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Abstract. The Cuntz—Toeplitz algebra E,, 41 for n > 1 is the universal
C*-algebra generated by n + 1 isometries with mutually orthogonal ranges. In
this paper, we determine the homotopy groups of the automorphism group of
Enir.

1. Introduction.

The Cuntz—Toeplitz algebra E,, .1 for n > 1 is the universal C*-algebra generated
by n 4+ 1 isometries with mutually orthogonal ranges. In this paper, we investigate
the automorphism groups of the Cuntz—Toeplitz algebras and determine their homotopy
groups.

The homotopy groups of the automorphism groups are necessary to classify the
locally trivial continuous fields of C*-algebras. However, there are only few classes of
C*-algebras whose homotopy groups of the automorphism groups are determined. To the
best knowledge of the author, the homotopy groups are known only for Kirchberg algebras
[4], [7], [13], strongly self-absorbing C*-algebras [10], and simple AF-algebras [22], [30].
The rough strategy of computation of the homotopy groups in the previous work is
as follows. First, we show the weak homotopy equivalence between the automorphism
group and the endomorphism semi-group. Then we compute the homotopy groups of the
endomorphism semi-group from the K-theoretic or KK-theoretic data of the C*-algebra.

We illustrate the strategy in the case of Kirchberg algebras where we have a powerful
tool, Kirchberg—Phillips’ classification theorem. Regarding a continuous map p: X —
End A ® K as an element in Hom(4 ® K, C(X) ® A ® K), we can associate a KK-class
KK(p) € KK(A,C(X) ® A) to p. Therefore the homotopical data of End(A ® K)
are recovered from the KK-theoretic data, and we can directly compute the general
homotopy sets by the map [ X, Aut A®QK] - KK(A,C(X)® A) (see [7, Proposition 5.8,
Theorem 4.6]).

In general, there is no such powerful tool and the homotopy groups are computed
for only exceptional classes of C*-algebras. The strongly self-absorbing C*-algebras are
such examples. Dadarlat and Pennig show in [10, Theorem 2.3] that the automorphism
group Aut D is contractible for every unital strongly self-absorbing C*-algebra D. Using
a certain fibration, they determine the homotopy groups of Aut(D ® K). In this paper,
we use similar fibrations in the case mentioned above.
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Let {Ti}?:ll be the canonical generators of E, ;1 and let Endy F,,+1 be the path
component of idg, , , of the semi-group of unital endomorphisms of E,, 1. We denote by e
the minimal projection 1 —Z?Ill T;T;. Then the map Endg E,,41 3 p+— Z?jll p(T)Tr €
Ug, ., (1 —e) is a homeomorphism where Ug,, ., is the unitary group of E, ;. Our proof
of the main result is based on the fact that the map Ug, ., — Ug,,, (1 — e) defined by
the right multiplication by 1 — e gives a fibration with a fibre S!.

THEOREM 1.1.  The homotopy groups of Aut E,,+1 are as follows:
7r1(Aut En+1) = Zn, 7r2k+1(Aut En+1) = Z, 7r2k(Aut En+1) = 0, k Z 1.

To prove Theorem 1.1, we show that the inclusion map Aut E,, ;1 — Endg FE, 41 is
a weak homotopy equivalence (Theorem 3.14).

COROLLARY 1.2. Let X be a CW complex. The following sequence is an exact
sequence of pointed sets and the first four terms give an exact sequence of groups:

HY(X) = KYX) = [X,Aut E,, 1] — H*(X)
— [X,BAut, E, 1] — [X,BAut E, ;1] — H3(X).

The group Aute E, 11 is the subgroup of all automorphisms that fix the minimal projection
e c E’I’L-‘rl'

The original motivation of this work is to investigate the structure of continuous fields
of the Cuntz algebras beyond Dadarlat’s work [11] using the Cuntz—Toeplitz extensions,
and we will hopefully come back to this subject in the near future. We discuss the group
structure of the homotopy sets [X, Aut E,, 1] and [X, Aut O,,11] in [16]. We organize
this paper as follows. In Section 2, we give some preliminaries to compute the homotopy
groups. We introduce several fibration sequences with the help of [10, Lemmas 2.8, 2.16
and Corollary 2.9]. As a consequence, the homotopy groups of the connected component
of the endomorphism semi-group, denoted by Endg E, 41, are obtained.

In Section 3, we show the weak homotopy equivalence of Endg E,,+1 and Aut E;,41.
The main ingredient of the proof is Pimsner—Popa—Voiculescu’s non-commutative Weyl—-
von Neumann type theorem.

2. Preliminaries.

2.1. Notation and the basic facts of the theory of C*-algebras.

Let A be a unital C*-algebra and let U4 be the group of unitary elements in A.
We denote by Uy 4 the path component of 14 of U,. For a non-unital C*-algebra B, we
denote its unitization by B~. The K-groups of A are denoted by K;(A), i = 0,1. We
denote by [p]o the class of the projection p in Ky(A), and denote by [u]; the class of the
unitary u in K;(A). Let SA be the suspension of A, the set of A-valued functions on
[0,1] that vanish at 0 and 1. For the K-theory, we refer to [1], [17]. We denote by K the
algebra of compact operators of the infinite dimensional separable Hilbert space H.

For a topological space Y and two elements yy and y;, we denote yg ~p y1 in Y if
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there is a continuous path from g to y;. Two unitaries u,v € Uy are homotopy equivalent
if w ~p v in Uy. There is a natural map Uy/ ~p— K1(A) from the set of homotopy
classes of unitaries to the Kj-group. We say A is Kj-injective if the map is injective.
For the non-unital C*-algebra B, it is Ki-injective if the natural map Ug~/ ~,— K;(B)
is injective. For example, the algebra A ® K is Kj-injective by the definition of the
K;-group.

For A ® K, we denote by M(A ® K) the multiplier algebra of A ® K, and denote
by Q(A ® K) its quotient by A ® K. We denote the quotient map by m. We remark
that Q(A ® K) is Kj-injective (see [21, Section 1.13]). We identify M(K) with B(H)
where B(H) is the algebra of the bounded operators on H. For A = C(X), we denote by
CP.(X,B(H)) the set of B(H)-valued bounded continuous functions on X with respect
to the strong* operator topology (abbreviated to SOT*). This is a realization of the
multiplier algebra M(C(X) ® K) (see [29, Proposition 2.57]).

We refer to [5, Theorem 1] for the K-theory of the multiplier algebra, and a gener-
alization of Kuiper’s theorem.

THEOREM 2.1.  Let A be a unital C*-algebra. Then Uxqagk) is contractible with
respect to the norm topology, and we have K;(M(A®K)) =0, i =1,2.

