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AN EXTREMAL PROBLEM ON THE CLASSICAL

CARTAN DOMAINS

BY YOSHIHISA KUBOTA

1. This paper is concerned with the following extremal problem: Let D be
a bounded domain in the 2τ2-dimensional Euclidean space Cn of n complex vari-
ables z=(zlf •••, zn). Denote by £F(Z>) the family of holomorphic mappings from
D into the unit hyperball Bn in Cn. It is required to find the precise value

, D)= sup det -/-
oz*

where ( χ~) denotes the Jacobian matrix of / :

feefl),

\dz f—(fl> '" > fn)

\ dzλ dzn I

If w—h{z) is a biholomorphic mapping from Dλ onto D2 and wo=h(zo), then

dh
y D2) det

namely, the quantity M(z, D) is a relative invariant. Hence for a bounded homo-
geneous domain D it is sufficient to find the value M(zOt D) for a fixed point z0

in Zλ
The automorphism of Bn which transforms a point a=(au •••, βn) into the

origin is given in the form

^U: a)=μ(z-a)(I-d/z)-1U-1,

where \μ\2=(l — aά')~1 and U'U— (I— ara)~λ. Here / is the identity matrix and
A denotes the conjugate matrix of A and Af the transposed matrix of A. Since

detl-^—) =(l—aa) c n + 1 ) 2 > l ,
V OZ h=a ~~

as far as M(z0, D) is concerned, we can replace £F(Z)) by the subfamily ΞFZQ(D) of
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EXTREMAL PROBLEM ON THE CLASSICAL CARTAN DOMAINS 279

mappings which transform the point z0 into the origin.
Caratheodory [2] proved that for the polydisc Pn={(z1} •••, zn): \zj\<l, j —

1, - > n}

M(0, Pn)=rΓn/\

We shall find the value M(0, Z>) for the classical Cartan domains.
By a classical Cartan domain we understand a domain of one of the follow-

ing four types:

Rι{T} s)={Z=(zJk): I—ZZ'X), where Z is an rXs matrix}, (r^-s),

Rn(p)={Z=(zjk): I—ZZ'X), where Z is a symmetric

matrix of order p),

Rιn(q)={Z=(zjk)' I—ZZ'>0, where Z is a skew-symmetric

matrix of order ρ},

Obviously,

Rλ{r, s)(ZCrs, Ru(p)(ZCpcp+1>/2,

RmtiXzC™-1"*, Rιγ(n)dCn.

Instead of Ru(p) we consider the following modified domain:

where X=(xjk)^Ru(p)},

We shall prove the following theorem:

THEOREM

(1.1) M(0, i?i(r, s ) ) = r " r s / 2 ,

(1.2) M(0, ^ n ( ί ) ) = 2 - ί ) ^ - 1

[ n Ί-αCσ-D/4

2"J

where -̂ - denotes the integral part of the number -—.

(1.4) M(0, /

Now, we consider the modified domains:

(1.5) R\{r,s)={Z: VVZ^R^r, s)}
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R°n(p)={Z(1.6)

(1.7)

(1.8) R°lγ(n)=RIY(n).

E. Cartan [3] proved that, if n=£lβ, 27, every irreducible bounded symmetric
domain D in Cn is biholomorphically equivalent to a domain of one of the classi-
cal Cartan domains. Hence there exists a biholomorphic mapping / from D onto
a domain of one of the domains (1.5)~(1.8) such that /(0)=0, here we may
assume that D contains the origin. Since these four domains are contained in
the unit hyperball (see Lemma in § 2) and since

M(0, R%)=1 (υ=l, II, III, IV),

it follows that / is an extremal mapping, i. e.,

det(
d)

=M(0, D).

2. Let D be a bounded domain in Cn. We denote by ρ(z0, D) the greatest
lower bound of the radii of hyperballs {z=(zlf •••, zn): \z1—z°1\

2+ ••• Jr\zn—z°n\
2

<p2}, zo=(zi, •••, ̂ n), containing D. By appealing to methods of Hua (see [4])
we are able to compute the value of p(0, D) for the classical Cartan domains.

