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ON INFINITESIMAL AFFINE AND ISOMETRIC
TRANSFORMATIONS PRESERVING
RESPECTIVE VECTOR FIELDS

By TOSHIHIRO [WAI

§1. Introduction.

Researches into symmetry of dynamical systems exhibit an increase of
interest in automorphisms of geometric objects with some dynamical constraints.
Recently, Ikeda and Nishino [1] have studied scalar-preserving isometries of a
Riemannian space. In 1968-1974, Katzin and Levine treated projective and con-
formal transformations related with dynamical structures [2], [3], [4], [5].
The present author [6] has shown that an invariance of the equations of motion
in a Riemannian space entails an affine or isometric transformation which pre-
serves a vector field. Interest in the same kinds of transformations comes also
from other branch [7]. This paper presents solutions to equations proposed in
the previous paper [6] and reveals what Riemannian spaces can admit invariance
Lie algebras consisting of the infinitesimal affine and isometric transformations
preserving respective vector fields. Global situations will be touched upon.

The settings of the problem are briefly reviewed in Section 2. Section 3
deals with Lie algebras of the infinitesimal affine transformations preserving
a vector field. Maximal Lie algebras and the allowed Riemannian spaces will be
found out there. Section 4 is concerned with Lie algebras of infinitesimal iso-
metries which preserve a vector field, and with the problem of what Riemannian
spaces can admit such Lie algebras. Global structures of these Riemannian spaces
will be described. Section 5 is devoted to studying a Lie algebra of dimension
lower than that of the considered ones in Section 4; this Lie algebra consists of
the infinitesimal isometries preserving a scalar. A case which was out of con-
sideration in [1] will be studied. It will be shown what Riemannian spaces can
admit Lie algebras of the infinitesimal isometries preserving a scalar, together
with remarks on global situations.
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172 TOSHIHIRO IWAI

§ 2. Basic equations.

Let (M, g) be an n-dimensional Riemannian space®, and (x%)®» a local
coordinate system of M. Let T(M) be the tangent bundle over M and (x% v%)
the induced coordinate system of T (M). The geodesic spray is a vector field
on T (M) given by

@.1) E=w<£T —{i];e}u’z—(%),

where {ij;e} denote Christoffel symbols formed from the metric g. Given a
vector field V on M with local components (V?), define a vector field on T (M) by
(2.2) Z=E+V: 8?1’ .

The field Z is defined throughout T'(M). Integral curves of Z describe time
development of the dynamical system (T (M), Z). An infinitesimal transformation
X=(&") of M is naturally lifted to T (M) by

$_p 0 | 08 0
@3 X=¢ 0x* + axt U vt

THEOREM 2.1 [6]. A necessary and sufficient condition for Z given by 2.2)
to admit an infinitesimal transformation X given by (2.3), that is, [X Z1=0, is

(2.4) .EX{jlk}=0, L Vi=0,

where Ly denotes the Lie derivation with respect to X.

Alternatively, denote by T*(M) the cotangent bundle over M with the in-
duced coordinate system (x?, p;). The vector field Z on T(M) is carried over,
by the natural diffeomorphism of 7' (M) with T*(M), to

S AR

where T:%g“pi p, and V,;=g;,V* For a given vector field X on M, we put

N S
(2'6> X*'—& ax ax p] ap

which is the natural lift to T*(M).

1) All geometric objects in this paper are supposed to be of class C=.
2) Unless otherwise stated, Latin indices run from 1 to n, and the summation
convention is adopted.
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THEOREM 2.2 [6]. Z’ given by (2.5) admits an infimitesimal transformation
X* given by (2.6), if and only if

(2. 7) .[:Xg”':O, IXVi:‘O-

We are going to solve Egs. (2.4) in Section 3 and Egs. (2.7) in Section 4,
respectively. We shall consider in Section 5 Egs. (2.7) with gradient V in detail.

§ 3. Infinitesimal affine transformations.

By & we mean the Lie algebra of all the vector fields X satisfying (2.4).
To investigate & we put (2.4) into a normal form:

(3- 1) vV, §1=§,7, ijkf:—‘Ruk?Sly
@.2) £V, Vi—VEER=0,

where (R,;;,%) denotes the curvature tensor and V, the covariant derivation with
respect to d/dx’. Egs. (3.1) and (3.2) are linear differential equations in n*+n
unknowns (&7, £,%) with the constraints. We assume that the vector field V=(V?)
is not the zero but may have isolated zero points.

