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A BIHARMONIC NORMAL OPERATOR

By PauL A. NICKEL

ABSTRACT*. When a biharmonic singularity s(x) is given on a boundary
neighborhood A of a Riemannian manifold R, there arises a rather natural question
about the biharmonic extendability of this singularity to p(x) which is bihar-
monic on all of R. For harmonic singularities s(x)e H(A), the question was
answered by L. Sario (1952), who showed that although s(x) may not be
harmonically extendable, nevertheless, in terms of the regular singularity
L(f), s+L(f) is so extendable. Here, L: C(0A)— H(A) is a bounded linear
operator resembling the Dirichlet operator and is called normal. Analogously,
in terms of H?*(A), the set of biharmonic singularities on A, a biharmonic
normal operator L: C(0A)XC(0A)— H?*(A) is to resemble a Dirichlet operator
and as an operator, is to be bounded. The purpose of the present effort is
then to establish that, given a biharmonic normal operator L, each biharmonic
singularity s(x) has a biharmonic extension modulo a regular biharmonic
function L(f, g).

Examples may be obtained by applying the extension process to particular
choices of L and s(x); in particular, when s(x) has a fundamental biharmonic
singularity at a, then a biharmonic Green’s function with singularity at a is
obtained.

In his basic paper [4], L. Sario introduced a normal operator whose purpose
was the construction of harmonic functions with certain prescribed behavior
near the ideal boundary of a Riemann surface W. A full account of the ap-
plications of this operator, as well as an account of its own intrinsic interest,
are given in, among others, the monograph of Rodin and Sario [1]. The issue
of primary concern is, how does one accomplish showing that given a harmonic
singularity s(z) defined on a boundary neighborhood W’CW, there is a harmonic
p(z) defined on a Riemann surface W for which p(z)—s(z) is a regular singul-
arity L(f). Here, in terms of «, the compact border of the bordered W’, L is
a continuous linear mapping similar to a Dirichlet operator. Explicitly, L is a
linear mapping from C(a) to the set of regular singularities Hg(W’); that is,
the set of bounded harmonic functions with 0 flux. In this sense, p(z) is said
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to have the same behavior as s(z) at the boundary. For a given operator L
and singularity function s(z), establishing the existence of peH(W) for which
p(z)—s(z) is a regular singularity in W’ is generally called the “principal
function problem.”

When the carrier of the harmonic functions and singularities is replaced
by an N-dimensional Riemannian manifold R with boundary neighborhood A,
the so-called principle function problem may again be posed, and, such has
been resolved in Sario, Schiffer, Glasner [6].

The analogous issue for biharmons functions is rather evident; that is,
given a biharmonic singularity s(x) defined on a boundary neighborhood ACR,
can one show that s(x) has a biharmonic continuation to R, modulo a regular
biharmonic function L(f, g), where L is to be a linear operator resembling an
operator which solves a biharmonic Dirichlet problem. The purpose here is to
present the initial steps in the development of such a biharmonic normal
operator. The setting of this presentation is to be a Riemannian manifold R
and the notation is to be consistent with that of Sario, et al [5]. So the
locally compact, noncompact boundary neighborhood A bordered by « is taken
as R—%2,, where !5,1 is a regular subregion; that is, the harmonic Dirichlet
problem is solvable in £,. In particular, a function A(x) is called harmonic
when 4h=0, where 4 is the usual Laplace-Beltrami operator. Moreover, the
biharmonic Dirichlet problem is solvable in a regular region 2 as well; that
is, in such a region there exists a biharmonic function u(x) with prescribed
values and Laplacian on the boundary 0f£. And finally, flux integrals are

Sﬂ*a’u, where d is the dimension raising differential operator, and = is the

Hodge operator carrying p-forms to N—p forms. As usual, the orientation on
B=0D is that induced by D.

