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MINIMALITY IN FAMILIES OF SOLUTIONS
OF 4u=Pu ON RIEMANN SURFACES

By KwaNG-NAN CHOow

I. Introduction.

Consider a Riemann surface R and the space HD(R) of all harmonic func-
tions with finite Dirichlet integral. The monotone closure of HD(R) is denoted by

ﬁ)(R). C. Constantinescu and A. Cornea in 1958 started the study of minimal

functions in ffb(R). In 1960, Nakai ([2], also cf. [7]) introduced a representing
measure on the Royden boundary I' associated to R and a kernel on RxI" which
serve to represent I;TY)(R). One significant result is that HD-minimal ‘functions
correspond to atoms on I

It was Ozawa [5] who first considered the solutions of du=Px on R where P
is a nonnegative density. Glasner and Katz [1] have recently shown that solutions
of du=Pu on R can also be studied in terms of their behavior on I". Using their
machinery, one can obtain analogues of Nakai’s results for the space PE(R) of
solutions with finite energy integral and its monotone closure ﬁE‘(R). In particular,
a representing measure on I" and a kernel on RXI" can be constructed for solu-

tions so that PE-minimal functions can be characterized analogously.
In view of this, a natural question is: what is the relation between the HD-
and ﬁ-minimality? Or equivalently, if a point on I’ is atomic with respect to

one measure, will it be atomic with respect to another? In this paper it is shown
that the answer is virtually yes. This answer is encouraging because it suggests
that there is a topological property of /" which can be associated with HD- or PE-
minimality. Finding such a property would have important implications in the
study of quasi-conformal or quasi-isometric invariants.

As a remark, all the results in this paper can be carried over to Riemannian
manifolds.

II. Preliminaries.

II 1. We consider an open Riemann surface R and the equation du=Pu on
R, where P is a nonnegative density. For simplicity, solutions of du=Pu will be
called solutions. Let M(R) be the Royden algebra associated with R which is the
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set of all bounded Tonelli functions on R with finite Dirichlet integral. The
Royden compactification R* is the unique compact Hausdorff space such that R is
open and dense in R*, functions in M(R) have continuous extensions to R* and
M(R) separates points of R*. ['=R*\R is the Royden boundary. If we let M,(R)
be the BD-closure (i.e. the closure with respect to the topology generated by the
compact bounded convergence and the Dirichlet semi-norm) of the set My(R) of all
functions in M(R) with compact support, then d={gel": f(q)=0 for all fe M,(R)} is
the harmonic boundary of R. Because it is uniformly dense in the set of all con-
tinuous functions on R*, M(R) has the important Urysohn property. for any two
disjoint compact sets Ky, K, in R* and any two distinct real wumbers i, vy with
11<re, there is a function feM(R) such that n=f=r. and f|K,=r, i=1,2. For
the details of this section see [1], [2] or [7].

II 2. A modification of Nakai’s result ([7], p. 168) is the minimum prin-
ciple: if u is any supersolution on R bounded from below such that for all qed
lim inf.er, ,qu(2)=c for some nonpositive number c, then u=c.

II 3. A subset of 4 introduced in [1] is crucial for solutions, i.e. 47={ge4:
g has a neighborhood U in R* with [y.z Pdxdy<oo}. 4P is open in 4. Functions
in E(R) vanish on 4\47, where E(R) is the subalgebra of M(R) of all bounded
Tonelli functions f on R with finite energy integral

E(F)=Enlf)= SR Af AR + S FPdudy.

E(R)|47 is uniformly dense in the set of all continuous functions on 47 vanishing
at infinity in view of the Stone-Weierstrass theorem. FE(R) is BE-complete, i.e.
complete with respect to the topology generated by the compact bounded conver-
gence and the energy semi-norm.

II 4. The PE-projection is denoted by =?. For any feE(R), it gives the
unique PE-function (i.e. solution with finite energy integral) zff with =Zf|4=f|4.
For the existence of such solution see Theorem 3 of [1]. Note that if P=0, =° is
the HD-projection which gives the unique HD-functions (i.e. harmonic functions
with finite Dirichlet integral).

III. Representing measure and its features.

III 1. Following the pattern that Nakai has established in [2] (or [7], p.
171) for harmonic functions and being aware of the results of Glasner-Katz
([1], Theorem 3), we can construct a positive bounded regular Borel representing
measure m? on [’ centered at z,€R having support equal to the closure of
4P characterized by #(ze)=[r udm? for every PE-function #. Moreover, using
Harnack’s inequality we can also construct a nonnegative kernel K?(z, ¢) on RxI
with the property «(z)=[r K¥(z, q)u(q)dm®P(q) for all zeR and all PE-function .
It can be shown that KZ(z, q)=1 for all ged? and K?%(z,q) is a solution on R
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almost everywhere with respect to m?.

