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Abstract. We consider supersingular abelian surfaces A over a field k
of characteristic p which are not superspecial. For any such fixed A, we give
an explicit formula of numbers of principal polarizations A of A up to isomor-
phisms over the algebraic closure of k. We also determine all the automor-
phism groups of (A, \) over algebraically closed field explicitly for every prime
p. When p > 5, any automorphism group of (A4, \) is either Z/2Z = {£1} or
Z/10Z. When p = 2 or 3, it is a little more complicated but explicitly given.
The number of principal polarizations having such automorphism groups is
counted exactly. In particular, for any odd prime p, we prove that the auto-
morphism group of any generic (A, ) is {£1}. This is a part of a conjecture
by Oort that the automorphism group of any generic principally polarized su-
persingular abelian variety should be {£1}. On the other hand, we prove that
the conjecture is false for p = 2 in case of dimension two by showing that the
automorphism group of any (A, \) (with dim A = 2) is never equal to {£1}.

1. Introduction.

We say that an abelian variety A defined over a field k of characteristic p is supersin-
gular if it is isogenous over the algebraic closure k of k to E™ where E is a supersingular
elliptic curve. We say that A is superspecial if it is isomorphic over k to a product of
supersingular elliptic curves. By Deligne, Ogus, Shioda, it is known that any products of
two supersingular elliptic curves are isomorphic. It has been known that the number of
principal polarizations of E™ for n > 2 is equal to the class number of quaternion hermit-
ian lattices of rank n belonging to the principal genus ([8]) and explicit values were given
in [3] for n = 2 and in [4] for n = 3. The problem treated in this paper is the number of
isomorphism classes of principal polarizations of any fixed supersingular abelian surface
which is not superspecial. By virtue of Oort [13], any such abelian surface A is written
as E?/u(a,) where E is a supersingular elliptic curve defined over F, and «, is the finite
group scheme Spec Fp[z]/(2P) and ¢ is an embedding

) 2
Ly = .

We denote exclusively by ¢ the tangent of this embedding ¢. If ¢ is in Fp2 U {oo}, then
E?/u(av) is superspecial ([13]), so we exclude this case. Corresponding to the structures
of End(A), we consider two different cases: the case t & F,« and the case t € Fpa — Fp2.
We call them the first case (I) and the second case (II), respectively. We call that A is
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generic if ¢ is transcendental. This case belongs to the case (I). We state the results for
each case. We fix a supersingular abelian surface A which is not superspecial.

THEOREM 1.1.  The number h of principal polarizations of A up to Aut(A) is given
as follows:
(1) In the case (1), i.e. when t € Fpa, we have

1 if p=2,

p’(p* —1)(p* - 1)
5760

h:

for any p > 3.

(2) In the case (1), i.e. when t € Fpa — )2, we have

1 if p=2,
202 _ 1)2
- % if p=+lmodb or p=>5,
_3 3Np?=3p+8)(p?2+3p+8
1+ (p )p+3)(p 288]())—1_ )(p” +3p +8) if p=42mod?5.

For any principal polarization A of A, we denote by Aut(A, A) the automorphism
group of the principally polarized abelian surface (A, A) and by #(Aut(A, \)) its cardi-
nality.

THEOREM 1.2. (1) In the case (I), when p = 2, the principal polarization of A
is unique up to Aut(A), and we have #(Aut(A,\)) = 32. When p is odd, we have
Aut(A, \) = {1} for any principal polarization \ of A.

(2) In the case (I1), when p = 2, the principal polarization of A is again unique up to
Aut(A) and #(Aut(A4, ) = 160. When p = £1 mod 5 or p = 5, we have Aut(A4, \) =
{£1} for any principal polarization of A. When p = +2mod 5, there is the unique
principal polarization X of A up to isomorphism such that Aut(A,\) = Z/10Z, and for
all the other principal polarizations X of A, we have Aut(A,\) = {£1}.

It is stated in [1] as a conjecture of Oort that we should have Aut(A, A) = {£1} for
any generic principally polarized supersingular abelian variety (A4, A). The above theorem
tells us that this conjecture is false for p = 2, since we see that the groups Aut(A, \) are
never equal to {1} when p = 2. (By the way, the same is true also for superspecial
case.) On the other hand, the above claim (1) also means that his conjecture is true
for any odd prime p when the dimension is two. A precise description of automorphism
groups for p = 2 and 3 for the cases (I), (II) will be given in Section 4. (By the way, [9,
Proposition 7.6] claims that for odd p the proportion of (A4, ) with Aut(A, \) 2 {£1}
tends to zero as the corresponding points in the moduli belong to bigger fields.)

We give a table of the numbers h of principal polarizations for small primes p below.

For t € Fpa — Fp2, we have
p|2 35 7 11 13 17 19 23 29 31
h|1 1 5 40 605 1657 8324 16245 51208 206045 307520
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For t € IF 4, we have

pl23 5 7 11 13 17 19 23
h|11 1 65 980 36905 140777 1206864 2940345 13569908

The proofs of the theorems are based on explicit description of endomorphisms of
A, mass formulas of principal polarizations, and previously known results in [6] on the
automorphism groups of the pullbacks (E?, \g) of (A, \). As was explained in [8], any
endomorphism of A is lifted to End(E?) and it is easy to give a structure of End(A)
according to the cases (I) and (II). (See [8, Lemma 2.18 and Proposition 2.19] and [18].)
Also the mass formula for M(A) = Y, (1/#(Aut(4,)))) for isomorphism classes of
principal polarizations A of A will be given. (There is a similar formula in [18], but they
treated there a mass of polarizations of p-divisible groups. Although the number is the
same as a result in this case, their definition is different from ours.) Then by some simple
arithmetic on quaternion hermitian forms and by a little more deep results in [6], we can
give structures of automorphism groups and can count how many isomorphism classes of
principal polarizations have that automorphism group. Then based on the mass formula,
we are able to give the number of principal polarizations of A up to Aut(A).