A careful examination of the original work of L. Sario [4], reveals that a
good deal of the machinery presented there can, and will with appropriate
interpretation, have meaning as well as use in the biharmonic case. Of course
there are important differences. For example, in harmonic theory, if restrictions
of harmonic functions to A are to be singularity functions, then of course

S #*ds=0 is required of each singularity s(x). On the other hand, S xdu need

not be 0 for biharmonic functions u on K. But, in terms of wv,(x), quasihar-

monic on £, and vanishing on a=0#,, it follows from the biharmonic Green’s
formula

) Su*ddv—dv*dn—v*ddu—!—du*dv:O

that S *duzg Auxdv,. Hence this flux condition is included in the defining

requirements on biharmonic singularities as well as on this candidate for a
normal biharmonic operator. With the analysis to follow is establshed the
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existence of such an operator that might reasonably be called normal, all in
the spirit of the harmonic normal operator that has gone before it [4].

1. In terms of the boundary neighborhood A:R—Q-a, with smooth compact
boundary «, and v,, quasiharmonic on £, and vanishing on 02,=a=04, a
biharmonic normal operator L a linear transformation from C(a)XC(a) into
H*(A)NC¥A) which satisfies:

(i) L(f, @9le=f and AL}, 2)l.=2,
(ii) Sa*dL(f, g):SaAL*dva and Sa*dAL(f, 2)=0,

(iii) Supa | L(f, @I=lf1+4Algl
for some A depending only on L, and Sup 4|4L(f, g)| <llgl.

(iv) L(f, 0) is harmonic on A and satisfies L(1, 0)=1.

In terms of the projection operator P,: H2(A)NCYA)— Cla) X Cla), with P,(u)=
(4|a, duls), the defining property (i) may be written as P, L(f, g)=(/, g).
A function s(x) belonging to H2%(A)NC*A) is called a biharmonic singularity

ifg *ds:S ds*dv, andS xd4s=0. The function p(x) biharmonic on R is

said to have the singular behavior of s(x) with respect to L if
@ p—s=LoPy(p—s)

is valid in A; that is p—s is a regular singularity because p—s=L(f, g). On
the other hand, when p—s is a regular singularity then of course L-P,(p—s)
=LoP,o L(f, g)=L(f, g)=p—s is valid in A.

2. The Main Theorem. Suppose that L is a biharmonic normal operator
defined with respect to the boundary neighborhood A of the Riemannian mani-
fold R, and that s(x) is a biharmonic singularity on A. Then there exists p,
biharmonic on R such that p(x)—s(x) is a regular biharmonic singularity for
L. Furthermore, such a p(x) is unique among those for which p(xq)=4p(x,)=0.

The proof, presented in numbers 3, 4, 5, and 6, consists of solving an
operator equation equivalent to (2) in a manner reminiscent of, but significantly
different from, the harmonic case [1], [2].

3. The Operator Equation. Let 2D, be a regular region, and denote by
D(f, g) the solution in £ to the biharmonic Dirichlet problem with boundary
values given by Pyoe D(f, g)=(f, g). If for T: COR)xC(OR2)—C{O2)xC(ONQ),
given by T(¢, ¢)=Psg° L+ P, D(¢, ¢), the functional equation

©) (I=T)¢, )=Poa(s— L Pa(s))
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has a solution, then the problem of finding a biharmonic p(x) which has the
boundary behavior of s(x) is solved by taking

LePyoD(p, p)+s—L-P,(s) on A
D(g, ¢) on £.

Of course, such a functional equation does have a solution if T is completely
continuous and has kernal 0 in an appropriately selected Banach space [7].
Furthermore, it now follows that such a p(x) is well defined because on AN,
the biharmonic functions D(@, ¢) and Lo P, D($, ¢)+s—L-P,(s) agree since
their values and Laplacians themselves agree on the boundary «\JDS.

@) P(X)={

4. The Complete Continuity of T. In the space B=C(02)xC(0R2), the
norm [|(f, g)ll is taken as the usual sum of sup norms || f|+/gl. And now the
inequalities

) sup «| D(f, &)1=1D(/, Dlla=I/1+plgl,
®) sup o|4D(f, g)1=14D(f, &ll.=llgll

are established as preparation for showing that 7 is completely continuous on
the Banach space B.

