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REMARKS ON SQUARE-INTEGRABLE BASIC COHOMOLOGY

SPACES ON A FOLIATED RIEMANNIAN MANIFOLD
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BY HARUO KITAHARA

B. L. Reinhart [7] showed that on compact foliated manifold with "bundle-
like" metric, the cohomology of basic differential forms is isomorphic to the
harmonic space of a certain semidefinite Laplacian. It is well known that the
complex

d" : o — > Λ° °(M) — > Λ0>1(M) — > Λ0>2(M) — > -

is not elliptic. We shall define the completion L°2'\M) of compactly supported
basic (0, s)-forms and discuss the squareintegrable basic cohomology spaces in
complete case analogous to K. Okamoto and H. Ozeki [2] on a Hermitian man-
ifold.

§ 1. Definitions

Let M be an n dimensional C°° manifold which, topologically, is connected,
orientable, paracompact Hausdorff space. We shall assume given on M a folia-
tion E of codimension q, and we may find about each point a coordinate
neighbourhood with coordinates (x1, •••, xp, y1, •••, yq) (n^p+q) such that

(i) \x*\^l, \y*\^l,
(ii) The integral manifolds of E are given locally by y1=c1, •••, yq=cq for

constants ca satisfying | c α | ^ l . (Here and hereafter, Latin indices run from 1
to p, and Greek indices from 1 to q.)

Such a coordinate neighbourhood will be called flat, while each of slices given
by a set of equations ya=ca will be called a plaque. If U is a flat neighbourhood,
the quotient space of U by its plaques will be called the local base and be
denoted by Uy.

We may assume that there exist in U differential forms w% and vectors va

such that
(i) {d/dx1} forms the base for the space of cross-sections of E in U at each

point,
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(u) {w\ ••-, wp, dy\ •••, dyq) a n d {d/dx\ •-•, d/dxp, vlf •••, vq] are d u a l

bases for the cotangent and tangent spaces at each point of U respectively.
Hence, w%=dxt+Σαt

αdyα and υα=d/dyαj

ΓΣib
ι

αd/dx\
α i

Throughout this note, all local expressions for differential forms and vectors
will be taken with respect to these bases.

§ 2. Square-integrable basic cohomology spaces

On a foliated manifold we may have the decomposition of differential forms
into components in following way: Any C°°—m-form φ may be expressed
locally as

Σ Φiv..τrαv..αs(x, y)w1^ A - Aw^Ady^A - Adyα>.
ι \< <ιr r+s=τn

We then define Π r > sφ to be the sum of all these terms with a fixed r and s.
Since under change of flat coordinate system, {{dyα}} goes into {{dy*α}} and
{{w*}} goes into {{w**}}, this operator Hrs is independent of the choice of co-
ordinate system. Here by {{•}} we mean the vector space generated by the
set {•}. Ursφ is called the component of type (r, s) of φ. The type decomposi-
tion of forms induces a type decomposition of the exterior derivative d by the
rule (JLt.ud)φ=Σr,8Π.r+t.s+udΠr.sφ. Let U1,od=d' and IL0.id=d". In general,
there will be a component Tl-lt2d since we are interested only in forms of type
(0, s), we shall not introduce a notion for this component.

PROPOSITION 2.1. (cf. [7]) If φ is of type (0, s), then dφ=d/φ+d//φ. Moreover,
d'φ=0 if and only if φ depends only upon y, in the sense that locally

Φ=Έφar..as(y)dy^A ••• Adya*.

DEFINITION 2.1. A form of type (0, s) which is annihilated by d' will be
called a basic form.

DEFINITION 2.2. A riemannian metric is bundle-like if and only if it is re-
presentable in each flat neighbourhood by an expression of the form

Hereafter, we assume that the riemannian metric on M is bundle-like and
all leaves are compact.

Remark. In this paragraph, we may replace "all leaves are compact" by
"the volume of M is finite", then the compact support of the basic form is re-
placed by the tranversally compact support, i.e. φar. as(y)dyaiA ••• Adyas has
compact support in variable y''s in local expression, and, for example, we may
consider the torus foliated by a family of irrational spirals.

Let ΛO>S(M) be the space of all C°°-basic form of type (0, s) and A°O'S(M) the
subspace of ΛOS(M) composed of forms with compact supports. Restricted to
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Λ° *(M)=ΣΓ=o ΛO>S(M), d"2=d2=O, so we may consider the cohomology of
Λ° *(M) and dff. (This is called the base-like cohomology by B. L. Reinhart [7].)

B. L. Reinhart [7] introduces the ""'-operation on ΛO>S(M), and defined by

*"0= Σ

g«i»i... ga*v'φVr..VsdyβlΛ

According to B. L. Reinhart [7], we may define a riemannian metric on ΛO S(M) by

<0, ψy^φΛ^'ψΛdx'Λ ••• Λdxp,

and obtain a pre-Hilbertian metric on ΛϋlS(M) by

Λdxp .
M '

T h e differential operator ά" maps ΛO>S(M) into Λ O l S + 1 (M). We define δ" \
Λ° S(M)-+ Λ°'S-\M) by

Then we have

for ^GΛj 'iW), ^ e Λ 2 l S

Let L°2'
S(M) be the completion of Λ°O'S(M) with respect to the inner product

(,). We will denote by d the restriction of d" to Λ°O'S(M) and by θ the restric-
tion of δ" to Λ2'S(M). Define

d=(θγ and /?=(3)*

where ( )* denotes the adjoint operator of ( ) with respect to the inner product
(,). Then 5 (resp. θ) is a closed, densely defined operator of IA>S(M) into
(resp. Ll's~\M)). Let DΪ-* (resp. D^s) be the domain of the operator 5 (resp. θ)

in Ll'\M). We put

Since d and (5 are closed operators, Z^'\M) and Z^\M) are closed in Lfs(M).

