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§1. Introduction.

As is well known, every Kihlerian metric ds*=23g,3dz.dZ; is locally
expressible in the form

82
805 G207,
with respect to local complex coordinates {z.}, =1, ---, n, where ¢(z, 2) is a

real valued function of {z,, Z.}.

We now consider a Kédhlerian metric g,5 with ¢ such that ¢=1(), t=2z,2,,
where t—f#)eC(R). S.S. Eum [1] studied such a Kéihlerian metric with non-
zero constant holomorphic curvature defined in the complex number space C%,

and showed it is Fubinian, i.e.,
1
(1.1) = gIOg(kt—l—b)Jrc ,

where £ (#0), b (>0) and ¢ are constant. A Kéhlerian manifold with constant
holomorphic curvature is harmonic (cf. S. Tachibana [7]). For this reason, the
present author [12] studied Kidhlerian manifolds, which are harmonic. On the
other hand, P.F. Klembeck [2] has shown that the complex space C* admits a
complete Kéhlerian metric A with components

& .
12 hoi=ggass [O=1, loglendr,

which has strictly positive curvature. The Ké&hlerian manifold (C*, h) is har-
monic at the origin 0 of C* (cf. §3). But the scalar curvature is not constant
as we can directly compute. Therefore (C", h) is not harmonic, because a
harmonic Riemannian manifold is FEinsteinian (cf. [4]). Thus we are very
interested in a K&hlerian metric locally expressed in the form

13 Goi= s =OSCR),
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with respect to local complex coordinates {z,} (we can see another interesting
example in [8]).

In the present paper, we shall study Ké&hlerian metrics, which are locally
expressible in the form (1.3) and satisfy one of the following conditions:

(A) R=constant,
where R is the scalar curvature.
(B) Ru;k;L_Ru;l:k:Oy

where R,, is the Ricci tensor and (;) denotes the covariant differentiation.
The main theorem is

THEOREM 1. A Kdhlerian manmfold (D", g) grven by (1.3) s flat or Fubinian
of it satisfies the condition (A) where D™ 1s C™ or its star-shaped subdomain at the
origin of C"

Preliminary facts will be given in §2 following to Yano-Bochner’s notation
(cf. [14]). In §3, we show that the Kihlerian metric given by (1.2) is harmonic
at the origin 0 of C*. In §4, we shall prove that a Kihlerian manifold (C*, g)
given by (1.3) is locally flat or Fubinian if it satisfy the condition (B). The last
section is devoted to prove Theorem 1.

The author wishes to express his sincere thanks to Prof. S. Ishihara and
Prof. S. Tachibana, who give him many valuable suggestions and guidances.
He also would like to acknowledge the continuing guidances and encourage-
ments of Prof. K. Takamatsu.

§2. Pleliminaries.

We agree to adopt the summation convention and the following ranges of
indices throughout the paper:

1=:, 5, b, -+ =2n,

1Za, 8,7, - =n.
Consider an n complex dimensional Kihlerian manifold with metric
2.1) ds*=2Xg;rdz;dzy,

where {z,} are local complex coordinates and Z,=z; (=conjugate of z,). As
the metric is Kidhlerian, g;, satisfy the following conditions:

2.2) Zap=8ai=0,

and (2.1) becomes
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2.3) d5*=23 gosdzadzs .

g’* satisfy the corresponding equations to (2.2). The Christoffel symbols [,
vanish except
: 0gp:
2.4 [g,=get =28
( ) Br g azr ’
and their conjugates. As to the curvature tensor R‘;;;, only the components of

the form R%s,5 and R“gs; and their conjugate can different from zero, and it
holds that

o«
(25) R“ﬁ,5=7)§6f9i,
from which
o4
Rgi=R%gs—=——P
2.6) e 9%,
RﬁT:RBf’:O'

The scalar curvature R=g/*R;, is 2g*fR,5. A Kihlerian manifold is called a
space of constant holomorphic curvature if its curvature tensor satisfies

R
Raﬁré*_—‘z’n’(ﬁ 1) (8ap8rot+8ablrp) -

Let C*® be the complex number space with complex coordinates {z,}, and
D™ be C™ or its star-shaped subdomain centered at the origin of C*. Now we
are going to compute the curvature tensor, the Ricci tensor and the scalar
curvature from the Kidhlerian metric given by (1.3).

First from (1.3), we have

@7 8aj=S"0apt /" Za2p,

where dashes mean differentiation with respect to t. As the metric is positive
definite, the function we consider should satisfy

2.8) >0, f/+tf">0,

on D", because g®f are given by

(2.9 g“ﬁz?l‘; (5,1,9—%720155).