The paper is organized as follows. In Section 2, we review previously known geomet-
ric facts on A and reduce the problem to an arithmetic on quaternion hermitian matrix.
We add a remark there that abelian varieties in the case (II) are all isomorphic. In Sec-
tion 3, first, for general n we consider n X n quaternion hermitian matrices in M, (O) and
their equivalence over R* for an order R which are not necessarily maximal in M, (D).
Then we give a mass formula for M (A) for n = 2 which fits our formulation. Secondly we
give remarks on relations between R* equivalence classes of quaternion hermitian ma-
trices and an arithmetic of the adelized quaternion hermitian group. This also explains
a (non-canonical) relation with [18]. Logically, this Subsection 3.2 is unnecessary for the
rest of the proofs, except for the point that we define a mapping ¢g from Aut(A,\) to
SLy(Fp2) for n = 2 which is injective for p > 5. However, we inserted this partly for
aesthetic reason and partly for possible future applications. In Section 4, we give all
possible candidates of automorphism groups when p > 5 and prove the main theorems in
the introduction for p > 5. In Section 5, we explain how to obtain results for p = 2 and 3.

2. Review on supersingular abelian surfaces.

We fix a supersingular elliptic curve E defined over F,,. We may assume that End(E)
has an element 7 (Frobenius) such that 72 = —p. We write O = End(E) and O®zQ = D.
Then D = D,  is the definite quaternion algebra over Q with discriminant poo and O
is a maximal order of D. We assume that A is a supersingular abelian surface isogenous
to E? but not superspecial. Then by [13], there is an embedding ¢ : a;, — 0412, such that
its tangent is not in Fp2 U {oo} and A = E?/i(c,). The natural projection ¢ : E? — A
is an isogeny of minimal degree. By [10] and [12], the following result is well known.

LEMMA 2.1 ([10], [12]). For any principal polarization A of A, there exists a
pullback Ao = 1*(\) to E? such that Ker()\g) = Ker(F), where F is the Frobenius of E*
over F,,. Conversely if there is a polarization \g of E? such that Ker(\g) = Ker(F), then
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there exists a principal polarization A of A such that Ao = p*(A).
We take a divisor X of E? defined by
X ={0} x E+ FE x {0}

and define a map ¢x from E? to (E%)? = E? by px(y) = Cl(X, — X) for y € E?. Then
this gives a principal polarization of E2. For any polarization \g of E2, the endomorphism
cp;(l)\o of E? is identified with a positive definite quaternion hermitian matrix H €
M>(0). We may write H = gg* for some g = (g;;) € M2(D)*, where g* = (gj;) and the
bar is the main involution of D. We say that H belongs to the non-principal genus if the
lattice defined by O?%g belongs to the non-principal genus. (This does not depend on the
choice of g.) When Ker()\g) = Ker(F'), then H belongs to the non-principal genus, and
the set of such H is given by

P = {( ]:S> ;0<t,s€Z,r€7rO7p2ts—N(r):p}

T

where N(r) is the reduced norm of r. For any positive integer n, we write GL, (D) =
M, (D)* and denote by SL, (D) the subgroup of GL,, (D) of elements of reduced norm
1. We also write GL,(0O) = M,(0O)*, the group of all elements of M,(O) invertible
in M,(O). The reduced norm of any element of GL,(O) is 1. Indeed, denoting the
reduced norm of M, (D) by N, if € € GL,(O), then e~ ! € M,(0), so N(e), N(e71) €
Z and N(e)N(e7') = N(1,) = 1, so N(e) = +1. However, we have N(GL,(D)) =
N(D*) = QX where Q7 is the multiplicative group of positive rational numbers (cf. [17,
Chapter IX, Section 2, Corollary 3 and Chapter XI, Section 3, Proposition 3]), so we
have N(e) = 1. So we may write GL,(0O) = SL,(0). For Hy, Hy € P, we say that H; is
SLo(O)-equivalent to Hy if Hy = eHye* for some € € SL2(0). Then the number of such
equivalence classes in P is equal to the class number of the non-principal genus and also
to the number of isomorphism classes of polarizations Ay of E? belonging to the non-
principal genus. This number is known explicitly in [3]. For any H € P corresponding
to Ag, we write

'y ={ec SL2(0);eHe" = H}.
Then we have
Aut(E? ) = T'y.

It is also known that for each abstract group A, how many classes H € P satisfy A 2 T'y
(see [6]).

Now to describe the equivalence class of principal polarizations of A, we need struc-
tures of End(A). We express these by the pullback of End(4) by ¢ in End(E?) = M(O).
The following results are well known and easy to see.

LEMMA 2.2 ([8], [18]). (1) Ift € Fpa then ¢ 'End(A)y = Ry, where
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a b
Ri=<Sa= d € M3(0);a=dmodm,b=c=0mod 7 ;.
C

(2) If t € Fps — Fp2, then there exists a certain subfield K of MQ(]F?)) with K = Fpa
and {aly:a € Fp2} C K such that ¢~ 'End(A)y = Ry, where

Ry = {a € M3(0);a = g mod 7 for some 5 € K}.
Here 15 denotes the 2 x 2 unit matriz.

The first claim (1) is in [8] and (2) is in [18]. Here K of course depends on ¢ and ¢
but we need not explicit description of K in the paper. By the Skolem—Noether theorem,
all such K are conjugate by G La(IF,2), but we should be careful that they are not the
same subset of My(F)2).

We say that principally polarized abelian surfaces (A4, A1) and (A, A2) are isomorphic
if there is an automorphism ¢ € Aut(A) such that €é\je = Ay, where € is a dual morphism
of the dual abelian variety A? to A. For an order R C M>(0), we say that Hy and Hy € P
are R* equivalent if

6H16* = H2

for some ¢ € R*. Denote by H; and Hs the quaternion hermitian matrices in P
corresponding to the pullback to E? of principal polarizations A; and Ay of A. Then
(A, \) = (A4, \o) if and only if H; is Ry equivalent to Hs in the case (I) and RS equiv-
alent in the case (II), respectively. So our aim is to count the number of R equivalence
classes of P for each i = 1, 2. A SL2(O) equivalence class of P is just a usual class of
non-principal genus, so to consider R equivalence classes is to take a finer division of
the usual class. We will consider this in more general setting in the next section.