Let A, B and C be C*-algebras. An extension C of A by B®K is an exact sequence
0>BRK—-C—A—0,

and the Busby invariant of the extension is the induced map 7: A — Q(B ® K). We
refer to [1] for the definition of the Busby invariant. The extension is called trivial if the
above exact sequence splits. The extension is called essential if 7 is injective, and called
unital if 7 is unital. We refer to [1] for the basic facts of the theory of extensions of
C*-algebras. There are two equivalence relations of unital extensions, the strong unitary
equivalence and the weak unitary equivalence.

DEFINITION 2.2. Let A and B be C*-algebras. Two Busby invariants 7 : A —
Q(B®XK), i = 1,2 are said to be strongly unitarily equivalent if there exists a unitary
U € Upmpgr) satisfying 71 = Adm(U)or. They are said to be weakly unitarily equivalent
if there exists a unitary u € Ug(pgk) With 71 = Adu o 5. We denote the strong unitary
equivalence by ~g .. and denote the weak unitary equivalence by ~, .. We denote
T ~g Ty if there exists two trivial extensions p; and py satisfying 71 @ p1 ~s.u.e T2 D po.
We denote by Ext(A, B ® K) the set of the equivalence classes of the Busby invariants
with respect to the equivalence relation ~y.

We note that the weak unitary equivalence, ~, , . induces the equivalence ~ (see
[1, Proposition 5.6.4]). In this paper, we deal with the extensions of the Cuntz algebras
by C(X) ® K. One has a universal coefficient theorem of Ext-groups.

THEOREM 2.3 ([1, Theorem 23.1.1]). Let A and B be separable C*-algebras, with
A in the bootstrap class. Then there is an unnaturally splitting short exact sequence
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0— @P Exty(K;(A), Ki(B)) - Ext(4, B@ K) — @D Hom(K;(A), Kiy1(B)) = 0.
i=0,1 i=0,1

If @i, Hom(K;(A), Ki11(B)) = 0, we have an isomorphism Ext(A,B ® K) —
Di—o.1 Exty,(K;(A), Ki(B)) that sends a class of Busby invariant [r] of an extension
0> BRK— C, = A — 0 to the class of group extension of the commutative groups
[Ki(B) — Ki(C,) — K;(A)] € Exty(K;(A), K;(B)) fori=0,1.

Let E,1+1 be the universal C*-algebra generated by n + 1 isometries with mutu-
ally orthogonal ranges and let {Ti}?jll be the canonical generators of E,yi. It is
called the Cuntz—Toeplitz algebra. The closed two-sided ideal generated by the mini-
mal projection e := 1 — Z?:ll T;T; is isomorphic to the compact operators K, which is
known to be the only closed non-trivial two-sided ideal. Consider the full Fock space
F(C*1) and the left creation operators {T;}/"]! (see [26, Section 1]). Then one has
K C C*({T;}14]) = Enq1 € B(F(C™Y)). In this paper, we frequently identify K™ with
K+ Clg,,, C B(F(C")). Let 7: Epqy1 — Ongqq be the quotient map by the ideal
K, and let S; := m(T;). The quotient algebra O, is the universal simple C*-algebra
generated by n+1 isometries with the relation : S7.5; = d;5, 1 = Z?:Jrll S; S} . We denote
by O the universal C*-algebra generated by the countably infinite isometories with
mutually orthogonal ranges. The algebras O,, 1 and O are called the Cuntz algebras,
whose K-groups are the following:

KO(OnJrl) = Z’ru K1(0n+1) = 07 KO(OOO) = Z7 Kl (Ooo) =0.

See [4, Theorems 3.7, 3.8, Corollary 3.11].

The Cuntz algebras are the Kirchberg algebras, and they tensorially absorb O,
0141 ® O = Opy1. The algebra that tensorially absorbs O, has Kj-injectivity by the
lemma below.

LEMMA 2.4 ([25, Lemma 2.1.7]).  Let A be a unital C*-algebra. Then the natural
map Uago., /| ~n— K1(A® O) is bijective. In particular, every unital C*-algebra that
tensorially absorbs Oy is K1-injective.

DEFINITION 2.5.  We denote by 7y the Busby invariant of the extension
0—>K—=FE,t1 = Oni1 —0.

The inclusion map C(X) ® K — C(X) ® E,4+1 induces the Busby invariant 7 =
idex) ® 10 C(X) ® Ong1 — Q(C(X) ® K) of the unital essential extension

ido(x)®m
—

0— CO(X)®K — C(X) ® Ens C(X)® Opy1 — 0.

Since K and E,;; are KK-equivalent to C (see [26, Theorem 4.4]) the above exact
sequence induces the following 6-term exact sequence:
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Ko(C(X)) —— Ko(C(X)) — Ko(C(X) ® Ony1)

¥ |

Ki(C(X) ® Ony1) <—— Ki(C(X)) <—— K1(C(X).

For a pointed topological space (X, zg), we denote by ¥X its reduced suspension
with the base point zy. We denote by Co(X, z) the set of continuous functions vanishing
at xg. For pointed topological spaces (X, ), (Y, y0), we denote the set of continuous
maps from X to Y by Map(X,Y) and denote the set of base point preserving continuous
maps by Map,(X,Y). We denote the homotopy set Map(X,Y)/ ~, by [X,Y] and
denote Mapy(X,Y)/ ~p by [X,Y]o. We remark that if Y is an H-space, the natural map
[X,Y]o — [X,Y] is bijective.

LEMMA 2.6. Let (X, xg) be a based compact Hausdorff space. Then the natural map
Uico(x,20)00m41)~ /| ~n— K1(Co(X,20) @ Opy1)
s a surjective isomorphism.

PROOF. Since K1(0n+1) = 0, we have Kl(CO(X, $0)®On+1) = Kl(C(X)®On+1)
By Lemma 2.4, the natural map

(X, Uo,.,] = Ucx)90,4,/ ~n— Ki(C(X) @ Ony1)

is an isomorphism. Since Up,,,, is an H-space, we have

U(CO(X,$0)®On+1)N/ ~h— [X’ Uon-f—l}o = [X’ Uow,+1]'
Therefore we have the conclusion. O

LEMMA 2.7 ([2, Proposition 6.6]). Let A be a C*-algebra and let I be a two-
sided closed ideal of A. If A/I and I are K;-injective and the natural map Ug(a/n~ —
K1 (S(A/I)) is surjective, then A is Ki-injective.

We refer to [28] for the proof of the surjectivity. We also refer to [28] for the
definition of the properly infinite full projections and the properly infinite C*-algebras.

LEMMA 2.8 ([28, Exercise 8.9]). Let A be a unital properly infinite C*-algebra.
Then the natural map U/ ~p— K1(A) is surjective.

LEMMA 2.9 ([28, Exercise 4.9]).  Let A be a unital C*-algebra, and let p and q be
properly infinite full projections. Then there exists a partial isometry v with p = vv*, ¢ =
v*v, if and only if [plo = [q]o in Ko(A).

We show that the algebra C(X) ® E, 11 is Ki-injective.

PROPOSITION 2.10. Let X be a compact Hausdorff space. Then, the map
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Uc(x)2En1/ ~n— K1(C(X) ® Ent1)
is an isomorphism.