From (2.4), we have
F%T::;:/ (Eﬁaar’l_graaﬁ)“l_azagﬁz-'r,

where
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f/f///__2f//2
2.10 =7
@10 0=
(2.5) and some computations give the following equations (cf. [1], [8]):
rfEM__ fFr2 ”
(2.11) R“ﬁrg-_—L'7é‘—25(555ar+275aﬁ)+’17(5,35507"_5755”5)
+O"Zagﬁfrz(;-‘-O'Za(fﬂﬁra‘l“fralga)
and
(212) R,gs:,u5p5—i-2§,gz‘; N
where 2 and g are functions defined by
rEmM__ F e
(2.13) A= (”“)U},f L B
and
@2.14) PP o 5] S
f
As a direct consequence of (2.13) and (2.14) we get
(2.15) ©=2,
which is remarkable. The scalar curvature R is given by
_ 2 _ At pf
2.16) R=-; {at+np e b

§3. A Kihlerian manifold being harmonic at only one point.

Our purpose of this section is to show that the Kihlerian manifold (C", h)
with metric A given by (1.2) is harmonic at the origin O of C*. M. Itoh [3]
has shown that in such a (C*, h) every geodesic parametrized by arc length

emanating from O is described by

(3.1 ze=A%sinh(s), YA*A*=1 (A*=constant)

where s is the geodesic distance measured from O with respect to h. Then

from (3.1), we have

(3.2) X z.Z.=sinh%s .
Differentiating (3.2) by z3, we have
(3.3) 7.2 sinh(s)cosh(s)-2°
024
. 0s
=sinh(2s) P
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from which
. 0s 0s 1
ag > YO0~
34 N e 07, 4
because of

sinh?s

aj Sinh*s o1 o) s
™ log(cosh®s) “ ** {log(coshzs) coth S}Z“Z‘s'
Differentiating (3.3) by Zs, we have
ds 0s . 0%s
Baﬂ =2 COSh(ZS) ’ag 'az'; —l—smh(Zs) *a;aa—zﬁ\ .
Multiplying this equation by h%? and taking account of (3.4), we obtain
2(n—1)sinh®s

*@:O*S*h’zs) - ZCOSh(23)+SIHh(28)AS ,
2
since 4s=2h? ~?A$T. Therefore it follows that
azaaZﬁ
3.5) gs= (pDtanh(s) S0

~ 2log(cosh(s))

Let (M, g) be an n-dimensional Riemannian manifold and O a point of M.
We denote by s the geodesic distance measured from O to the point in a
neighborhood of O. If 4s is a function of s only, then (M, g) is called to be
harmonic at the point O. When (M, g) is harmonic at any point, it is called a
harmonic Riemannian manifold (cf. [4]).

As the right hand side of (3.5) is a function of s only, (C*, h) is harmonic
at the origin of C". However, (C", h) is not harmonic, because it is not locally
flat or locally Fubinian (See Theorem 1).

§4. A kihlerian metric satisfying the condition (B).

Let D™ be C™ or its star-shaped subdomain centered at the origin O of C™.
In this section, let (D™, g) be a Kihlerian manifold with metric g given by (1.3).
Suppose that (D", g) satisfies the condition (B) :

(41) Rt;;k;L—Rw;l;k:O-
Then by the Ricci’s formula, we have

thhakl+Rith]kL:0 »

1) This condition was studied by K. Sekigawa [5], K. Sekigawa and H. Takagi [6],
H. Takagi [9], S. Tanno and other authors.

2) The author is grateful to Prof. S. Tanaka with whom the author had several
conversations on differential equations in this section.



334 YOSHIYUKI WATANABE

from which )
RajRazkl+RajR«zkl+RzaRajkl+RwRﬁjkl:O .

Thus (4.1) is equivalent to
(4.2) Ry iR%s5+RpaR%1,5=0 (conj.),

by virtue of (2.5) and (2.6).
Now substituting (2.11) and (2.12) into the left hand side of (4.2), we can
see that it reduces to the following (cf. Y. Watanabe [13], p. 79).

A rLm_fre _ _
4.2y {7]:,— +ido+po— Af—]};z"f )}(ZaZra ps—2p250 a)=0.
Now we assume that n=2. Then we have
” rEm__ £
(4.3) %{,~+tla+pa——fi(f ?,2 f )'——0,

taking account of f(f)eC~(R). (4.3) gives
Zflf//+tlo.f/2_!_,l0.f/2_‘L‘(f/f/ll__zf//2)_#fll2:0 s

which implies
A R0 f Pt f = pf =0,
because of (2.10). Thus we obtain
(4.4) (f"+taf )YAf —uf")=0.
In the followings, we consider two cases, i.e., Case I where f”+4tf'0=0

and Case II where Af'—puf”=0.