LEMMA

(2.1)

(2.2)

(2.3)

(2.4)

^(0, /?ϊ(r, s))=Vr,

p(0, ^Π(ί))=iθ(0, Rn(p))=VJ,

0, 7? I V(τx))=l.

Proof. Let Z^R^r, s). According to a result of Hua (see [4]) there exist
two unitary matrices U and V of orders r and s, respectively, such that

Cl
0

0

0
Cl

0

•••0

...o
O

o

o

0
0

0

and W^Rι(r, s). Since W^Rι(r, s), it
arrange the elements of the matrices Z and

follows that | ζ ; | < l 0 = 1, - , r).
in the form of vectors in Cr

We

WΛ. Wrl, . Wrs)
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Then by the relation W=UZV we have

w=zU'xV

where U'xV is the Kronecker product of matrices JJ' and V. Since U'xV is
also a unitary matrix of order rs, we have

where | | * | | 2 = \zn\
2+ + ••• + U n l 2 + ••• + \zrs\\ Hence

On the other hand, for arbitrary complex numbers ζlt •••, ζ r such that \ζj\<l
(7 = 1, •••, r), the point

ζ; (7 = ^)

0

belongs to Rτ(r, s) and, therefore, (2.1) follows.
Let Z(=Ru(p) and set

1X—\

Then X&Ru(p). Again, by [4], there exists a unitary matrix U of order p such
that

G 0 - 0

0 C2-O

0 O ί

and Y&Riiip). Obviously, | ζ ^ | < l 0 = 1, •••, P)> We arrange the elements of the
matrix Z in the form of a vector in Cpcp+1>/2

On the other hand we arrange the elements of the matrices X and Y in the
form of vectors in Cp2

X—V^ll; " " > %lp> "' > % ply '" > % pp) y

y ^ i y u , •••, y ί p , •••, y P i , •••, y P P ) .

By the relation Y=UXU' we have y—xU'xU'. Since UfxΌ' is a unitary
matrix of order p2, we have
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F u r t h e r , if ξl9 ~ , ξp a r e c o m p l e x n u m b e r s s u c h t h a t \ξj\<l (j=l, •••, p ) , t h e n
t h e p o i n t

ξj 0=*)

0 (jΦk)

belongs to Rn(p). Thus it follows that

/o(0, &n(P))=

Similarly we have

jθ(0, Rn(P))=

For each Z&Rm(q) there exists a unitary matrix £/ of order q such that

/ 0 CΛ / 0 ζ m

W=UZU'=\ + ••• 4-
\-Ci 0/ \ - ζ m 0

or
/ 0 ζΛ / 0 ζm\
\-Ci 0/ \-ζm 0/

and WGΛΠIC^) (see [4]). Hence we obtain (2.3).
The last equality (2.4) is obvious.

3. We turn now to the proof of the theorem. We first prove (1.1). For
r, s) we arrange the elements of Z in the form

Z—\Z\ι, ••• , Zis, ' " , Zrι, ••• , Zrs) .

Let / be a mapping belonging to the family 3O(i?i(r, s)). We set

J=Z\fllf '" > flSf "' > frl) '" > frs) y

fjk{z)=a[{k)zn+-' + a\j

s

k)zu+ '- + a{

r{
k)zrl+ + powers).

Then

/ df \ l a n ais G r l ars \
V dz / 2=0 \ Λ (rs) . Λ (rs) ,, (rs) ^ (rs) /

There exists a unitary matrix U of order rs such that

> (11) , . ( 1 1 ) . . , . ( 1 1 ) i

0 0 --C?/

We consider the mapping g—φ°f, where φ is the automorphism of Brs defined
by the linear transformation w—z\Jf. The mapping g belongs to £Γ0(i?i(r, s)) and
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(3.1) det(^)
\ OZ /z=0