IIT 2. Nakai’s characterizations of HD-functions and HD-minimal functions
are also valid, mutatis mutandis, for P’E‘-functions and ﬁE‘-minimal functions.

DerINITION. A nonnegative solution is called a PE-function if it is the
infimum of a downward directed family of PE-functions. The collection of all

PE-functions on R is denoted by ﬁE‘(R).

LEMMA. If X¢ is the characteristic function of a compact subset C of 4P,
then w(2)=1[r K*(z, qXc(q)dm*(q) is a PE-function.

The proof of the following theorem can be carried out as in Nakai’s [2] (or
[7]) except that bounded upper semicontinuous functions on 4# do not necessarily

correspond to PE-functions. PE(R) has no order unit in general, so the work of
Nakai does not carry over formally. However, it is possible to get by with the
help of the lemma.

THEOREM. If ueP’E‘(R), then
w(z) = Sr K*(z, )(im SUDsen, s.q(@))dm®(q).

a4
DEFINITION. A nonzero PE-function # is called a PE-minimal function if for
any PE-function » such that u=v, we have cu=v for some constant c.

THEOREM. There exists a PE-minimal Sunction on R if and only if there
exists a point in AP with positive mP-measure.

More precisely, if wu is ]?E‘-minimal, then there is a point qo€d® such that
mP(qo)>0 and w(z)=aK?¥(z, q) for some positive constant a. Conversely, if mF(gy)>0

for some qo€d®, then KZ(2, qo) is a PE-minimal Sunction.

IV. An intrinsic property of minimal functions.

Iv 1.
THEOREM. For any connected set SCA¥, mP(S)>0 if and only if m*(S)>0.

Proof. Since the representing measures are regular, we may assume without
loss of generality that S is compact.

Suppose that »?(S)>0. By the regularity of the representing measures, there
exists a sequence {U,} of open sets in R* such that SCU,.,C U,, lim mP(U,NI)
=mP(S) and lim m*(U,NI)=m*S). We may assume that [y,,r Pdzdy<oco for all
#n because S is compact. By the Urysohn property, for every = there is an
f2€M(R) such that 0=f, =<1, f4|Us1=1 and f,|R*\U,=0. Clearly f,eE(R) and
Ju=fn+1 for all n. By the choice of {U,}, lim f,|I'=2%s almost everywhere with
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respect to both mP and m° where Xg is the characteristic function of S. Note
that »°f,e HBD(R), nPf,€ PBE(R) and n°f|d=nPf,|d=fx|d. z°f,, being a nonnega-
tive harmonic function, is a supersolution. And so is %, —=ffs. Observe that
for all ged, lim inf,ep, ;g7 n— 7P 0)(2) =1n(@)—fx(q¢)=0 and thus z°f,==Ff, by the
minimum principle. Note that {z°f,} and {zPf,} are both decreasing sequences and

SK %z, @) fo(@)dm’(q) =n"fn(2) Z 7P n(2)= SK (2, q) fulg)dm”(q)-
As n tends to oo, we have by the monotone convergence theorem that
(K ons@an @z K7 onst@im=().

Setting z=2z, gives m°(S)=m?P(S)>0 where z, is the center of m” and m°. Thus
the necessity is proved.
To prove the sufficiency, we need the subsequent lemmas.

IV 2.

LeEmMMA. Let Scd be connected and compact. If m°(S)>0, then for all open
set U in R* containing S, there is an open set V in R* such that ScVcU and
VNR is a region in R with piecewise smooth boundary.

This is a modification of Proposition 9 in [4].

IV 3. Consider any region G in R. Let 6G be its boundary. The closures
of G and 9G in R* are denoted by G and dG respectively. Let 6G=(G\aG)N I
Clearly G\G=0GUbG. G, being itself a Riemann surface, has its own Royden
compactification G* and Royden boundary I'¢=G*\G.

LemMMA. There is a unique continuous mapping j from G* onto G fixing G
elementwise. Moreover, I'¢=j"20G)Uj(bG) and j is a homeomorphism between
GUJY(bG) and GUbBG.

This lemma is due to Nakai ([4]; Propositions 7, 8).

IV 4. Now choose the center z, of the representing measure m?® to be in G.
If we denote the representing measure on [I'¢ centered at z, by mZ%, then the
following is true.

