NOTE ON 3-FACTOR SETS.

By Tadasi NAKAYAMA
{Cammunicated by S.Ikehara)

Recent increasing concern in higher
dimensional factor sets, in connection
with higher dimensional cohomology the-
ory in rings and groups”, encourages the
writer to offer here a small result
which he obtained in succession to Teich-
muller ‘s work?, which he, however, did
not publish because of its some immatuari-
tys It is to raise dimensions by 1 in
his previous study on relatlionship between
usual 2-factor sets and norm class group?,

Let K be a Galois extension over a
field F, and G = {1, A, ¥ V,*--» 7}
be its Galois group. A system {a, w. v}
of ¢? = (&Y non-zero elements in X is
called a 3-factor set, if

(0) @apyr 'QA,'LV,W-G.A,;V‘-;: Ay, p, vir Capy,
for every A, m v, 7.

We introduce a simplified notation to
denote TMaeg @ a,;m,v s for instance, by

Ag, v and similarly to denote Tr/\ﬂ'r

A v,r == Nr (Qp, v 1) Dy 0%y
Then we have, from (0), e

(1) Qg uv Og pyx Off»vn = Qguvvy Qv 7
(2) Qpey Ragny Qv = Argve Rgyrr
A

(3) Qaug ArngmApgs = Tape Casn

(@) a¥uy Ripwe Qo= aine e,
(3) gives

(3"
There exists therefore, by virtue of the
theorem of so-called transformatlion ele-

ments, an element b, (= o) for each
T , such that

>
Argr Oy = Rap,g

(5) ArGg 1 = -::A

Hence Ni/f (Aagw)=1, which can, of
course, be deduced directly from (37)
too., Further, (2) may be written as

A

a-/\,ﬁ',vaz\.&ﬂ a’:
Al

Ar,G v

(2')
On combining with (5) we have

(6) ( b, b )"’; a]—-/\

bvn Guw

and so the elements htb
p— v —‘
d"lv - b'“/ a‘ﬂ'r,rl,v

are contained in the ground field F.
Moreover, the system f{a(} forms a
(uiual 2-) factor set mod. the norm group
Ni/s 3 Ntlﬁ consisting of the totality
of the norms of non-zero elements of ¥
with respect to F. TFor, (1) gives

(7) Gy Rguwr= Rgpvn Geypods Nigr
while trivially

bu by 7 buv.bw bubuyy b b
() Crze) = (X))

and thus

(8)  Spy Xy, w= K v Ay (= gy vy o for
mod. N*,q;;

-The associate class of the syster ls
uniquely determined, up to mod. N¥k/gF ,
by the assoriate class of { &apvie.

To prove this, we have first to show that
the class of {a«pymod. N¥k/g}is indepen-
dent of -the choice of {bﬂr. But a
different choice may be given by {Bbul
with B(F0)eF . Then {&Xuv} is re-
placed, correspondingly, by {8 Xuv }
which gives certainly a system associate
to {a«uv}. Consider further a system
{a'aviassociate to our {Qauvie it
is given as

QAR Rap
a':\l"l\/: au\,}&,l’ - 2 <

Ay Bapy
Hence
! Qa -
aA,Qv = QA Gv ;\: Qgv _, a,w),a;’;
®& n Arg g
So we may adopt as b’, , corresponding

to our fa’f, b, = by &gy * Then
Ky :—-—*-’-It‘—f'm{wv)"g_‘k& Agp Aey 4= .
va Gid v ac,,,.., aﬁ,p,v
2w Qe _ buby

! § q
¢ = & -
Agp Ag v b)w 2add apv pov Aoy = K v

med. N %/

The unigqueness assgg‘tion of the class of
{o v } mode N/ is thus wrovel,
It is further reac‘:.*,fy seen that a product
of two (3-)factor sets corresponlis to the



product of the (2-)factor sets (rmoc, NEgs)
corresponding to them. Sc we have

Theorem l. To each associate class of

3-factor sets {auy T} in K/r .corresponds
an associate class of S-factor sets fopmvi

in the norm class group ~ &~ mode N grm

of K/F, siven by ®u.v :—éb"—”—t-"'a,;"”v with

b satisfying (5)s The correspondence is

multiplicative,

The system {b.} 1s, as was noted
above, determined up to a (common) factor
P from F. lioreover

(9) b¥age, ¢ F

For, we deduce either from (2) or (%)
(or (37))

A
(10) @Aage az,cr,vr Ao = Bygq Tegr,

or
1-A
(10f) alar=dgar

Comparison with (5) gives (9),
placed by o . We have also

vV ree-

(11) bl agh e ¢ F
For, (2) or (4) gives further

(12) “’zﬁ,v’ et aé,v,fr = 06,6 Qg e,

(12") v = akug
Hence
~§
(13) Agve Ogqv € R,

and also (11). It is perhaps needless
to note that the relation (4), used sbovs,
shows that the g-th power { a#y ., }of

{aamv} Splits.

