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STABILITY OF F-STATIONARY MAPS OF A CLASS OF
FUNCTIONALS RELATED TO CONFORMAL MAPS

YINGBO HAN, SHUXIANG FENG AND HONG PaN

Abstract

In this paper, we study a generalized functional ®f related to the conformality of
maps between Riemannian manifolds. We derive the first variation formula and the
second variation formula of ®p, then we study the stability of F-stationary map from
or into the standard sphere. We also introduce the F-stress energy tensor associated
to ®p which is naturally linked to conservation law.

1. Introduction

Let (M™ g) and (N", h) be compact Riemannian manifolds without bound-
ary. A smooth map u from M into N is called a conformal map if there exists a
positive function ¢ on M such that u*h = g, where u*h denotes the pullback
of the metric /1 by u, i.e.

wh(X,Y) =h(du(X),du(Y)).
Recently, N. Nakauchi in [8] introduced the following functional,
1
O) = 4| I do,
M
(see [6, 9]) where T, is the symmetric 2-tensor defined by
1
T, =uh——||dul|*g
m
and || T,]°, ||dul® as

1Tl =" Tulene)?s lldull® = Y hidule,), du(e).

with respect to a local orthonormal frame (ey,...,e,) on (M,g). They gave
the first variation formula and the second variation formula for this func-
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tional. They also gave a kind of the monotonicity formula and a Bochner type
formula.

On the other hand, following Baird and Eells [2], Ara [1] introduced the
F-harmonic maps, generalizing harmonic maps. Let F:[0,00) — [0,00) be a
C? function such that F(0) =0 and F'(t) >0 for te[0,0). A smooth map
u: M — N is said to be an F-harmonic map if it is a critical point of the
following F-energy functional Er given by

2
Ep(u) = JMF<”d§”> dvy,

with respect to any compactly supported variation of u. After this, there are
many geometers who studied F-harmonic map such as [4, 5, 7).

In this paper, we generalize and unify the concept of critical point of the
functional ®. For this, we define the functional @ by

D (u) = JMF<|TZ”2) dvy,

which is @ if F(f) =¢. We call u an F-stationary map for ®p(u), if

d
O], =0

for any compactly supported variation u, : M — N with uy = u. We derive the
first variation formula and the second variation formula of ®z. We also prove
that every stable F-stationary map form a compact manifold M into S” is weakly
conformal, provided that

T.|” T,
JMW ”T”|2{F” (”4”) | Tull” + (4 —n)F’ <|4|> } dvy < 0.

or every stable F-stationary map from S” is weakly conformal, provided that

.| T.|I?
Lm'T“V{F"(” l >||Tu|z+(4_m)F/<|| 1l )}d o

We also introduce the F-stress energy tensor associated to ®p which is naturally
linked to conservation law.
The contents of this paper is as follows:
Introduction.
Preliminaries.
The first variation formula for ®F(u).
F-stress energy tensor
The second variation formula for ®p(u).
Stable maps into spheres.
Stable maps from spheres.

Nk W=
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2. Preliminaries

Let (M™, g) and (N",h) be compact Riemannian manifolds without bound-
ary and let u be a smooth map from M to N. We recall the following
notions.

DeriNiTION 2.1, (i) A smooth map u is weakly conformal if there exists a
non-negative function ¢ on M such that

(D) u"h = pg,
where u*h denotes the pullback of the metric /4 by u, i.e.
wh(X,Y) = h(du(X),du(Y)).

(i) A smooth map u is conformal if there exists a positive function ¢ on
satisfy the equation (1).

The condition (1) is equivalent to
2) wh = || du?
- m g7

Since taking the trace of the both sides of (1) with respect to the metric g, we
1
have ¢ = E||du||2 Then u is conformal if and only if it satisfies (2) with the

assumption ||du|| # 0. Note that u is weakly conformal if and only if for any
point x € M, u is conformal at x, or du, = 0.
In order to state our results, we also need the following Lemmas.

