A NOTE ON THE EXISTENCE OF SOLUTIONS OF
DIFFERENCE-DIFFERENTIAL EQUATIONS

By SHOHEI SUGIYAMA

Introduction. In [2] and [3], the author has discussed the existence of
bounded and periodic solutions of a difference-differential equation such that

da(t + 1)
dt

where a and b are constant, corresponding respectively to the cases where
f(0, 0, t) is bounded and periodic in ¢. His discussion proceeded there was
essentially based on the assumption that every root of the characteristic equa-
tion e’(s—a) —b=0 lies to the left of the straight line Rs=—4, where J is a
positive constant.

The purpose of this note is to discuss the existence of solutions, not neces-
sary to be bounded, of (0.1) under the condition for the roots of the charac-
teristic equation weaker than that stated above, that is, the condition that
some roots of e’(s—a)—b=0 lie to the right of the imaginary axis. How-
ever, the assumptions upon f(x, ¥, t) may be made strong.

0.1) = ax(t + 1) + b (t) + f(x(t + 1), x(¢), t),

1. Kernel functions. In (0.1), we suppose that every real part of all the
roots of the characteristic equation e’(s —a) — b =0 is less than ¢ (>0). Apply-
ing for (0.1) a transformation e¥'y(t+ 1) =x(t + 1), (0.1) is transformed into an
equation

dyt+1)

(11) i = (@ —20)y(t + 1) + be 20y(t) 4 e~ %" f(e®'y(t + 1), €2 Py(¥), t).

Then, we find that every real part of all the roots of the characteristic equation
1.2) e(s—a+20)—be =0
corresponding to the linear equation

dyt +1)

dr = @—20)y(t+1)+bey ()

(1.3)

is less than —9§.

Now, we shall define a kernel function for (1.3). Let K,(t) be a solution
of (1.3) for 0 <t<oco under the initial conditions K, (t)=0 (—1=<¢t<0) and
K,0)=1. Then, we call K,(t) the kernel function of (1.8) and it is useful to
summarize the results concerning K,(t) which will be used later:
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(i) K,(t) is a continuous function of t for 0 <t <oco and is determined
uniquely;

(ii) K,(t) is differentiable for 0<t<1 and 1<t <oo;

(i) |Ky(t)| <ce® for 0 <t <oo, where ¢ is a constant;

(iv) K/t+1) = (a—20)K,(t+1)+be 2K, (t) for 0<t<oo;

(v) K,/(t)=(a—20)K,(t) for 0<t<1.

If we put K.(t) =e®“ P K[(t), e¥K,(t) is the unique solution of the linear
equation
dxt+1)

dt

under the initial conditions e K, (t)=0(—1=¢<0) and e¢¥K,(0)=1. Then, we
call e¥K,(t) the kernel function of (1.4).

Corresponding to (i), (ii), (iii), (iv) and (v), it is observed that the following
results are obtained respectively:

(i) Ku(t) is a continuous function of t for 0=<t<oo and is uuiquely
determined,;

(i) K.(t) is differentiable for 0<t<1 and 1<t <oo;

(ifiy  |K@) = ce?“® for 0=t <oo;

(iv) K/t +1)=aK,(t+1)+bdK.(t) for 0<t<oo;

(v) K)J(t)=aK.(t) for 0<t<1.

1.4) = ax(t + 1) + ba(t)

2. Existence of solutions. We shall consider the existence of solutions of
the equation
da(t +1)

dt
for |t|<oo under the following conditions:

(i) f(x, y, t) is continuous in x, ¥y, t for |x|<oo, |y|<oo, |t]|<oo;

(i) £, 0, t)| = Me** for |t|<oco, where M is a constant;

(iii) f(=z, ¥, t) satisfies Lipschitz condition, that s, there exists a com-
stant k such that

| f @y, Y1, 8) — (@2, Yo, )| S E(| 21 — 22|+ Y1 — Y2 )

