
NOTE OK 3-FACTOR SETS.

By Tad as i
{Ccraminicated by S.Ikehara)

Recent increasing concern in higher
dimensional factor sets, in connection
with higher dimensional cohomology the-
ory in rings and groups1*, encourages the
writer to offer here a small result
which he obtained in succession to Teich-
muller's work*V which he, however, did
not publish because of i t s some immatuari-
ty It is to raise dimensions by 1 in
his previous study on relationship between
usual 2-factor sets and norm class group^

Let K be a Galois extension over a
field F, and G = t i . λ , ^ v/,.. , ^ j
be i ts Galois groμp A system {.αλ/ μ., v }
of $? « CCtΫ non-zero elements in K is
called a 3-factor set, if

(0) &>\,μ,v dx^^Tr

for every Λ, y-f v, TΓ .

We introduce a simplified notation to
denote T Γ U G ^ A ^ V $ for instance, by
a Cr, μ>,v >

 a n d
 similarly to denote

Then we have, from (0),

/ ^ \ n Λ _ n ^ . . -

(2)

(3)

(4)

(3) gives

There exists therefore, by virtue of the
theorem of so-called transformation ele-
ments, an element fc ̂ ( φ <j ) for each
TΓ , such that

(5)

Hence M #ς/f? (ΛΛ^ir)^ i# which can, of
course, be deduce'd directly from (3

;
)

too. Further, (2) may be written as

(2
r
j

On combining with (5) we have

(6)
l-λ

and so the elements

are contained In the ground field F.
Moreover, the system {rtfcv} forms a
(usual 2-) factor set mod. the norm group
N^/fs i WΪ/p consisting of the totality
of the norms of non-zero elements of K
with respect to F For, (1) gives

while trivially

and thus

(8) <*

mod.

-The associate class of the system is
uniquely determined, up to τnod

o
 N*K/JΪ ,

by the associate class of 4 ^ I A ^ V } .
To prove this, we have first to show that
the class of {αr^vmod N*m/j?} is indepen-
dent of the choice of { bp} But a
different choice may be given by f^^^}
with (J(+fl)fF, Then {^f*,v} is re-
placed, correspondingly, by {β <J<̂ ,V } ,
which gives certainly a system associate
to f<tf/4,t/} Consider further a system

fα'Λ^i^lassociate to our {0iχ,μ,vi
 L t

is given as

Hence

So we may adopt as \fv , corresponding
to our {of] $ )/v ̂  K&frv * T h o n

The uniqueness assertion of the class of
{<Xμ

f
v} mod. Nκ/p is thus ^roveC.

It is further readily seen that a product
of two (3-)factor sets corresponds to the
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product of the (S-)factor sets (mod,

corresponding to them* So we have

Theorem 1« To each associate class of

ajsJor_jej^t&μ,y,^Tl^

associate class of 2-factor sets ί«ρ*

of K/F, -iven by

b satisfying (5). The correspondence is
multiplicative

The βystem {Jv} i s , as was noted
above, determined up to a (common) factor

β from F. Moreover

(9) bt*>ΊZ'+,v € P

For, we deduce either from (2) or (3)
(or (3'))

(10)

or

Comparison with (5) gives (9), v re-
placed by 7Γ We have als_o_

(ID bϊ

For, (2) or (4) gives further

(12) *\fiy

(12' )

Hence

(13) i

and also (11) It is perhaps needless
to note that the relation (4), used above,
shows that the g-th power { at

λt(4
,
f%/
 } of

{ } splits.

Theorem 1 is an analogue to our pre-
vious construction of a homomorphic map-
ping of Galois group G into the norm
class group (that is, a 1-factor set in
the norm class group) belonging to a 2- 5)
factor set Also Akizuki-Witt>s Theorem
can be transferred easily to our case
Namely, for a subset H of G we have,
under similar simplified notations as
before,

(I*")

(2*)

04*)

where -fess. (H) is the number of elements
in the set H From (4*") we deduce

Hence {bA,̂ ,*— β-A/H/^/Λ^^H 1 is a
3-factor set associate to { OL*-K *f^ }
Suppose that H is self-adjoint i'n'G
Then, by virtue of (3*") with v instead
of H£ 9

Hence ,,, v . v ( ....,,,„,
a 3-f actor set associa'te"'
Here fur ther *\w^ &*,Mf»a*,H^/*,2'££^

{t*t\ts*tf<£ι4ty'b'y v i r t u e of (2*"), with vζ v
instead of v, -K. and again V- virtue of
the self-adjointness of H Joreo^er

the last equality being deduced from
(I*) with Λ, μ,, y instead of H, v, 7C

 #

So, finally, { α.tf
Ml
 .lis a 3-f actor set

associate to { dA,μ,v} .

a _.s elf-ad joint subse.t
{ is a_5Sictpr set

associate to i
Now, assume that H is a self-adjoint

subgroup of G Take a representative
system of G mod. H, and denote the re-
presentative of^the class of an element
A , say, by A. The factor set

