A MIXED BOUNDARY VALUE PROBLEM FOR AN ANNULUS
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Among ring domains, i.e., doubly-
connected domains bounded by two
continua, an annulus plays often a
particular role of canonical domain,
Several functions, analytic or harmo-
nic in an annulus, satisfying some
types of preassigned boundary con-
ditions can be expressed within a
range of elementary or elliptic
functions, Especially, the formulas
due to Villat and Dini ¥ for Dirichlet
problem belong to this category, and
a formula for Neumann problem does
also 22,

Once Tomotika’has derived an ex-
pression of such a type for a related
problem which has been shown to be
useful for solving several problems
on hydro- and aerodynamics, The
problem may be stated as follows:

To determine an analytic function
F(Z) regular single-valued and
bounded in an annulus ¢<I1Zl<1 and
satisfying the boundary conditions

R$Cei)= d(p)

and
JF@e =0

for
0s9 < 21T,

In order to derive an expression
for the solution, he followed faith-
fully first the Villat's method and
then the Demotchenko's in his re-
spective papers cited in ¥, However,
this problem can be immediately re-
duced to a Dirichlet problem after an
analytic prolongation by inversion
and then solved quite briefly., In
fact, the problem is evidently equiva~
lent to determine an analytic function
F(z) regular single-valued and
bounded in the duplicated annulus
4*<t%l<1 and satisfying the
‘boundary conditions

Rfe?) =Rfqe) = BCy)
for p=¢<a2t,

an arbitrary purely imaginary constant
which is additively involved in the
solution is to be determined by Jf(¢)
= ( ; since (2) remains con-
stant along 1Zl=4,, it then
vanishes out along (z| —-.:7,.

Now, in the last problem, the con-
dition for single-valuedness (monodro=
my condition) is surely satisfied:

S Rf@hdg= [ REGeas,
0 0

Consequently, by means of Villat's
formula, the solution is obtained in
the form

A 27C
)
f(zA)-;’-tefo @(9)A
{8 Cratgerg)- 8, (Bralgz+ gllds,

in conformity with the formula of
Tomotika, where the notations for
Weierstrassian theory of elliptic
functions, marked by A , refer to
those with primitive periods 26, and
2.&, satisfying a relation

Wy /o= —2ilgq /TC;

an additive constant has been ad-
justed so as Jf(?,):oo

In the present Note, we shall deal
with a slightly general type of mixed
boundary value problem by means of a
similar method as explained above,

It is formulated as follows:

To determine a function 1(Z),
Z = 'Y‘e"a, harmonic and bounded in
an annulus 4<1Z| <1 and satisfying
the boundary conditions

and
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W(e ?)—- f@’)
for

Is¢<am,

2/2V designating the differentiation
along invard normal at ¢*%, and
N(®) and P(¢) being the assigned
functions bounded and continuous for
0= ¢ <2m and NCam-0)= N(0),
Plzm-0)= P(0).

The problem of Tomotika corresponds
to a special case with P(@)=( after
interchanging both circumferences by
inversion with respect to |z|= '/T .

The solution of our present problem
may be regarded as the superposition
of the functions w‘(z) and «®(z),
both harmonic and bounded in the
annulus and satisfying special bounda-
ry conditions

%u)(ze 9y = N(g)
and 'au_‘ (e®) =0,

u®( 29‘9) O

and

(e“q')—' f(so)

The function u_m(z) can be deter-
mined, after a harmonic prolongation,
by solving a Dirichlet problem for the
duplicated amnulus < 1zl < "
with boundary conditions

1.(.(1)(1 = e‘g’ ) N(?)

By means of Villat's formula, it is
readily expressed in the form

«zy=J% f N @)
-{3(%&1;;“9’)—%)
-4 By S}y,

where the notations from Weierstrassian
theory of elliptic functions, marked
by A, refer here avain to those with
primitive periods 2,@ and 2_w3
satisfying a relation

w;/wiz *.?,ng?’/'m.

u.w(ze"(’) =

On the other hand, the function
@(z) can be determined after a
harmonic prolongation, by solv:Lng a
Neumann problem for the duplicated
annulus 9*<1Zl< 1 with boundary
conditions

(e“') =-q 2 3“ ()= P(9),

The condltlon for existence of a
solution is evidently satisfied. An
arbitrary additive constant involved
in the solution is to be determined by
w®(g) = 0 ; u®(z) then vanishes
out along [zl=4 , since it remains
constant along 1Zz|=¢,. By means of
a formula on Neumann problem for an
annulus, the desired solution is ex-
pressed in the form

W (z) = ’R;ig

27C
Peg>
0

«( HGlpzeg) |
(1: G Z*S"))

+C

’

where the notations from Weierstrassian
theory of elliptic functions refer
again to those availed above and C
designates a constant which is to be
determined so as u‘”(t)—._- 0.

Thus, our original problem has been
explicitly solved by

w(z) = P2y + U2,

Yie have prefered as a basic domain
for our problem the annulus 9<iz|<l,
Functions solving several related
problems for this annulus are often
expressed by means of the quantities
associated to the primitive periods

2@, and 2w, satisfying a re-
lation
@ [0y =—ilgg /T,

Accordingly, it will be convenient to
transform the expression derived above
into a form concerning these new
primitive periods.

Since, in every case, only the
ratio of the periods is essential,
we may put

Q=0 /2 and @y = w,,



Then, in view of the identities

(L) =e,L +8(2)+ ¢, (1),
3,(2)=el+ §L)+5(0),
¢(Z) =expleL2)- oll)a, (L)
5,(1) = exple ) 5(U)(7),

the quantities marked by A in our
problem become as follows:

5(5’-*(;1gz+ 9)— g’l)
—3 (—(ng+5°)— 22
= §(—“ﬁ Glgz+g)— 42)
+§( s (ilgz+g)— 32)
-g (m(dgz+g:)-———)

- ‘;3 m_("]g“ 9~ '—)
4 <~—(~1gz+ %)
5 _(ngug:))
_ O"i;E(i-]gZ+5°)) 5, Cﬁ;—:(i.lg’l'fg?))
%G’%ngﬂ?)) q (;%(ngzﬁ?))

We finally state a supplementary
remark concerning an inverse problem,

In our original problem it is
supposed that the boundary functions
are bounded and continuous for their
interval of definition, However, the
integral representation for solution
of the problem defines surely a
function harmonic in ¢<izl< 1,
provided the preassigned boundary
functions are merely supposed to be
integrable. It is, moreover, readily
shown that the function thus defined
satisfies the boundary conditions
almost everywhere, though it is, of
course, not necessarily bounded.
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