LEMMA. Let G be a region in R with piecewise smooth boundary such that
Jg Pdxdy<oo. Let E be any Borel subset of bG, them mP(E)>0 if and only if
m&(77(£))>0.

Nakai ([4], Proposition 8) has established this for P=0, but his proof can be
generalized.

IV 5. The following lemma is due to Royden ([6], Proposition 11; also see
Nakai [3]).
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LemmMa. If G is a rvegion in R such that [qPdxdy<co, then there is an
isomorphism T of HB(G) onto PB(G) with the following properties:

1) {u}cHB(G) is a decreasing sequence with limit ue HB(G) if and only if
{Tu.}< PB(G) is a decreasing sequence with limit Tue PB(G).

2) Let {G;} be an exhaustion of G cownsisting of relatively compact regions
with piecewise smooth boundary. For any ucHB(G), let Tyu be the continuous
Sfunction on G such that Tu|G;ePB(G;) and Tu|G\G;=u|G\G;. Then {Tiu} con-
verges to Tu uniformly on compact subsets of G.

3) supeg|Tu|=supe|u| for all ue HB(G).

CoroLLARY. u€HBD(G) if and only if Tue PBD(G) for all uc HB(G). In this
case u|dg=Tu|de, where 4d¢ is the harmonic boundary of G.

Proof. Note that the sequence {T;u} converges to Tx in the compact bounded
convergence topology. If we HBD(G), then by the hypothesis and the Dirichlet
principle for du=Pu ([6], Lemma 8) Eg(T,.u)=Es(Tiu)=Eg(u)<oo. Moreover,
Green’s formula implies that 0= Eg,, ,(Torjut, Tosju—Titt) = Eg(Tosjtt, Tovjuu— Tont)
=FEa(Ty+ju)— Eo( Ty ju, Tiu). Therefore 0=Eg(Tist— Torjut) = Eg(Tint) — 2E(Tiut, Ty jot)
+Eg(Tosju)=Ee(Tiu)— Ea(T, ju). Thus {T;u} is BE-Cauchy. Since E(G) is BE-
complete, we have Tue PBE(G). Furthermore, it is clear that Tiyu—wueMy(G). Con-
sequently Tu—wueM,(G) for M,(G) is the BD-closure of My(G). Hence (Tu—u)|dea
=0, i.e., u|de=Tu|de.

The proof of the sufficiency is similar. Q.E.D.

IV 6. Now we are ready to complete the proof of Theorem IV 1. Suppose
that #°(S)>0 where S is assumed to be connected and compact. By IV 2 and
because SC4F, there is an open set V in R* containing S such that G=VNR
is a region in R with piecewise smooth boundary and [g¢ Pdzxdy<oco. Note that
ScbGN4 and recall the continuous mapping j from G* into G given in IV 3
which is a homeomorphism from GU;~*(bG) to GUDG. It follows from IV 4 that
S’=j5-YS) is a compact subset of dg with m%(S")>0.

Let K%(z, q) be the associated kernel of m§ and Xs the characteristic function
of S’. By Lemma III 2

ua=\ Kz ats@anid
is a bounded harmonic function in Hﬁ(G) with sup #=wu(z,)=m%(S")>0. Let
{U,} be a sequence of open sets in G* containing S’ such that U,.:C U,, m%(S’)
=lim m%(U,NT¢) and mE(S’)=lim m&(U,NITg). By the Urysohn property, for
each 7 there is an f,eM(G) such that 0=f,=1, fulU,.i=1 and f,|G*\U,=0.
Clearly, {f»} is a decreasing sequence converging to Xs, on ['¢ almost everywhere
with respect to both m% and mg. Let

un'_‘”%'fn
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where % is the HD-projection on G (cf. I 4). Note that #,e HBD(G) and w,|de
=fulde. Thus {u,} is also a decreasing sequence by the minimum principle. The
monotone convergence theorem implies that

lim un<z>=nmg Kz, q)un(q)dm‘&(q)=gr Kz, Qs @ dmis()=u(z).
I'g G

Consider the isomorphism 7 given in IV 5. Note that Twu,€ PBE(G), Tu,|4dc
=u,|de and Tu=lim Tu,. Thus

Tu<z>=limgp 2(2, Qua(q)dmEQ) =SFGK'5<Z’ s Q)dmE(Q)

G

by the monotone convergence theorem once more. Since sup 7#=sup#>0 by IV
5, we have that 0<Tu(z0)=mE(S")=mE(7~X(S)).
Now it follows from IV 4 again that m?(S)>0. Q.ED.
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