Lemma 2.2 (8]. (a) T, is symmetric, i.e. T,(X,Y) =T, (Y,X).
(b) u is weakly conformal if and only if T, =0.
1
(©) 1Tl = uhl> ~ .
(d) T, is trace-free, i.e.
Trace, Tu =Y _ glei,e)Tulei €7) =0,
i

where e; denotes a local orthornormal frame on M.
(€) The trace of T, with respect to the pullback u*h is equal to the norm
of Ty, ie.

Trace, o, T, = Zh(du(ei),du(ej))Tu(e,-,ej) = ||TI1%,
i
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We define an u~!TN-valued 1-form ¢, on M by

Oy Z T.(X,e) du(e;) Zh (du(X),du(e;)) dule;) f%Hdqu du(X)
J

for any vector field X on M.

LemMma 2.3.

3) > hldu(ei), ouler) = 171

Proof.
Zh(du ei),aule)) Zh (du(e;), du(e;))h(du(e;), du(e;))

- ;7 ldul*g(er, ¢))h(duer)., du(e;))

1
= IIM*hIIZ—%IIduH“: 17217 O

3. The first variation formula for ®p(u)

Let V and VV always denote the Levi-Civita connections of M and N
respectively. Let V be the induced connection on u~'TN defined by Vy W =V
VauxyW, where X is a tangent vector of M and W is a section of u'TN. We
choose a local orthonormal frame field {¢;} on M. We define the F-tension
field tp(u) of u by

(T
4) tr(u) = —5<F ( 2 )%)
= F’<||7};”2) divy(a,) + oy, (gmd(F’(”ﬁl”z))).

Under the notation above we have the following:

LemmA 3.1 (The first variation formula). Let u: M — N be a smooth map.
Then

5 SRl g == | (e, V) do,

d
where V = Eut| 0

Proof. Let W:(—¢6) x M — N be defined by WY(¢,x)=ul(x), where
(—&,6) x M is equipped with the product metric. We extend the vector fields
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0
on (—e&¢), X on M naturally on (—e&,¢) x M, and denote those also by —

ot ot

X. Then

© rean(2)

We shall use the same notations V and V for the Levi-Civita connection on
(—e,¢) x M and the induced connection on W~ 'TN.
Now we compute

O (1Tull?
7 =F .
0 = (
|Tllr|| lg
( 46 ‘TUIH

t=0

~

(T"f' ) Tulei&) 7, .6
i,j=1
2 m 2
0 1 0||du
- ( 2 )Z{a_h (dufer).dua)) — - N8 g(ei,e»}n,,(ef,e,-)
i,j=1
‘2 m 6
Zah (du,(e;), du,(e;)) Ty, (e:, €f)
i,j=1
m a
5 @_th (d¥(e:),d¥(e)) T, (eis €;)
i,j=1
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where we use that

m
E glei,e)) Ty (eie) =0

for the forth equality, and

. 0 0
o0t AV e, d¥Y d =
VU/('?[ (6) V: <at) lP|:al( :| 0

for the seventh equality. Let X; be a compactly supported vector field on M
0
such that ¢g(X,,Y) = h(d‘l’ (5)’0”’(1/)) for any vector field ¥ on M. Then

(8) 61F<”TZ| ) <|Tul| )Zelg (X, e
Y ”T"'”2> ;‘[h (a"I’ (g),%au,(ef)ﬂ

Tu 2 m
:F/<| 4’H ) Z[Q(V&Xt;ei) +g(XI7VL’iei)]

) Zh(”<a> Vo))

B~

-~
|
v
/-\
IS
-
Y
=N
~
4
o
Q
5
S‘
q
=
N
=
N

e (@) (dLP (%),vg,au, () au,(Ve,.e,-)>
() o () )
el
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By (8) and Green’s theorem, we get

d O (Tl
aq)F(ut)L ()_J atF< )
g [k
( (51) < ) div, cru,)
+ 0y, (grad (F ! ( ))) dv,
=0

:,J (tr(u), V) duv,. O
M

dvy,

The first variation formula allows us to define the notion of F-stationary for
the functional ®f.