Let 5 | '(M) and B^S(M) be the closure of a ^ 5-1) and#~CD«'s+1) respectively.

DEFINITION 2.3. H°2 '(M)=Z!''(M)QB±'°(M) is the square-integrable basic

cohomology spaces, where θ denotes the orthogonal complement of B^

It is easy to see that
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Since Z^'\M) and Z^ lS(M) are closed in L\ \M), H\'S(M) has canonically the

structure of a Hubert space.

THEOREM 2.1. (The orthogonal decomposition theorem)

Proof is analogous to L. Hδrmander [3], in fact, we have only to notice that

B^S(M) and B^\M) are mutually orthgonal and B^s{MYr\B^\MY=H\-9{M)9

where _L denotes the orthogonal complement in L\>S(M).

Then we have the Dolbeault-Serre type theorem.

THEOREM 2.2. // the bundle-like metric on M is complete, then,

Hl's(M)=Hl'q-s(M) (isomorphic as Hilbert space).

In fact, we have only to notice that the following diagram is commutative.

Λ°o's(M)

*l\S (-1)-

COROLLARY 2.1. (cf. [7]) // dim H°2

 S(M) is finite, then d im#| | '(M)=dim

§ 3. Harmonic forms in complete bundle-like metric

Hereafter, we assume that the bundle-like metric is complete and all leaves
are compact.

PROPOSITION 3.1.

where N°ΛM)= {φ^ Λ° s(M)\d»φ=0} and

In order to prove this proposition, we need some facts analogous to A.
Andreotti and E. Vesentini [1].

We consider a differentiable function μ on R (the reals) satisfying
( i ) O ^ μ ^ l on R,
(ii) ,£(0=1 for t^l,
(iii) μ(t)=O for ί^2.
It is known that a geodesic orthogonal to a leaf is orthogonal to all leaves

(cf. B. L. Reinhart [6]). We fix a point o in M, and for each point p in M, we
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denote by p(p) the distance between leaves through o and p. Then we set

wk(p)=μ(p(p)/k) for k = l, 2, 3, - .

LEMMA 3.1. Under the above notations, there exists a positive number A,
depending only on μ, such that

n A2

(i) \\d"wkΛφ\\*<- °

(ii)

k2 "'

nA2

for all φζΞΛ° s(M), where \\φ\\2=(φ, φ).

In order to prove this lemma, we have to notice that the function p(p) is a
locally Lipschitz function and, at points where the derivatives exist, it holds

Σgaβva(p)vβ(p)<n.
Then we have

where A is a positive number depending only on sup —-

We remark that d'wk=0 and wkφ has compact support for each <
Then we have that wkφ^DI'sr\DI's for 0eΛ°- s(M), and that

3(u;^)=d^(u;*0)

θ{wkφ)=δ»(wkφ).

Now we prove Proposition 3.1. Let φ be in N%sr\Ll>s(M). By the above
remarks

d{wkφ)=d»{wkφ)

= d"wkΛφ.

Hence, by Lemma 3.1, we have

Putting φk = wkφ, we we have

dφk — > 0 (k — > oo) (strong).

On the other hand, φk-> φ {k —> oo) (strong). Since d is a closed operator, we

see that φ is in Dψ and dφ=O. This proves φ^Zψ(M). In the same way, we

have NψΓλLl>s(M)(ZZl's{M). This proves Proposition 3.1.
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DEFINITION 3.1. The Laplacian acting on Λ0>*(M) is defined by

For any φtΞLt>s(M)r\Λ°'s(M), we have

(3.1) {d*φ, d»a)B^

for all α£ΛjJ)(M), where Λ&WM) is the space of all forms of type (0, s) with
compact support contained in B(k) and B(k) is an open tube of radius k of the
leaf through the fixed point o in M. For a=w2

kφ, we have

Substituting in (3.1), we have

(3.2) \\wkd'fφ\\B{k) + \\wkδ»φ\\B{k)

{ΛΛ-\{d»φ, 2wkd»wkΛφ)BUι>\

On the other hand, the Schwartz inequality gives the following

* ^

and

\(Πφ, w\φ)Bik,\t

for every σ>0.
Substituting in (3.2),

1 , SnA2\ 2

Letting k —• oo, we have

for every σ>0. In particular, setting Πφ=0 and letting σ —> oo, we have

LEMMA 3.2. Let the bundle-like metric on M be complete and all leaves be
compact. If φ^L°2'

s(M)nA°'s(M) such that Πφ=0, then d"φ=0 and δ"φ=O, i.e.
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From Proposition 3.1 and Lemma 3.2, we have the following theorem.

THEOREM 3.1. Let the bundle-like metric on M be complete and all leaves be
compact. If φ^U's(M)r\A°'s(M) such that Πφ=Q, then φtΞH\>s(M).

Remark. The bundle-like metric can be deformed to a continuous complete

metric if all leaves are compact, but the deformed metric can not be C°°-metric

(cf. [4, 5]).

Remark. It is well known by I. Vaisman [8] that for a compact oriented
foliated riemannian manifold M, the space Mr>s(M) of foliated harmonic forms
is a subspace of the de Rham cohomology space Hr-\M).
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