E. BALLICO AND M. FRANCIOSI
KODAI MATH. J.
23 (2000), 432-441

ON PROPERTY N, FOR ALGEBRAIC CURVES
EDOARDO BALLICO AND MARCO FRANCIOSI

Abstract

Let C=C U UC; be a reduced, but reducible, curve and let & m Pic(C) be
very ample. Here we give conditions on deg(#c,) msuring that the embedding of C
mduced by & satisfies Property N,.

We also study the minimal free resolution for general projections of smooth curves.

Introduction

Let X = PV be a projective scheme and let .4 = Jx/pr denote the homo-
geneous ideal of X. We recall the definition of Property N, as introduced in [G].

Let E, be a minimal graded free resolution of 4 over the homogeneous
coordinate ring S of P

0—Eyyy—Ey—--—E —-S5—-0
where E, = ®S(—a;). X < PV satisfies Property N, if
E=®S(-i—1) for1 <i<p.

Property Ny holds if and only if X is projectively Cohen—Macaulay. Property
Ni holds if Property Ny does and the ideal # is generated by quadrics.

If & is an invertible sheaf on a projective scheme X', we will say that &
satisfies Property N, if £ is very ample and ¢ 4(X') := X < PV satisfies Property
Np.

For a smooth projective curve of genus g in the papers [G] and [G-L] it is
proved that an invertible sheaf ¥ of degree deg ¥ > 2g + 1 + p satisfies Property
N,.

In section 1 we study the case where C is a reduced curve, under some
numerical conditions. Our first result is the following (for the definitions we
refer to the next section)

THEOREM A. Let C be a connected reduced curve, and let ¥ be an invertible
sheaf on C.

Recerved October 12, 1999; revised May 29, 2000.

432



ON PROPERTY N, FOR ALGEBRAIC CURVES 433

Assume there exists a decomposition C = CU --- UC; (C, irreducible com-
ponents of arithmetic genus g(C,)) such that, if we set Y1 = Cy and for i =2,...,s
Y,:=Y,_1UC, then

Y, is connected; deg £y, > 2g(Y,) +1+p
deg Z|c, = d; = max{2g(C,) + Y,_1.C, +p, 29(C;)+ C..(C - C,) — 1}
where for i =1 we let Y,_1.C, =1 by definition.

Then ¥ satisfies Property N,.

By theorem 1.1 of [CFHR] the linear system || is very ample and defines
an embedding ¢4 : C — PV, Furthermore from theorem A of [F] % is normally
generated, that is, ¢4/(C) = PV is projectively Cohen—Macaulay.

Thus, cf. Remark 1.2, to prove Property N, for ¢ 4(C) it will suffices to
consider a generic hyperplane section.

Notice that with only the condition

deg Z)c =2 29(C)+1+p

but without any further assumption on the irreducible components the theorem is
no longer true. An easy example is the case where C = C;UC,, with C; an
irreducible curve of genus 1 and C, an irreducible curve of genus 0, such that
their intersection C;.C; = 1. If # is an invertible sheaf such that deg % ¢, = 3,
deg Z|c, = 1, then & is very ample and ¢ 4|(C) = P3 consists of a cubic plane
curve plus a line (not contained in the plane of the curve) which intersects the
cubic in exactly one point. Then it is easy to see that ¢ (C) satisfies Property
Ny (cf. also [F]), but obviously ¢4 (C) is not cut out by quadrics!

In section 2 we study the minimal free resolution for general projections of
smooth curves.

To this aim we introduce the notion of Weak Property N, for projective
scheme of dimension < 1:

DermniTION.  Let X = P” be a projective scheme of dimension < 1 (we allow
X to be not equidimensional or with embedded points.)

We say that X satisfies the Weak Property Ny if for all # > 2 the restriction
map

po HY(P",0pr(1)) — H(X, Ox(1))

is surjective.