— I r (11) ,,(12) ...r(.rs) I
— I < Ί l ^ 1 2 ^rs I

Let σ be a one-to-one mapping from {1, •••, r} into {1, •••, 5}. We take a
unitary matrix V—(vaβ) of order rs such that v1β=eιθj/*s/Ύ for β=(j—l)s+σ(j)
0"=l, •••, r) and 1^=0 for the other β's, where θly •••, θr are arbitrary real
numbers. We denote by φ the automorphism of Brs defined by w=zV. The
mapping

h = φ o g = z ( h l l f •••, h 1 9 , — , h r l , •••, h r s )

belongs to £F0(i?i(r, s)). We have the expansion

hu(z)=b11z11+ \-blszls-\ + 6 π £ π + ••• +br8Zrs+(higher powers),

= 1, ». , r).

= l 0 = 1, •••, r).

(3.2)

Let #i, •••, ar be arbitrary complex numbers such that
If | ζ | < l , then the point

(ajζ (k=σ(j))
Z=(zjk), zjk=<

{ 0 (kΦσ(j))

belongs to Rτ(r, s). Hence the function

h(ζ)=hn(z)= {̂ iσcυαiH \-brσWar}ζ+(higher powers)

is holomorphic in | ζ | < l and satisfies the conditions |Λ(ζ) |<l, h(0)=0. Therefore,
by Schwarz lemma,

(3.3) \b

Since θ3 and a3 are arbitrary, we have, by (3.2) and (3.3),

I +1 c£«) 2 ) I + - +1 c^ΓJ I ̂  V7".

Therefore we obtain

(3.4) | C l ( i i ) | + . . . + | c ( i . ) | + . . . +

Now, from (3.1) and (3.4) we have

det(^)
\ oz Λ=o

On the other hand, it follows from the Lemma that the mapping

1 . . γ Jp "I . . . C )

belongs to &0(Ri(r, s)). Therefore, (1.1) follows.

—7^
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4. Next we prove (1.2). For Z=(zjk)^Rn(p) we arrange the elements of Z
in the form of a vector in C p c p + 1 ) / 2

£ — ( ^ 1 1 * "' j Zip) ^22f '" t %2p> '" f Zpp)

Let / be a mapping in ΞF0(Rn(P))> We set

f=Z(fll> '" f flpt J22, '" f J2p, '" t fpp),

+(higher powers).

We may assume that (-=—) is a triangular matrix of order p(p+ϊ)/2:
\ OZ /2=o

Hence

(4.1)

dz

det(-f)
V OZ /z=0

flu 7 ,<">.../!<">

0 0 -aί

fl (11) . . . fl Up) a (22) . . . a (2p) . . . fl (pp) I

We consider a modified mapping F which maps Rn(P) into

^-F^-vτ/;
jk

We first consider the case that p is even, i.e., p~2m. Denote by £ m the
set of all one-to-one mappings σ from {1, •••, p} onto itself such that

Let

σ(j)Φj, σoσ(j)=j 0 = 1, - , P).

and let 7Ί, -•-, j m be the natural numbers such that

l—ji<J2<"'<jm<P, jυ<σ(jυ) (o = l, •••, m).

We take a unitary matrix V=(vaβ) of order ^ 2 such that ^ p ^ V V ί " for
β=(j—l)p+σ(j) (j=l, •••, ί ) and îy3=0 for the other β's, and denote by φ the
automorphism of BP2 given by V. The mapping

G=φ°F=(Gu,

maps ^ π ( ί ) into βp2. Since

1 „

, Gpl,
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we have the expansion

G 1 1 ( z ) = b n z u + ••• J r b l p z l p

J r b 2 2 Z 2 2 J r ••• + b 2 p z 2 p + ••• + b p p z p p

+(higher powers),

t i θ ι θ U piθJυ4-piθ<> V

(υ=l, •••, m).