DerFmNiTION 3.2. A smooth map u is called F-stationary map for the
functional @ if it is a solution of the Euler-Lagrange equation tp(u) = 0.

4. F-stress energy tensor

Following Baird [3], for a smooth map u: (M,g) — (N,h), we associate a
symmetric 2-tensor Sz to the functional @y called the F-stress energy tensor

2 2
0 Sy =F (”Z”) o(x.¥) ~ F' (”i‘;”)mauor), du(Y))
where X, Y are vector fields on M.

ProposITION 4.1. Let u: (M,g) — (N,h) be a smooth map and S be the
associated F-stress energy tensor, then for each vector field X on M, we have

(10) (div S¥)(X) = —h(zr(u), du(X)).

Proof. Let V_and VV denote the Levi-Civita connections of M and N,
respectively. Let V be the induced connection on u~!TN. We choose a local
orthonormal frame field {e¢;} around a point P on M with V,e;[p = 0.

Let X be a vector field on M. At P, we compute

(div Sp)(X Z V. Sr)(ei, X

Z SF et» SF(Velelv )_SF(eivvé’[X)}
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m 2 2
_ {ei (F <”T4|> ) glen X) — e (F’ (”2‘”))11(@,(@), du(X))
i=1

2 2
_ F/<”T;;” )h(%,.au(ef),du(X)) - F’(@)hm(eoﬁm du(X))

2
o (1 ull

)h(au(ei), du(Ve, X ))}

)l (1) o)

) (div 7, du(X 2F< ) Guler), (Ve, d) (X))

= _h(TF(”)vdu(X))JrF’(']Z” >X<”TZ” >

P <M> S h(uler), (Ve, d) (X))
4 u 1)y e;

i

2
— (e (w), du(X)) + F ('T;;” ) 3 (el = )
F <M> S hlou(e). (Ve du)(X))
4 : u\€i)s (Ve;

1

= —h(zp(u),du(X)) + F' ('TTL’”z>

(Z h(Vy du(e;), du(e;))h(du(e;), du(e;)) — nlq || due]|? Zh(ﬁx du(e,»),du(e,-)))

1

_F/<||Tu|2> Zh( u(ei), (Ve du)(X))
4 . '
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— h(er (), du(X)) + <” L )Zh

(VX du(e [Zh (du(e;) du(e,))du(ej)——||du|| du(e,)D

(lTl)Zh aulen). (Ve d) ()

= —h(tp(u), du(X)) + (”T ul >Zh ((Vy du)(e),0.(er))

(lTl)Zh auled). (Ve du) ().

Since (Vy du)(e;) = (V,, du)(X), we obtain

(div S¥)(X) = —h(tr(u), du(X)). O

From the above Proposition, we know that if u: M — N is an F-stationary
map, we have

(11) div Sp =0,

that is, u satisfies the ®p-conservation law.
Recall that for two 2-tensors Ty, T, e T(T*M ® T*M), their inner product is
defined as follows;

(12) (T1,Tyy =Y T(ei,e)Ta(eire),

ij

where {¢;} is an orthonormal basis of with respect to g. For a vector field
X eT'(TM), we denote by 6y is dual one form ie. Oy(Y)=g(X,Y). The
covariant derivative of 0y gives a 2-tensor field VOy:

(13) (VOx)(Y,Z) = (V20x)(Y) = g(VzX,Y).

If X =Vp is the gradient of some function ¢ on M, then 0y =d¢p and
VOx = Hess ¢.