THEOREM 3.1. Lie algebras of infinitesumal affine transformations preserving
a non-zevo vector field ave of dimension n* at most. An n*-dimensional algebra,
when such exists, 1s transitive at every point where V does not vanish.

Proof. By bringing (3.2) into the form
(3.3) ERN,VEI—V*3556,7=0

and by considering the rank of the (n, n?)-matrix (V*§¢) in a local coordinate
system such that (V¥)=(1, 0, -+, 0), we find that (3.2) contains at least n linearly
independent equations in (&% &,%). Hence Egs. (3.1) and (3.2) admit at most
n*(=n?+n—n) linearly independent solutions. When n? independent solutions
are admitted, by means of (3.3) the initial values of (&%) can be arbitrarily
chosen at each point where V does not vanish, and consequently  is transitive.
This completes the proof.

By straightfoward calculation we can conclude that if the integrability
conditions

Emvm szk%+Ezy-anjk%+E]7-"Rzmk€+€kT-nRz]m{"—Em%RukT‘n:O

of (3.1) are satisfied for any (&% &%) satisfying (3.2) then M is locally flat:
R,;r,=0. Thus, we have

THEOREM 3.2. If a Riemanman space M admits a maximal Lie algebra of
the infinitesimal affine transformations preserving a non-zero vector field, then 1t
18 locally flat.
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Although groups of affine transformations of an affinely connected space
have been already investigated by Wang and Yano [8], our result about affine
transformations preserving a non-zero vector field is not necessarily contained
in theirs. For in our case singular points of transformations, which was out of
consideration in [8], are allowed.

In what follows we shall work with (3.2) for & of maximal dimension n2
By Theorem 3.2 M is locally identified with R™ having the standard coordinate
system (x%). Let G denote a local Lie group generated by a maximal Lie algebra
& and G,, isomorphic with a subgroup of the general linear group GL (n, R), the
isotropy subgroup of G at a point of M. Then we have

nt—n<dim G,<n

Since © is transitive at every point where V=0 (see Theorem 3.1), G, is of
dimension n®—n at the points. If V=0 at some point, (3.3) holds identically for
all (&%, &%) corresponding to the elements of the Lie algebra &, of G, and hence
gives no constraints, so that G, is of dimension n?® there. Thus we get

(3.4) dim Gy=n*> or n’—n,

according as V vanishes at a point or not.
About subgroups of GL(n, R) the following Lemma 3.3 due to Wang and
Yano [8] is available. We use here the following notations:

GL*(n, R)={(a",); la"|>0},
L={(a"); a',=1, a*,=0, |a*;|=1}?,
L'={(a";); a",=1, a’;=0, |a*;|=1},
M={(a*,); a*,>0, a*,=0, |a*;|=1},
M ={a*,);a,>0, a';=0, |a*;]=1},
K={(a%)); a*,=ad*,, a: positive real},
I(b)={diag (e**»¢ g% ... ¢%%); b: fixed real},

where ¢ is the parameter of the group [(b). In this notations the lemma is
stated as follows.

LEMMA 3.3. Let H be a closed and connected subgroup of GL(n, R).
If dimH=n®—2n+5, then H 1s conjugate to one of the groups: GL*(n, R),
SL(n, R) (the special linear group), KXL, KXL', KxM, KxXM, Ib)XL,
Ib)xL', L, L.

3) Greek indices range over 2,3, -, n.
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For n=5 Lemma 3. 3 provides all possible subgroups G, of dimension greater
than or equal to n*—n. Accordingly, we can determine a vector field preserved
by an isotropy subgroup G,. Because of (3.4) we single out n% and (n®*—n)-
dimensional subgroups of GL*(n, R) as follows: GL*(n, R), KXL, KXL',
I(b)xL and I(b)XL’. Thus in our situation &, is necessarily one of the Lie
algebras of these subgroups. We now adress ourselves to determining preserved
vector fields V by solving (3.2) for each Lie algebra &, After doing so, we
consider what infinitesimal affine transformations other than the elements of &,
can preserve (i.e., be commutative with) the already determined vector field V.

(i) Gy=GL*(n, R). A basis of & on M consists of ¥

0

ax? '

Substituting (3.5) for (£%) into (3.2) shows that the vector fleld V commutative
with (3.5) is

3.5) x*

, 0
(3.6) V=cx PP
It is easily seen that (3.6) is not commutative with any infinitesimal affine
transformations other than (3.5). Thus G=G,, and hence dim &=n?