Sor |x,|<oo, |yi|<oo (1=1,2) and [t]|<co;
(iv) every real part of all the roots of the characteristic equation
e(s—a)—b=0

18 less than 6, where 0 is a positive constant.
In order to establish the existence of a solution of the equation (2.1), it is
sufficient to prove that a solution of an integral equation

2.1 = ax(t + 1) + ba(t) + f(x(t + 1), 2(t), t)

2.2) YE+D= | e feryls +1), ey, DKt —9)ds

is also that of the difference-differential equation
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dyt+1)
dt

Then, it is observed that x(t + 1) = **y(t+1) is to be a solution of (2.1). To
this end, it is useful to apply for (2.2) the successive approximation method,
so that we define a sequence {y.(t+ 1)}, for |t]|< oo as follows:

Yot +1) =0,
@4)  yant+1)= j

@.3) = (a —20)y(t + 1) + be ¥ y(t) + e 2" f (™ y(¢ + 1), e¥“"Py(d), 1).

€72 f(e20%y,(s + 1), €20~y (), s)K,(t — s)ds
(n=0,1,2, ).

Then, it follows from (2.4), (iii), and (iii)’ in the preceding section that

[ Y1t +1) —yut + 1|

@5 = j t_ eI S (€Yl +1), P CTPY(s), 8)
— F(Y,_i(s + 1), €2 Py,_i(s), 8) [| K,(t —s) | ds

g ijt_ooﬂ 'Iln(s + 1) _y‘n—l(s + 1) [ +| yn(s) —_ ’!/n-1(3) I) e_s(t_” dS,

In particular, for n =0, we obtain that
t
D -+ DI [ e 150, 0,9 1K~ 5l ds.
From (ii), it follows that

@.6) i+ D= wot + 1 1< 20

Successively applying (2.5) and (2.6), we inductively obtain the inequalities

n+1
en b+ D -+ IS5 (BT w012
for |t|< co. Then, the inequality (2.7) shows us that the sequence {#.(t + 1)}m-o
uniformly converges to a function y(t+ 1) for |t|<co, provided that 2ck/d is
less than one. The uniform convergence yields that %(t+1) is a solution of
(2.2) for |t|< oo. Furthermore, we obtain an upper bound of |y(t+1)| for
|t|< oo, that is, it follows from (2.7) that

Y@ +D1=lm [+ DI 32 ¥l + 1) —yal + 1)1

2 M<2ck >n+1_ Me

=206\ s = 520k’

which implies the boundedness of y(t + 1) for |{|< co.
Next, it is proved that the solutions of (2.2) are uniquely determined. In

fact, if there exist two solutions y(t +1) and 2(t+1) of (2.2), we have from
(2.2) and (iii) that
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lyt +1)—2(t+1)|

= e irEys+ 1), @by, ) — FE@a(s +1), € Pa(s), 91Kt — )| ds

= Ckf_ (y(s +1) —2(s + 1) |+ y(s) — 2(s) |) e~ Vds.

Let A(t) be the supremum of |y(s+1)—2(s+1)| over —co<s=t. Then, it
follows that

A() < 20k A(D) Y_ 2ck

e 04 Ods = ~—5—A(t),
which is a contradiction, unless A(t) vanishes identically, since 2ck/é is less
than one. This proves the uniquness of solutions of (2.2).

Finally, we shall prove that the solution of (2.2) is also that of (2.3) for
[t]<oo. To this end, differentiating both sides of (2.2), we obtain that

dyt+1) _

= e eyt 4 1), 69Dyt B

-1 r
+ (St + y 1>e“255f(e258y(s +1), e247Py(s), s) K,/ (t — s)ds,
—o0 t—
since K,(0)=1. It follows, from (iv) and (v) in the preceding section, that
LD _ oo oy 1 4-1), 69570yt 1)
t—1
+ § €% f(e*y(s + 1), €2 Py(s), s)((a —20)K,(t — s)
+be ¥K,(t—1—s))ds
+ j t e f(e*y(s + 1), e¥“ Py(s), s)(a — 20)K,(t —s)ds
t—1
=e 2" f(e*'y(t + 1), e Py(t), t)