Of course (5) is valid, since 4D(f, g) is continuously equal to g on 0.
To verify that (4) is valid, we represent D(f, g) in terms of its Laplacian H(x)
and the harmonic Green’s function go(x, ), as

D(f, 8)0)={ golx, YH()+h(x)

where h(x) is harmonic on 2 with values f on 0£2. In fact, the integral term
I(x) is equal to 0 on 0f£2 and has Laplacian equal to H(x)=g(x) there. But
go(x, y) is of constant negative sign with flux 41 and of course the subharmonic

SQ go(x, y)*1,=GI(x) attains its minimum — g, at an interior point of £. Hence

the integral part of the expression for D(f, g) is estimated as |1(x)|= o sup ,eo
| H(y)| =po max ,esolg(¥)|. Of course sup ,eol(h(x))|=|f[, and the estimate
(4) follows.

The boundedness of 7" now follows easily from the estimates (4) and (5)
along with the defining (iii) of L. That is, since 02CA and aCQ, we write

NT(f, @ll=llPage Lo PooD(f, @I=ILePsD(f, g)logl+I14L Py D(f, g)ls0ll
=SID, @llat+A14D(, Qlla+14D(f, &)la
s Al+pellgl+2lgl+l gl
=1+ pe+2N S, DI
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from which it follows that 7 is bounded.

Next suppose that (f,, g.) is a bounded sequence on C(02)xC(0£2). Then,
of course h,=A4L-P,-D(f,, g,) is, with the estimate (5) and the defining (iii),
a bounded sequence of harmonic functions on A, and has, as usual, a subsequence,
say (h,) again, which converges uniformly to the harmonic A(x) on compact
sets of A. Of course 02 is such a compact set, and so h,|sp the second
component of T(f,, g.), converges in norm. In terms of the biharmonic
Up=LoP,oD(f,, g), the first component is then u,|s0.

We now require a regular region £’ slightly larger than £, as well as a
boundary neighborhood A’ slightly smaller than A. So we choose 2, and £’
for which 2,CcQ,cQ,cQcQcQ’, and set A’, with boundary «’ equal to
R—Q,. Of course 4QCA’'N2".

In these terms, the boundary of 2'"A’ is a’\J0&2’, and its Green’s function
i8 gona(x, ¥). Since h,(x)— h(x) uniformly on compact sets of A, it follows

that w"(x):Sg,M,gQ’M’(x’ y)xh,(y) converges uniformly to w(x)=

SQ'nAgQ'”A'(x’ y)*h(y). In fact, dw,(x)—dw(x), since dw,=h, and dw=h.

Now w(x) is biharmonic and vanishes on «’J0Q’. Hence, in terms of the
harmonic v,(x), With v,|auvs0 =unlausg, it follows that u,(x)=w,(x)+v,(x).
However,

Unla’uﬂ.@’:L°Pa °D(fn, gn)la’uaﬂ’ »

so the sequence v, is bounded, and has a subsequence, again v,, converging
uniformly to the harmonic v(x) on compact sets of A’"N\2’. In particular, the
sequence u,(x) of biharmonic functions converges uniformly to u(x)=w(x)+v(x)
on 0f2 itself. Since T'(fn, g2)=(Urls0, hnlsg) With each component converging
uniformly, it follows that T(f,, g,) converges in norm.

5. The Vector Space. VN\W. The objective now is to use the Riesz-
Schauder Theorem [7] to establish that the operator equation (I—T)(¢, ¢)
=Pso(s—D,° L-P,(s)) has a solution in the space C(0Q)xC(02). Since T is
already compact, it of course remains to show that the kernal K of I—T is
zero. But if (¢, ¢)€ K, then with (3’) there is a biharmonic p on R given by

{D(sﬁ, ¢ on 2,
L-P,-D(¢,¢) on A.

Now the harmonic 4p attains extreme values on %2, in particular, at interior
points of R, and of course is constant. Since dplsp=¢, it follows that ¢ is

constant as well.
Hence, we borrow from Rodin-Sario [1] the space XCC(02) for which

gag ¢xdw=0, where w is the harmonic measure of AN, satisfying w|;0=0
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and w|,=1.