(ii) Go=KX L. After the same method as above, we can prove that V has
the same form as (3.6) in this case. It is an easy matter to see that if V is
commutative with an arbitrary infinitesimal affine transformation other than the
elements of &, then V vanishes. Therefore G=G, holds, so that dim &=n?—n.

(ili) Gy,=KXxL’. By substituting the elements of &, for (%) into (3.2), we
find that

(¢=>0: constant).

3.7 V=cx*% (¢=x0: constant)

is preserved by &, An infinitesimal transformation 9/0x* is the only one com-
mutative with (3.7), as is easily seen. Thus, G=G,XR and dim &=n2—n-+1.
(iv) Gy=I(b)xXL. A basis of @&, consists of
0 0 , 0 , 0 1 0

oxt A T oxt T w1 ox"’

A vector field commutative with any element of &, turns out to be

(3.8 A+b)x? +bx?

A LK
0} x

N _
cx 6x’+c PP for 1+b6=0,
(3.9) V=
cx 81 for 1-+b0%0,
0x

4) Without loss of generality we can suppose that G, 1s the 1sotropy group at the
origin (x%) =0.
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where ¢ and ¢’ are constants. Furthermore, infinitesimal affine transformations
0/0x* (k=1, ---, n) can preserve (3.9), when and only when 14+b=0 and c¢=0.
Hence, G=G,-R with 14+6=0 and dim &=n?, where the dot means the semi-
direct product.

(v) Goe=I(b)XL'. Following the method used above, we can see that the
preserved vector field V is of the form

{ c(x‘)xlﬁ%; for 1+56=0,
(3.10) V=
l ch% for 1+b6=0,

where ¢(x') is a function of x* alone and c¢ is a constant. If (3.10) is commuta-
tive with an infinitesimal affine transformation other than the elements of &,,

then c¢(x)=c=0. Hence, G=G, and dim &=n%—n.
Summarizing the above discussion, we obtain

THEOREM 3.4. If a Riemannian space of dimension n (n=5) admits a maxi-
mal Lie algebra & of the infinitesimal affine transformations preserving a non-zero
vector field, then the preserved vector field 1s either cx* 8/dx* or ¢’ d/dx' (c, ¢':
consts.) n a suitable coordinate system. The admitted local group genervated by ®
15 locally isomorphic to GL*(n, R) or (I(b)X L)-R™ with 1+4+b=0, according to
whether the preserved vector field 1s cx* 9/0x* or ¢’ d/dx".

Remark: If the Riemannian space is the Euclidean space R"”, Theorem 3.4

can be easily set up in global situation.

§4. Infinitesimal isometries.

Let & denote the Lie algebra consisting of the infinitesimal isometries
preserving a vector field ; this is determined by (2.7). As is well known, (2.7) is

equivalent to
(4~1) V. =&/, Vk’fij-:‘RLkﬂél,
(4~2> Et]+'§ji:0: Skvkvj‘Fkajk:O; (Ezj:gjkéz?)

We assume that V' is not the zero but may have isolated zero points, as well as
in Section 3. Egs. (4.2), the set of constraints on n®+n unknowns (&, £%), can

be written as
4.3) EXNLV ,4T,46,=0,

where T,A=6V*, A=(l, k) with [>k. By choosing a local coordinate system
such that (Vi)=(l, 0, ---, 0), we can see that the rank of the matrix (7,%) is
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equal to n—1. Accordingly, the linear differential equations (4.1) and (4.2) may
admit at most n(n—1)/2+1(=n*+n—n(n—1)/2—(n—1)) linearly independent
solutions. When the maximal number of independent solutions are admitted, by
means of (4.3) the initial values of (£%) can be chosen arbitrarily, so that & is
transitive at each point where V does not vanish.

Let G be a local isometry group generated by a maximal algebra & and G,
an isotropy subgroup of G at a point of M. Then

%(n—l)(n—2)§dim Goé—%«n (n—1)+1.

If V=0, G is transitive, as is claimed above, so that dim G,=(n—1)(n—2)/2.
If V=0 at a point, the second equations in (4.2) hold identically in (§*, &%) stand-
ing for the elements of &, And hence dim G,=n(n—1)/241. This, however,
contradicts the fact that G, is a subgroup of the rotation group SO(n).
Therefore, V vanishes nowhere under consideration, and consequently

. 4) dim G,= -;«(n—l)(n—z) .
Thus, we have

THEOREM 4.1. Lie algebras of the wnfinitesimal 1sometries preserving a non-
zero vector field are of dimension n(n—1)/2-+1 at most. The preserved vector
field never vamishes, and a maxwmal dimensional algebra, when such exists, 1s
transitive.