Here for curiosity, we add a remark for the case of (II). There we may ask if we can
replace ¢ to any other element in IFj,« — F,> by changing A only by an isomorphism. The
answer is yes as can been seen below. This proposition is not used in the rest of the
paper and can be skipped.

PrOPOSITION 2.3.  All supersingular abelian varieties A whose tangent belong to
Fps —IF,2 are isomorphic with each other over an algebraically closed field.

Proor. It is clear that tangents ¢; and t; € Fps — IF)2 are mutually mapped by
an element of End(E?) mod 7w 2 M,(F,2), but the point is if we can take such a map
from Aut(E?) = GL2(O) and this is not trivial, so we carefully see this. We fix one such
A and let t € Fpa — F)2 be the tangent to define A. Let n be a fixed generator of F
over Fp2. We will show that we can change A by an isomorphism to 4y = E?// ()
such that the tangent of /() is 7. We put O, = O ®z Z,,. Since O,/m0, = F )2, we
may assume that 7%+ (¢; mod 7)1+ (c2 mod 7) = 0, where ¢; € O,. Then we may write
t = (¢p mod m)n + (dg mod 7) for some ¢y € O, do € Op. Then we have

b ) Q)= ()
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where ¢y := ¢y mod 7. So by this we may change t to ¢yn. Now we see that ¢gn can be
changed to 7. For any ¢, d € O, such that (c,d) ¢ (7O,)?, we put

<co(d —ccq) —00002>
€= .
c d

For any element h = <x0 yo) € GL3(F)2), we write
zZ0 Wo

o7 + Yo

hon= .
7 Zo1M + Wo

Then we have
(e mod ) o 7 = con,
since
con(en + d) = co((d — ec1)n — cea) mod .
We also have
det(e mod 7) = co(d? — ccrd + c2cz) mod .

Now we may embed 4 in Ms(FF,2) so that the subfield F 2 of I, is equal to the center of
M>(F,2). So we have an element g € Ms(F2) such that n3+(c; mod m)ny+(c2 mod 7) =
0. Since M2 (O,,)/mM2(0,) = My(F,2), we may take y € M(0O,) such that y mod 7 = .
Since NF:4 /B, (F,.) = F 2, we have det((cy +d) mod 7) = ¢y " mod  for some ¢, d € O,.

Here we have det(cy + d) = d? — c1cd + c?co mod 7, so defining € by using this ¢ and d,
we have det(e mod 7) = 1 mod w. Now we show that we may replace € by an element
in the norm one subgroup SL2(Op) of GL2(O,). Since N(e) = Nr , /¥, (det(e mod 7)) =
1 mod p, we have N(¢) € 1+ pZ,. The ring O, contains the ring op of integers of the
unramified quadratic extension F' of Q,, and we have 1+por C 14+7O,,. It is well known
that N(1 + pop) =1+ pZ, (cf. [14]), so take 8 € 1 + pop such that N(8)N(e) =1 and

put
6_606
o~ \o 1)"

Then since 8 = 1 mod 7, we have 87! € O,, ¢y € SL3(0,) and
(€0 mod ) o m = Ton.
Finally we show that we can replace ey by an element of SLy(0). We put
W, = (1 4+ 7M2(0,)) N SLa(O,).

Denote by D 4 the adelization of D and by D,, the v-adic completion of D for any v < co.
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Then by the strong approximation theorem ([2], [11]), we have

SLy(Da) = SLy(D) - SLy(Doo) Wy, [ [ SL2(Oy),
q#p

where SLy(D) is embedded in SLy(D4) diagonally as usual. Hence, for eg € SL2(Op) C
SLa(Da), there exist v € SLy(D) and w € SLa(Doo)Wp 1,4, SL2(Oy) such that e =
yw. Then we have v = eqw ™! € SLy(D) [, SL2(0y), so v € SLy(O). By definition of
W, we have (w mod 7) on =17, so

(v mod ) o = (€ mod ) o = Ton.
So by the isomorphism v~ ! of E?, we can change the tangent con to 1, and this induces
an isomorphism of A to E?/i/(a,) where the tangent of ¢ is 7. O

3. Quaternion hermitian matrices and lattices.

Expecting a future application, here we treat a theory in slightly more general set-
ting. Throughout the paper, we assume that n is a positive integer such that n > 2.

3.1. Quaternion hermitian matrices.

Let R C M,(O) be an order of M, (D). For any prime ¢, we write R; = R ®yz Z,
and Ry, = M, (Dy). For any place v < oo, we denote by R} the subgroup of elements
of R} with reduced norm 1. We put R4 =[], .. R, and Ry =[], .. RL. We put

Qz,-&- = Ri(@z,fzn

where Q} ;,, is the finite part of the idele group Q. We denote by Q7 the set of positive
rational numbers. If R = M,,(O), then by the strong approximation theorem for SL,, (D)
for n > 2 and the fact that

Qa4 =QIR HZX— (GLn(D))N(GL, (D HN (GLn( (1)

we have
GL,(D4) = GL,(D)- R} (2)

for n > 2. When a lattice L in D" is a left O-module, we call L a left O lattice. For any
prime ¢, we write Ly = L ®z Z4. For any ga = (g») € GL,(D4), we define

Lga= () (LgggnD").

q:prime

Then this is again a left O lattice in D". It is easy to see that for any left O lattice L,
there exists g4 € GL,(D4) such that L = O™g4. So by (2), there exists g € GL, (D)
such that L = O™g.

