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ON TRANSVERSAL HYPERSURFACES OF
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BY KENTARO YANO, SANG-SEUP EUM AND U-HANG Ki

§ 0. Introduction.

Hypersurfaces of an almost contact manifold have been studied by Blair [2],
[3], Bum [4], Goldberg [5], Ki [11], [12], Ludden [2], [3], Okumura [7], [13], Yama-
guchi [10], Yano [3], [5], [11], [12], [13], and. others.

Blair [3], Ludden [3], Okumura [13] and Yano [3], [13] found that a hypersur-
face of an almost contact manifold admits what they call an (/, C7, V, u, v, Λ)-
structure.

Goldberg and one of the present authors [5] called a noninvariant hypersurface
of an almost contact manifold a hypersurface such that the transform of a tangent
vector of the hypersurface by the tensor φ defining the almost contact structure is
never tangent to the hypersurface.

In the present paper, we study what we call transversal hypersurfaces, that
is, hypersurfaces which never contain the vector field ξ defining the almost contact
structure.

In § 1 we first of all show that a transversal hypersurface of an almost contact
manifold admits an almost complex structure F and that a transversal hypersurface
of an almost contact metric manifold admits an almost Hermitian structure (F, γ).
We also derive a formula which gives the relation between the connection with
respect to the Hermitian metric γ and that with respect to the induced Riemannian
metric g.

In § 2, we study transversal hypersurfaces of a cosymplectic manifold. In this
case the almost Hermitian structure (F, γ) is Kahlerian [5].

In §3, we study transversal hypersurfaces of a Sasakian manifold. In this
case also, the almost Hermitian structure (F, γ) is Kahlerian.

The last § 4 is devoted to the study of transversal hypersurfaces of a Sasakian
manifold of constant curvature.

§ 1. Transversal hypersurface of an almost contact manifold.

Let M be a (2^+1)-dimensional differentiable manifold covered by a system
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of coordinate neighborhoods {0; yκ}, .where, here and in the sequel, the indices
Λ;, λ, μ, v, ••• run over the range {1, 2, •••, 2n+l} and let M admit an almost contact
structure, that is, a set (φλ

f, ζκ, ηλ] of a tensor field φf of type (1, 1), a vector field
ξκ and a 1-form ηλ satisfying

(1.1)

Consider a 2n-dimensional differentiable manifold M covered by a system of
coordinate neighborhoods (U\ xh], where, here and in the sequel, the indices h, i,j, k,
~ run over the range {1, 2, •••, 2n}, and assume that M is differentiably immersed
in M as a hypersurface by the immersion

i: M - >M,

which is expressed locally by

We assume that for each p€M, the vector field ζ* at i(p) never belongs to the
tangent hyperplane of the hypersurface i(M). We call such a hypersurface i(M) a
transversal hypersurface of an almost contact manifold. In this case, we can take
ξκ as an affine normal to the hypersurface i(M).

Now the vectors Bi=<diy
κ (di=d/dxί) and ζ" being linearly independent, the

transforms φλ

κBiλ of Biλ by φλ

κ can be expressed as

(1.2) φSBi^FSBS + aiζ*,

where Fί

h is a tensor field of type (1, 1) and α* a 1-form of M.
Applying ψκ

μ again to (1. 2) and taking account of (1. 1), we find

(1.3) FSFt

h=-%,

(1.4)

where

Thus M admits an almost complex structure F and a 1-form a.
We now assume that M admits an almost contact metric structure, that is, a

set (φλ*y ξ", ηλt Gμλ] of φλ

κ, ξ *, 27^ and a positive definite Riemannian metric Gμλ satis-
fying, in addition to (1. 1),

(1. 5) Gτσφμ

τψλ

σ = Gμλ

and
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Transvecting (1. 5) with B3

μBiλ and using (1. 2), we find

Qji being the Riemannian metric on M induced from that of M, that is,

Qji — GμχBfBiλ.

Thus, remembering GτσBtζa=ηt and F/^=-αJ, we have

FJ

tFϊ

sgts — oijOίi = gji — ijfli,

or

O 6) FJ

tFl

s(gts - ηtf]s] = Gji - ηjηi-

This shows that

is an almost Hermitian metric with respect to the almost complex structure F.
The fact that the metric γ^ is positive definite will be verified as follows.