In what follows we study structures of Riemannian spaces admitting maximal
Lie algebras preserving a non-zero vector field. Incidentally, a Riemannian space
which admits an isometry group of dimension n(n—1)/2+1 have been already
studied by Yano [9] for n>4 (n=8) and by Obata [10] for n=8. Homogeneous
Riemannian spaces of dimension three and four have been studied by Cartan [11]
and Ishihara [12], respectively. In case of n=2 and dim =2, we go back to
Bianchi (see [13], for instance).

On the basis of their results we can determine preserved vector fields (i.e.,
vector fields commutative with any element of &) in each case. The notations
will be fixed as above.

(i) n=2. If @ is Abelian, M is locally flat. A basis of & and a preserved
vector fleld V are given, respectively, by

X 0 ¥ 0

(4' 5) 1 ax ’ 2 ay
(4.6) V—-—a—a +b——a (a, b: constants)
. P 3y , b .

If & is non-Abelian, M is a space of constant negative curvature [13]. A basis
of & is given in a suitably chosen coordinate system by
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.0 9
.7 Xi=ergs,  Ke=gl

A vector field commutative with X, and X, turns out to be

_ 9 1,0
4.8) Ve(—bxta) g tbgr,

where a and b are constants. Thus we have

THEOREM 4.2. Let M be a two-dimensional Riemannian space which admits
a maximal two-dimensional Lie algebra of the wnfinitesimal i1sometries preserving
a non-zero vector field. Then M 1s locally flat or of constant negative curvature.
The preserved vector field 1s given i a switable coordinate system by (4.6) or (4.8)
according as M 1s flat or of constant negative curvature.

(ii) n=3. In this case the maximal dimension of ®& is equal to four.
Riemannian spaces of dimension three admitting four-dimensional isometry groups
are classified into two types [11]. One is defined in a suitable coordinate system
by the metric

4.9 dszzg(dxz-l-dyz—l—dzz) (B>0: constant)
and the other by the metric
2 2 _
4. 10) dst=A—EE oy [y p ¥Aymyex
(g G 439) L (e 5?)

(A>0, B: consts.,, K=-1, 0, +1).

The preserved vector field can be easily written as

(4.11) V=cz—aa? (c: constant)
in the first case (4.9) and as
(4.12) V:C/% (¢’ : constant)

in the second case (4.10). Thus we obtain

THEOREM 4.3. Let M be a three-dimensional Riemannian space which admits
a maxumal four-dimensional Lie algebra of wnfinitessmal isometries preserving a
non-zero vector field. Then M has a metric defined by either (4.9) or (4.10). The
preserved vector field is given by (4.11) or (4.12) according to whether the metric
1s gwen by (4.9) or (4.10).
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(iii) n=4. The maximal dimension of & is equal to n(n—1)/2+1. An
isotropy subgroup G, isomorphic to a subgroup of SO(n), plays a key role to
the problem, where dim Gy=(n—1)(n—2)/2 as is given by (4.4). Incidentally, we
know a lemma about subgroups of dimension (n—1)(n—2)/2 of SO(n) [10], [12],
which is stated as follows.

LEMMA 4.4. If n=x4, 8, then G, 1s isomorphic to SO(n—1) leaving a one-
dimensional subspace of R™ wnvanant. If n=4, G, 1s 1somorphic to either SO(3)
having a one-dimensional invariant subspace of R* or SU(2) as the real representa-
tion wm GL®@, R). If n=8, G, s isomorphic to either SO(7) having a one-
dimensional mvariant subspace of R*® or Spin(7) acting 1rreducibly on R®.