Even if R C M, (O), we have
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SLn(D4) = SLn(D) [ [ Rh. (3)

However, (2) does not hold for general R, because N(R;) might be a proper subset of
Z; for some q and the equality corresponding to (1) fails. We note that N(R*) =1 and
R* C SL,(O) as explained before.

For any positive definite quaternion hermitian matrix H, there exists g € GL, (D)
such that H = gg* ([15]). For two positive definite quaternion hermitian matrices H;
and Ho, we say that H; and Hs are R* equivalent if Ho = eH€e* for some € € R*. For
a fixed positive definite quaternion hermitian matrix H, we write

Su(R) ={eHe";e € R*}.
We write
I'y(R)={e€ R*;eHe* = H}.

Then Sy (R) is bijective to R*/I'g(R). When R = M, (0), we write shortly as I'yy =
I'y(R). Now we assume that R, Ry are orders of M, (D) with R C Ry C M,(O). Then
the R* equivalence classes of matrices in Sy (Ryp), denoted by Sg(Ro)/ ~g, correspond
bijectively with R*\R( /T i (Ro). The proof is obvious and we omit it here. We write
the double coset decomposition as

d
Ry =|JR*eTu(Ro).
i=1
Then representatives of Sy (Ry)/ ~g are given by H; = e;Hel for i = 1,...,d. Now we
consider the “mass” of R* equivalence classes. We denote by Hy,..., Hy the represen-
tatives of Sg(Ro)/ ~rg.

LEMMA 3.1.  Notation being as above, we have

By R~ 1
#(Tr(Ro)) ; #(Tu, (R))

Proor. It is well known and easy to see (e.g. [16]) that

R*e;lx(Ro) = U R*e;h.
he(e; "R*e;NC i (Ro))\'# (Ro)
It is obvious that

RX N 6iFH(R0)€i_1 = FHi (R)

So counting R* cosets in Rj, we have

d d
X . pPX] _ #(FH(RO)) _ #(FH(RO))
R« B7] = Z #(e;R*e; ' NTu(Ry)) Z # ' =

i=1
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For a genus G of left O lattices, we say that a quaternion hermitian matrix H = gg*
(g9 € GL,(D)) belongs to G if O™¢g belongs to G. We denote by S the set of all quaternion
hermitian matrices in M,,(O) belonging to a fixed genus G. Then the mass of S for
GL,(0) equivalence classes is defined by

1
Z #(Tw)

HeS/~aL,(0)

and the explicit value is essentially given in [3]. So for Ry = M, (O), the calculation of
the mass for R*-equivalence classes is reduced to the calculation of [GL,,(O) : R*]. For
example, when n = 2 and G is the non-principal genus, the mass of GLy(O)-equivalence
classes in G is given by (p?> — 1)/5760 (see [3]). For a supersingular abelian surface
A, assume that R = End(A), and for any principal polarization A of A, assume that
o ¥*(\) = Hy. Then it is clear that Aut(A4,\) = 'y, (R). So if we define the mass of
principal polarizations of A by

1
A{@4>::j§::#(Aut¢4,Ax

where A runs over principal polarizations of A up to isomorphism, then we have

[GLy(0) : RX|(p* — 1)
5760

M(A) =

Coming back to the general n > 2, we explain that we can calculate [R; : R*] locally.
Since we have

SLn(D4) = SLy(D)R§ 4 = SLn(D)R}
and R* = SL,(D)NRY, RS = SL,(D)N R(l),A7 we have the following bijections
SLu(D\SLu(Da) = RY\R) 4 = R*\R}.

So we have

(R« RX] = [Rg 4 = RY.
Since Ry, = R, for almost all primes ¢, this is equal to

I i85, A
a:prime

Since O, /70, = F)2, it is easy to see that

SL,(0p) mod 7w = {x € GLy(F)2); Ny, (det(z)) = 1}.

So if R} contains (1, + wM,(Op)) N SL,(O,), then we have [SL,(O,) : R} =
[SL,,(Op) mod 7 : R}, mod 7]. Returning to the case n = 2 and using the same no-
tation as in Lemma 2.2, we have M(O,) = Ri4, = Ra4 for ¢ # p. We have
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#(SL2(0p) mod ) = p*(p* — 1)(p + 1) and

a 0
Rimodr={(§ 0) 0 € BN s, (@) = 1],
Rymod 7 ={B¢€ K;NFP4/FP(5) =1}.

If NF,,2/FP (a)? = 1 then we have Nsz/Fp(a) = 41 for p # 2 and = 1 when p = 2. So
we have #(R} ,modn) = 2(p+1)if p # 2 and = (p+ 1) if p = 2. We also have
#(R3, mod ) = #{x € Fpu; Ni , /5, (z) = 1} = (p* —1)/(p — 1). Hence we have

LEmMMA 3.2.
24
GLa(0): ) = {0,

[GL2(0) : RS] = p*(p* — 1).

This leads to the following formula for M (A).

PROPOSITION 3.3.  In the case (1), we have

1 ;
372 pr:27
M(A) =1 5 » 4
et -V 1)
5 5760 if p is odd.
In the case (I1), we have
2002 _ 1)2
M(A) =2 (»” —1)°
9760

3.2. Quaternion hermitian groups.

In the last subsection, we explained everything in terms of SL, (D). However, usually
it is more natural to use quaternion hermitian groups when we consider quaternion
hermitian metrics. So we see the relation to that in this subsection. We define quaternion
hermitian groups G and G! by

G = {y € M(D);vy" = n(v)1, for some n(y) € Qf},
G'={yeGin(y)=1}.

