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ON THE DEFICIENCY OF AN ENTIRE FUNCTION
OF FINITE GENUS

BY TADASHI KOBAYASHI

1. Introduction. In [1], Edrei and Fuchs established the following

THEOREM A. Let f(z) be an entire function of finite order having only
negative zeros. If the order is greater than one, then f(z) has zero as a Nevan-
linna deficient value.

The extension of this result to more general distributions of the arguments
of the zeros of an entire function was investigated in [2], [3] and [4].

Indeed Ozawa [4] gave the following result.

THEOREM B. Let g(z) be a canonical product of genus one and with only
zeros {a,} in the sector

|larg a,—7| é% .
Then
A
60, g )%m
with a positive constant A.

In this paper we shall prove the following theorems.

THEOREM 1. Let g(2) be a canonical product of finite genus q (=1) and
having only zeros in the sector

{z: larg z—m| é—z—(—q%_-ﬁ} .
Then

Alg)

with a positive constant A(q).
THEOREM 2. The assumptions of Theorem 1 imply
g=p=p=q+l1

where p and p indicate the order and the lower order of g(z), respectively.
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COROLLARY. Let f(z) be an entire function of finite genus q (=1). If its
zeros lie in the sector

. T
{z. largzls——z(q =) } s
then f(z) has zero as a deficient value.

This Corollary is an immediate consequence of the above two theorems.
Further it should be remarked that for each positive integer ¢ and for each
S{>m/(29+2)), there exists an entire function f(z) of genus ¢ whose zeros lie
in the sector

{z: larg z| <Sg}
but
(0, )=0.

Therefore, the result of Corollary is no longer true when the opening of the
sector is greater than =/(g--1).

2. Lemmas. Our proofs of Theorem 1 and 2 depend heavily on the follow-
ing lemmas.

LEMMA 1. For each positive integer q, set

Sy, x, y)z% log L(r, x, )+ Zq) —721—1"‘ COS 71X COS Y
n=1
where

L(r, x, y)=1—4r cos x cos y+27% cos 2x

+47r% cos? y—4r® cos x cos y+r*.
Then

L g d
—%—;’T(ﬁ-l—y) —Eysq(rr X, y)

=—(cos gx sin gy)r°+ Af(x, )r*+Bi(x, y)r
+cos (g+1)x sin (¢+1)y,
A¥(x, y)=4 cos x cos y cos gx sin gy—cos (g—1)xsin (¢—1)y,
B¥(x, y)=sin gx sin gy sin 2x—cos ¢x cos ¢y sin 2y
—2 cos? x cos gx sin gy—cos 2y cos gx sin gy .

Proof. It is sufficient to prove the result for ¢=5. By a simple calculation
we have
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d
5L, 5 35 Slr, %,9)

=—(cos gx sin qy)r 1+ A¥(x, y)ra*t

+By(x, )r 2 +Colx, )r* 1 +Ry(7, x, ¥)
where

B(x, ¥)=—cos (q—2)x sin (g—2)y—2 cos 2x cos gx sin gy
+4 cos x cos ¥ cos (¢—1)x sin (g—1)y
—4 cos®ycos gxsinqy,
Cy(x, y)=—cos (¢—3)x sin (¢—3)y
+4 cos x cos ¥y cos (¢g—2)x sin (¢—2)y
—4 cos®ycos (¢g—1)xsin (¢—1)y
—2cos 2xcos(¢g—1)xsin (g—1)y
+4 cos x cos y cos gxsinqy,

R(7, x, y)=(cos x sin y)r—2(cos y sin y)r*

q
+(cos x sin y)r*—> 7™ cos nx sin ny
n=1
a1 .
+4 > 7" cos x cos ¥ cos nx sin ny
n=1
q-2 2 .
—237r™*(cos 2x+2 cos? ¥) cos nx sin ny
n=1
q—3 3 .
+4>7"** cos x cos y cos nx sin ny
n=1
q—4 4 .
— "t cosnxsinny.
n=1

Let us consider Ry (7, x, ¥). Then
Ry(r, %, )= Do(x, 9)r"
where
D, (x, ¥)=4 cos x cos y cos (n—1)x sin (n—1)y
+4 cos x cos y cos (n—3)x sin (n—3)y
—2(cos 2x+2 cos? ¥) cos (n—2)x sin (n—2)y
—cos nx sin ny—cos (n—4)x sin (n—4)y .