Case I: We assume that f”+tof’=0 in an open subdomain 47 of D"
Taking account of (2.10), we have

tf/(f/f///__Zf”Z) +f,/:0

f’//(f/_i_tf//)

from which
4.5) tf " f—tf"*=0.
Putting u=f" in (4.5), we have
(4.6) tuu”+uu’—tu’*=0.
The general solution of (4.6) is given by

u=>bt?,

where a and b are integral constants. Therefore the general solution of (4.5)
is given by
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%)) f to+iqe

- a+1

where a, b and ¢ are integral constants. From (2.8) it is easily seen that a=0
and b>0 where 47>0. In this case the corresponding Kihlerian metric g is
flat, i.e.,

4.8) f=bt+c  (b>0)

when 4730.
Case II: Suppose that

4.9 Af'—pf"=0

holds in a subdomain 47 of D™ First by (2.7) and (2.12) we see that the
potential function satisfying (4.9) gives an Einsteinian metric. By (2.13) and
(2.14), we have

f// {(n_i_l)f”_‘_to-f/} :(n+l)(f/f/l/_f//2>_{_tg/f/2+O.f/2 ,

from which

(4.10) (n+D@f "2 —=f' "=’ +o)f *—taf [".
Taking account of (2.10), we have

(4.11) tf o’ +{(n+2)f +ntf"}o=0.

If 4% contains the origin O, putting =0 in (4.11) we have
(4.12) a(0)=0,

because of f’(0)>0.
If >0, then multiplying (4.11) by t"*!(f’)*"!, we have

tn+2(f/)n0'/+(n+2)tn+1(f/)n0'+ntn+2(f,)n—1 lla.:O s
from which, integrating
(4.13) A (f)re=c,

where ¢ is an integral constant. Since the function f satisfles (4.9), by the
argument of continuity of the left hand side of (4.12), we can conclude that
¢=0 if 4% contains the origin O. Thus we have

(4.14) a@)=0,

together with (4.12) if 42>0. Moreover since

f// ),~ f/f///_2f//2
- f/s

1 T frs

)
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(4.14) has two solutions: One is f;=at+b where a(>0) and b are constant and
the other fzzélog(kt—l—c)+d where k(#0) and ¢(>0) and d are constants, that

is, when 047,

(4.14) fi=at+b (a>0),
or
(4.14)" fzzélog(kt—!—c)—i—d (k+#0, ¢>0).

Note that in the case of (4.14)” the corresponding Ké&hlerian manifold
(4%, g) is of constant holomorphic curvature % (see S.S. Eum [1]).

Finally the function f given by (4.8) does not satisfy (4.13) with ¢#0 and
can be smoothly connected only the solution f=bt+c(b>0) of (4.14)’. Conversely

the solution fz—i—log(kt—l—c)—l—d (k#0, ¢>0) of (4.14)” does not satisfy (4.7).

Thus we obtain the following

THEOREM 2. Let D™ be C* (n=2) or its star-shaped subdomain containing
the origin O of C"™ Suppose that the Kdhlerian metric given by (1.3) satisfies
the condition (4.1). Then it is flat or Fubinian.

5. Proof of Main Theorem.

By assumption R is constant in (2.16). Multiplying (2.16) by f/(f’'+tf”), we
have

5.1) %f’(f’-l—z‘f”)ztlf’—{—nf’y—i—(n—l)tf”/,c.
Putting t=0 in (5.1), we have
62) E pr0-npo=0,

because of f/(0)>0. For t>0, we multiply (5.1) by t""*(f/)*"% Then taking
account of (2.15), we have

_%?_ {(f/)ntn-l_l_tn(f/)n-lfll}

.___tn(f/)’n~l#/+ntn—l(f/)n‘u_i_(n_1>t’n,(fl)'n,-1f”‘u s
from which

R n NN — 41 N\n-1
’Z';l‘t (fyr=t™(f") #+C,

where C is an integral constant. Then we have
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R
ne £\n-1} - ’ _
(6.3) t"(f) {ZTzf —y}——C.

But we can see that C=0, taking limit of the left hand side of (5.3) of t as ¢
tends to 0. Therefore we have

(55) ‘z%flz(f/“‘tf”)'f‘(?’l‘f‘1)]”],//+tf/f///+<n‘1)tf/,2:0,
Putting ¢=0 in (5.5), we have

" R LN
(5.6) SO+ gy S O=0.

Multiplying (5.5) by (f/)*~*", we have
fi‘ (O (FyM 7} (D) f 7

+tn+1<f/)n-—1fll/_|_(n__l)tn(fl)n—ZfI/ZIO ,
from which

6D AR Vs ‘2n(5+1)’ “J=c.

where C is an integral constant. But we have
C=0
taking limit of the left hand side of (5.7) of ¢ as ¢ tends to 0. Thus we have

” . 77‘]7?*7”7 12
(5.8) 7+ In(n1) =0.
together with (5.6).
Now if R=0 in (5.8), then f”=0, i.e., f’=constant. Hence it follows that

the corresponding Kéhlerian metric is flat. If R+#0 in (5.8), then the corre-
R
2n(n+1)
(cf. (2.11)) because of an elementary calculation. This proves the theorem.
By Theorem 1, we have the following

sponding Kihlerian metric is Fubinian and the holomorphic curvature is -

COROLLARY 3. Let (M, g) be a complete Kdhlerian manifold. Suppose that
g is expressed in the form (1.3) and its scalar curvature R is non-positive con-
stant. Then (M, g) is the unitary space C™ or the complex hyperbolic space H™
according as R=0 or R<O.
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