Since SU(2) acting on R* and Spin(7) acting on R® have no invariant
subspaces of R* and of R® respectively, any vector field commutative with the
elements of &, (the Lie algebra of SU(2) or Spin(7) acting on a tangent space
to M) vanishes at every point. Thus, it suffices for us to deal with only the
case G,=SO(n—1) leaving a one-dimensional subspace of R" (n=4) invariant.
Through the same argument as in [9], M turns out to be a Riemannian space
endowed with a metric locally reducible to either

(4 13) ds*=(dx")*+g,.dx*dx* or

o 2(dx)y

4.14) ds?= 2 (2 (k=0: constant),

where g;,dx*dx* defines an (n—1)-dimensional Riemannian space of constant
curvature. In accordance with (4.13) or (4.14), a basis of & consists of

)
(*.15) G fam o
7 a 2 a 71 a a
(4.16) S T T TR PoR

where £%0/0x* stands for a basis of all the Killing vector fields on an (n—1)-
dimensional Riemannian space of constant curvature.

To solve Egs. (4.1) and (4.2), we need only to determine vector fields V
commutative with any element of (4.15) or (4.16). It is, however, an easy matter.
We obtain then

(4.17) V=c% (¢=0: constant)
for @ given by (4.15) and
(4. 18) V:c’xl—azjc—1 (¢’=0: constant)

for @ given by (4.16). Thus we have
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THEOREM 4.5. Let M be an n-dimensional (n=4) Riemannian space which
admits a maximal Lie algebra of nfinitessmal 1sometries preserving a non-zero
vector field. Then M has a metric locally reducible to either (4.13) or (4.14).
The preserved vector field 1s gwen by (4.17) or (4.18) according as the metric is
of the form (4.13) or (4.14).

This theorem can be set up in global situation. Let M be an n-dimensional
Riemannian manifold, /(M) the group of isometries of A/, and G a closed con-
nected subgroup of I(M). It is known today [16] what Riemannian manifolds
can admit the subgroups G of dimension n(n—1)/241. According to [167], such
a Riemannian manifold M (n=5) is one of the following :

1) M=RXM,_,, where M,_; is a complete simply connected space of
constant curvature, and G=RXI°(M,_,);

(2) M=S'XM,_,, where M,_, is as above and G=S'XI1°(M,_,);

3) M=RxP,_,(R) and G=RXI°(P,.,(R));

(4) M=S'XP,_;(R) and G=S"XI°(P,-,(R));

(5) M is a simply connected homogeneous Riemannian manifold G/H with
H=SO(n—1). It admits a G-invariant unit vector field V and a G-invariant
Riemannian metric of constant negative curvature (which agrees with the
originally given metric on the tangent vectors perpendicular to V);

(6) M=R?® and G=R?®-Spin(7).

From the viewpoint of vector-preserving isometry, among the list of
Riemannian manifolds shown above (1) to (5) are possible. The preserved vector
field V is the infinitesimal transformation of a one-parameter subgroup R or S$*
of G for each case (1) to (4). For the case (5) the preserved vector field V has
been already given above. Needless to say, these preserved vectors never vanish
(see also Theorem 4.1).

§5. Scalar-preserving isometries.

A dynamical system (T (M), 7Z) is called sunple (or conservative), if there is
a function U on M, referred to as a potential, such that

(5.1) V=—grad U.

We are going to specialize in the infinitesimal isometries preserving (5.1), and
to characterize the gradient field (5.1). Egs. (2.7) with V satisfying (5.1) imply
that £ydU=d(XU)=0, so that XU=constant. To consider a subalgebra of &
treated in Section 4, we impose the condition that XU=0. Then (2.7) is
reduced to

(5.2) Lxg,=0, XU=0.
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Though these equations was studied by Ikeda and Nishino [1], here we
have to supplement their results. Egs. (5.2) can be put into a normal form :

(5~ 3) vzgj——'gi]-; V/eEﬂ:—Rzkﬂgl,
(5- 4) 51;'*‘511‘:0, SlUi:():

where U,=0U/0x*. The integrability conditions of the second equation of (5.4)
are given by

(5.5) £V, U, +&,, 8 U=0.

We now show that (5.5) is independent of (5.4). In fact, if not, there are
functions A, such that

EV U, +E€,, 08 U=A;6 U,

hold identically in (&', &,;) satisfying the first equations in (5.4). This means
that d%U'=4d U* By contacting them for : and j, we have (n—1)U*=0,
hence U*=0, contradicting the assumption that V=-—grad U is not the zero.
We mean by § the Lie algebra of the infinitesimal transformations satisfying
(5.2). Like Theorem 4.1, we can prove the following theorem which was first

proved in [14].

THEOREM b. 1. Lie algebras of the wnfinitesumal isometries preserving a non-
constant scalar are of dimension n(n—1)/2 at most, and are intransifive.

