a point on Y � Y . When y0 0
and h0 0, we can take ðx; xÞ as a local coordinate function around there. We
put fa :¼ xa=y and ha :¼ xa=h away from y ¼ 0 and h ¼ 0 respectively. Using
the expansion formula (4) to obtain

Sn½o�ððx; yÞ; ðx; hÞÞ ¼ jW ½ f �1;...;g�n;W ½h�1;...;g�njð19Þ

¼ ð�1Þðg�nÞðg�nþ1Þ X
s ASg�n; n

ð�1Þsð1Þþ���þsðg�nÞ

� jW ½ f �sð1Þ;...;sðg�nÞ
1;...;g�n j jW ½h�sðg�nþ1Þ;...;sðgÞ

1;...;g�n j;

and substituting

607certain holomorphic sections on a compact riemann surface



jW ½ f �sð1Þ;...;sðg�nÞ
1;...;g�n j ¼ Wðxsð1Þ�1=y; . . . ; xsðg�nÞ�1=yÞ

¼ Wðxsð1Þ�1; . . . ; xsðg�nÞ�1Þ=yg�n;

jW ½h�sðg�nþ1Þ;...;sðgÞ
1;...;g�n j ¼ Wðxsðg�nþ1Þ�1=h; . . . ; xsðgÞ�1=hÞ

¼ Wðxsðg�nþ1Þ�1; . . . ; xsðgÞ�1Þ=hn

into (19) and using (4) again, we have

Sn½o�ððx; yÞ; ðx; hÞÞ ¼
1

yg�nhn

1 0 � � � 1 0 � � �
x 1 � � � x 1 � � �
x2 2x � � � x2 2x � � �

xg�1 ðg� 1Þxg�2 � � � xg�1 ðg� 1Þxg�2 � � �

�����������

�����������
ð20Þ

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
g�n columns

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
n columns

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

¼ C
ðx� xÞnðg�nÞ

yg�nhn
;

where C ¼ ð
Qg�n�1

k¼0 k!Þð
Qn�1

k¼0 k!Þ.
At a point, say, where y0 0 and h ¼ 0, taking ðx; hÞ as a local coordinate

function, (20) and the transition low (11) imply

Sn½o�ððx; yÞ; ðx; hÞÞ ¼ C
x 0

h

� �n ðx� xÞnðg�nÞðx 0Þnðn�1Þ=2

yg�n
:

Here x 0 ¼ dx=dh. Note that ordh¼0ðx 0Þ ¼ 1 and hence x 0=h does not vanish at
h ¼ 0.

Let S be the curve in Y � Y defined by the equation x� x ¼ 0, which
contains precisely the diagonal set DY and the graph of the hyperelliptic
involution s as the irreducible components. Then because of (20), we find
that the orders of Sn½o� are given by the table below.

P;Q ordðP;QÞ Sn½o�

ðP;QÞ A S gðg� 1Þ=2þ nðn� 1ÞBoth P and Q are
Weierstrass points ðP;QÞ B S fðg� nÞðg� n� 1Þ þ nðn� 1Þg=2

Q is a Weierstrass point and P is not nðn� 1Þ=2

P is a Weierstrass point and Q is not ðg� nÞðg� n� 1Þ=2

ðP;QÞ A S nðg� nÞBoth P and Q are
not Weierstrass points ðP;QÞ B S 0
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The gap sets for pairs of points in a hyperelliptic curve have been well
investigated in [K] or [H]. Compare also the table with one in [G, p. 334]. As
a consequence, we know that tðmÞ takes the extremal values only, that is, tðmÞ ¼ 0
(minimum) or gðg� 1Þ=2 (maximum) at each pair of points in Y � Y . This fact
verifies that the equality in Proposition 3.2(3) holds for each ðP;QÞ. This is the
case of Remark 3.1.(2).

4.2. Fermat curve of genus three
Let C be the Fermar curve of genus three over the field of complex numbers.

Namely C is a smooth projective plane curve of degree four defined by the
equation x4

0 þ x4
1 þ x4

2 ¼ 0, where x0, x1, x2 are the homogeneous coordinates
of P2. For U ¼ f½x0 : x1 : x2� A P2 j x2 0 0g, C VU is isomorphic to the a‰ne
plane curve A defined by f ðz0; z1Þ ¼ z40 þ z41 þ 1 ¼ 0, where z0 ¼ x0=x2, z1 ¼ x1=x2
are the inhomogeneous coordinates of C2. We define three 1-forms on A by

o1 :¼ dz0=z
3
1 ; o2 :¼ dz0=z

2
1 ; o3 :¼ z0dz0=z

3
1 :

Then each of these 1-forms becomes a holomorphic 1-form on C, moreover o1,
o2, o3 form a basis of WðCÞ. See Miranda [M, p. 112], for construction of these
1-forms. Let zj ð j ¼ 1; 2; 3; 4Þ be the 4-th roots of �1, then the divisors asso-
ciated to those 1-forms are given by ðo1Þ ¼

P4
j¼1½zj : 1 : 0�, ðo2Þ ¼

P4
j¼1½zj : 0 : 1�,

ðo3Þ ¼
P4

j¼1½0 : zj : 1�.
Now we compute the functions Sn½o� ðn ¼ 0; 1; 2; 3Þ on A� A. When z1 0 0

and w1 0 0, we can take ðz0;w0Þ as a local coordinate function of A� A. Then
elementary calculations yield the following.