So in terms of V=C@2)XX, if (¢, )= KNV, then ¢=const.=0. Hence,
we conclude from the defining (iv) that p=D(¢, 0)\JL <P, D(p, 0) is itself
harmonic and again constant. It follows that in the space V, the kernal K of
T is the one dimensional (&, 0). Next, the domain space of T is further
restricted with using the biharmonic measure ¢ of Sario [3]: that is do=w
with ¢ vanishing on the boundary a\Jof2 and w vanishing on 0£2.

DEFINITION. In terms of the biharmonic measure ¢ the space WCC(0%2)

xC(092) is (¢, P); Sag prdo+Prdo=0}.

PROPOSITION. (a) In the Banach space VW, the kernal K of I—T is (0, 0).
(b) The linear operator T takes VAW into VAW. (c) The singularity s—LeP,s
eVnw.

Proof of (a). It has been shown that if (¢, )€ KNV, then (§, o)=(k, 0).
But (k, 0) can belong to W only if k=0, and (a) is established.

Proof of (b). The verification that T: V—V is just that of [1] with V
here in the role of X there. That is, the second component of T(g, ¢) is
AL+ P,°D(¢, ¢)|s0, and with Green’s theorem along with the condition w=0 on
082, we can write

|, AL P D(@, Prdo=| AL-P.-D(, $)rdo—wrddL-P,-D(g, §)
=( 4D, praw

=( 4p, rdort| wrddD(, $)=0.

Of course the term S wddLoe P,oD(p, $)=0 since L satisfies the flux condition
(ii), and the fact that T: V—V follows from the observation that for ¢V,

[, 40, prrdw={_grdo=0.

To show that W is invariant under T, we must consider the components
LoP,°D(¢, ¢) and AL+P,>D(p, ¢) of T(¢, ¢) for (¢, ¢) in W. By means of
an application of Green’s formula (1) with the region D as 21\ A and boundary
0D as 0Q2Ua, we obtain

[, LePe D@, yrdotAL-Po- D, $)rdo

=Sa D(¢, $yda+AD(¢, Pysdo—xd Lo Py D(g, §)
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=(  #rdotgrdo+| «aD(g, p)—rdLeP.oD(g, §)
=( +aD(g, P)—+dL-P.oD(, §).

However, from the defining (i) and (ii) for L, it follows that S *d LoPyeD(@, ¢)

:S AL*dvasg 4D($, ¢)*dv,. On the other hand, in the region £, we have
already applied Green’s theorem with the biharmonic functions taken as

u=D(¢, ¢) and v=v, to see that Sa*dD(ng, ¢):Sa AD($, J)*dv,. Since this

means S xdD—xdL - P,> D=0, it follows that T(¢, ¢)c W, and (b) is established.

Proof of (¢). To see that s—L-P,(s) belongs to VW, it will be sufficient
to apply Green’s theorem again to the appropriate components, namely
s—LoP,s|sg and ds—AL+P,s|3o. With first using Green’s formula for harmonic
functions, we obtain

Sag (ds—AL - Pa(s))*dwzgag wrd(ds— AL - Pa(s))—kga (ds—AL - P(s)*dw

—Sa wrd(ds— AL » P()=0.

Hence it follows that s—L-P,(s)eV.

Similar considerations along with another application of (1) are next used
to show that s— L P,(s) belongs to W as well. The integral or the appropriate
components is

Sag(s—L o P(s))sdaw+A(s— L oPa(s))*da:—Sa sd(s—LoP,(s)).

But, with the definition, each singularity s satisfies S *dszg ds*dv,, and on
a

a

the other hand, due to the defining (i) and (ii) for the operator L, it
follows thatg *d(LoPa(s)):S AL+P,(sysdv,=| dstdv,. Hence we have that

S *d(s— L P,(s))=0 and it follows that s—L-P,(s) does belong to W. With

this, the proof of (c) is complete, as is the proof of the proposition.

Now, by virtue of the Riesz-Shauder theory [7], we are assured of a
solution of the functional equation (3) in VAW, and with this solution, we
may construct, from (3’), the biharmonic p(x) for which p—s is a regular
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biharmonic singularity; that is, p—s=LP,(p—s) on A. The theorem is now
established with demonstrating the uniqueness.