PROOF.  Surjectivity follows from the fact that C(X)®E,, 11 is properly infinite and
Lemma 2.8. We identify SCy(X, 29)®0O,,+1 with Co(XX, 20) @Oy 41. Since C(X)R0, 41
is Kj-injective by Lemma 2.4 and C(X) ® K is K;-injective, it is sufficient to prove the
surjectivity of the natural map Uso(x)0,.1)~ — K1(SC(X) ® On41). For the space
Y :=[0,1] x X/({0} x X U {1} x X), we have SC(X) = Cy(Y,y0). So we have the
conclusion by Lemma 2.7. O

Let End E,, 1 be the semi-group of unital *-endomorphisms of F, ;1. We topologize
End E,,;+1 by the point-wise norm topology, and let Endg E,, 1 be the path component of
idg, ., in End E,, 1. We denote by End, Ey, 41 (resp. Aut. E, 1) the subset of End £, ;1
(resp. Aut E,, 1) consisting of all elements fixing the minimal projection e. Every auto-
morphism of E,, 1 preserves the ideal of compact operators and induces an automorphism
of Op41. For a in Aut F,, 1, we denote by & the induced automorphism of O, 1. This
gives a group homomorphism Aut F,, 11 — Aut O, 41.

LEMMA 2.11.  The set Endg Ep41 is equal to a subset {p € End E, 1 | p(e) is a
minimal projection of K} of End E,, 1, and the map

n+1
Endy Eny13 pu, =Y p(T)T; € Ug
=1

(1-e):={u(l-e)c Epy1|ueclUg,,}

n+1

is a homeomorphism.

PrOOF. First, we show Endg E,4+1 D {p € End E, .11 | p(e): minimal projection}
because the converse is trivial. Consequently, the map Endg E,11 3 p— u, € Ug, ., (1—
e) is well-defined. If p(e) is a minimal projection, there exists a partial isometry v with
vv* = p(e), v*v = e. Then the unitary v + u, is in the path component of 1g, ., by the
K-injectivity of E,, 1. We take a norm continuous path of unitaries {us};ep0,1] in Up
from v +u, to 1g,_,, and we have the continuous path p;: T; — u;T; from p to idg

Second, we show the map Endo 11 3 p— u, € Ug, .,
For every w € Ug,,(1 —e), we have the map p,, : T; — wT; by the universality of
Eny1. The map Ug, (1 —e€) > w + py, € Endg E,41 is continuous because {Ti}?:f
is the generator of E, ;. This gives the inverse of the map Endg i1 2 p = u, €
Ug,,,(1—e). O

n41

n+4+1"°
(1—e) is a homeomorphism.

2.2. Section algebras and the theory of extensions of C*-algebras.
We use the following elementary fact.

LEMMA 2.12. Let A be a unital C*-algebra, and let X be a compact metrizable
space. Let P1 and Ps be principal Aut A bundles over X. Let A1 and Ao be the section
algebras of the associated bundles of P1 and Po with fibre A respectively. Then Py and
Py are isomorphic if and only if there exists a C(X)-linear isomorphism p: Ay — As.
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Let m: M(C(X)®K) — Q(C(X)®K) be the quotient map by the ideal C(X) @ K.
We need the following technical theorem of the theory of extensions of C*-algebras.

THEOREM 2.13 ([27, Theorem 2.10]). Let X be a finite CW complex. Let A
be a separable simple unital C*-algebra, and let p: A - M(C(X) @ K) and 0: A —
Q(C(X) ® K) be unital x-homomorphisms. Then o @ 7oy and o are strongly unitarily
equivalent.

The theorem above is a special case of [27, Theorem 2.10]. Since A is simple, the
assumptions for it are satisfied.

LEMMA 2.14. Let X be a finite CW complex. Let A be a separable simple unital
C*-algebra. Suppose that A has a unital essential trivial extension wo u where p: A <
M(C(X)®K) is a unital embedding. Then two unital essential extensions 71 and T are
weakly unitarily equivalent if and only if [11] = [12] in Ext(A4,C(X) ® K).

PrROOF. We show that [11] = [r2] implies 71 ~y .. T2 as the other implication is
always the case. By definition, there exists a trivial extension m o p; such that m & 7o
P1 ~sue T2 D 7o py. Adding 7o p to the both side, we may assume that p;(14) is a
properly infinite full projection in M(C(X) ® K). Since Kq(M(C(X) ® K)) = 0 and
pi(14) is properly infinite full, there exists an isometry V; with V;V;* = p;(14). Now we
have 71 @ 7o (AdVi* 0 p1) ~apu.e T2 ® mo (AdV5 0 py). Tt follows from Theorem 2.13 that
Ti ~sm.e Ti ®mo (AdV;* o p;), and we have the conclusion. O

We have the following theorem of Paschke and Valette.

THEOREM 2.15 ([32, Proposition 3], [23, Theorem 6]). Let A and B be unital
separable C*-algebras, and assume that A is nuclear. Let p: A — M(K) be a unital
embedding with p(A) NK = {0}. For the unital x-homomorphism 7 :=mo (1 ® u), we
have an isomorphism

ar: Ki(1(A)' N Q(B®K)) — Ext(SA, B®K)
which sends the class of a unitary u € 7(A)' N Q(B @ K) to the class of extension
Tu: SA S (¥ —1)a — (u—1)7(a) € Q(B @ K).
The following theorem holds from the argument of [24, Section 1, Theorem 1.5].

THEOREM 2.16 ([24, Section 1]). Let T and 12 be unital extensions of Opy1 by K.
Then 71 ~g.q.e T2 if and only if 7y ~p, To.

ProposITION  2.17. Let X be a compact Hausdorff space  with
Tor(Ko(C(X)),Zy,) = 0, and let 0: Opt1 — Q(C(X) ® K) be an arbitrary unital
extension. Then every element of Ki(0(Opt1) N Q(C(X) ® K)) is an n-torsion
element, and the set Us(0,,.,)yno(c(x)oK)) S contained in the path component of 1 of
Vo(c(x)ek)-
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PROOF. By Theorem 2.3, all elements of Ext(SO,41,C(X) ® K) are n-torsion
elements. We define 7 := 7o (1¢(x)®pu) where pu: O, 1 — M(K) is a unital embedding.
Since O,41 is simple, we have u(O,11) NK = {0}. By Theorem 2.15, we have

K1(7(On 1) N Q(C(X) @ K)) = Ext(SOn 1, C(X) @ K).

So we have [09"] = n[o] = [r] = 0, and Lemma 2.14 gives a unitary w € Ugc(x)aK)
with 0®" = Adw o 7. We have an isomorphism

Adw: (0% (Ops1) N Q(C(X) @ K)) = (1(Onsr) N QC(X) ®K)).

We also have (0(Op41) N O(C(X) ®K)) @ M, 2 (69™(0,41)' N Q(C(X) @ K)). So we
have

K1(0(On41) N Q(C(X) ® K)) = Ky (1(On11)" N Q(C(X) @ K)).