We say that X satisfies the Weak Property N, if it satisfies the Weak
Property Ny and the homogeneous ideal of X is generated by quadrics. For 2 <
p < n— 2 we define inductively that X satisfies the Weak Property N, if it satisfies
the Weak Property N,_; and the p-sygyzies of the homogeneous ideal of X are
generated by linear forms.

Our result is the following
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THEOREM B. Fix integers g,d,p,n with 3<n<d—g and assume d >
max{2g+1+p+3(d—9g—n),2(d —g—n)+n}

Let C be a smooth connected projective curve of genus g and & € Picd(C).
Let ¢4 : C — P(H 0(C, £)") be the complete embedding associated to |¥| and
let X = P" be a general projection of ¢,4(C). Then X satisfies the Weak Property
N,.

The proof of the above theorem will follow by a degeneration argument and
the study of the Weak Property N, for a curve with embedded points.

We remark that under these conditions ¢ 4(C) = P(H 0(C, #)") satisfies the
Property N,, while a projection of ¢ 4(C) never satisfies the Property N, (since it
does not satisfies the Property Nj).

Thus to study the minimal free resolution for projections of curves the notion
of “Weak Property N,” turns out to have a relevant role.

The method we use to prove both the theorems is based on the analysis of the
0-dimensional scheme obtained taking a sufficiently general hyperplane section.

For this case the following remark turns out to be fundamental.

Remark C. Fix integers p,r,d with 0 <p<r—2 and d <2r+1-p.

Let Z = P" be a 0-dimensional scheme of length d for which there exists a
partition Z =ZUT into disjoint subschemes with the following properties:

(a) length(X) =r+1, T is reduced and X spans P”;

(b) length(I") < r — p, dim(KI")) = length(I") — 1 (i.e., [ is in linearly general
position) and for any £’ = £ with card(X’) = p and every Q € £\X' there exists a
hyperplane H of P” with ¥'Ul’' « H and Q ¢ H.

Then the method of [G-L], Theorem 2.1, gives that Z satisfies the Property
N,.

Notation

For all the paper we will assume C to be a reduced curve (a pure projective
scheme of pure dimension 1 such that for every point P e C the local ring Oc, p
has no nilpotent elements) over an algebraically closed field K of characteristic 0.
For the positive characteristic case see Remark 1.4.

& An invertible sheaf on C.
|#| Linear system of divisors of sections of H°(C, ).

deg Z|c The degree of # on C; it can be defined for every torsion free sheaf of
rank 1 by

deg Zic = x(&) — x(Oc).
g(C) The arithmetic genus of C, g(C) =1— x(0c¢).

If C = AU B scheme theoretically with dim4N B =0 and x € AN B, we can
define (cf. [Ca], p. 54)
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(A.B), =lengthOsnp i A.B= ) lengthOunp .
xe ANB

Notice that if C=AUB, with dim4ANB =0, then we recover the classical

formula
g(C)=g(4)+g(B)+ 4.B—1

Sometimes, with abuse of notation, we will denote the curve B as C — 4.

1. Property N, on reduced curves

Let C, & be as in Theorem A. Then we have deg %3 > 2g(B) + 1 for all
subcurve B of C. Thus from Theorem 1.1 of [CFHR] the linear system || is
very ample and it defines an embedding ¢4 : C — PV,

Let us consider the sequence of Theorem A

Ci=YcY,c.---cY,=C
where the Y,’s are still connected. The following restriction lemma holds

LEMMA 1.1. Let C and ¥ be as in Theorem A.
Let Cy =Y, c Y, < --- = Yy = C be the sequence of Theorem A. Then the
following restriction maps are onto

(a) H'(Y,4,,%)— HYY,, %) Vie{l,...,s—1}
(b) HY,,¥)— H(Cy1,&) Vie{l,...,s—1}

Proof. Considering the exact sequences of coherent sheaves
O - @CI+1($) ® jy: - @Yl+l($) - (le(g) - 0
0 —')(QY.(ﬁ’p)()j’Cm__> @7h4(§?)_% OChd(ﬁf)—e 0
the lemma will follow if

@) HY(Ci1,0c,,(£)®Iy)=0 Vie{l,...,s—1}

(b)) HY(Y,07(L)® Ic.,)=0 Vie{l,...,s—1}

(a’) We apply the fundamental argument of [CFHR], Theorem 1.1 to C;.