We denote by G4 and G their adelizations, and by G, and G. the v-adic components
for v < oo . We say that left O lattices Ly and Lo in D™ are in the same class if Ly = Ly
for some v € G, and we say that L; and L, belong to the same genus if Lo = Liy4 for
some v4 € G4. If we define U(L) = {y € Ga;Lya = L}, then the classes in the genus
G(L) which contains L is bijective to U(L)\G 4/G. This is called the class number of
L. We have {n(u);u € U(L)} = R[], Z; for any L ([7, Corollary 2.3]), and writing
UY(L) = U(L) N GY, we have a bijection
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U(L\Ga/G = U (L)\G}/G" (4)

because of (1). So usually we do not care so much about the difference between G
and G, since they are essentially the same. However, in our problems when R is not
maximal, this is sometimes subtle, and mainly we formulate the problem by G, since
this is suitable for our purpose. Since L = O™g for some g € GL,(D) if n > 2, we
interpret the class of L as an equivalent class of H = gg* with respect to GL,,(O). For
example, if we take another g; with O"g = O™gy, then g; = eg for some ¢ € GL,(O)
and €(gg*)e* = g1g7. However, if we consider an equivalent class of H with respect to
R C M,(0), then this cannot be interpreted directly to lattice classes. Since we are
treating such cases, we are tempted to explain an equivalence class over R by a certain
double coset of G 4, though there is no a priori reason that this is possible. We consider
this problem in this subsection.

Since we would like to consider matrices H belonging to a certain fixed genus,
we should fix a local condition on those g such that H = gg*. We fix an element
90,4 = (g0.v) € GL,(Dy4) and consider a left O lattice Ly = O"gy 4. (We do not assume
that go,a € SLy(Da).) Assume that N(go,q) € q®Zy;. Put m =[] ¢% € Q*. Then
m~'N(go,) € Zy. Since N(GL,(O,)) = Z, , there exists an element g; € GL,,(04) such
that N(g190,4) = m € Q. Since O"g1go,.4 = O"go,a, we may assume that N(go,4) € QF
(diagonally embedded in Q) without changing the lattece Ly. We fix a lattice Loga =
O"go.aga (ga € GY) in a genus of Lg. This lattice class corresponds with the double
coset U'(L)gaG'. We have an element g € GL, (D) such that O"g = O™go aga. We
fix an order Ry C M, (O). Since we have N(go,494) = m, and there exists an element
h € GL, (D) such that N(h) = m, and we have go agah™! € SL,(D4). Then by (3), we
have go agah™! = wglgo for some wy € R(lJ,A and gy € SL,(D). So replacing g by goh
if necessary, we may assume that Logs = O™¢g and

g = W0go,AgA, wo € Ry 4.
We fix such g and wq. For any order R C M, (O), we put
UYR) = goizwoflewogo,A nGY.
LEMMA 3.4. For H = gg*, we have
Lr(R)=9G'g NR* =g(g5 U (R)ga NGy ".

Proor. We have h € T'y(R) if and only if h € R* and hgg*h* = gg*, or equiva-
lently g~ 'hg € G'. Since we have

97" hg = g4 (g5 4wy " hwogo,a)ga,

this belongs to G' if and only if goi}qwalhwogo,A € G and belongs to gZIUl(R)gA if
and only if h € R*. O

Now we assume that R C Ry. We define a mapping ¢ from U'(Rp) to R*\R as
follows. For any element u € UL (Ry), write
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-1, —1
k = wogo,augy qwp -

Then by definition of U'(Ry), we have k € R} 4. Then by (3), we have e = rk for some
clements r € R} and € € SL, (D). Since € € Ry - Ry 4 = R} 4, we have € € R;. Then
we define a map ¢ : U (Ry) — R*\RJ by

¢(u) = R*e € R*\R{ .

This mapping ¢ is well defined. Indeed, if €; = 71k, €2 = r2k for r; € R and ¢; € R,
then 6261_1 = 1"27“1_1 € R*, so we have R*¢; = R*¢s.

PROPOSITION 3.5.  The mapping ¢ induces following injections.
(1) ¢1: UN(R)\U*(Ro) = R*\Rg,
(2) g2 : UN(R)\U'(Ro)gaG'/G' — R*\R{ /T (Ro).

ProoF. We prove (1). Since the claim that ¢ induces a mapping ¢; from
UY(R)\U'(Rp) is almost trivial, we prove only the injectivity of ¢. For u; € U'(Rp)
(i = 1, 2), assume that ¢(u;) = @(uz). For i = 1, 2, write k; = wogo, auigy 4wy = and

€; = 1;k; where 7; € Ry, ¢; € RY. By definition, we have
RX€1 = (b(ul) = (b(UQ) = RXEQ.
Then we have €5 = rgeq for some rg € R*. So we have roks = ror1kq, and
wogo,atiagy awy ' = ka = (ry 'ror1)ky = (r3 'ror1)wogo, ata gy ywy -
So we have
uz = (9o awp ' (r3 'ror1)wogo,a)us.

Since uy, us € Gy, we have uguy ' = go_’ixwgl(r;lrorl)wogo,A € G and since r; 'rory €
RY,, we have uguj ' € U'(R). So the map ¢; in (1) is injective. Next we see (2). For any
element ugay € UY(Ry)gaG?', we define ¢o(ugay) = R*é(u)G!. First we see that this
mapping is well defined. For uy, us € U'(Rp), we define k; and ¢; = r;k; for i = 1, 2 as
before, and we put ¢(u;) = €; as above. Assume that u;ga4y1 = uagavye for u; € U (Rp)
and v; € G for i = 1, 2, then

Mys ' =g uy tuaga = g5 9o awy ki Tkawogo,aga = gk Tkag.

Since 117, " € G', g € GLy(D) and ki 'ky € R{ 4, we have ki 'ky = g(m172)97" € R§
and 'ngl € G'Ng 'R} g. So we have kflkg = g’yl'y;lg_l € I'u(Rp). However, we
have

€9 = 7“2]{)2 = (Tgrl_l)(lel)(kl_lkg) = (7“27“1_1)€1(k’1_1k2).

