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θ
 Introduction*

Our problem is how to study a special
solution of t

s
he linear translatable

stochastic functional equation;

(1.1)

where

A

1% A is a linear translatable
operator,

2°, 4 Lx,uΰ) is a given s tr ict ly
stationary stochastic process, and

5°, Jσ * <*-9 is defined as Bochner's
Integral according to the operator Λ.

The object of this paper is to study es-
pecially the case when zero points of ge-
nerating function CrCh) ( A e Λ x = G-fλ)^*-)
of Λ are only pure imaginary, because
other cases are not so difficult©

Here we have to note that N.Wiener 's £ 4 )

and T«Kitagawa's^method in the pure func-
tional scheme are not always adop^ablβ
as they are*

2o Preliminary*

1°P We put here;

12.1) G-ίλ)^ j e
ΛΓ
d.ψfh

where

&&) ia an I n t e g r a l function, and l e t
λ β "b© a zero point of order k(kko) of
ύr(A) $ then we can write following*

. ft ίΛ ~ A c> ̂  A. o** , v^

( I Λ-Λol

with P ̂ J which is the distance from
\.

v
 to the other nearest, zero point of

($LΛ.) on the imaginary axis*

ί
 β
sΛo^

}
 Ί

 l s t h e
 sequence of the ge

neralized Bernoulli '
a
 polynomials

Lemma 1 *)

2°, Regarding
two strictly stationary stochastic
processes, we have the following
definition*

(2.5) distance (f,p s. it f - 4\\

'XL

We call this w noim

Lemma 2 *
 {
 ) A strictly stationary

stochastic process ym-^) and its
autocorrelation coefficient %
are represented as follows.

 is
~

t
^

ϊ

where *5 (λ, UJ )
cess, and Fiλj
defined by ^ (λ

Lernia 3 a

then

i
S a
 differential pro-

is a spectre function

If /CO.)

exist*

Let λ
t
y t'-^/^^. " j be zero points

of Gr(\> on imaginary axis, and be non
dense in any Interval on Imaginary axis,
then the interval c~o*,o&j can be de-
vided into the direct sum ( x, φ τ

x
 φ .- - i

of enumerable sub intervals Γ
6
« (.%-cCcz, — ̂

^y f Cλc) ί^o./.a, - • ) in (2.2).



From ( 2 . 6 ) , we can wri te
/ '">o 4

0 S-t>°

where = J e

ckxJLs(κ,

< ί\ (= absolute constant)»

Therefore, by the property of 3oc"hner
Integral

A f hcx,

k(xttΛ)

Proof of Theorem 1*

3. Main Theorem.

Theorem I . The stochastic func-
tional equations which are obtained from
(1.1) and (2.8)

(3.1) /I /
Λ
 ̂ ω j r ^ α ω ) (r\-O,l,Z

}
 )

have the special solutions

(3.2)

ω)

where zero points of Cr(λ) are pure
imaginary, and (D^-cK) (^ (J^ ~ *λ/t) )
is a differential operator.

Here we have to prove a lemma before a
proof of Theorem I.

Lemma 4

l ktx
t

In any finite Interval ofx

where A ex, A) is a uniformly bounded
function on A 6 1^ and any finite
interval of x.

Proof

in any finite interval of x

"" "*S i n c e eiλnX- J*2* (*, <~> * *
e x i s t s with <*>x -norm-, we can put

Then we have easily

(3.4) ( &,- ιk«)
A

with 6o
z
 -norm*

In the same way

(3.6) k*ix,u>)=f
t
!

iCA- C

with to* -norm

Let S be any positive integer, then

fcίλ)
s
c
ι/ίK

<*$(
Xj
<*) alv ays exists,

and is considered as ιk+&) $ dif-
ferential of A

n
ίx,«-) (or ^ ' differen-

tialof
 /-<*'-'

 }

And so

^

- p tΛ*

not re la 11 if €



Wθ

then ^v* converges to ?*(*'«>)
uniformly in any finite interval of x
with ">*-norm, because s % M

this convergency is easily seen from

We have, therefore, from (3 6), (3
β
8)

*.*

and

Next we prove

Λ fh.

Λ is the integral operator of (l l)
in the sence of Bochner integral*

ΣL β ?
- S

Cλx

ίi

^
t
cλ*«J

By uniform boundedness of /Λ. of (2.7)
in finite interval of * , and Lemma 4

.»)

Here

V/
Λ
ΪPa.*ή

n-1 i Λ
n
-i k-S

k
H
 ~t k* -/ ,

 £

tλ»X

Z:

By



And so

Λ £cx,c

"X

7
8, .*!C

by (2.2).

Theorem is proved
β

We can not get so easily some condition

for convergence of -f*

But it is easily seen that, if K such
that i φ

n
 <Λ, **> I'k < (

=
 absolute con-

stant < ί>o )

(A.i»)Ξj ιλ,χ)

exists uniformly in any finite interval
of x and no relative to H and A

 9

then ) converges uniformly

in any finite interval of Λ: with respect
to *>

x
 -norm

4
When no zero point of 6 (λ) is pure

imaginary, we have the following result.

is written as the sum of three
parts, H(λ>, Ffλj and S ί\) ,
step, absolutely continuous, and sin-
gular respectively* Then

Theorem II. If M. I

ί UiS Cχf)l
 <

'Vl>*

real
a certain interval on the

real axis

Then, the functional equation (1.1) has
the special solution

f IX,

where c*f/;> is defined as

QUO J
E

Proof

By the condition (1°) and (2°) there
exist E and «itj such that <

Ί
)

,co;- J J Q (χ-t+Ss<*>J

oc/ί > dffs)

(by 4~J

When no zero points of ̂
 ίΛ
J is pure

imaginary, the condition 1° is satis-
fied.

In the Wold
;
 s Theorem and II

are satisfied© In this sence, Theorem II
gives the generalization of Wold's Theorem,
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