Let Xκ be an arbitrary vector in M , then the square of the length of the
vector Xκ-( ηaX

a)ζκ is given by

G^X" - (ηrX
r}ξμ}{Xλ - (ηβX?W = (Gμλ - ημη>}XμXλ,

which shows that (Gμλ-ημ^XμXλ^Q and =0 if and only if Xμ = (ητX
r)ζμ. Thus

the Riemannian metric

on M induced from Gμλ—ημηλ of M is also positive definite.
We now assume that M is orientable and choose a unit vector field Cκ of M

normal to i(M) in such a way that 2n+l vectors Bf and Cκ give the positive
orientation of M. We put

(1.8) r=5ιV+Λ?,

where vl=rf=yjgji and λ is a scalar field which never vanishes along /(M), because
f * is never tangent to i(M). The length of ζκ being 1, we have from (1. 8)

Since

we see that the contravariant components γ{tl of the metric γ are given by

(1. 9) r«=fl,«»+ 4-ΐY
X



462 KENTARO YANO, SANG-3EUP EUM AND ϋ-HANG KI

The transforms φfBi* of Bt

l by ψλ

κ and the transform φ ιCλ of Cλ by φ* can
be respectively expressed as

(1.10) φλ

κBi

λ=fl

hBh

κ+uiCί

(1.11) pa*C' = -«*SΛ

where ft

h is a tensor field of type (1, 1), Ui a 1-form of M and ul—Ujgji.
From (1. 1), (1. 5), (1. 8), (1. 10) and (1. 11), we find [13], [14],

(1.12) VtfS=-λUi9 fW=λun,

Utu
l = vtv

l = 1 - λz, UtV* = 0,

QtSf3

tf^8 = Qji - UjUi - VjVi9

that is, M admits an (/, gy u, v, λ) -structure [13].
We can easily see that

fji=fjtQtί

is skew-symmetric with respect to j and i.
Substituting (1. 8) into (1. 2), we find

Comparing this with (1. 10), we find

F?+aίv
h=f*',

and consequently

(1.13) FS=f*-~
Λ

(1.14) «i=4-f
A

from which, using (1. 4) and (1. 12),

(1. 15) ίftί1,' = λvh FW

(1. 16) VtF%'= - 4- «<,
Λ

We also have, using (1. 7),
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(1.17) FSr*=f*.

We denote by {/*} the Christoffel symbols formed with gyί and by ^ the
operator of covariant differentiation with respect to these Christoffel symbols.

We denote by Γ3\ the Christoffel symbols formed with γjt. Substituting (1. 7)
and (1. 9) into

we get

h
[J i

1

Therefore, we have the following

LEMMA. The connection Γ 3

hi with respect to γji is given by

(1. 18) ΓΛ= I h.\-~{(PjVt-PtVj)vi+(Fivt-rtvi)vj}^
[ J I J Z ZX

For the hypersurface ί(M), the equations of Gauss and Weingarten are
respectively

(1.19)

(1.20)

where Λyί is the second fundamental tensor of z(M) and Λ/=
Differentiating (1. 10) covariantly along /(M) and taking account of (1. 19) and

(1. 20), we have

(1.21) (^/)B/£i2-A/i«ftA^^

where f μ is the operator of covariant differentiation with respect to Gμλ of M.
Similarly, we have, from (1. 8),

(1.22) (P&W

§2. Transversal hypersurface of a cosymplectic manifold.

An almost contact metric manifold M(^/, f *, ,̂ GΛ0 is said to be cosymplectic
if the 2-form Φμλ=φμ

aGaλ and the 1-form ηλ are both closed. It is known [1] that
the cosymplectic structure is characterized by
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In this section, we consider a transversal hypersurface i(M) of a cosymplectic
manifold.

From (1. 21), (1. 22) and (2. 1), we find

(2.2) r,f*

(2.3) Γyiί<

(2. 4) Vfli

(2.5) Vjλ^-hjttf.

Differentiating (1. 13) covariantly and using (2. 2)— (2. 5), we find

(2. 6) %
Λ

Using (2. 6), we compute the Nijenhuis tensor

IF, FW^FWFS-FMFS-φjFS-ΓiF^Ff,

and find

(2.7) [F,F]=0.

From (2. 2), we have

which shows that the exterior differential of the 2-form

vanishes. Thus the almost Hermitian structure (F, γ) is Kahlerian, and consequently
denoting by Ft* the operator of covariant differentiation with respect to the Chri-
stoffel symbols Γ3\ formed with γjiy we have, from (1. 18) and (2. 4),

(2. 8) Fy*F»ft=0,

(2.9) Γ
I J *

We denote by Rkji

h the curvature tensor of the connection ΓJ

h

ij that is, we put

(2. 10) Rkji

h = 3*Γ/4 - 3yΓΛ + 7WV , - Γ/ίΓΛ

In general, if

(2.11) ΓΛ

7)ίΛ being a tensor field of type (1, 2), we have
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where Kkjih is the curvature tensor of the Levi-Civita connection {fa}.
Differentiating

/O 10\ rp h -1- I Λw lo; iji — — rijiV
A

covariantly and using (2. 4) and (2. 5), we find

1 . „ , 1
(2.14) Γ*Γy«

Λ=- 32,^,^ 3
X A

Substituting (2.13) and (2.14) into (2.12), we obtain

1

On the other hand, differentiating (2. 4) covariantly and using (2. 5), we find

from which, using Ricci identity,

we have

KujiVt=(h}ίhji—h/hkijvi—λ(ΫτJiji—Pjhki),

or

(2.16) Γkhji - Pjhkι = - -y CSV

Substituting (2.16) into (2.15), we find

that is,

Rkji

h = (̂ α - AwA,<+h j thki}γ th.