+ (a — 20) r €720 f(e205y(s + 1), €< Vy(s), 8)K,(t —s)ds
t—1

+ be‘“j e 2 f(ey(s + 1), €2 Py(s), )K,(t —1—s)ds

= (@ — 20)y(t + 1) + be 20y (t)+e 2" f(e**y(t+1), 2 Py(l), 1),

which is the desired result.
Returning to the original equation (2.1) by the transformation x(t+ 1)
=e¥'y(t +1) for [t]|< oo, we obtain the following

THEOREM 1. Under the conditions (i), (ii), (iii) and (iv), there exists a
solution of (2.1) for |t|< oo, and the inequality

Mc .
|2t + 1) é——b,_zcke

remains valid for |t]< oo, provided that 2ck/d is less than one.
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REMARK. If we are simply concerned with the existence of solutions of
an integral equation

@.9) a(t +1) = eﬁji F@ls + 1), wls), Kt — 5)ds,

which is equivalent to (2.2), we can proceed the same discussions as above. It
seems, however, to be difficult to prove the uniqueness of solutions of (2.8).
Hence, although the descriptions were not simple, we used the equation (2.2)
instead of (2.8).

If the uniqueness of solutions of (2.1) is guaranteed under certain initial
conditions (cf. [1]), Theorem 1 asserts that the equation (2.1) is equivalent
to (2.8).

3. Equations with a parameter. As to an equation whose perturbed term
has a parameter u such that

dx(t + 1)
dt
we can apply for (3.1) the same methods as used in the preceding section under

the following conditions:

(i) flx, y, t, u) ts a continuous function of x=, y, t, u for |x|< oo,
ly|< oo, |t|< o0, and small | ul;
(ii) 1£00, 0, t, )| <Me** for |t|< oo, where M is a constant independent

of u;
(iii) f(x, ¥, t, u) satisfies Lipschitz condition such that

8.1 =ax(t + 1)+ bx(t) + f (2 + 1), 2(t), t, w),

[ f (1, Y1 2, Ml)—f(x29 Y2, t, M2)|§k(1901—902|+|y1— y2|+|,u1—,u2|)

for |®,|< oo, |y;|< oo, |E]|< oo, and small |u,| (i=1, 2), where k is a constant
independent of u;

(iv) the condition (iv) in the preceding section is still retained.

Then, by just the same reason as before, we can establish, under the con-
ditions (i), (ii), (iii) and (iv), the existence of the unique solution of the integral
equation

t
3.2) Yyt +1)= S e 2 f(e*y(s + 1), e~ Vy(s), s, W) K,(t — s)ds
for |t|< co, provided that 2ck/d is less than one. Furthermore, it is also ob-
served that the solution of (8.2) is bounded and is also that of the equation

38 WEID (0 0)y4 1)+ beiye) + o Y6 + D, Py, 8, 1)
for |¢|< oo,

Since the equation (3.2) has a parameter u, the solution may depend on pu.
Hence, we denote it by y(t, u). The solution corresponding to u=0 is simply
denoted by w(t).

Now, we shall prove that y(t, ) uniformly converges to y(t) for |{|< o as
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u tends to zero. For two solutions y(f, ©) and y(t) of (3.2), it follows from
(3.2) that

[yt +1, u)—yl+1)|

= J‘ e 2| f(e20y(s + 1, ), XS Dy(s, u), s, W)
— f(e2y(s+1), 25 Dy(s), s, 0)|| K,(t —s)|ds
= ckjt_wﬂ Ys+1, @) —y@s+1)[+]ys, w) —y(s) |+ ul)e ¢ ods.

Let B(t) be the supremum of |y(s, u) —y(s)| over —oo <s=<+1. Then, it
follows that
BOS k@BO+ 1D | _eo4-ds = @BO) +1 ).