6. Uniqueness. If p, and p, are biharmonic and satisfy (2), then of course
g=p,—p. is defined on R and satisfies g=L-P,(g) on A. So sup,|dql=
sup 4| 4L+ P,(q)| =[|4q|. holds for the harmonic 4q which then has an interior
point at which its maximum is attained. Hence, dq is constant, and with the
hypothesis, equal to 0. Now, with the defining properties (iii) and (iv), the
same may now be said for the harmonic p, and this means, of course that

b1=Dps"

7. A Principal Example. As an analogy with the L, operator of harmonic
theory [Rodin-Sario; 2], we shall construct here a biharmonic normal operator
Ly, The manifold R is taken as the interior of a subregion of a manifold R’
containing R wherein the border is called B. Then the boundary neighborhood
A is R—0,, where 2, is a regular subregion with 2,CR. And now, L.(f, )
is to be the biharmonic function for which P, L,,(f, g) as usual, and Pge Ly,
=(k, 1), where these constants are adjusted to meet the flux requirements (ii).

The construction is in part reminiscent of harmonic theory [4]. Because,
in terms of wu, the solution to the biharmonic Dirichlet problem in A, with

Po(u)=(f, g) and Pg(u)=(0, 0), we take vas u—rc (Sﬁ *dAu/Sﬂ *dAz-) where 7 is a
biharmonic measure on A [Sario; 3]; that is, ¢ is 0 on a\JB, with Laplacian
equal to 0 on « and 1 on 3. Certainly v now satisfies the condition S xd Jv=0,

while 4v is constant, say [, on B. It follows, from the maximum principle
that |I|<|gll. Next, w is taken as hibarmonic on A, with P,(w)=P,(v)=(f, &)
and Pg(w)=(k, [). Here, k is to be selected in terms of integrals of the functions
f and g, the constant [ already chosen and the biharmonic measure ¢ on A

for which do=w with w=1 on « and 0 on 5. That is, since Sﬂ *dw+0, k may

be chosen to satisfy

6) S f>i<da)—g>x<dv,),+g>kclo-:Slg kxdw+Ixdo .

But according to Green’s formula, the companion relation for the biharmonic
w
6" S f*dw—*dw—l—g*dazgﬁ krdo+Ixdo

is valid. And now with a comparison of (6) and (6”) we observe that
S Aw*dvazg g*a’vazg xdw. Of course L(f, g) is then taken as w, and the

defining conditions (i) and (ii) are certainly satisfied.
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Furthermore, when g is 0, we would have that w is harmonic for any
choice of k.. But the choice dictated by the comparison of (6) and (6’) is then

S f*dw:Sﬂ kxdw. (This of course is the same old familiar condition that is
a

needed to assure that the harmonic w have zero flux.) Trivially, if f=1
identically, then 2=1, and the defining (iv) is verified.
Hence there remains only the verification of (iii), the second part of which

is similar to the harmonic theory [Rodin-Sario; 1]. In fact, since Sﬁ xddL,;=0,

it follows that L, cannot be an extreme value on f§, and so sup 4|4L(f, g)]

=llgll.
For the purpose of studying sup 4|w(x)|, as in section 4, we represent

w(x) in terms of the harmonic Green’s function g,(x, y) as
™ w(x)={, g, y)eduw()+hx)

where h(x) is harmonic and has the data of w(x) on a\JB. Hence the integral

part of (7) can be estimated as [I(x)| S pa(llgll VvV D=pal gll, where py=sup 4(—G1(x)).
Since sup 4| 2(x)| Z|lfIV | k|, an estimate for w(x) is obtained from (6) which

defines % ; that is
#1=({, <aw) [ 1/1+dot Iglerdv,tdo)+ gl | do].

=[lfl+blgl
The result is |w(x)| =palgll+1/1+blgl=I/I1+2lgll and the defining prop-
erty (iii) is verified.

©)

8. The Biharmonic Green’s Function 7. Certainly now it is natural to
attempt the construction of the Green’s function 7 by means of an application
of the L,; operator. Unfortunately, such a construction using L,; as one com-
ponent in a direct sum of operators is not possible in the present stage of this
theory. Nevertheless, the Green’s function can be realized from the construction
of an operator L, and during the course of this construction, it will be easy
enough to observe the reason for the failure of the present version of this
theory to have the usual direct sum property.