Theorem 1 is an analogue to our pre-
vious construction of a homomorphic map-
ping of Galois group G Into the norm
class group (that is, a l-factor set in
the norm class group) belonging to a 2- %
factor set. Also Akizuki-Witt’s Theorem
can be transferred easily to our case.
Namely, for a subset H of G we have,
under similar simplified notations as
before,

H
(1%) Arp, v OH, v, Gopr = R, pow AHp, v,
(2*) A\Hv a&”ﬁf aﬁl,v,ﬂ = QA Hvw QaHyT,
* A
(8%)  AamH Qo pwHu Gy = Qs uHr apH

* L3
(47) R a,mv Ar v H a’,“,v,ﬁ = AapvH Oapy H,

where &= (H) is the number of elements
in the set He rrom (4%) we deduce

atp v —— a"\( M YK a.\p, vwH
4 A
A, v, H a”l,V,H

AN H Rapy,

— A e M Ca g vpd

a, H a’\ Qa -
y MY “wyv N A, mr H

Hence {bauv= QA /0 is a
3-factor g'gt assoéﬁ;te to& ”f['&}& puv te
Suppose that H is sellf-acjoint in G,
Then, by virtue of (37) with v instead
of ®

ba, v = AApvH . A by
’ @ pH Ap, o, H
A

= SAphy Apny
GAp,H, v

= BArp AN HpY,

- AAM, AAH,p Ropu v
Hence {CaApy == QA HMAA Hpv/Ran pv} ¢
a 3-factor set assoclate to { a% 3
Here further eamv= aarmnn a,\,u,‘,y/m:':': =
Auapwefdipsoy virtue cf (2%¥), with ey
instead of v, £ and again ;- virtue of
the self-adjointness of H, ..orcover

v a" [%4

A
AHWKY IHA Py OrdmY _ Gparpv Apx v
= = ZHARY AHA v
CH AR Aurpy X pe Qr, ) Opapv

J— H

s
the last equality being deduced from

(1¥) with A, p, v instead of @ v, T ,
So, finally, { a"i'm,v}is a 3-factor set

assoclate to {ofi,“,v} -

Lemmg, ZIf H is a gelf-adioint subset
of G, then {a% v} 1s a 3-factor set

agsoclate to {a,"t\, w,v3y s

How, assume that H 1s a self-adjoint
subgroup of G. Take a representative
system of G mod. H, and denote the re=-
presentative of the class of an element

, say, by A . The factor set

& p,vi is assoclate to {bapuv=aypw/

ay mm}s 88 was shown above, A, My v
depené; only on the class of v , %o
far as y 1s concerned. Thus we may
write b,\/wv for it. But bauv =
ﬂv\m“ﬁ'a‘ Hv/ Rap H, 7 » &8s was shown
above with = v Instead of ¥ , Ience

{bauvi 1s as*sociate te {da, uv}with

da v = bp, v BHHT QKD
QA HF A2 R

- QA ph, 7 aA&n‘F_ QAWM T AAHE
Arp, H, v A H,7 Gongv

QoA pHV AAMHE -
= aJ,N,F; (= c“f":")



Thus dam v depends only on the class
of ® , and we may write dagv for
it. Now

f oo = PABHT OARE  AARHT AAHE 0y p5s
dNFV Con o, 1 N st
H RV O jiv

(=capp SuMBE ) QMRS Qappe
WHE 7 Qi RAH R

as was shown above by (2%), with wu v
instead of K, Vv . Lmel 1s so
assoclate to fesp,v} wlth

Capv = dyi v Qv QA HEF
OHR v Apon, v
— GHARY OAnEv, adEs AR
AR GAWTE ARXF Q4 iR
— W5 a:\_‘H,E v
QHX R ARV QA H 7

o= OXHET AUARY  ONRV QudR 7 oA EY
o A3 AWIR.T AuXEF An iRV 2,77
Here GaH,iv Qw3 pmv/(@uiz animv)= Q5,57 »
as_was again obaerved above by )virtu'e.'vof
(1*), with A, p,v instead of X, R, v
So we have

ciie

Theorem 2. let H be a normal su u
of Galols group G, and L be the subfileld
ing *o He If H=(H) , then