Hence, we obtain

2k _ ck
B(t)(l—— g >§%lu|.

Since 2¢k/0 is less than one, the above inequality shows us that y(f, ©) uni-
formly converges to y(f) for |t|< oo, as u tends to zero. This is the desired
result.

Thus, returning to the equations

3.4) ot +1) = ¢ jt_ Fa(s +1), 2(s), 5, WK.(t —s)ds
and
(3.5) GO+ _ ot + 1)+ bt + S @t + 1), w(t), £, 1)

dt

by means of the transformations z(f + 1) = e**y(t + 1) and K,(t 4+ 1) = e**K,(t + 1),
we can assert that there exists a solution of (8.5) (or (8.4)) for |t|<co con-
verging uniformly to that of (3.5) (or (3.4)) corresponding to «=0 as u tends
to zero.

For different values u; and ue, it follows from (3.2) that

1
= ij_ (ly(s+1, o) —y(s + 1, o) [+ 19(s, po) — Y(s, po) [+ | pr — 2 ) €7 dls.

Let M(t) be the supremum of |y(s, u1) — y(s, u2)| over —oo <s=<t+1. Then,
it follows that

k
M) S 5-@MO+ [ 1 — ).
Hence, we have
ck
1y +1, ) =y +1, w) | 55 = —pel,

which implies that y(t +1, u) is a equi-continuous function of u. Furthermore,
it was proved that y(t+1, ) is bounded for small |u| and |[¢|<oco. Hence,
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by means of a well-known theorem in the theory of normal families, any family
of solutions {y(t+1, u,)}wo such that u,— 0 contains a subsequence converging
uniformly to a function #o(t+1) for |t|< oo as n—oco. It is expected that
Yo(t +1) will be a solution of (8.2). This fact was already proved before. Thus,
we obtain the following

THEOREM 2. Under the conditions (i), (i), (iii) and (iv), there exists a
solution of (8.5) for |t|<oo. Furthermore, the solution 1is bounded for
|t]1< o0, an equi-continuous function of u for small |ul, and it converges
uniformly to that of the equation corresponding to u=0 as u tends to zero.

COROLLARY. Let f(z, y,t, u) be of the form uf(x,y,t), where f(x, y,t)
satisfies the following conditions:

(i) f(x,y,t) is a continuous function of x, y, t for |x|< oo, |y|< oo,
[t]< o0;

(ii) [£(0, 0, t)| < Me2* for |t|< oo, where M is a constant;

(ili) f(z, v, t) satisfies Lipschitz condition, that is, there exists a con-
stant k such that

[ f (@1, Y1, 8) —F (@2, Yo, = K| 21 — @2 |+ Y1— ¥2)

Jor |z, |< oo, |y;]< oo (1=1, 2) and |t|< oo;
Then, there exists a solution of (3.1) for |t|< oo, provided that |u| is
less than 0/2ck.

4. Equations with forcing functions. Now, we consider an equation

@1 @(zlj—l) — aa(t +1) + bat) + Fa(t + 1), o), u(t), )

for |t|< oo, where u(t) is a given function of ¢, which is called a forcing
function.

In [2], the author discussed the problems of the boundedness of solutions
and existence of periodic solutions of (4.1) under the condition that every real
part of all the roots of the characteristic equation is negative. On the con-
trary, in this section, there will appear some roots having positive real part.
That is, we shall consider (4.1) under the following conditions:

(i) f(x,y,z,t) is a continuous function of x, ¥y, z, t for |x]|< oo,
[y < oo, [2]< 00, |E]< o0;

(ii) |0, 0, u(®), t)| <Me*" for |t|< oo, where M is a constant;

(iii) f(z, v, 2, t) satisfies Lipschitz condition such that

[f (@1, Y1y 21, 8) —F @2y Yo, 22, ) S k(|01 — 22|+ Y1 — Yo |+ 21— 22])

Jor @, | < oo, [y;|< oo, |25]< o0 (1=1,2) and |t]|< oo;

(iv) every real part of all the roots of the characteristic equation e*(s — a)
—b=0 1s less than 0, where 6 is a positve constant;

(v) u(s) is a continuous function of s for |s|< co and is integrable over
—oo<sZt for any t.
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Then, by means of the same reason as in the preceding sections, it is ob-
served that there exists a solution of (4.1) for |t|< co, provided that 2¢ck/0 is
less than one.