S0½o�ððz0; z1Þ; ðw0;w1ÞÞ ¼ �3z20=z
16
1 ;ð21Þ

S1½o�ððz0; z1Þ; ðw0;w1ÞÞ ¼ �ðz30w0 þ z31w1 þ 1Þ=ðz91w3
1Þ;

S2½o�ððz0; z1Þ; ðw0;w1ÞÞ ¼ �ðz0w3
0 þ z1w

3
1 þ 1Þ=ðz31w9

1Þ;
S3½o�ððz0; z1Þ; ðw0;w1ÞÞ ¼ �3w2

0=w
16
1 :

With respect to the other local coordinate functions, say, at the point
where z0 0 0 and w0 0 0, we have the expression S1½o�ððz0; z1Þ; ðw0;w1ÞÞ ¼
�ðz30w0 þ z31w1 þ 1Þ=ðz90w3

0Þ for instance. S0½o�ððz0; z1Þ; ðw0;w1ÞÞ is nothing but
the Wronskian determinant WðoÞðz0; z1Þ, which is a holomorphic section of Kn6

C .
Therefore we find from (21) that the divisor associated to WðoÞ is given by

ðWðoÞÞ ¼
X4
j¼1

2½zj : 1 : 0� þ
X4
j¼1

2½zj : 0 : 1� þ
X4
j¼1

2½0 : zj : 1�:

This means that there are exactly twelve Weierstrass points ½zj : 1 : 0�; ½zj : 0 : 1�
and ½0 : zj : 1� ð j ¼ 1; 2; 3; 4Þ, all of whose weight are two. According to Kur-
ibayashi and Komiya [KK], there are exactly two compact Riemann surfaces of
genus three that have twelve Weierstrass points.

Let P ¼ ðz0; z1Þ be a point in A with, say, z0 0 0. Then by means of (21),
the order of Sn½o� along p�

1P is given as follow.
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� When z1 0 0, ordp �
1
PðSn½o�Þ ¼ 0 for all n ¼ 0; 1; 2.

� When z1 ¼ 0, ordp �
1
PðS0½o�Þ ¼ 2 and ordp �

1
PðSn½o�Þ ¼ 0 for n ¼ 1; 2.

In the former case, by virture of Corollary 3.3, the gap sequence at P is
aP ¼ ð1; 2; 3Þ, namely P is a non-Weierstrass point. In the latter case, the gap
sequence is likewise aP ¼ ð1; 2; 5Þ, namely P is a Weierstrass point. Therefore,
as mentioned above, the weight of every Weierstrass point equals to two.

Next let ðP;QÞ be a point in C � C with P0Q. We shall explain how
the sequence mj ¼ mðaP

j Þ ð j ¼ 1; 2; 3Þ can be obtained from the orders of Sn½o�
ðn ¼ 0; 1; 2; 3Þ at the point ðP;QÞ. The key fact is the equality

ordðP;QÞðSn½o�Þ ¼ min
s AS3�n; n

fwtg�nfaP
s g þ wtnfmsgg;ð22Þ

which holds in the present case (genus three) as mentioned in Remark 3.1.(4).
As before, we assume the point ðP;QÞ to be contained in A� A. We also
assume that both P and Q are non-Weierstrass points. Then ordðP;QÞðS0½o�Þ ¼
ordðP;QÞðS3½o�Þ ¼ 0. Because of (21), the orders of S1½o� and S2½o� at ðP;QÞ
equal to 0 or 1. When ordðP;QÞðS1½o�Þ ¼ 0, (22) implies ðaP

sð1Þ � 1Þ þ ðaP
sð2Þ � 2Þ

þ ðmsð3Þ � 1Þ ¼ 0 for some s A S2;1. Then s ¼ ð1; 2; 3Þ and m3 ¼ 1. When
ordðP;QÞðS2½o�Þ ¼ 1, (22) implies ðaP

sð1Þ � 1Þ þ ðaP
sð2Þ � 2Þ þ ðmsð3Þ � 1Þ ¼ 1 for

some s A S1;2. Then s ¼ ð1; 2; 3Þ and ðm2 � 1Þ þ ðm3 � 2Þ ¼ 1 or s ¼ ð2; 1; 3Þ
and ðm1 � 1Þ þ ðm3 � 2Þ ¼ 0. Therefore if ordðP;QÞ S1 ¼ 0 and ordðP;QÞ S2 ¼ 1,

we obtain m ¼ ð2; 3; 1Þ, and then aGðP;QÞ ¼ wtðPÞ þ wtðQÞ � tðmÞ þ 12 ¼
0þ 0� 2þ 12 ¼ 10 by means of (3). In all other cases, we can likewise obtain
the sequence mj at each point.

We denote by Sn ðn ¼ 1; 2Þ the zero sets of Sn½o�, which are defined by the
following equations with respect to the homogeneous coordinates in P2 � P2.

S1 : x
3
0 y0 þ x3

1 y1 þ x3
2 y2 ¼ 0; S2 : x0 y

3
0 þ x1 y

3
1 þ x2 y

3
2 ¼ 0:

Therefore the argument above is summarized as the table below.

P;Q ðP0QÞ m1; m2; m3 tðmÞ aGðP;QÞ

Both P and Q are Weierstrass points 5; 2; 1 3 13

ðP;QÞ A S1nS2 5; 1; 2 2 12P is not a Weierstrass point
and Q a Weierstrass point ðP;QÞ B S1 US2 5; 2; 1 3 11

ðP;QÞ A S1 VS2
1; 3; 2
2; 1; 3

1 11

ðP;QÞ A S1nS2 3; 1; 2 2 10Both P and Q are
not Weierstrass point

ðP;QÞ A S2nS1 2; 3; 1 2 10

ðP;QÞ B S1 US2 3; 2; 1 3 9
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The final comment: The examples above suggest that the holomorphic sections
Sn ðn ¼ 0; 1; . . . ; gÞ are closely related to the structure of the gap sets. For
example, it seems to be reasonable to conjecture thataGðP;QÞ remains constant
on each Sn, the zero set of Sn, except at the intersections with the other Sm’s.
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