Since Ko(C(X)) = K1 (Q(C(X)®K)) has no n-torsion, we have [w]; =0 € K;(Q(C(X)®
K)) for every w € U(J( Oni1)'NQ(C(X)@K))- S0 We have the conclusion by Kji-injectivity of
Q(C(X) ®K) (see [21, Section 1.13]). O

As an application of Lemma 2.14, we show in Proposition 2.22 that the group
Aut E,,;1 is path connected. A straightforward computation yields the lemma below.

LEMMA 2.18.  We have the following isomorphisms of K-groups and Ezt-groups:

evpr,: Ext(Opi1, C(S* 1) @ K) — Ext(Op41,K),
Ki(evpr): Ki(Q(C(S* 1) @ K)) — K1(Q(K)),
Ki(evp): K1(Q(C([0,1]) ® K)) — K1 (Q(K)),
for m > 1.

We need the following lemma.

LEMMA 2.19 ([19, Lemma 2.3]). Let 79: Opt1 — Q(K) be the Busby invariant in
Definition 2.5. If a unitary u in Upxy commutes with Ey, 11 up to compact operators
(i.e. [u,d] € K for every d in En41), there exists a self adjoint element h in Q(K) such
that 2™ = w(u) and [h,a] = 0 for every a in Opy;.

COROLLARY 2.20.  The group N := {u € Upqx) | [u, Ent1] C K} is path connected.
Let {e;;}i; be a system of matrix units of K.

LEMMA 2.21.  Let o be an automorphism of Ey, i1, and Uy := ), a(e;1)ver; be an
implementing unitary of a [k where v is a partial isometry with vv* = a(e), v*v = e.
Then we have o = AdU, | g, -

Proor. We show AdU, [g,,,= a. Let I’ C K be the set of all finite rank projec-
tions. Since « is an automorphism, the image a(K) = K contains a net {a(p)}pcr that
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weakly converges to 1. For every d € E, 1, we have a(p)a(d) = a(pd) = AdU,(pd) =
a(p)AdU,(d), and oo = AdU, |, ., holds. O

n+1
PROPOSITION 2.22.  The group Aut E, 11 is path connected.
PrROOF. Let a be an automorphism of E,, ;1 and let & be an induced automorphism

of Op41. Since Aut O,,41 is path connected, we take a path h; with hg = &, hy = idp
We take two unital essential extensions

n41°

T = idc[071] X To: 0[07 ].] ® On+1 > f(t) — f(t) S Q(C[O, 1] ®K)
To:=T10h: Cl0,1] ® Ont1 3 f(t) — he(f(2)) € Q(C[0,1] ® K),

where 79 is the Busby invariant in Definition 2.5, and we regard h: C[0,1] ® Op41 —
C[0,1] ® On41 as a C[0, 1]-linear isomorphism. Since 71 ~p, T2, we have [r1] = [r2] in
EXt(C[O, 1] ®On+17 C[O, 1] ®K) We have [Tl o (10[0’1] ®id(gn+l)] = [7'2 o (10[071] ®id@n+1)]
in Ext(Opn41,C[0,1] ® K). By Lemma 2.14, there exists a unitary v € Ug(c(o,1]ek) With
T2 0 (Lgjo,y ® ido,,,,) = Adv o o (lgp,y ® ido,,,,). Since C[0,1] is in the center of
Q(C10,1] ® K), we have 7 = Adv o 7y.

We show [v]; = 0in K;(Q(C0,1]®K)). By the construction of 7 and v, the unitary
vy is in 79(On41)' N Q(K). By Proposition 2.17, we have [v1]; = 0 in K;(Q(K)). Since
the map evy,: K1(Q(C[0,1] ® K)) —» K;(Q(K)) is an isomorphism from Lemma 2.18,
we have [v]; = 0.

We take a unitary lift V' € Upqcpo1)ex) of v. It follows that AdV is a C0,1]-
linear isomorphism of C[0,1] ® E,, 1. Therefore the map [0,1] 5 ¢t — AdV; € Aut E,, 11
is continuous. Let U, := ), a(e;1)wer; be an implementing unitary of a restricted
to K where w is a partial isometry satisfying ww* = a(e11), w*w = ey1, and {e;;}
is a system of matrix units. By Lemma 2.21, we have AdU, [g,,,= o« We have
Adm(Vy) = hg = & = Adn(Uy,), and it follows that VU, commutes with E, 1 up
to compact operators. By Corollary 2.20, the automorphism AdVj U, is in the path

component of idg, ., in Aut E,, ;. Similarly there is a continuous path from idg,, to
AdV; in Aut E,,+1. Therefore we have
o ~p AdV1 o AdVO*Ua ~h AdV1 ~h idEn+1~ O

2.3. Implementing unitaries of Autc(x)(C(X) ® Ept1).

Let Aute(x)(C(X) ® Enq1) be the group of C'(X)-linear automorphisms of C'(X) ®
E,+1. We remark that the homotopy set [X,Aut F, 1] is identified with the set of
homotopy equivalence classes of the elements of Autc(x)(C(X) ® Epq1).

Let G be a compact topological group. We denote by B G its classifying space, and
denote by E G the universal principal G-bundle over B G. One realization of those spaces
is as follows. For a contractible space X equipped with a free G action, the quotient map
X — X/G gives the universal bundle. We refer to [14] for the basic facts about the
classifying spaces.

Let H; be the set of vectors of norm 1 in a separable Hilbert space with the norm
topology. We identify H; with the set {f € L?[0,1] | ||fl = 1}. There is a map
hy + Hy x[0,1] — Hy that sends (f,t) to (1j0,4f+11,17)/[1j0,49.f +1t,17]l2 where 1, 3 is the
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characteristic function of [a,b]. This gives the deformation retraction to the set {101},
and the space H; is contractible, (see [29]). The group S freely acts on H; by the scalar
multiplication. Therefore we can adopt H; as a model of E S*. We identify B S* with the
set consisting of all minimal projections, and the map ES! = H; > ¢ = (@& € BS!?
gives the universal bundle where we denote by £ ® n* the operator H > x — (z,n)§ € H
for £,n € H. The space B S! is the Eilenberg-MacLane space K(Z,?2) and we identify
the homotopy set [X,B S'] with H?(X) via the Chern classes of the line bundles.

ProposiTiOoN 2.23.  Let X be a compact Hausdorff space, and let a: X —
Aut E, 11 be a continuous map. Let n be the map Aut E,,11 > o — ale) € BSL. If
the image of [a] by the map [X,Aut E,1] > [X,BSY] is zero, then there exists a
unitary U in Upqc(x)ek) such that AdU, = .