Using elementary trigonometric relations, we have
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D, (x, »)=0
for all n. Thus R (7, x, y) is identically equal to zero. On the other hand
C,(x, ¥)=cos x cos y €0S ¢x sin gy+-cos x sin y €OS ¢x COS gY
—sin x cos y sin ¢x sin gy—sin x sin y sin ¢x cos gy
=(cos x cos ¢x—sin x sin q;c)(cos y sin gy+sin y cos gy)

=cos (g-+1)x sin (g+1)y
and

By(x, y)=(cos 2x—2 cos® x) sin 2y c0s ¢x C0S ¢y
+(2 cos® y—cos 2Y) sin 2x sin gx sin ¢y
—(2-+cos 2y) cos 2x cos ¢x sin gy
+(4 cos® x—4) cos® y cos gx sin qy
=B§(x, 3).
Thus we have the desired result.

LEMMA 2. For each even integer q (=2),
d
gy—sq(ry x: y)éo

T 2q+1

2q+2

Proof. Evidently (cos(¢+1)xsin(g+1)y), —(cosgxsingy), A¥(x,») and
B¥(x, y) are all non-positive under the given conditions. Hence Lemma 1 implies
the desired fact.

and

TSYST.

LEMMA 3. For each odd integer q (=1),

555, %, 9)=0

for r=0, nggfq and ggi% TSY=T.

Proof. Under the given conditions
A¥(x, v)=(4 cos x cos gx—1) sin gy cos y
=singycosy

0

IA

and
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B¥(x, y)=sin gx sin gy sin 2x

—(cos 2x4-2 cos® y) cos gx sin gy

= (@-—cos qx) sin gy

IIA

0;

Thus from Lemma 1 we have the desired resuit.

3. Proof of Theorem 1. By the definition of S,(7, x, ¥) we have
Sy(r, u, v)=log | E(re™e*, q)| +log | E(re*e™*, q)|
where E(z, g) is the Weierstrass primary factor. Let g(2) be a canonical pro-

duct of genus ¢ and with only zeros {a,} in the sector

P
larg an—ﬂl§—2q+2 .
Put
arg a,=v, (n=1,2,3,--).
Then we have

log | g(re™)| +log | £(re™*)| = E Sy 17 : vi)

In the first place we assume that ¢ is even (=2). From Lemma 2,

tu - > r ZQ+1
log|g(re)g(re )| < 3 S(5 7 1 Gagg™

for =0 and 2q H—=US 55 2q —5- Let

F@)=TE(~ 121, 4).
Then

log | F{re*ve) Flre"'s3) | = 3, Su( 727, 1, 5y )

where vy=exp ) Thus we have

T
2q+2
log [g(re*)g(re™**)| <log | F(re* vy) F(re**vy)|

for r=0 and 2 S5 SUS 5 5 2q —o- Integrating with respect to u from 7”(}— to

(g+2)m
2q(q+1)\ 29— z)g“’es

m(r, 0, 8)2—5- | log | Ftre™)] du
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where

2g9+1
_[ 2qu+1) A ]+[ 2q(q+1) q(q+1) ]

Now by Shea’s representation [5],

2m(r, 0, )2 N(rt, 0, K ¥(0)dt
where

Ki =Kt 1, goioy ™) —Ko(t, 1, 5

(1,1, ) Kb L i)

—1)¢ o t H 1 .
O e =1

Put

A,=2cos B,=2cos

T (9
29(qg+1) ’ g(g+1)’