LemMma 4.2 (CF. [3, 4]). Let T be a symmetric (0,2)-type tensor field and let
X be a vector field, then

(14) div(ixT) = (div T)(X) + (T, VOx) = (div T)(X) +%<T7Lxg>.
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Let D be any bounded domain of M with C' boundary. By using the
stokes’ theorem, we immediately have the following integral formula:

(15) LD T(X,v) ds, = JD [<T,%Lxg> + (div T)(X)} dbv,,

where v is the unit outward normal vector field along ¢D. By (11) and (15),
we have

1
(16) J SE(X,) dsq:J e~ Lyg) do,.
oD ‘ D 2 )

5. The second variation formula for ®f(u)
In this section, we calculate the second variation of the functional ®p(u).

THEOREM 5.1 (The second variation formula). Let u: (M,g) — (N,h) be an
F-stationary map. Let us,: M — N (—¢ < s,t < ¢) be a compactly supported two-

0 0
parameter variation such that upo=u and set V = Eu& ,|SA’ 0 W = &u& ,|S" =0

Then

62

7.1
@CDF(L{S’,H“:O = J F”( 4 <VV, u><VW O'u> dvq
+ <|T ol ) Zh V.V, V,, W) T, (ei, ;) du,
M

T, 2 m N ~
+| F <%> Y h(Ve V., dule)h(Ve W, du(e;)) do,
M i,j=1

+ M < )Z VF'Vdu ej))h(du(e )V W) dvg

2 ITull”) & =
-2 JM ( Z: (Ve V', du(er))h(dule;), V., W) do,

+JM ( ) Zh RN (V. du(e;)) W, du(e;)) Tu(er, ¢;) du,.

where Y is the inner product on T*M @ u'TN and R" is the curvature tensor
of N.

We put
2

0
(17) nv,w) :@d)p(um)h,,zo.



STABILITY OF F-STATIONARY MAPS 465

An F-stationary map u is called stable if I(V, V) >0 for any compactly
supported vector field V' along u.

Proof. Let W : (—¢¢) x (—¢,¢) x M — N be defined by ®(s,?,x) = u, ,(x),
where (—¢,¢) X (—¢,¢) x M is equipped with the product metric. We extend the
vector fields 0/0t on (—¢,¢), 0/0s on (—¢e&), X on M naturally on
(—¢&,¢) X (—&,¢) x M, and denote those also by d/dt, ¢/ds and X. Then

(18) qu;(5> L Wd\}f(oi)

ot
We shall use the same notations V and V for the Levi-Civita connection on
(—&,€) x (—&,€) x M and the induced connection on ¥~ !TN. We choose a local
orthonormal frame {e;};", around a point P on M with Ve, =0.
Using (5) we have

_F,<||TLZ,|2>%(V&_el.)}> v,
s,1=0
A £ (5
— Voo (F' (M) %_,(Ve,»ei)> })

where we use the F-stationarity for the last equality. At P, we compute

e (F,<|Tm_,||2>g v )> })
/05 4 us. (Ve €i
(o) e (o)
enfar(2) S5 (av(2).avie) (150 o)
i=1

s, 1=0

dv,

s,t=0
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The first term in the right-hand side of (19) is

m 2
(20) h(dw((f),zveﬁm (F(”T“;’” )M)))
i=1

ih(n d‘l‘( )V@/5s< (”T‘Z’Hjam_,(e,-)))

_ Z/(V a¥(5,) . e0) F,,<||TLZ,||2> : (“Tﬁ ,|2>
+F,<|| T.,| )Zh(V d‘P(al> Vo us,(e,))
Zh(\n, d‘P( ) o (e l)) F”(”T‘Z'W)

3 5 M€, ¥ ) = o L, Patee) | T (e e;)]

ij

(IITu 1l )Zh(Vcl d‘P(j) Vesostu, (e z))
[SEn () )] e ()

m B 0
X Z h <Ve/» le <g> ) O-Ms.r(ej))
j=1

A5t

m

Vaje [Z i (e), (&) s (&) = s dus,xe,»)] )

J=1
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F,,<| T )[Zh(v (L) ke >)]