Indeed, C,,; is reduced and irreducible and by our numerical hypothesis we
have deg Z\c,, = 29(Ciy1) + ¥,.Ciyy — L.

Furthermore Y,NC,; is a 0-dimensional subscheme of C,.; of length
Y,.Cyy. Call it

We have Oc,, (&) ® Fy, = Oc,,(¥) ® F; and

HY(Ci11,0y,,,(£) ® Fy,) = H'(C1, Oy, (£) ® ) L Hom(Z ® I, wc,,,)

where 9 means duality of vector spaces and wc,, is the dualizing sheaf of C,i.
Now Theorem 1.1 of [CFHR] yields Hom(% ® ¢, wc,,,) = 0 since deg Zc,,, =
2g(C,41) — 1 + length({), which concludes the proof.
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(b’) Let Y41 := Y,UC,y1. Then Oy, ® S,, defines on Y, a 0-dimensional
scheme of length Y,.C,,;. Call it ¢&.
Since

deg Z|c, 229(C)) + C,.(C—C)—1 for all G
by the genus formula for a reduced curve our numerical hypotheses imply

deg #p >2g(B) + B.C,y1 —1 for all BS Y,
which is equivalent to
deg g > 2g(B) — 1 +length((NB) for all B< Y.

As in (i) we can apply Theorem 1.1 of [CFHR] to the 0-dimensional scheme &
and the invertible sheaf %y, to get H'(Y,, ¥ @ $¢) = H(Y,, ¥ ® J¢,,) =0. O

Remark 1.2. By an induction argument using the above lemma and the
classical results on normal generation (cf. e.g. [G]), or applying Theorem A of
[F], we see that # is normally generated, that is, ¢j4(C) = PV is projectively
Cohen—Macaulay.

Thus, as shown in [G-L] Proposition 3.2, if 5o € |#| is a generic hyperplane
section and Z := ¢4 (C)N{so =0}, a minimal free resolution of I 1(C)/PY
restricts to one of . pn-1, which implies in particular that ¢ 4(C) satisfies
Property N, if and only Z does.

Therefore Theorem A will follow if we prove that Property N, holds for a
generic section of |&|.

For simplicity, from now on, we will identify C with ¢4(C) = PY and,
similarly, its subcurves with their images. Note that each C, = W,, W, linear
subspace of dimension N, := H(C,, %) — 1, satisfies Property N, relative to W,
and furthermore a general section of |#|¢| cuts on C, d; points for which the
uniform position principle holds (relative to W)).

PROPOSITION 1.3. Let ¥ be as in theorem A and let C = PN be the image of
the embedding ¢,y

Let sy € |.Z| be a generic hyperplane section and H := {sy = 0} = PV~ be the
corresponding hyperplane.

Then Z := CNH c H satisfies the Property N,.

Proof. Let sp € || be a generic hyperplane section, H := {sy = 0} =~ PV~!
the corresponding hyperplane and Z := CNH < H ~ PN,
We want to apply Remark C, finding a decomposition Z = XUT such that
deg(Z) =N and X spans H =~ P71,

deg(I') < N —p and for all Qe X, for all £’ = Z\{Q} of degree p there
exists a hyperplane H' in PV such that Q¢ H’, but £'UT < H'.
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Related to the sequence C;, =Y, c Y, = --- = Yy = C of Theorem A we have
a sequence of linear subspaces Vi c Vo --- < V, =PV where Vi=1,...,s
Y, <Y, 2HY,2?).