PROOF. Let & be a norm 1 eigenvector corresponding to the minimal projection
e. By assumption, there exists a norm continuous section £: X — H; with £, ® £ =
az(e). Using a system of matrix units {lo(x) ® e} with e = ey = § ® &5, we
have a unitary U, := ) . oz (€j1)& ® &ers. Since &, is norm continuous, U: X > z +—
U, € M(K) is SOT-continuous. In particular, U: X — Upqk) is SOT*-continuous and

U € Upmox)gk)- Lemma 2.21 shows AdU, [g,,,= a, for every x € X. O

n+1

LEMMA 2.24. Let X be a compact Hausdorff space and let o be an element of
Map(X, Aut Op41). Then the map o : C(X) @ Epy1 — C(X) ® Epg1 induces the
identity map of the K-groups, K;(a) = idg,(c(x)@B,41), ¢ = 1,2.

PROOF. Since « is C(X)-linear, we have the commutative diagram below:

O(X) =—— O(X)

| |

C(X)®FEp1 ——=C(X)® Epq1.
We have the conclusion from the KK-equivalence of C and E, ;1. O

Let r : Aut E,,;1 — AutK be the restriction map. Then we have a commutative
diagram below

(X, Aut B, 1] —— [X, Aut K]

™

[X,B 5.

M

We remark that the map n : AutK — B S! gives the homotopy equivalence (see [10,
Lemma 2.8]).

LEMMA 2.25.  The map n.: [S*, Aut E,, 1] — [S*, B S'] is the zero map for k > 1.
Hence the map 7.: [S*, Aut E,,11] — [S*, Aut K] is also zero.
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PROOF. If k # 2, we have [S* B S'] = H?(S*) = 0. We show the statement in the
case of k = 2. For every a in Map(S?, Aut E,,;1), the map Ko(a) : Ko(C(S?*)®@ Epq1) —
Ko(C(S?) ® Epy1) is the identity by Lemma 2.24. Since the map Ko(C(S?) @ K) —
Ko(C(S?) ® E,y1) is injective, [e]o = [a(e)]o in Ko(C(S?) ® K). Therefore we have
n«([a]) = 0 in H?(S?). O

2.4. Some fibration sequences.

In this section, we introduce several fibrations to compute the homotopy groups
of Aut E,41. We refer to [6, Chapter 6] for the definition and the basic facts about
fibrations.

DEerFINITION 2.26. Let X,Y and Z be topological spaces, and let 7 : X — Y be
a continuous map. The map 7 has the homotopy lifting property (abbreviated to HLP)
for Z, if for every commuting diagram

{xz—2sXx

N

0,1 x Z 1>,

there exists a continuous map g: [0,1] x Z — X such that §(0,z) = g(z) for every z in
Zand mog=f.
The map 7 : X — Y is a Serre fibration, if 7 has HLP for every n-disc, D".

We remark that a Serre fibration has HLP for every CW complex. A fibration gives
a long exact sequence of homotopy sets. We denote by X or €,,X the loop space of
the pointed set (X, o).

THEOREM 2.27. Let (Z, zp) be a pointed CW complex. Let w : (X, x0) — (Y, y0)
be a Serre fibration with the fibre F := 71~ Y(yo). Then, there is a long ezact sequence of
groups (i > 1), and exact sequence of pointed sets (i > 0)

- [Z7QZF]0 — [Z7Q’LX]O — [Z7QZY]0 T [Z7F]0 — [Z7X]O — [Zvy]o

In particular, we have a long exact sequence of the homotopy groups in the case of
Z = {Zo}

We have the following fact.

PROPOSITION 2.28 ([6, Theorem 6.42]).  Let (X, o), (Y,yo) be pointed topological
spaces. Then the natural map [2X,Y ]y — [X, QYo is a bijection.

By the theorem of Hurewicz, every principal G-bundle is a fibration. Therefore we
use the long exact sequence to compute the homotopy groups of the topological group G.
We refer to the argument in [10, Lemmas 2.8, 2.16, Corollary 2.9] for the proof of the
following 4 lemmas.
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LEMMA 2.29.  Letp:Ug,,, = Ug,,,(1 —e) be the multiplication by 1 —e. Then,
the map p is a principal S*-bundle that has the S' action by the right multiplication of
(1—e)+ze, z€ St

LEMMA 2.30. Let Hy be the set of vectors of morm 1 of the Hilbert space H, and
& € Hy be a vector corresponding the minimal projection e. The map q: Ug — Hy
that sends a unitary u to uo is a fibration with the fiber U _c)E, ., (1—c)-

n+1

REMARK 2.31. Since H; is contractible, it follows from the long exact sequence of
the homotopy groups induced by the fibration of Lemma 2.30 that the map

U(l—e)En+1(1—e) Sw—w+eeUg

n+1

is a weak homotopy equivalence. Hence the map End. E, 11 2 p — e+ Y. p(T;)TF €

Ug, ., is a weak homotopy equivalence.

n+1

LEMMA 2.32. Letn : Endg E,r1 — BS! be the map that sends o to afe) and
let Aute B, 11 be the stabilizer subgroup of the minimal projection e. Then there is a
principal Aute E,1-bundle

Aute B, — Aut E, 1, -5 BSh

REMARK 2.33.  Since the map 7, : [S*, Aut E,,41] — [S*,B S is the zero map for
k > 1 by Lemma 2.25, it follows from Lemma 2.32 that for every « in Map(S*, Aut E,, 1),
there exists o/ in Map(S*, Aut, E,,+1) that is homotopic to « in Map(S*, Aut E,,11).

LEMMA 2.34.  The following sequence gives a fibration:
End. E, 11 — Endg E,41 - BS?.

REMARK 2.35. In Section 3, we show that the map AutE,;1 — Endg E,4+1
is a weak homotopy equivalence. Hence the groups Aut. F,+1 and End. E,; are
weakly homotopy equivalent from the long exact sequences and 5-lemma. Then the
map Aut. Epi1 3 a—= e+ > a(T;)T) € Ug
Remark 2.31.

.1 18 a weak homotopy equivalence by

By the fibration in Lemma 2.29, we know the homotopy groups of Endg E,, 1.
THEOREM 2.36. The homotopy groups of Endg E,,+1 are as follows:

m1(Endg Eny1) = Zpn, mory1(Endo Enyq) = Z,
mor(Endg Eptq) =0, where k > 1.

ProOOF. By Lemma 2.11, it is sufficient to compute the homotopy groups of

Ug, ., (1 —e). By the fibration sequence

nt1

Sl - UEn+1 £> UE7L+1(1 - 6),
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we have the long exact sequence of the homotopy groups

= 0= m(Ug,,,) = mUg,,,(1—¢€)) = -

— m(SY) - m(Ug,,,) = mUg,,,(1—¢)) = 0.

The map S' — Ug, .,
[S*, Uk, .Jo = [S*, Uk

sends a complex number z to a unitary 1 — e + ze. We have
] = K'(S*) by K;-injectivity of C(S*) ® E,+;. The map

n+1

Z=1[5",8Y35[z]~ [1—e+ze] €[S, Us,. . Jo=2

n+1
is the multiplication by —n, and so we have the conclusion. O

We remark that a generator of 71(Endg Ey41) = Z,, is the canonical gauge action
of S that is A\, : T; — 27T; for every z € S*.