{M,mv} is associate to { i, p v} with

famy = frro = N @i R3) -

ORI AR RET | QA T
NEE QHTR, v aam, @

A, 5, p
where A, Rk,v, AV denote the repre=-
sentatives of the classes of A, u.¥, uv
in an arbitrarily taken representative
system of G mod, He (We have Fap v
= ?X,F,Vel.. under the assumption &at

{arp,v} 18 normalized.® 7 )

Coming back to Theorem 1, we want to
emphasize that we have obtained in the
theorem a 2-factor set mod. N¥ox in

eld Fo It is in fact a mere
triviality that f{ag,u,v} 1s a factor
set without automorphisms in K mod. N¥yg
((7)), and similarly for higher dlmen-
sional factor sets, To transfer Theorem
1 further to higher dimensional case 1s
hindered, as it seems to the writer, Ly
the lack of analogue to the theorem of
transformation elements; 1f certain factor
sets which appesr in correspondence to our
(3%) spiit then we would be able to pro-
ceed sinilarly. The situastion ls explain-
ed in the following in case of 4-lfactor
sets: Let {&A v, 7w} Dbe & 4-Tactor
set:

(14) @ apywOrpy,me Eppme

= Qap, e &y a’},wl .
Then QAuwv, G QA v, G® Ao pGo = QA pvé, e

Qapy, vam » 8nd for eachew {arpew
fg'x":nza% '.’?:.factor set, If these'factgr

sets split: Arapegw = Catw) Cp ) / Cage (w)
then, by the relatlion T, (14),
(C,\(T\'-) C?a (m /C)Hur] ) “A”,Q W (CA(w)c,}\L(W)/C,\'.(w))

== Qa6 mw (CA (o) c'}l Gra} [Cap(Tan) &’;l,&,'n,w o
(Gmaw)/extrwy) (Guem cﬁm/c,amq‘/m P (1) Gpelw) feape lr )

= QG O G/ Qap g me

By the thsorem of transformsticr oleriants
there exist e(mw) wlith an w = (ExGm
Q(w)/ca\(nw))c(w,w)"\"' . Puttiﬁg’%ms (1:..';3
My (14) we have
Catvicamy/eram) (v, m)r~" a

/eatvie))C (vT W) = G,y mw (Eatm) xt)/

( : CCA('W) CA(wj/cA(WU))C(Tr,wY",'
< (B) ) /Catvma) € (v @ v e or

Therefope ¥4™% = (Ccumcme) formorc (o wf ™A

Wy ap o= SUTICVTw) 4
’ CWyTw)eTmw) TG T, w
€ the ground field F,
(And this {%v,mw } forms a 3-

factor set in F¥* mod, N¥ i

° K/ since 1ts
first factor is a 3-factor get’without
automorphisms and its second factor is &
such mode N¥¢5 , by M (14).)

Finally, Theorer 1 seems, as was
alluded to at the beginning too, to wait
for a substantial analysls and significa-
tion as we did previously rather Tully
for the connection of 2-factor seiz and
norm class groupe.

*) Received July 25, 1949.
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= 1 s for every A, g, v

is sufficient, as we see reaaily
from the fundamental relation (0).
Every (3-)factor set may be nor-
malized. For, we have firstly

B = &y, v s
and in pax- {cular e
(#) a,pvauy= Qiivw, Qiyr=1

for any factor set. Pass to an
’
aggsoclate set {a,,w‘,vg CApv-

14

‘(ba,wh\hv/ bapvbi)l. @4y =g, v (Buifbi)
Take here {bapu} 80 as b, ,= Ay o
Then a&,,v= 41 for every v
observe that a,,,,,a 1 (as was noted
above). So w= 1 for every gy
as may be seen F om the above rela-
tion (¥), applied for a’s Then
Ay By = Q)

ot ez g, S e

for every A, v, W s In particu-
lar afs,s,v = a’a,f,i « Pass fur-
ther to an associate set

{ @ps = ah, v Crp Orun /o, prCandf

If we take Cip = 1 for every
(L then {a"} retains the pro«
perty &1Mv—1 s and so auv—m\,“.
Moreover a4 =a,," 2 » On
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@y =1 and " a% ;= 1 . Then
{a"} 1is normalized, by the above

remark,
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% D T NP

7";,':,1 1, 9uvwrels.

8) See 2).

Nagoya University,