Since ky 'ko € Ty (Ry) and ¢; € RY, we have rory € Ry N RY = R*. So we have
€a € R*e1l'y(Ro). So the mapping ¢o from U'(Rp)gaG to R*\RJ /Tu(Roy) is well
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defined. We see that ¢o is injective. Assume that ¢o(u1gay1) = ¢2(uzgay2). For
k; = wogo’Auigoiiwal and €; = r;k;, we assume that e; = rge;h for some ro € R* and
h € Thy(Rp). Then we have kg = ’I“2_1€2 = r;lrorlklh and

-1, -1
U294 = go AWy~ k2w090,494

-1, —1/.—1 ~1 =1 —1,=1,,~1p,

= (907,4’100 (7’2 Torl)wogo,A) X (goyAwo 1w090,A)gA X9 9o, aAWo NWoGo,AJdA

= (9o.awp (r3 'Tor1)wogo,a) X urga(g™'hg).

So go_’zwo_l(rglmm)wogo,;; € GY, hence this belongs to U'(R). Since g~ 'hg € G, we
have uzg4 € U (R)uigaG*. O

It seems that ¢, and ¢5 are not surjective in general, and in fact we have no reason
to expect surjectivity. However, for the case we treat in this paper, we can show it.

THEOREM 3.6. In the above setting, assume that n = 2, L belongs to the non-
principal genus, Ry = M3(0O), and R = Ry or Ry defined as in Lemma 2.2. Then
the maps ¢1 and ¢o in Proposition 3.5 are bijections. In particular, the mumber of
isomorphism classes of principal polarizations of a fixed supersingular abelian variety A
which is not superspecial is equal to

#(U(R)\G4/GY)
fori=1 and 2 corresponding to the case (I) and (II), respectively.

PROOF. It is enough to show that ¢, is surjective. To do this, it is enough to show
that

[GL2(0) : RY] = [U'(M2(0)) : U'(Ry)]

for ¢ = 1, 2. Since the LHS index is known in Lemma 3.2, we calculate the RHS index
and show that these indices are equal. Since L = O2%g belongs to the non-principal genus,
we may take go.a = (go,») so that N(go.a) =p € QF, go,q € GL,(0y) for ¢ # p and

T 0
gO,p = <O 1) 57

(1) (1)) (See [15].) We have

where £ € GLy(O,) with ££* = (
U (M2(0)) - UM (Ri)] = (U (M2(0p)) : U (Rip)l,

where U'(R; ;) is the p-adic component of U'(R;). We write U} = U'(M(0,)) for the
sake of simplicity. Writing wy = (wp ), we have

Uy = (9o.pwo S L2(Op)wo pgop) N G,

p
1 Op W_lOp x 1
=¢ <7ro,, o, ) NG
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For u = gojzljwoizljhwo’pgo,p € Uy, we write ¢o(u) = wa;hwo,p mod 7w € My(F,2). First,

we show that ¢o(u) € SLa(F,2). We write

_ b
wo,;hwoyp = <Z d> .
-1
(T 0\ fa b\ (7 O 1
¢ (0 1)<c d)(O 1)§€GP'
7 tar 7'\ /0 1\ (7m—lar ©Tm (0 1
cm d 1 0 =~ d) \1 0)’

where ¥ is the main involution. So comparing the (1, 2) components, we see that 7~ *ard—
n~lbre = 1. For any x € O, we have 7~ 'zm = T mod 7, so we have ad — bc = 1 mod 7.
So we have det(h mod 7) = det(wa;hwo,p mod 7) = 1. So this gives a map from U} to
SLy(Fp2). Secondly we show that ¢q is surjective to SLy(F,2). The maximal order O,
contains the ring op of integers of the unramified quadratic extension of Q, and we may

write O, = o + mop, where ma = an for any o € op. We have or mod p = Fp2 and
op mod p = IF;Z. It is easy to see that the following elements are in Uz}'

1 77l
-1
g (0 1 ) f, a € oF,

_ 1 0
fl(ﬂ_a 1)57 « € oF,

0
5—1 (% ﬂ1> &, ﬂEO?.

It is well known that SLo(F,2) is generated by upper and lower triangular unipotent
matrices and diagonal matrices, so (bO(U;) generates SLo(IF,2). Hence ¢q is surjective.
The group U(R;p) for i =1, 2 contains the kernel of this map ¢¢ since 1 + wM>(0,) C
R; ». We have

Then we have

So we have

S0(U(Ry,)) = {(g 2) ca €T, a® = 1}.

So #(¢o(U'(R1p))) =1if p=2and =2if p# 2. For K = F,u in the definition of R,
we put K1 = (wp mod 7) 'K (wp mod 1) C Ms(F,2). Then we have

¢o(U'(Rayp)) = {x € K 2 Fpa;det(z) = 1}.

Since det(z) = Ng , /5 ,(z) = 27"+t = 1, we have #(¢o(U'(Rap)) = p> + 1. So by
Lemma 3.2, we have [U} : U'(R; )] = [GL2(0) : RY] for i =1 and 2. O
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COROLLARY 3.7.  For a fized supersingular abelian surface A which is not superspe-
cial, the number of principal polarizations of A up to isomorphism is equal to the number
of double cosets in UY(R;)\GY/G* where i =1 for the case (I) and i = 2 for (II).

4. Automorphism groups.

As before, let A be a supersingular surface which is not superspecial. By Corol-
lary 3.7, the number of principal polarizations can be in principle calculated by the
Selberg trace formula for U'(R;). However, in this section, we will obtain this num-
ber by seeing possible cardinality of Aut(A, \) concretely and using the mass formula.
It is well known that Aut(A, ) is a finite group. This group is isomorphic to I'g (R;) =
g;lU(Ri) gaNG! for some g4 € G| and some quaternion hermitian matrix H. Of course
Iy(R;) C 'y = I'y(M3(0)). The map ¢g of U} to SLy(Fy2) defined in the proof of
Theorem 3.6 is essentially the same map given in [6, pp.312-313] , and there we have
shown that the restriction of ¢ to I'y = I'r7(M2(0)) through an embedding I'y — U,
is injective to SLy(IF)2) for p > 7. By a comment of C.-F. Yu, this is also true for p = 5,
which is explained below.