+F,<||T2,IIZ> i:n h <v(,l I (%) v, ¥ (%)) T (eire))
+F’<”TLZ'||2>I"4HI’1<% dlp(aa),dlp( ))h(VL, d‘P<§> d‘P(ej))
+F/<||thr”2> ii:lh(vei dT(i),d\P( ))h(d‘P( e), Ve, d‘P(j))
_F,<||T2,||2>%Zh<ve, d‘P(a> d¥ (e )Zh(Vq d‘I’<6> d‘P(e,))

where we use that

m
Z g(eivej)Tux.z(eivej) =0
ij=1

for the third equality. Let X, X5, X3, X4 and X5 be compactly supported vector
fields on M such that

g(Xl,Y)zF"(”T4| ><VW, auyh(ou(Y), V),

2 m

o2, ¥) = F' (@) > ) W ey,
<||Tu||2> <

g(X3,Y) = Z (V, du(e;))h(du(Y), Ve, W),

Tu 2 m
g(Xs, Y) = F' (%) WV, Vo W)T(Y,¢)),
1

-
Il

9(Xs, ¥) = (”T | ) i h(duey), 5. W),

for any vector field Y on M, respectively. For the first term in the right-hand
side of (20), we have
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2 Soen(av(2) v (1% )

_Zeih<F"<”Tg" > T ), d‘P(i))

* o ten.av(3))
:ieih@(nn\_w ) 12 {Hu;thnz_%||dus,,||4})%(e,.>,dw<g)>

.b

+
1
D
=
/N
el
R
, NIy
~—}—} \/N /\
41

1 coom(av(2) 5 a(2)]

2 170, ¢ o ol
I — S F | — hld ), Ve, —
oS () Sl (2)
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when s =1t=0, (22) becomes

(23) Z eig(X1,e;) + Z eig(X2,e;) + Z eig(X3, ;)
i=1 i=1 =1

m

+ €y X4vel Zetg X57el

i=1

m m

m
=Y 9(VeX1,e) + > 9(VeXa,e) + > g(Ve X3, 1)
=1 =1 -1

m m

+ (Ve Xayer) — %Z 9(Ve Xs, €;)

i=1 i=1

= div(X1) + div(X2) + div(X3) + div(Xs) — n%div(X5).

By Green’s theorem the integral of (23) vanishes. Theorem follows from (19)-

(23). 0

6. Stable maps into spheres

In this section we prove the following theorem

THEOREM 6.1. Let u: M™ — S" be an F-stationary map from a compact
Riemannian manifold M into the n-dimensional standard sphere S". Assume
that

2
249 ij||Tu|2{F”<”Z”>||T||+< >F/<—'Z">}dvg<0-

Then u is unstable.

Proof. In order to prove the instability of u: M™ — S” we need to
consider some special variational vector fields along u. To do this, choosing
a local orthonormal frame field {¢,}, « =1,...,n around a point P on S” with
5"V, elp =0 and choosing €,.; such that {e, €,11} is an orthonormal frame
field of R"*!. Meanwhile, taking a fixed orthonormal basis E4, A =1,...,n+ 1
of R™! and setting

(25) Va= vies, 05 =<Es ez, V5" =<Eq e,
a=1

where <, > denotes the canonical Euclidean inner product. We shall consider the
second variation
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(26) 1(ViVa) = JF"(” ;‘”><VVA,aL,><VVA,au>dv(

T2
+ F'(H | ) Zh (Ve Vi, Ve, Vi) Tules, ) dvg

: (

) Z h(Ve, Vg, du(e))h(Vo, Va4, du(e;)) du,

)

V o Va,du(e;))h(du(e;), 6@- V4) dv,

h(V,, V4, due;) )h(du(ej),%/. V4) dv,

h(RS”(VA,du(ei))VA,au(e,-)) dv,.

M u\_: HM3

At P, we compute

(27) Vo Va =" Ve Va = =05 du(ey).