We construct ¥ < Z, inductively, in the following way:

- we start from Zj := ¢, on C; of degree degX; = h°(Cy, #) such that the
linear span <Z;> = HNV; and the points of X; are in linear general
position;

- by induction we may assume degXy, =4°(Y,,#) and that Xy, spans
V.NH; on Cyyy we let T4 := 3¢, of degree = h°(Cpi1, £ @ Fy,) so that
Eim UE|Y,> = Vit

Indeed, by Lemma 1.1 we have = A!(C,41, £ ® Fy,) = 0, which from one
hand means that Y, N C,;; imposes independent conditions to the system |.%|c,,,|
and from the other implies the exactness of the following sequence

0 — H(Cpt1,0c,, (%) ® Fy,) — H* (Y11, 0y, (L)) — H(Y,,0y,(Z)) — 0

Thus we can conclude by induction. Furthermore, since each Y, is connected it
is easy to see that for each point S e€X we have

K= H(C,2® Fas)) = H'(C,Z) — H'(E\{S}, %) = O5(5)

that is, the points of £ are in linear general position and () = H =~ PV~

Let '=Z\X and I, :=TNC.

Since deg Z|c >2g(C) + 1+ p and degE = N = h°(C, &) we have degI’ <
N —p.

It remains to prove that for all QeX and for all £’ = Z\{Q} of degree
p there exists a hyperplane H' in P" such that Q¢ H', but ¥’ UT < H'.

We will prove it by an induction argument, making use of our numerical
conditions.

For Y; = C) the proposition follows by the standard arguments of [G-L] p.
309.

For Y,;, let us consider the decomposition Y,;; = Y,UC,yy. We recall that
the restriction maps H’(Y,.1, #) — H°(C,, ¥), H*(Y,11,¥) — H(Y,, &) are
onto.

If Qe Y, by induction hypothesis, for all £'NY, =N Y, of degree <p
there exists an hyperplane H/ < (Y,) such that 2'NY, = H but Q ¢ H/. Then
we simply take H’ such that H'N{Y,) = H/ and <{Z,;;) < H'. Indeed, let 5] €
|Z|y,| be a section such that s/(Q) # 0, s/(£'NY,) = 0. By our construction of X
and the surjectivity of the restriction map then there exists s’ € |#| such that
s’ s/ and s'(Z,41) = 0.

If Q € C1+1> deg $|C,+1 =a 2g(Cl+l) + Y.Cy1 +p implies

{deme =dip1 —9(Cq1) = Y,.Cry1 + 1
deng.] = g(CH'I) + )II'CH-l - 1 < dlm(m+l) — 1 _p

This means that on C,; there exists a hyperplane H/,, which contains I',;; UZ]
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but not Q and then we can proceed exactly as in the above case taking H' such
that H'N<{C1>=H/| and <Z;U --- UL,y « H'. O

Remark 1.4. The results in [G-L] and [CFHR] are stated and proved in
arbitrary characteristic. In the proof of the above proposition we used char(K) =
0 to ensure that a general hyperplane section of C, (for all i) is in linear general
position in its linear span.

Now deg(Z|c,) =29(C,) +1+p. If p>1 then the general tangent line to
C, has order of contact 2 with C, and indeed this holds for every tangent line at a
smooth point of C,; if p = 0 a general tangent line to C, has order of contact at
most 3.

Applying the theory of duality of projective varieties (see e.g. [H-K] for
details) we can see that if either char(K) > 5 or char(K) = 3 and p > 0, then each
C, is reflexive (cf. [H-K] Theorem 3.5) and in particular it is not strange (in the
sense of [Ha], IV, §3).

Under these assumptions on char(K), then C, is not strange in its span,
which implies that a general hyperplane section of C, is in linear general position
(cf. [Ra], Lemma 1.1 or Corollary 2.2).

2. Weak Property N, for generic projections of curves

In this section we prove Theorem B.