Let H be a local isometry group generated by a maximal Lie algebra % and
H, an isotropy subgroup of H at a point of M. Then dim H, satisfies

(5.6) —;—(71—1)(71—2)—1§dim Hoé%n(n—l).

If grad U=0 at a point, (5.5) and the second equation of (5.4) are identically
valid at the point for (& &;,) corresponding to the elements of the Lie algebra
% of H,. Consequently we conclude that

G.7) dim Hoz%n(n—l)

at a point where grad U=0. Since Y is intransitive, dim Hy=(n—1)(n—2)/2—1.
Therefore, at each point where grad U=0 we have for n=4

(5.8) dim H,= %(n-—l) (n—2),
because H, is a closed subgroup of SO(n) and because SO(n) (n=4) has no

proper closed subgroups of dimension greater than (n—1)(n—2)/2 [15]. The
case where (5.7) holds was out of consideration in [1].
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As such, according as grad U vanishes at a point or not, there occur
following two cases to be considered: the case (A) where (5.7) holds at some
point of M, and the case (B) where (5. 8) holds everywhere.

We begin with the case (A).

THEOREM 5.2. If an n-dimensional Riemannian space M (n=3) admits a Lie
algebra of dimension n(n—1)/2 consisting of the winfimitesimal isometries preserving
a non-constant scalar and 1f the dimension of an isotropy subgroup satisfies (5.7)
at some pownt of M, then a meiric ds* and a potential U are gien n a suitable
coordinate system by

(5.9 ds*=A(r) X2 (dx")*+B(r) (X x*d x)?,
(5. 10) U=U(r),
where r*=(x")%, and A(r) and B(r) are functions of r=0.
Proof. Choose such a coordinate system (x*) that any element ¢ of H, acts

on M in the form ¢*(x)=c*, x’ with (¢*,)€SO(n). After an analogous method
as in [1] (n=3), we can obtain (5.9) on account of the equations

gr(p)=g.;(@(P)cr iy,

which verify that ¢ is an isometry in the present coordinate neighborhood,
where p is an arbitrary point. In the present coordinate system a Killing vector
field X is of the form

.0
(5.11) X=vix' =,

where (v]) are constants such that »44v3=0. The second equation in (5. 2) with
X replaced by (5.11) implies (5.10). This is because SO(n) acts transitively on
each sphere of radius . Needless to say, grad U must vanish at r=0. This

completes the proof.
We now proceed to the case (B). The following theorem was proved in [1].

THEOREM 5.3. If an n-dimensional Riemanman space M (n=4) admits a Lie
algebra of dimension n(n—1)/2 consisting of the infinitesumal 1sometries preserving
a non-constant scalar and 1f the dimension of an isotropy subgroup satisfies (5.8)
everywhere, then M has a metric ds* and a potential U locally reducible to

(5.12) ds*=(dt)*+f({) do?,
(5.13) Uu=uU(),

where f(f) 1s a posihve function of t, t being a parameter of R, and do® 15 a
metric defiming an (n—1)-dimensional Riemanmian space of constant curvature.
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Riemannian spaces admitting isometry groups of dimension n(n—1)/2 have
been studied globally in [17] without reference to potential functions. Let G be
a connected closed subgroup of I(M), consisting of all the isometries leaving a
non-constant function U invariant. Manifestly G is intransitive and dim G=
n(n—1)/2 (see Theorem 5.1). According to [17] a Riemannian manifold M (n=6)
admitting such a subgroup must be one of the following:

(1) M is diffeomorphic to R®, S™® or P,(R). The group G has a common
fixed point and G=SO(n). The Riemanman structure of M is a one which is
invariant under the action of G.

(2) M=(S"*'xR)/I', where I" 1s a discrete group acting freely. The pos-
sibilities for I" are {1}, Z,, Z and Z,<Z. The group G comes from the isometry
group [°(S™"!) of the (n—1)-dimensional factor in the covering space S* *XR.

(3) M is non-compact and foliated by closed surfaces which are either all
isometric to R™ ! or all isometric to hyperbolic spaces (i.e., complete simply
connected spaces of constant negative curvature). These leaves are the G-orbits.
If M is complete, M is diffeomorphic to R™ or S'XR"™'.

Without the restriction that G is intransitive, allowed are other Riemannian
manifolds which are of no interest for us. The preserved scalar U is a one such
that it is constant on each G-orbit. This closes the remark on global situation.