{ α,Λ,κ,t/} is associate to {ίΛ,p,**"*4MV*/
/ft-A,»Vfi > as was shown above, ^A,^*
depends only on the class of v , so
far as y* is concerned* Thus we may
write bλ,t*/v for it* But b\^ v> =»•
Orλ^Hpa&H^/aAμ, H, w , as v/as shown
above with v instead of y/ „ Kence

ibA
t
μ

t
v\ i

β
 associate tc {dA, §*, v) with



depends only on the classTΊms κtμtv p y
of (^ , and we may write dλ,μΛ?
lt Now

(14)
f o r

as was shown above by (2*"), with p,. v-
instead of f̂ , ^ { ^ f ^ w } is so
associate to t e ^F/v} with

HereHere flJw,fci7 *Ή.X,μy/(*Hj,F' ̂ W ί »
 Λ
* Λ * >

as was again observed above by virtue of
(1*), with A, μ, v instead of X, μ, Z

 o

So we have

Theorem 2« Let Ή be a normal subgroup

pf Galois group G. and L be the subfield

of K belonging * o H
B
 If i s ( H ) , then

/}
 lB a s 3 0 C i a t e to

 f^/P/^ϊ-

w)iere

t

denote „ the repre-

. >, M^
In an arbitrarily taken representative
system of G mod

f
 H. (Y/e have f A,M,

 V

under the assumption that

Coming back to Theorem 1, we want to
emphasize that we have obtained in the
theorem a 2-factor set mod N κ/w iίL
the qroujMi f^r

eld F
<» It is in fact a mere

is a factor
q j M i fr

triviality that ίΛ^
r
^

/ V
} is a factor

set without automorphisms in K mod Af ̂ W
((7)), and similarly for higher dimen-
sional factor sets* To transfer Theorem
1 further to higher dimensional case is
hindered, as it seems to the writer, by
the lack of analogue to the theorem of
transformation elements; if certain factor
sets which appear in correspondence to our
(3') split then we would be able to pro-
ceed siπilarly The situation Is explain-
ed in the following in case of 4-factor

sets; Let ί.
Λ
A,

set:

D θ a
 4»f actor-

Then
^

0 Γ

formt a ^factor se t . If theseΎZczbr
s e t a split*. &*,.?,$,*> — CΛ(«>caw/CΛp W ;

then, by the r e l a t i o n Ίίl ( 1 4 ) ,
( ^ ίir) /C>H(τr;) ί t λ ^ ^ ^ ^

By the thsorem of tranεfornaticr. oleπents
there e x i s t cC7f,^ ) with egu^-ir^ =• (c*<*0

) ( > ι β P u t t i n g ' t h i s Into
(14) we have

Theref ore«**

£ the ground field F
#

(And this t̂ v.ir,*** } forms a 3-
factor set in F"̂  mod

o
 N*MJ; » since its

first factor is a 3-factor set without
automorphisms and its second factor is a
such mod * N%/v , by τrχ(14)*)

Finally, Theorem 1 seems, as was
alluded to at the beginning too, to wait
for a substantial analysis and significa-
tion as^we did previously rather fully
for the connection of 2-factor sets and
norm class group $*

* ) Received July 25, 1949.
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β) Under (strongly) normalized 3-factor
set we mean a factor set {dA,^*/}
such that <L\,μ,v =r 0̂ ,1,̂ =0̂ ,̂ 1 ** 1
for every A, H/ v For this
either (ti,^*** A A ^ V * 1 # for
every λ, Wt v , or OL^^

IS/
 s=s &•*,*,*

ssz. 1 , for every λ/μ, v ,
is sufficient, as we see readily
from the fundamental relation (0)«
Every (3-)factor set may be nor-
malized* For, we have firstly

an.d m particular

Take here ίbλ.ju} so as |?,,*,«* ̂
fc#
 „ .

Then α/Ί
W(
v «* 1 for every v .;'

observe that eL
tΛt
 «* l (as was noted

)above) So
Tro

every£ , y μ ;
as may be seen Trom the above rela-
tion (#•), applied for a' . Then

and thus ^ Λ%#rl

for every Λ, v; 'w '«" In particu-
lar O/Λ,I,V " * ^A/i, i Pass fur-
ther to an associate set

if we take
f* , then
perty o&,w
Moreover ' 0.
taking CΛ=^

{ OL"
« ί

"λ

U'x

μ •==*> 1 for every

} retains the pro-
1 and so &%.f

(
y=o^

ti

« α'
λ(
,,! On

..yi ' 'we have

for any factor set
e

associate set
Pass to an

0,%
f#
=l and n\

%v
 ^ i . Then

fit
0
} is normalized, by the above

remark.

7) In fact, if t%λ,t*.v\ is any factor
set such that f-i,|*,ι/ «= 1 and
*^HrV •— ί^^v for every
A, f*/ v , then the relation

f ^ * W ? i r (ΛeH)

S)
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