The proof will be based on a degeneration argument and on the analysis of
the Weak Property N, for the curve obtained taking a ‘““flat limit” of reduced
curves, which will turn out to be non reduced and with embedded points.

First we introduce the notion of planar fat point.

DeFiniTION 2.1, Let Z<= P’, r>2, be a 0-dimensional scheme with
length(Z) = 3, P € P" and M a plane with Pe M < P". We say that Z is a planar
fat point supported by P and contained in M if Z,.,; = {P} and Z = M, ie., if Z
is the first infinitesimal neighborhood of P in M.

Proof of Theorem B. Let d be the degree of & and g be the genus of C,
X = P" a generic projection of ¢ (C).

We identify P(H*(C,%)") with P97, After this identification the mor-
phism ¢, & depends on the choice of a basis of H O(C &). If we change the basis,
the new curve will differ by an element of Aut(P99).

As in [B-E 2| we define Pr(¥,d —g)

Pr(Z,d - g) == {f(9)(O)If € Aut(P*9)} < Hilb(P*~7).

Thus Pr(#,d — g) is an irreducible closed subset of Hilb(P~9) and we will see it
with the reduced structure. Hence Pr(#,d —g) is a complete variety.
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Pr(¥#,d — g) contains the reducible curves T defined as follows:

fix an effective divisor 2 on C with deg(2)=d —g —n, say 9 =

Py A4+ Py_g_p; set M =L (—2); since deg(M) =29+ 1, M is
very ample; let ¢, : C— P"= W < P9 be the complete embedding
induced by .#; for every integer i with 1 <i<d—g—n, let D;
P%79 be a general line which intersects the curve ?1.(C) in ¢4 (P.);
set T:=¢,4(C)UD;U - UDy_y_y.

Indeed, iterating [B-E 1], Proposition 1.1 and 2.5, (or use [B-E 2], Theorem 0 for
a full statement) we can see that T € Pr(%,d — g).

Fix Py,..., P44, general points and let .# be as above. From now on
we will take W = P(H°(C,.#)") as our ambient space P", so that (C,.#) =
(01.1(C), O(1)).

We define Pr(¥,.#) to be the closure in Hilb(P") of the set of all curves
obtained from a general projection of a curve in Pr(¥,d —g). Notice that by
the irreducibility of Pr(¥#,d —g) and of the Grassmannian of (d —g —n—1)-
linear subspaces of P79, Pr(&, . #) is irreducible.

Thus to prove the theorem it will suffices to show that for a general Be
Pr(&, /) the Weak Property N, holds.

To this aim we will apply a degeneration argument to find a curve 4 €
Pr(&,.#) with embedded points for which the Weak Property N, holds and then
we will simply apply semicontinuity.

Notice that for every curve A’ € Pr(&,.#) (even with embedded points) the
curve ¢ 4 (C) is an irreducible component of A4/, and that by semicontinuity

WA, 0,(1) = d+1—g.

Construction of A. Let us take Qi, ..., Q4—g—n € C more general points and
for every integer i with 1 <i<d —g—n let S; be the tangent line to ¢ ,(C) at
?.4/(Qi), R, be the line of P" spanned by ¢, (P.) and ¢ 4(Q:).

First, we fix an integer i with 1 <i <d — g —n and we consider the points
P, and Q;.

Since d >2g+ 1+ p+3(d — g —n), we have for all i deg(.#(—P, — Q;)) =
2g and hence .#(—P,— Q;) has no base point. Since n >3 this means that
the line R, of P" spanned by ¢, (P.,) and ¢, ,(Q:) intersects ¢, (C) only at
{01.4/(P);0.4(Q:)} and quasi-transversally (i.e. both the curves are smooth at
the two points and have distinct tangents).

Fix an integer i and take a flat family of lines {R;(f)},.» (A smooth irre-
ducible affine curve) of P" with ¢ 4 (P;) € Ri(r) for every ¢ and R;(0) = R, for
some 0 € A. Since Hilb(P") is complete, the flat family {¢ ,(C) U R;i(?)},.5 has
a flat limit for ¢ going to 0.