Now, let yi(t) (¢ =1, 2) be solutions of

t
4.2) yt+1)= j €72 f(e*°y(s + 1), €20 Py(s), u.(s), s)K,(t —s)ds

for |t|< oo, where u.(t) (1 =1, 2) are forcing functions satisfying the conditions
stated above. Then, (4.2) yields that

|9t + 1) —yatt + D)
<ok [ (0l D) = 0o+ D1 9(6) — 0s(5) |+ 0(6) — a(s) [ e,

Let N(¢) be the supremum of |[yi(s)—y:(s)| over —oo<s=<t+1. Then, it
follows that

2ck
kR

Hence, we have an estimation

Nit) =

t

N(t) + ckj [ %1(8) — Us(s) | €79 ¥ds.

ock -
0 —2ck

for |t|< oo, Thus, we obtain the following

(4.3) lyt+D -9+ D[ =

r_ | u1(s) — us(s) | e 2“~2ds

THEOREM 3. Under the conditions (i), (ii), (iii), (iv) and (v), there exists a
solution of (4.1) for |t|<oco. Furthermore, the estimation (4.3) for the dif-
Jerence of two solutions corresponding to two forcing functions holds good.

COROLLARY. Let f(x, y, u(t), t) be of the form f(x, y, t)+ u(t), where
Sz, ¥, t) and u(t) satisfy the following conditions:

(i) Sf(x,y,t)is a continuous function of x, y, t for |x|< oo, and f(0, 0, t)
=0 for [t|< oo;

(ii) f(x, y, t) satisfies Lipschitz condition such that

[f(@1, Y1, 1) — (@2, Y2, ) S k(|2 — 22 |+ Y1 — y21)

Sfor |@,[< oo, |yi|< oo (1=1, 2), [t]|<o0;

(iii) u(s) s a continuous function of s for |s|< oo, |u(s)| is integrable
over —oo<s=t for any t, and there exists a constant M such that |u(t)]
< Me** for |t]|< .

Then, there exists a solution of (4.1) for |t|< oo, if 2¢k <08, and the in-
equality (4.8) remains valid for two forcing functions.

REMARK. Let us suppose that all the roots of the characteristic equation
lie to the left of the straight line Rs=—0, where 0 is a positive constant.
Then, in Theorem 1, the assumptions on f(z, ¥, t) are replaced by the follow-
ing ones:
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(i) f(x, ¥y, t) 18 a continuous function of x, y, t for |x|<R, |y|<R,

[t]< o0

(ii) 100, 0, t)|=M for |t|< oo, where M is a constant;®
(iii) f(x, v, t) satisfies Lipschitz condition such that

| f (@1, Y1, t) — f (@2, Yo, O) | S k(2 — 22|+ Y1 — Y2 )

Sor [z, |<R, |y:I<R (=1, 2), [t|<oo.

Then, the uniform convergence is guaranteed, if the inequality 2¢k/0 <1 is

fulfilled. Furthermore, if the inequality Mc/(6 — 2ck) <R holds good, the limit-
ing function will be a solution of the equation (2.1). If R =+ oo, we need only
the first inequality, which has been used before.?

The similar remarks to the above ones may be applied for Theorem 8, if

the forced term is of the form f(x, v, t)+ u(t) for |t|< co.
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1) If £(0, 0, ¢) is a periodic function of ¢ for [¢|< oo, the boundedness condition (ii)

remains valid for |¢| <oo. The periodicity was assumed in [2] and [3].

2) Cf. [3].