3. The main result.

3.1. The homotopy groups of Aut E,, ;.

In this section, by using the theory of extensions, we show that the inclusion map
Aut E, 11 — Endg E, 11 is a weak homotopy equivalence. First, we show [S?™, Aut E,, ;1]
is trivial, for m > 1. Second, we show the surjectivity of the map [S?™~! Aut E,,11] —
[S?m=1 EndgFE, 1] for m > 1. Finally, we show the injectivity of the map.

Let X be a compact Hausdorff space. It is well-known in homotopy theory that every
principal Aut F,, 11 bundle P over X comes from the classifying map X — BAut E,,;1
[14, Section 4, Proposition 10.6]. So we identify the isomorphism class of a principal
bundle [P] with the homotopy equivalence class of its classifying map and denote [P] €
[X,BAut E,11]. For a bundle P, the section algebra of the associated bundle P X syt &
E, 41 is a locally trivial continuous C'(X)-algebra I'(X, P X aut 5,4, Ent1)-

Let k be a natural number. For every a € Map(S¥, Aut E,, 1), there is a principal
Aut E,; 1-bundle P, representing the class [a] in [S*, Aut E,, 1] = [S*T1 BAut E,;4].
We construct a continuous field of E,, 1 over S¥*1 corresponding to P, as follows. We
denote the interior of the closed k + 1-disc by (D**1)°. We view S**1 as a non-reduced
suspension of S*, that is, (D**1)° U S* U (D*+1)°, and view a a clutching function on S*
of two trivial bundles over (D¥*1)° U S* and S* U (D¥*1)°. By the following lemma, we
have [S*, Aut E,, 1] = [S**!, BAut E,, 4]

n+1

LEMMA 3.1 ([14, Corollary 8.3]). Let G be a path connected group. Let X be a
topological space, and let SX be its non-reduced suspension. Then the map

[X,G] 3 [a] = [P.] € [SX,BG]
is bijective.

DEFINITION 3.2. We identify the section algebra of P, Xaut E
following algebra:

1 En+1 with the

By = {(Fy, F2) € (C([0,1] x §*) ® Ens1)®? |
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Fi(0) € 1e(sk) @ Enta1, Fi(1) = a(Fy(1)) € C(S*) ® Enya},
and denote by C,, the essential ideal
Co ={(F1,F») € (C([0,1] x S*) @ K)®* |
F(0) € losry ® K, Fi(1) = a(F(1)) € C(S*) @ K}.
Let A, be the quotient algebra of B, by C,:

Ao = {(a1,a2) € (C([0,1] x ") ® Opy1)*? |
a; € lC(S’“) ® Opt1, a1(l) = aaz(l)) € C(Sk) ® Opt1}-
The algebra A, is isomorphic to the section algebra I'(S*™!, Ps X aut 0,11 On+1),

where @& is the induced map in Map(S*, 0, ;1). We remark that C(S**1!) is identified
with the algebra

{(f1. f2) € (C([0,1] x 8%))¥2 | fi(0) € C, f1(1) = fa(1) € C(S™)},

which is the center of B,. Since the map [S*, Aut E,, 1] — [S*, AutK] is zero map by
Lemma, 2.25, the associated bundle Py X put £, , K is trivial. We fix a trivialization and
obtain 6, : C, — C(S¥*1) @ K. Thus we get a unital essential extension 7y,

Ta

C(X BCY

F Tk -

C(SF+1) @ K —= M(C(S¥1) @ K) ——= Q(C(S*1) ® K)

where the isomorphism 6, : C, — C(S*¥*1) ® K depends on the trivialization of the
bundle P, X auwt £, ., K.

n+1

LEMMA 3.3. Let m > 1 be a natural number. Then we have [S*™, Aut E,, 1] = 0.

PROOF. Since [S?™, Aut O, 41] = 0 by [13, Theorem 7.4], there is a trivializa-
tion ¢, : C(S?™) ® 0,41 — A, that is C(S?™*1)-linear isomorphism for every
a € Map(S?™, Aut O,,41). Consider two extensions of 0,41 by C(S?"H1) @ K:

Oq = Th, © Pa © (10(52m+1) ® id0n+1)a

o= 10(52m+1) & 70,

where the map 7y is the Busby invariant in Definition 2.5. It follows from the construction
that [evy 0 0o) = [evp 0 0] in Ext(Op41,K). By Lemma 2.18, we have [0,] = [0]
in Ext(O,41,C(5*™1) @ K), and Lemma 2.14 yields that there exists a unitary w
in Ug(c(s2mt1ygk) satisfying Adw o 0 = o,. There is another unitary U in Uk,
with Adw(U) o evy, 0 0 = evy 0 04 by Theorem 2.16. By Proposition 2.17, we have
[evpr(w)]1 = [evp(w)m(U*)]1 = 0 in K7 9(K), and Lemma 2.18 yields that [w]; = 0.
Therefore we have a unitary W that is a lift of w, and the map AdW : C(S*™*1) ®
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Eni1 — 04(Bg) is a C(S?™+1)-linear isomorphism. From Lemma 2.12, the bundle P, is
isomorphic to the trivial bundle, and we have [a] = 0 in [S?™, Aut E,,;;] by Lemma 3.1
and Proposition 2.22. O

LEMMA 3.4. Let m > 1 be a natural number. Then the map
[S2m=1 Aut B,y q] 3 [0 = [a] € [S*™ 7, Aut O, 1]
18 surjective.

PrROOF. Let 7 be the map idg(g2m-1) ® 70 where 7o is the Busby invariant in
Definition 2.5. We show that for every v € Map(S?™~1 Aut O, ;1) there exists a
lift T € Map(S?™~ !, Aut E,;;) with T, = ~, for every z € 5271, We recall
the notation that ', is an induced automorphism of O, 1 from I';. For every ~ in
Map(S?™~1, Aut Oy41), we regard v as an element of Aute(gzm-1)(C(S* 1) @ Opy1),
and there are two extensions of O, 41

oy :=Toyo0 (lggem-1y®ido,,,),

O:=TO (10(52m71) &® idon+1)'

For every z € S?™~!, the map 7, is homotopic to idp,,,, in Aut O, because Aut Oy,
is path connected by [13, Theorem 1.1]. Hence we have evy 0 0y ~gsye €Vy 0 0 by
Theorem 2.16 because ev, 0 0y ~p evy o 0. From Lemma 2.18, we have [0,] = [o] in
Ext(Op41,C(S*™ 1) ® K), and 04 ~y.4.c 0 by Lemma 2.14. We have two unitaries v €
Q(C(5?™~1)®K) and V € M(K) satisfying 0., = Advoo and ev,;00., = Adr(V )oev,o0.
So we have [evy(v)]1 = [7(V)*evp(v)]1 = 0 by Proposition 2.17, and Lemma 2.18 yields
[v]1 =0 € K1Q(C(S?™ 1) @ K). Therefore we have 0., ~ . 0, and there is a unitary
U’Y € UM(C(S‘ZWI—l)@K) with

Adn(Uy)(r(1®@a)) =7(y(1 ®a)), a € Onya.