From (25) and ( we compute the following equations:
7]

(28) > VVa, 00V V4, 04)

) > h(Ve Vi, 0u(e)h(Ve Va, oule;))

A, i, j

) Zvn+l "h(du(er), ou(ei))h(du(e;), ou(e;))

s
(%
(%
[

=F’ )IITII
and
(29) F’ 170" Zih(v Vi, Ve Vi) Tul(ers e
1 o Va, Ve, Va)Tulei, €))
A4 i j=1

> 3t ). du(e) T )
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and

(T
(30) F( .

S™S " h(Te Vi diae)Vh T, Vs, de)
A

i,j=1
_ ! ”Tu”z . n+1 .n+1 . . . .
= 7 (W) S S o e, dutey) e, duey)
i,j=1 A
2

Z Z h(Ve, V., du(e;))h(due;), V V)

i,j=1

SO oo hdu(er), du(ey))h(dule;), du(ey))

)53
)

T.*\, .
and
T 2 m
(32) F’<| ' S h(Ve Va,du(en)h(Ve, Va, du(e;))
A i j=1
=F HTuHZ) Em: Zv”“ " h(du(e;), du(e;))h(du(e;), du(e;))
4 1 i 1 ]/ ]
i,j=
(T
_ (I >||du|4
and

D MR (Vs du(en)Va, ouler)
A

> vihh(RY (e, du(er) e, auler)

Z h(RS” (€, du(e;)) ez, ou(er))
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2 m
= F' (HT4||> DO lhen, oulen)h(es, duler) — h(du(er), au(er) h(es, €)]

=l

2
(-’ ('ﬁ”) 1T

From (26)—(33), we get

(34) fz(VA,VA)zj ||Tu||2{F”<%> ||Tu||2+(4—n)F’<#>}dvg.

A=1

By (34) and the assumption, we have

n+1
(35) S I(Va,Va) <0
A=1
and u is unstable. O

COROLLARY 6.2.  Assume that (1) F" <0 andn > 5, or (ii) F" <0 and n = 4.
Then any stable F-stationary map from a compact Riemannian manifold M to S"
is a weakly conformal map.

7. Stable maps from spheres

In this section we prove the following theorem

THEOREM 7.1. Let u:S™ — N be an F-stationary map. Assume that

T’ T’
g | |Tu|2{F”<” u >||Tu|2+(4—m)F’<” u )}dvg<0.
S”)

Then u is unstable.

Proof. In order to prove the instability of u: S” — N, we need to consider
some special variational vector fields along u. To do this, choosing a local
orthonormal frame field {e;}, i=1,...,m around a point P on S” with
5"V,ejlp =0 and choosing e, such that {e; e,y1} is an orthonormal frame
field of R™*!. Meanwhile, taking a fixed orthonormal basis E4, A=1,...,m+1
of R™*! and setting

(37) Va=Y vhe, vi=<Ese), vt ={Esen1),
P

where {,)» denotes the canonical Euclidean inner product. Then du(Vy)e
I'(u~'TN) and
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(38) Zviﬂfﬁ = Z CE4,€i{E4,€) = 0y,
y y
(39) V()! VA = —UZHIE[,
(40) Ve, du(V4) = =" du(e;) + v'\V,, du(e;).
T.lI?
By using the condition tp(u) = =3 (F’(H 4H >0u> =0 and (38), we have
& (T
(41) J S F (P )< d) (V) ou(Va)) do,
S™ 4=1

2
— | S ('Tj;” )«A du)(er),0uley) o,
m A

2
- Z Lm F <|TZ” ><(A du)(e;), ouler)
2
:J mF,<||7};|| )«A o
= J <5 du,(S(F’ (”TZ'z) o-u> >

=0.