Let ax, •••, α m be arbitrary complex numbers such that | α j = l (υ=l, ••• , 772).
If | ζ | < l , the point Z=(zJk) such that ^ . ( ^ ^ ^ c v ^ V Ϊ ^ ζ for y = l , •••, m
and Zjk=0 for the other j , k belongs to Bn(p). Hence the function

G(ζ)=G11(z)=V~2(bJiσWa1+ ••• +bJmσiJm^am)ζ+(higher powers)

is holomorphic in | ζ | < l and satisfies the conditions |G(ζ)| <1, G(0)=0. Thus
we have

(4 3)

Since θ3 and av are arbitrary, we have, by (4.2) and (4.3),

(4.4)

Further we take a unitary matrix V0=(v°αβ) of order p2 such that v\β =
eiθj/VT for β=(j-l)p+j (j=l, •••, p) and ^ = 0 for the other β's, and we
consider the point

0

where | α > | = l (/=1, •••, ί ) , | ζ | < l . Then we have the inequality

(4.5) I αίi" I +1 α2T> I + - +1 fl^> I £VJ.

Now, the number of the elements of Sm is (2m) !/2mra!, and for each fixed
pair j , k(j<k) there are (2m—2)!/2m"1(m—1)! mappings σ e S m such that σ(j)=k.
Therefore from the inequalities (4.4) and (4.5) we have

(2m)! ^ , (2m-2)! , - (2m-2)I 2m(2m+l) ,—
V ^ + V i = 2^! V P

and so

(4.6) k ί f ' l
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By (4.1) and (4.6) we obtain

det(
dz Λ=c

Next we consider the case that p is odd, i.e., p=2m+l. Denote by Tm the
set of all one-to-one mappings τ from {1, •••, p} onto itself such that τ(jo)=jo

for a certain j 0 and τ(j)Φj, τ°τ(j)=j for all other j . Let τ e Γ m and let j 0 , j l f

•••, ; m be the natural numbers such that

We take a unitary matrix V=(vaβ) of order p2 such that v1β = eιθ'/V P for
β=(j—l)P+τ(j) (7=1, •••, ί ) and i>lj8=0 for the other β's, and denote by φ the
automorphism of BP2 given by F. Considering the mapping φ°F and the points
Z=(zjk) such that ^ 0 , 0 = α 0 C zJυτc^=zτCjυ^v=VYaΌζ (u=l, ••• , m) and 2r>*=0 for
the other j , k, where |αrυ| = 1 (L>—0, 1, •••, m) and | ζ | <1, we obtain the inequality

(4.7) aUoJt

J0J0

Furthermore we have

(4.8)

The number of the elements of Tm is (2m+l)!/2 m m! and for each fixed
pair j , k (j<k) there are (2m— l)\/2m-\m—l)\ mappings τ e T m such that τ(j)=k,
and further, for each fixed j there are (2m)\/2m?n\ mappings τ^Tm such that
^U)=j' Hence, using the inequalities (4.7) and (4.8) we obtain

2 m " 2 ( m - l ) !^-(Iflίi1

2mm!

(2m) !\ 7 -

2-1)! 2mm!

(2m+2)(2m)! ,—
2mm\ P

i.e.,

+ I^2/M +

Therefore we have

Since the mapping

det(^)
V dz /z=o

0 = 1, •••, p; j^k<

belongs to 30(Rn(p)), we obtain
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M(0, Rn(p))=p-p'p+1>/4.

By an analogous argument we can prove (1.3).

5. Finally we prove (1.4). Let / be a mapping in £F0(^iv(n)) We set

f—(fi, •••, fn),

fJ(z)—ajlz1+ ••• + ajnZnΛ-(higher powers).

We may assume that (-x—) is a triangular matrix of order n :
\ oz Λ=o

lan a12 '-aln

df \ I 0 a22---a2n

d Λ " |

Hence

( df \ I
\ dz Λ»o"|

det(-MΛ
dz

0 0 - α n n

=\ana22'"Clnn\

Let έ be a natural number such that l^k^n. If | ζ | < l , then the point

z—izu '" y Zn) such that zk—ζ and ^ = 0 for jφk belongs to Rιy(n). Hence the

function

/(£)=/*(2)== α**ζ+(higher powers)

is holomorphic in | ζ | < l and satisfies the conditions | / ( ζ ) | < l , /(0)=0. Hence we

have

and (1.4) follows. This concludes the proof of the Theorem.
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