We have the following commutative diagram

AdU,
OS2 1) @ Enir 20 0(52m1) @ By iy

| ¥

C(S2m 1) @ Oy ——> C(S?™ 1)@ O 41.

The map I': 8?1 32— Ad(U,), € Aut E,, 1 is continuous and it is a lift of the map
5. O

For o/ in Map(S?™~1, Aut, E, 1) with m > 1, we take the map 6, as follows. Let
U, be a unitary in U./\/I(C(Sm”*1)®(17e)]K(1fe)) of the form U, = Zi;ﬁl O/((lc(s?m—l) &
ei1))(lo(sam-1) ® e1;) where {e;;} is a system of matrix units with e;; = e. By Theo-
rem 2.1, there is a norm continuous path from 1 — e to Uy in Upnqc(s*)e(1—e)K(1—e))-
Adding the projection 1g(g2m-1y ® e to the path, we have a norm continuous path
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U e C[0,1] @ M(C(S?*™~1) @ K) satisfying

U, € UM(C(S%n—I)@K), AdU; g, ., = Oél, Uy=1,eU;=Ue=e, t e [0, 1],

n+1

where we write 1o(g2m-1y ® e simply by e. We define two C(8?™)-algebras M and M,:

= {(F}, F») € M(C(]0,1] x $*™ 1) @ K)®? |
F,(0) € 1@ M(K), Fi(1) = F5(1) € M(C(S*™ ") @ K)},
My :={(F1, F2) € M(C([0,1] x > 1) @ K)#? |
Fi(0) € 1@ M(K), Fi(1) = AdU, (F5(1)) € M(C(S? ) @ K)}.

The algebras M and M, are C(S*™)-linearly isomorphic to M(C(S*™) @ K) and we
identify M with M(C(S?™) @ K).

DEFINITION 3.5.  We define a map 6,/ : M, — M by the C(5?™)-linear isomor-
phism

O/ (Fy, Fy) = (F1,AdU(Fy)), F; € M(C(S*™ ) @ K).

The algebras B, and Cy defined in Definition 3.2 are subalgebras of M.

We denote by ! the constant map S*™~! — {idg, ,} and denote by [ the induced
map S~ — {ido,,, }. If @’ is homotopic to [ in Map(S?™~!, End, Ey41), then [a/] =0
in [$?™~1, Aut O,,41] because of [S?™~1 End O,,11] = [S?*™ !, Aut O,,41] by [13, Propo-
sition 6.1], and there is a trivialization ¢, : C(S*™) ® O, 11 — An. We can explicitely

~ 1 ~
construct ¢, from the homotopy between o/ = and [.

DEFINITION 3.6. Let o’ be an element of Map(S?™~!, Aut. E, ;1) homotopic to
[ in Map(S*™~1 End. E,41), and let h; : [0,1] x S?™~1 — Aut 0,1 be a path from

[ =hotoa = hy. Then we define the map p. as a C(S8?™)-linear isomorphism of
the form

par: C(8%™) ® Opsr 3 (ar(s), az(t)) = (ar(s), he(az(t))) € Aar, st € [0,1],
where C(5?™) ® 0,11 is identified with the algebra

A; = {(a1,a2) € (C([0,1] x ng_l) ® On+1)®2 |
ai(O) € 10(5’2m71) X On+1, 0,1(1) = 0,2(1) S O(S2m71) X On+1}.

The map 7y_, 0 9o is the Busby invariant of a unital essential extension of C (S?™)®
Opnq1. The following lemma says that 79 , 0 9o ~w.u.e T = idg(g2m) ® To Where 7q is the
Busby invariant in Definition 2.5.

LEMMA 3.7. Let m > 1 be a natural number and let o' be an element of
Map(S?™~1 Aut, E, 1) which is homotopic to 1 in Map(S*™~1 End. E,41). Let
To,, © Par and T be as above. Let i : C(S?™) 3 (f1, f2) = (f1, f2) € Bas be the canonical
unital embedding and let j : C(S*™) @ K C 0, (Ba) be the inclusion map. Then the
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following hold.
(1) (90/ © Z)* : KO(C(SQm)) = KO(ea’(Ba’))'

We denote g1 := (0o 01)«([Le(s2m)lo) and gz := (0ar 01)+(b1), where by is a generator
of Ko(C(5*™)).

(2) We have j.([lg(semy ® €lo) = —ngi, and there exists a generator by €
Ko(C(S*™) @ K) with j.(b2) = —ngs.

In particular, it follows that [Tor © @or] = [7] in Ext(C(S*™) ® Opi1,C(S?™) @ K). We
note that both by € Ko(C(S?™)) and by € Ko(C(5*™) @ K) correspond to the generator
of Ko(Co(S*™,pt)) = Z.

PROOF. We identify the sphere S?™ with the space (DUS?™~1UD) where D is the
interior of the 2m-disc, and we identify Co (D) with the algebra {F € Cy[0, 1)®C/(S?™~1) |
F(0) € Clg(gzm-1)}. Let 29 € S?™! be the base point of 5*™ and $*"™~!. The map
to: Co(D) > F + (F,0) € Cy(S?™, 20) induces an isomorphism of K-groups. An element
by is the generator of Ko(Co(S?™,x)). Let t: (Co(D)® Epy1)®? 3 (Fy, o) — (F1, Fy) €
By be an embedding, and let 7: By > (Fy, Fy) — Fi(1) € C(S?*" 1) ® E, 41 be the
restriction map.

First, we show (1). We have the following commutative diagram

(Co(D) ® Epg1)®? ——= By —— C(5?™ 1) @ Epgq

| | |

Co (D)2 c(s?m) c(s2m1),

From the KK-equivalence of E, 1 and C, the vertical maps (id¢,m) ® 1g, +1)®2 and
idg(g2m-1y ® 1g,,, induce isomorphisms of K-groups. Therefore the map Ko(i) :
K;(C(S?™)) — K;(B,) is an isomorphism by 6-term exact sequences and the 5-lemma.

Second, we find by. We denote by ¢; the inclusion Cyo(D) ® E,41 2 Fy — (F1,0) €
(Co(D) ® E,11)®% and denote by ¢; | the ristriction to Cp(D) @ K. We consider the
following commutative diagram

21 0,r0L]

Co(]D)) ®K (CO(D) ®K)€B2 00(827”,960) QK

l L Y

10L

Co(D) ® Ept1 s (Co(D) ® Epy1)®? ——> 04 (Bar)

id®1En+1T ea/ozT

Co(D) o Co(Szm,l’Q).