It follows from Weitzenbock formula that

(42) — i: R (du(X), du(ey)) du(ey) + du(Ric®" (X)) = (A du)(X) + (V? du)(X).
k=1

where X is any smooth vector field on S™ and (V? du)(X) = >_",[V.,V,, du—
Vv,.e; dul(X). With respect to the variational vector field du(V,) along u, it
follows form (41) and (42) that

3) S Idu(Va),du(Ve))
A
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2
+J (H ZH ) > h(Ve, du(Va), dule)h(dule;), Ve, du(Va)) dug

i,j, A

(IIT ul ) > " h(Ve, du(V.4), du(e:))h(du(e;), Ve, du(V.4)) dv,

i,j, A

—JM (
(7

At P, we compute

(44) F”<”T ul ) Z(V du(V4),0,)°
—ZF”<”T Al )

" TM
(1555

A

) Zh (du( Ric® ), 0u(ei)) du,
) Zh (V2 du)(e;), )oule;)) dv,.

2
Z<V du VA) Uu(el)>]

2
x lg—v;?“h(du(e,-), auler)) + (V.. duer), au<ef>>>]

i

2
_ F” <||Tu|2> m+1 m+1 [Zh du N € ]
4 A
_oF" ”TMH m+1 h(d . .
- ZUA Z ( U(ez)7‘7u(€z))

A

X {Z vl lz h(V., du(e;),au(ei)))] }
7 7

A ! i

2
—F”(H uH ) |:|T || _|_Z Zh VeI du)( O'M(e,))‘| :|7

where we use the symmetry of V du in the last equality.
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(45) (”T| )Z (Ve, du(V4),Ve, du(V4))Tu(ei, )

) Z " du(e;) + AV, du(ey),

A
_UZH_] du(ej) + UAﬁe/ du(el))T“(ei’ ej)]

T2 7221)"”r1 “h(du(e;), V., , du(er)) Ty(ei, ef)

+ZUAUA (Ve, du(ex), Ve, du(e))) T, (e, e/)]

[SS]

ZF'<”TZ” )

IToll® + D (Ve du)(er). (Ve du)(e) Tuler, e;)]

o
and
o) F,<|T Iz) Zh (Ve, du(V.4), dule,)Vh(Te, du(V.s), du(e,)

F,<| Z|2> VIt duler) + o5V, du(ey), du(ey)

x h(—vy™ du(e;) + vk V., du(ex), du(e)))]
F/<|T£||2> [ h||? + o5l h(Ve, du(er), dule;))h(Ve, duler), dule;)
— 207 v h(du(e;), du(e;))h(Ve, du(er), du(e;))]

Ff<'T;;”2> [nu*m + 3V di)(e), i) (Vs i), du<e/>]
and j
7) F,<|7};||2> ;h(v du(V.4), du(e;)Yh(du(e;), V., du(V.0))

_p ('7; '2> I 3 (T e ). (7 du><€f>]

and
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2
(48) F' <”TZ”> Z h(?ei du(VA),du(e,-))h(du(ej)7vej du(Vy))

ij, A4

2
—F (HTZH ) ldul|* +> h((Vey du)(er), duler)h(dule;), (Ve, du)(e;)
ij.k

and
(49) <|T” )Zh du(Ric®" (e:)), o.(ei))

— (m— 1)F’<”TZH )h(du(ei);au(ei)))

_(m—1)F (“T «| )nT 2
and

Z
=

h((Vek du)(e:), du(e;))h(du(e;), (Ve du)(e;))

L2 (1Tl S (Ve d) (e3), da(en) r(du(ey), (Ve i)
m 4 o du) uiei uej), (Ve, du)(e;)).

i,j,k
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By (43)-(50), we get

(51) D I(du(Va),du(Va))
A

T.|° T.)°
:J ||Tu||2 F" || u” ||TuH2+ (4_m)F/ || ll” qu.
sm 4 4 A
By (51) and the assumption, we have
(52) > " I(du(Va),du(V.4)) <0
A
and u is unstable. O

CoROLLARY 7.2. Assume that () F" <0 and m =5, or (ii) F" <0 and
m=4. Then any stable F-stationary map from S™ is a weakly conformal
map.
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