LEMMA 4.1.  Ifp > 5, the above mapping of I'y to SLy(FF)2) is injective.

PrOOF. This has been proved in [6] in pages 312 and 313 when p > 7. (There we
used the fact that prime factors of the order of any non-unit element in I'yy are either
2, 3 or 5 and that the order of any torsion in ker(¢g) is divisible by p.) Now we supply
the proof for p = 5 given by C.-F. Yu. Since 'y is a finite group, any element v € I'yy
is a torsion element. The kernel of ¢q is in 13 + 7M2(O,). The group 1p + 7M2(O,)
has no torsion element whose order is prime to p. Indeed, take z € 1y + wM>(Op).
Then since [1y + 7Ms(0,) : 1o + 7 M3(0,)] = p!~Y for any integer I > 1, we have
2" ¢ 1o + 7w M5(0,) for all [ > 1. If z is of order m and (m,p) = 1, then there exist
rand s € Z such that 1 = mr+sp®~1 and we have z = (Jcm)7’(m7’8(171))5 € 1+7'My(0,)
for any [. This means that £ = 1. So it is enough to show that there is no element in
I's of order p. Now assume that p = 5. If ( € 19 + 7M2(O)) is of order 5, then since
Q5(¢)/Qs5 is totally ramified over Q5, the reduced norm of 15 — ( is H?Zl(l — (Y =5,
while the reduced norm of any element of 7M(0,) is divisible by N(m)? = 52. So this
is a contradiction and there is no torsion element in the kernel. Hence the map ¢ is
injective on 'y also in this case. O

REMARK. C.-F. Yu proved that for any n and p > 5, 1,, + M,,(O,,) is torsion free
by the same line of proof as above.

From now on, we assume that p > 5 in this section.
If R = Ry, then the condition e € Ry, is equivalent to the condition wy ;Ewo,p € Ry,
where we write wy = (wp,,) as in the last section. Then the image ¢o(I'm(R1)) is in

(’5 0) € SLy(F,2).

T
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So we have 2 = 1 and = = +1. Since the map is injective for p > 5, this means that
'y (R1) = {£12}. This proves the case (I). Next we consider the case (II). We see that
W, ;ngoyp mod 7 is a conjugate of K so still isomorphic to Fj4. Since the determinant

of the image of
7'(-71 O _1R ™ 0
0o 1)% % 0 1

by ¢g is just the norm of elements of F,1 over [z, the image of I'y (R3) is contained in
the set of norm 1 elements

F) = {w € Fyu; Ny, jp, (x) = 1}.

We have IE‘Z()? ={z € Fp4;xp2+1 = 1} and this is a cyclic group of order p? + 1. By
Lemma 4.1, we have an injective homomorphism of 'y (R2) = RS N Ty to the group
IE"Z()?, so I'g(Ry) is a cyclic group whose order is a divisor of p? + 1. For any p, the
number p? + 1 is not divisible by 3 so there are no elements of order 3 in I'g7(R2). When
p=+lmod5or p=2>5, we have p> + 1 = 1 or 2mod 5, so there are no elements of
order 5 in I'g(Rz). For any odd p, we have p? + 1 = 2 mod 8, so there are no elements
of order 4 in I'y (R3). Since I'gr(R2) is cyclic, there is only one element of order 2 which
is given by —1s. Since I'y has only elements of order 1, 2, 3, 4, 5, 6, 8, 10, 12 (cf. [3]),
possible candidates of the groups I'y(R2) are Z/2Z and Z/10Z. In particular, if p = 5
or p = +1 mod 5, the only candidate is Z/27Z. Next we see the case p = +2 mod 5. For
the case (II), we have

p*(p? — 1)

M{A) = =525

Since p?(p?—1)? = 1 mod 5 if p = £2 mod 5, the numerator is not divisible by 5 and there
should exist at least one H such that ' (R2) = Z/10Z. Now we prove that there is only
one such H up to R} equivalence. Fix an element H € P such that I'y(R2) = Z/10Z.
By [6, Theorem 7.1], we have I'y /{+12} = A5 in this case for p > 7, where A5 is the
alternating group of degree 5. Now assume that for Hy € P, there exists an element of
order 5 in 'y, N RS. By the result of [6, Theorem 7.1], if 'y, contains an element of
order 5, then Hy and H are GL2(O) equivalent. Our aim is to show that any such Hy
is Ry equivalent to H. So write egHel, = Hy for some ¢y € GL2(0). By assumption, we
have € € RS of order 5 such that

eeoHepe™ = egHep.
So we have
elecy €T
0 0 H-

Now Ajs has 24 elements of order 5 and there are 6 different groups of order 5 in As. We
can check directly that these groups are all conjugate by elements of As. The pullbacks
of these groups to I'y are cyclic groups of order 10, and these are also conjugate by 'y
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since if ( € 'y is of order 5, then —( is of order 10 and ¢ and —( are not conjugate. So
there is an element ¢ € I'yy(R2) of order 5 and an element v € I'y such that

leep =7 1¢H. (5)

€0
Both elements €, ¢ € Ry are of order 5. By injectivity of ¢g, the elements € := (¢ mod )
and ¢ := (¢ mod ) are also of order 5. Since the subgroup of order 5 of (F,4)* is unique,

we have € = ZJ for some j with 1 < j < 4. By our assumption p = +2 mod 5, we have
Fp[¢] & Fpa, and Fp[¢ + Z_l] >~ F,.. However, since ( € Ry, we have F,[¢ + 7_1} =
Fy2 - 1o C M>(F,2). By (5), elements € and ( are conjugate by elements of GLa(F,2).
Since this conjugate is trivial on the center F,2 - 1o C My (F,2), we have € = Coré= Z_l.
So by the injectivity of ¢g, we have € =  or € = ¢(~'. However, seeing the conjugacy
classes of As in details, we can see that the projections of ¢ and (~' in A5 are conjugate
in A5 and hence € and ¢ are conjugate in I'yy. So changing v € I'y if necessary, we may
assume that

ealeeo = ’7_16’7.