It is easy to check that this flat limit is the union of ¢ ,(C)UR, and a
certain nonreduced scheme y,. We have length(x,) = 3, X,.q = ¢.4(Q:) and y, is
contained in a 3-dimensional linear space, V,, containing R, U S; gsee [H], 111.9.8.4
and Fig. 11 p. 260 for a similar case, or [B-E 1], figure 2).
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R,US; Uy, contains the first infinitesimal neighborhood, &, of ¢ 4(Q;:) in V;
and it is just the scheme-theoretic union R, U S;U¢&,. Moreover since the linear
space V, depends on the flat family of lines we chose, varying this family we may
take as V, a general 3-dimensional linear subspace of P" containing R, U S; (see
[B-E 1], Figure 1 and Figure 2).

Notice that for a general hyperplane H of P" the 0-scheme y,N H is a flat
planar point contained in ¥,N H and it has Q; as associated reduced scheme.

Repeating the above argument for all indices i, 1 <i < d — g — n, we obtain
a non-reduced curve

A= (0|J/|(C) UR[ u--- URd—g—n le Uu--. de_g_n
of degree d and with d — g — n embedded points.

Weak Property Np for A. Fix a general hyperplane H of P" with
¢.1/(Q:) € H for every i and set Z:=ANH.

Our aim is to apply Remark C to Z.

Z < H =~ P" ! is a 0-dimensional scheme of length d + (d — g — n) formed
by d — g —n planar fat points {y,...,y4_4,+ and 6 =d —2(d — g — n) reduced
points {T1,...,Ts}.

By our assumptions on d we have 6 =d —2(d —g —n) > n.

Furthermore § > n implies that we can find a splitting Z =X UT", where X
consists of n general points and I' is the union of the d — g — n planar fat points
{7>-++Ya—g-n} and d — 2(d — g — n) — n reduced points. By our choice of d we
have

length(l) =d+(d—g—n)—n<n—-p-1

Indeed, the above inequality is equivalent to d<2n—p—1—(d—g—n).
Writing n=d—g—(d—g—n) this is equivalent to d<2(d—g)—p—1-—
3(d — g —n) which follows since d >2g+p+ 1+ 3(d — g —n) by assumption.

Since the V,’s are general 3-dimensional linear subspace of P” containing
¢.4(Qi) we may assume H to be transversal to each V, and furthermore the
linear span U :=<ViNH,..., V44 ,NH) c H is “general” and has maximal
dimension.

This means that the span <{y;U --- Uy,;_,_,» = H has maximal dimension.
Furthermore, taking the projection my with center U, my : P" — P", we can
apply the “uniform position principle” to the image of ¢, (C). This corre-
sponds to say that the linear span of {y;U---Uy,_,_,> and any A points
Ti,...,Tp (h <n—3(d — g —n)) has maximal dimension, which implies that the
splitting Z = I'UX satisfies the assumptions of Remark C. Thus Z satisfies the
Weak Property N,,.

Notice that deg(4) = d = deg(Z) — (d — g —n) = deg(Z) +n+ 1 - h°(C, 2).
Hence we see that every quadric hypersurface of H containing Z lifts to a unique
quadric hypersurface of P" containing 4. Thus 4 has the Weak Property N,.
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End of the proof of theorem B. Since h°(A4,04(t)) = h°(C, #®') for every
¢t > 0, we may apply semicontinuity to conclude that a general B e Pr(¥, #) has
Weak Property N,. This means that a general projection of ¢ (C) into P”

satisfies the Weak Property N,, proving the theorem. Q.E.D. for Theorem B

Remark 2.2. The above theorem holds also for C irreducible curve of
arithmetic genus g (possibly singular), since by [CFHR] an invertible sheaf of
degree > 2g is non-special and base point free and if the degree is >2g + 1 then it
is very ample.
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