Thus we have

(2.17) Rkjίh=Kkjίh-(hkhhji-hjhhki),

where

J?*yfΛ = ̂ A;1/ΐVίΛ

Applying the equations of Gauss
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of i(M) in M, where Kvμλκ is the curvature tensor of the connection {/Λ of M,
we obtain, from (2. 17),

(2. 18) Rw=R n B*'BfBSBh

f.

In a cosymplectic manifold of constant ^-holomorphic sectional curvature, the
curvature tensor βvμλκ has the form [6]

(2. 19)

— (Gμκ — ημηκ}(Gvλ — ηv

k being a constant.
Substituting (2. 19) into (2. 18), we have

(2. 20) Rkjίh= -A- (γkhγ^γjhγki+Fk

which shows that the Kahlerian manifold with complex structure F and the
Hermitian metric γ is of constant holomorphic sectional curvature. Thus we have

PROPOSITION 2. 1. If M is a cosymplectic manifold of constant ψ-holomorphic
sectional curvature, then the transversal Kahlerian hypersurface i(M) is of constant
holomorphic sectional curvature.

§3. Transversal hypersurface of a Sasakian manifold.

In this section, we consider a hypersurface i(M) of a Sasakian manifold M.
In a Sasakian manifold M, we have

(3.1)

Substituting (3. 1) into (1. 21) and (1. 22) and using (1. 8), (1. 10) and (1. 11),
we find [13]

(3. 2) FyΛ*= -

(3.3)

(3.4)

(3. 5)
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Differentiating (1. 13) covariantly and using (3. 2)~(3. 5), we find

(3. 6)

Using (3. 6), we compute the Nijenhuis tensor [F, F] formed with F and find

(3.7) [F,F]=0.

From (3. 2), we have

which shows that the exterior differential of the 2-form FJγth vanishes. Thus the
almost Hermitian structure (F, γ) is Kahlerian and we have

(3. 8) Fy*F;Λ=0.

Substituting (3. 4) into (1. 18), we find

(3. 9) ΓΛ

Thus we put

(3. 10)

and compute

Pk Tjt

h - V3 T^h + Tuκ Trf - Tjt

h TV

(3. 11) =Fk

hFji-FJ

hFki-2FkjFl

h-(d&j-df}vk)vi

On the other hand, differentiating (3. 4) covariantly and taking account of
(3. 2) and (3. 5), we find

gttVj + (uk

from which, using Ricci identity,

or

(3. 12) F*Ayi-F/AΛt= —

Substituting (3. 12) into (3. 11), we find
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Therefore, from (2. 12), we have

+ ~ v

(3. 13) - (δίvj - d»jVk}Vi - -p- (vjcQji - Vjgki}vh

+ Fk

hFJi-FJ

hFki-2FkjF1,\

Transvecting (3. 13) with γhi—Qhi—vhVι and taking account of (1. 9) and (1. 17),
we have

Ricjii = Kkjii — hkihji + hjihfo

j - (QJI - VjVi)Vk}Vi

j i — FβFici — 2FkjFu,
or

h — (hkhhji —

(3. 14)

On the other hand, we have

(3. 15)

=

Substituting (3. 15) into (3. 14), we find

ji — FjhFjci — 2FkjFih)

(3. 16)

— (Kkjih — hkhhji + hjhhki) — (gjchgjί — gjhQkύ

Applying the equations of Gauss of ί(M) in M, we obtain, from (3. 16),
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ί + FkhFji - FjhFki - 2FkjFih]

(3. 17)

In a Sasakian manifold of constant C-holomorphic sectional curvature, the
curvature tensor has the form [9]

(3 18) -- — (ηv(Gμληκ — Gμκηλ} — ημ(Gvληκ — Gvκη

Substituting (3. 18) into (3. 17), we obtain

(3. 19) Rkjih=

which shows that the Kahlerian manifold with complex structure F and the
Hermitian metric γ is of constant holomorphic sectional curvature. Thus we have

PROPOSITION 3. 1. If M is a Sasakian manifold of constant C-holomorphic
sectional curvature, then the transversal Kahlerian hypersurface i(M) is of constant
holomorphic sectional curvature.

§4. Transversal hypersurface of a Sasakian manifold of constant curvature.

In this section we consider a hypersurface i(M) of a Sasakian manifold of
constant curvature.

When M is of constant curvature 1, the curvature tensor has the form

(4. 1) Kvμλκ=GvκGμχ — GμκGvι,

and consequently, we have

(4. 2) KvμλκBk

vB3

μBi

λBh

κ = gkhgji-gjhg^.

Substituting (4. 1) into (3. 17), we find

(4. 3) Rkjίh = γkhγji — γjhγki + FkhFji — FjhFki — 2FkjFih.

Thus, we have

PROPOSITION 4. 1. If M is a Sasakian manifold of constant curvature 1, then a
transversal hypersurface i(M] is of constant holomorphic sectional curvature which
is equal to 4.
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