This means that eyy ' mod m commutes with the fixed subfield F,« = F,[€] of M(IF,2)
containing F,2 - 15. By the Skolem-Noether theorem, this means that epy ™' mod 7 €
(Fpa)*. By definition of R,, this means that egy™' € RY. So ¢ € R3T'y and Hy
is Ry equivalent to H. So there is only one RS equivalence class in P such that the

automorphism group is Z/10Z. So we prove the claims in the introduction for p > 5.

5. The cases p =2 and p = 3.

We consider the remaining cases p = 2 and p = 3 and prove Theorems in these
cases. We note that the class number of the non-principal genus (that is, the number of
GL3(0) equivalence classes in P) is 1 for both p = 2 and 3 (see [3]). For p = 2, we may
write the maximal order of D as
1+i+j+k

O=Z+Zi+7j+7 : ,

where i2 = j2 = —1, ij = —ji = k. Then we know that the representative of lattices in
the non-principal genus is given by

27
— — *
H (7" 2) 99

1 _rl> (see [3]). The isomorphism group I' = g~ M(0)*gNG

0
considered in the quaternion hermitian group G is given by the following 1920 elements

(see [5, p.592]).
ar—! —aaor_l ar—! aaor_l
ar~t  aaer~! )’ —ar~' aagr~t)’

where r = i—k and g =
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a O 0 aag
(O aao) ’ (a 0 > ’ (6)
(1+7r"t2)a r~lzaag
r~lza ’

(1 +7r~tz)aag

where a, ag and x run respectively over the following sets

tl4itj+k
ac0X = {il,iz;ij, +k, ’j}

2
ag € {1, +i, +j, +k},
x€{—ik, (£1 —i+j+k)/2}.

For v € T, we see the condition that gyg~! = 1, mod 7, where ™ = i — k is a prime

element of O over p. This is the condition for the case (I), i.e. the case t & F 4. For

example, we see that
a 0 _ a a(l—ag)r!
g g t= ( 021 :
0 aag 0 raagr

This is 13 mod 7(= —15 mod 7) if and only if @ = aap mod 7 and ag = 1 mod 2. This is
satisfied if and only if ay = £1 and a € {£1, i, £j, +k}. In the same way we see that
g (a ago) g~ ! satisfies the condition if and only if a, ag satisfy the same conditions as
above condition. For all the other v € I', we can see by direct calculation that gyg™
does not satisfy the condition. So the automorphism group I'; of this H in R, is a group

1

of order 32 and is isomorphic to the group given by

a 0 0 =a L
{(O ia>7(a 0), ae{il,:l:z,:l:y,:l:k}}.

Since the mass for p = 2 in the case (I) is 1/32, there are no other class and the number
of Ry equivalence class is one.

Next we see that the number of R} equivalence classes is also one for the case (II)
when p = 2. As we have shown, there is a homomorphism ¢¢ from I" to SLs(Fy). The
latter group is of order 4 - (42 — 1) = 60. Since the order of the kernel is 32 as we have
shown above, and 1920/32 = 60, the map from I" is surjective. So the inverse image of
{x € Fya;2*™t = 1} in T is of order 5 x 32 = 160. Since the mass for the case (II) is
1/160, again there is only one Ry equivalence class and a group I's of automorphisms in
RS is of order 160. Of course we have I'y C I' but the group I's depends on a choice of
K (i.e. the tangent t). For example, if we take

a b
K—(b a+b77>’ a,be Fy,

where 1 € Fy is an element such that 7% + 7 + 1 = 0, then among elements of I" in (6),
there are 16 elements of I'y in each of the first 4 types in (6) and 96 elements in the last
type in (6). So we see directly that #(I's) = 16 x 4 + 96 = 160. We omit the details.
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Next we consider the case p = 3. Also in this case, the automorphism group can be
written down explicitly as in the case when p = 2. However, here we omit this description
and we show the necessary results in a little more abstract way. When p = 3, the class
number of the non-principal genus is again one ([3]), and we write the corresponding
quaternion hermitian matrix by H. By [10], it is known that I'y/{£1s} = As for
Iy = Tg(M2(0)) = Aut(E?,\g) for the polarization \g of E? in the non-principal
genus. On the other hand, we have a homomorphism ¢g of 'y to the group SLy(Fy)
of order 720. We also know that PSLy(Fg) = Ag. So it is likely that the image of
'y is exactly SLo(Fg). Indeed, if we map I'y to SLo(Fg) as before, then by definition,
the element —15 is not in the kernel of the mapping. So if we denote by I'g the kernel
of this mapping, then I'o N {£12} = {1}. Since I'y is a normal subgroup of I'yy and
Ag = T'y/{£1s} is a simple group, we have 'y = {lo} or 'y = T'g x {£12}. The
latter case does not occur since we know that 'y contains an element v of order 4 whose
characteristic polynomial is (22 +1)? (see [3]), and hence v? = —15, which cannot happen
for elements in 'y x {£12}. So we see that the kernel is trivial and comparing the group
order we see that I' = SLs(IFg). For the case (I), the image of I'y(Ry) — SLa(Fy) is
{£1}, so 'y (R1) = Aut(A,\) is equal to {15} for the principal polarization A of A
such that A\g = ¥*(\). However, we have

B -1EB2-1) 1

M(4) = 25760 o

So there is only one isomorphism class of principal polarizations of A. For the case (IT),
the image of I'(Rz) — SLa(Fy) is isomorphic to the group of norm one subgroup of FJ;
over g, which is a cyclic group of order 32 + 1 = 10. However, the mass in this case is

3232 -1)2 1

M(A) = = —.
(4) 5760 10

So there is only one isomorphism class and the automorphism group is Z/10Z.
So all the claims in the theorems in the introduction are proved.
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