_ _29+1 _ T
C,=2cos 20q+D " D,=2cos 7

Then
K*(t)“ =17t ()+ T (1)),

. T . T . T
(t)_ sin - 2 sin q _ sin 2q + sin q
WEEIIT AL T BF1+ Bt PH1+Ct | PH1+D,1

. T . T . T
j(t): sin 2q+2 _ Sin q+1 " Slnm‘
e BF1+Ag  B+1+Bg ' OH1+CH

Let us consider I,(f), which is equal to

tB,—tDq tC,—tAq sin-Z-
(XTB,0(X+Dgh) Sit + XT AN X CaD)

where X=¢?41. Evidently
(X+A)(XHCot)Z(X+Bgt)(X+Dgt)

for all £=0. Hence
£ (X4 A X+Cot) ()= (Bg—Dy) sin —Z——i—(Cq—Aq) sin 5

T . (¢g+2)x T
T (Sln 24(q+1) sin sin® Zq)

=4 sin

>0.
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‘Thus we have
I,(®>0

for all £>0. Next, consider /,(#). Then

2 . T 1 . T
JO2 X aF sin 52 X1 BF S gH1
where X=t>+1. Therefore
(X+AD)(X+Bgt)Jo(t)

=(2sin 247—12 —sin qf_l )X

T . T (4 . T
+(4cos GRS sin 24¥2 2 cos TICES) sin 711 )t.

From
4 sin ) T (cos —=———cos T oS 5~ )
g+2\""" q(g+1) 2q(g+1) 2¢+2
=4 sin 2q7f|-2 (cos q(qifi—l) —cos 2q7—t|—2>
=0,
we have

(X+ A (X+Be)Jo()= (2 sin "= )X>0

. T
2q+2 TSI
for all £=0. Hence we have

Jo(H)>0

for all £>0. Then K}(f) is positive for all £>0. Therefore
+oo
2m(r, 0, )z f * N(rt, 0, )K§(1)dt

+oo0
=N, 0,8)f Kt
for each 7>0. Put
+oo
A= " Kxwat.

Then evidently A(q) is positive and

-—N(rOg) 1
im T g =1FAQ

Next, consider the case that ¢ is odd (¢=1). In this case from Lemma 3,

T - = r 2q+1
log | g(re™)g(re )Iénglsq(lanl, ' g2 "
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for r=0 and ogug%q. Let
. V4
F)=TIE(~ 27 4) -
Then for =0, ogugz’%
log | g(re**)g(re™**)| <log | F(re* vy) F(re* vy)|

where vyx=exp (ﬁ) The integration with respect to # from 0 to —_—Zq(qn—kl)
T .
(§4—q) y1€ldS

2m(r, 0, )2 NG, 0, KDt ,

K=Kt L gy ™) —Ko(t L 557)

Put
A,=2cosE-, By=2cos LT x_jip
e 2q° ‘ 29(¢+1) )
Then
KH(t)y=-t- O+ (1),
(1 1 T,
LO=(x5 a5~ X3B.1) <% 2¢°
1 1 . g—1
JO=x7 a7~ XTB,;f ™ 2072~
Evidently

1 1
XTAJg = X+ B

for all t=0. Therefore K¥(¢) is positive for all t>0. Thus we have

i-_' N(T, Ov g) < 1
AT T(r, 8) = 1+A() °

A@=f, " Kawat.

This completes the proof of Theorem 1.

4. Proof of Theorem 2. Using the same notations as in the section 3, we
have

2T(r, )z Nert, 0, )K (0t
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Further we have shown that

and

Kzt (1)

J(H=M;>0

for 0={=1. Hence

27(r, )z N(rt, 0, Kbyt
M, ! g
g—#fo N(rt, 0, g)t9"*dt

o M, T e
_rq—-n—"j NG, 0, gyttt

Since g(z) is of genus g,

lim :N(t, 0, 2)t- T 'dt=14-co .

r—teo

Therefore

lim =0
T g)

r—+oo

which yields ¢g=p. p=p=(¢+1) is well known.
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