Changing situations, we assume that a Lie algebra of the infinitesimal 1s0-
metries preserving a non-zero vector field V is of dimension zn(n—1)/2 without
assuming V=—grad U. Let Y be a Lie algebra of dimension n(n—1)/2 deter-
mined by (2.7), H' a local isometry group generated by Y/, and H,’ the isotropy
subgroup of H’ at a point of M. Then dim H," also satisfies (5.6). On the same
argument used above, we have the following cases:

(5. 14a) dim H,’= % n(n—1),
. 1
(5.14b) dim H) = §(7z~1)(n—2) s
. 1
(5.14¢) dim Ho’:7(71—1)(nA—2)~1.

We first assume (5. 14¢) which occurs when and only when H’ is transitive.
It is known that for n=5 H,” with the dimensionality given by (5.14c) is
transitive on the unit sphere S® ! in the tangent space to M at the present
point [177]. Accordingly, H,’ has no invariant subspaces of the tangent space, and
hence the vector field preserved by ), must vanish at that point. Because of the
transitivity of H’, V vanishes also in a neighborhood of the point, which con-
tradicts the assumption that V has only isolated zero points. Thus the case
(5. 14c) does not occur for n=5.
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As such there remain the two cases (5.14a) and (5.14b). These cases,
however, coincide with (5.7) and (5.8), so that Theorem 5.2 and 5.3 can be
recovered except for the statement of potentials. It is easily seen that in these
cases H’ is intransitive and hence there is a family of (n—1)-dimensional sub-
spaces of M invariant under the group actions. From this a new condition
follows: XU=0, where X is an arbitrary infinitesimal transformation of % and
U is such a scalar that U=constant defines an invariant subspace of M. Here

we have recovered (5. 2).
The gradient field grad U is, of course, preserved by X because of XU=0,

but the question now arises as to whether or not the vector field V preserved
by infinitesimal isometries is a gradient field. Let U be the scalar introduced

above. Define a function f by
(5.15) ViU,=fU0U,

where (V¢) and (U?) are local components of V and grad U respectively. We
break up V into two fields as

(5.16) V=f grad U+ W.

By differentiating U with respect to V and by the definition (5.15) of f, we
find that W=(W?) is tangent to every hypersurface U=constant :

(5.17) wiU,;=0.

Let X be an infinitesimal isometry belonging to §’. We can show that VU,
and U*U, are both left invariant by X:

(5.18) X(ViU)=X(U'U,)=0.
In fact, by appealing to the equations [X, V]=0 and d(XU)=0, that is,

E¥N,VI—V Y, =0 and &*V,U,+U,V,£¥=0, respectively, and by straight-
foward calculation, we have

X(ViU)=V*V,&U,— ViUV, &*=0,
X(UU,)=26"V, U, U'=—(V:,+V, §) U U'=0.
This proves (5.18). From (5.15) and (5. 18) we obtain

(5.19) Xf=0.

Since X of i’ preserves V given by (5.16), it follows from (5.19) and d(XU)=0
that

(5. 20) [X, W]=0.
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Next we show that W=0. Since X is thought of as a Killing vector field
on each hypersurface U=constant [1] and since W is tangent to the hyper-
surface (see (5.17)), Y is regarded as a Lie algebra of the infinitesimal isometries
preserving a vector field W on each (n—1)-dimensional hypersurface U=constant
(see (5.20)). Consequently Theorem 4.1 applied to §’ implies that W=0. Thus
we obtain

(5.21) V=f grad U.

Choose the Gauss coordinate system adapted for a family of hypersurfaces
U=constant :

(5.22) ds*=(dt)*+g,.(, x7)dx*dx*, U=UQ@).

Then the function f introduced in (5.15) becomes a function of { alone because
of (5.19). Introduce a function T (1) by U(t)=—[(f(t)dU/dt)dt. We then see

from (5.21) that V=(—dU/dt, 0, -, 0) in the present coordinate system.
Therefore, we attain

(5. 23) V=—grad U.
Summarizing the above discussion, we have

THEOREM 5.4. If an n-dimensional Riemannian space M (n=5) admits a Lie
algebra of dimension n(n—1)/2 consisting of the infinitesimal isometries preserving
a non-zero vector field, then the preserved vector field 1s a gradient field.

The author wishes to express his gratitude to Professor S. Ishihara for
carefully reading the manuscript and offering valuable comments. The author is
also grateful to Professor M. Ikeda for his encouragement.
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