Suppose that R is a regular submanifold of the manifold R’ and for ¢ &R,
choose V, a parametic ball such that V.CV,CRCRCR’. In terms of the
coordinate x in Vg, gy, (x) is to denote the fundamental biharmonic singularity
which satisfles Pyg,(¢gv,)=(0, 0) and whose Laplacian has flux +1. The Green’s
function 7x(x, @) is then to have the singular behavior of ¢y (x) near a, and
in terms of B=0R, is to satisfy Ps(rz)=(0, 0).

Of course the main theorem must be applied in a setting of a punctured
manifold R,=R-—a, wherein a boundary neighborhood N; in R is formed by
first taking the regular subregion £, for which V,C2,C92,CR, and then
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forming Nﬂ:R—QO. In the punctured R,, the regular region £, is taken as
2,—V, and the boundary neighborhood in R, is then A=R,—Z,. Now in
Rq, A=(V,—a)UN; and has boundary 0A=—02,=a=—(a,+a,), where a,=—0V,
and @,=08, In these terms, it is consistent to call v,, v,, and v,, those
functions which are quasiharmonic on 2,, V,, and £, and 0 on the boundaries
«, a,, and a, respectively.

We call the operator L from which the Green’s function is to be realized
by L/f, &) =w with wINﬁ:wO and w|y,=w, for L, inside and outside re-
spectively. First, w, is taken as the solution of the biharmonic Dirichlet
problem in V, with P,(w,)=(f,, g,). Next, w, is to be biharmonic with
P, (wo)=(fo, go) and Pz(wo)=(k, I). The choice of the constant / for which the

flux Sﬂ xddw=0 is made again as it was for the L, operator. On the other

hand, the constant 2 must be chosen to satisfy a somewhat different matching
equation

9) S fo*dw—i—go*do—go*dva—i—g gi(>'sdval—>:<dva):S{3 kxdw+Ixdo .
ay ay
Such a % depending on f,, g, /. and g, can certainly be chosen because

Sﬁ *dw#0. With %k so selected, the biharmonic w, then satisfies the companion

equation

CH) S wo*dw+dw0*da—*dwozgﬁ kxdw+I+do .
@g

Since S *dw,zg gixdv,,, a comparison of (9) and (9") yields

a, ay

S *dwo=§ go*dva—g #dw,—g*dva ,
ag ap @y

and this of course is just the flux requirementg *dL,:S ALxdv,. Hence

the operator L,(f, g) satisfies the defining (ii).

With a comparison of (6) for defining L. (f, g)lg with (9) for defining
L.f, g)ls we see directly that (iii) for L, is verified in just the same manner
as it was for L,;. And the same can be said for the condition (iv).

To complete the construction of 7(x, a), we need only select an appropriate
biharmonic singularity s(x). To start, s(x) is taken as the fundamental nega-
tive biharmonic singularity ¢y, (x) which satisfies Py (gv,)=(0, 0) and has flux

Sav #ddgy,=-+1. Then in Ng, s(x) is taken with P, (s)=(0, 0) and Pg(s)=(m, n).
The constants again taken so that the flux conditions are satisfied. That is,

Ads=t, where (=n(l—w) and n=(—1)/gﬁ *dw. In terms of the orientation
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induced on a by £, we have S xdds=0. As usual, m is then taken to satisfy

the equation
(10 —Saz *dq"a:Sﬁ mxdw+nxdo .

With m so defined, and s(x) taken in Nz as 0 on a and m on B, the so-called
companion equation for s(x) is

1079 S *dszg skdw+dsxdo
ag B
and from comparing these, we have that S xds=0. Since j Asxdv,=0 as well,

a a

it follows thatS *ds=§ dsxdv, and the flux conditions for the singularity

s(x) are satisfied.

Finally, by virtue of an application of the Main Theorem with the operator
L and system of biharmonic singularities as just described, there exists the
biharmonic p=s+L;°P,(p—s), where Py(p)=(x, '), a pair of constant. In
terms of u for which du=«’ on R and u|g=x, the Green’s function 7 is p—u.
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