Since 0, 01011 [= 1p®idg and Ko(ip) is an isomorphism of K-groups, from diagram chas-
ing we can find a generator b, € Ko(Co(D) ® K) that is sent to —nb; € Ko(Co(S*™, z0))
by the map Ko(0a) Lo Ko(j)oKo(farotory ). Hence we have by := Ko(0ar0rouy [)(b)).
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Third, we show j.([l®e]g) = —ng;. From the assumptions, there exists the map A’ :
[0,1] x $?m~1 — End, E,41 with b} = o/, h{, = I. We have the unital *-homomorphism

0t Bar 3 (Fi(s), Fa(t)) = (Fi(s), hy(Fa(t) € By = C(S*™) @ Enta

which sends (e,e) € Ba to (e,e) € By = C(S*™) ® Eyq1. We have 0" (j(1c(s2m) ®
e)) = (e,e) € Bor and (e,e) = lgg2my @ e € By = C(S?™) ® E, 1, and the following
commutative diagram holds

Ko(Bo) —2" . 1o(B)

Ko(i)T Ko(id®1En+1)T
Ko(C(8%™)) == Ko(C(S*™)).

We have

Ko(m)([05' (G(1eiszm) @ €))lo) = [(e,€)]o = —n[1g,]Jo = Ko(n)((—n)[15_,]o)-

Since i, is an isomorphism, the map 7, is also an isomorphism, and we have [j(lc( SK+1) ®
6)]0 = —n[lga,(ga,)]o = —Nngi.

Finally, we show that [rg_, 0 ¢o/] = [7]. By Theorem 2.3, we identify Ext(C(S*™) ®
Ony1,0(5%™) @ K) with Ext}(Ko(C(S?™) ® Opy1), Ko(C(S?™) ® K)). The element
[T9,, © o] is identified with the class of extension

[Ko(C(5*™) ®K) = Ko (0 (Bar)) = Ko(C(S™) @ Opy1)]-

By the computation above, it is equal to the class [Z8? =% 792 — 7.92] = [7]. O

We have the Busby invariants of two extensions of O,,+1 by C(5*™) @ K:

s = Tat 0 900 (Lo(somy Do ),

o= 1C(S2m) ® 70.
From the lemma above, we have
[oa] = (1®ido, ) ([rar 0 par]) = (1 ®ido, )" ([7]) = [0]

in Ext(Op41,C(S*™) ® K). Hence there exists a unitary we in Ug(c(s2m)gk) satisfying
0o = Adw, o o by Lemma 2.14.

Let wo: H — H®"*! be a unitary operator and let w be an element of the form
lo(szmy @ wo. The element w € My, 41,1(M(C(S*™) @ K)) is a partial isometry with
ww* = 1,41 and w*w = 1 in M, 11 (M(C(S?*™) ® K)). For a unital essential extension
v: Opi1 — Q(C(S?™) @ K), we take a unitary V,, introduced in [24, Section 1]:

_ 0 V(S) 2m
V, = (w(w) Onis ) € M+2(Q(C(5°™) @ K)).
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We denote (S1,...,Sn4+1) by S. We claim that, for the above o, we have ind([V]1) =
—[Loszm) ® €lo € Ko(C(S5*™) @ K). Indeed, there is a unitary lift

0 lc(s2m) QT 1c(52m) ®e 0

w 0n+1 0 0n+1
01 w*

On+2 logszm) ® T On+1

of V, @V}, where T = (T4,...,Th41).
From direct computation of the index map, we have ind([V;]1) = —[lc(g2m) @ e€lo €
Ko(C(58*™) ® K). Direct computation yields

n+1
Vo V) = (Z wa/U(Si)wZ,a(S;‘)) SO
i=1

_ S 0 ’LUZ/ ®1l,y1 O S* 041
= (wa’ @ 1n+1) <0n+1 S* > ( 0 11 ) (01 S .

Hence we have [V, _,]1 — [Vo]1 = —n[wa]r in K1(Q(C(S*™) ® K)).

We show [wy]1 = 0 € K1(Q(C(5*™) ® K)) in Theorem 3.11, and we need the
following three lemmas for that. Recall the path h: [0,1] x $?™~! — AutO,,1; from
[ = ho to o - hi in Definition 3.6. Here and subsequently, we write the unitary
Z::_ll h(1®5;)1® S} € Uic(0,1]x52m=1)@0n11) by v where we denote Lo(o,1x 52m—1) ®.5S;
by 1 ® S; for simplicity. We denote

0 0 OW

w 0n+1

W = S M2n+4(M).

01 w*

On+2 0 Opy1

By the definition of 7y_, and ¢./, the following lemma holds.
LEMMA 3.8.  Let yo be an element of the form

01 S On+2 01 vS On+2

0 0n+1 0 On+1
01 0 ’ 01 0

On+2 S* On+1 On+2 S*v* OnJrl

where we write 1c(jo,1]x52m-1) @ S simply by S. Then we have

€ M2n+4 (Aa’

~—

Vaa/ 2] V:a/ = T‘—(W) + Tea’ ® idM2ﬂ+4 (ya’)-

In the lemma below, we regard an element z € C([0,1] x $*™ 1) ® E, ;1 as a
C(S?™ 1Y ® E, 41 valued continuous function on [0,1] and denote this by x, t € [0,1],
and frequently write 1¢(g2m-1ygp,,, by 1lo(g2m-1) for simplicity.
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LEmMMA 3.9. Let V. € Ug(ou],c(s2m-1)9En,,) be a unitary with Vo =

loszm-1)@E,,,- Then we can choose a unitary V € Ug(o,1), c(s2m-1)eK)~ Satisfying
the following

Vo =lg(szm-1)@E, 415
lc(sszl)@EnJrl -V € C(S2m71) ® K,
V;k‘/t(].c(st—l) ®e) :(10(527n—1) ®e)VV, = (lc(szm—l) ®e), t €[0,1].

PROOF. There is a partition 0 =ty < t; < --- < t,,, = 1 satisfying,
[IVi(1o(szm-1) @ €)Vi" = Vi (1oszm-1) @ €)Vi || <1, t € [ty trqa].
We construct the unitary V by induction. For ¢ € [to, ¢1], we have a polar decomposition
Vi(lg(sem-1) @ (1 =€)V (1g(sem—1) @ (1 —€))
= w[Vi(Losmm1) ® (1 =€)V, Qogsen ) @ (1— o)) 1)
for ¢ € [to,t1], and there exists a unitary

_ Juwf +Vi(lg(szm-1y @), t € [to, t1]

VO .=
t {w?l + ‘/:‘,1(10(5'2"”*1) (24 6), te [tl,tm}.

with Vg = 10(5‘2m—1). Since W(‘/t(lc(szm—l) ® (1 — 6))‘/;*(10(52711—1) ®(1—-e)) =
loszm-1g0,,, and (1), we have logzm-1y — V) € C(5*™') ® K. The unitary
V'V e Uc(jo.1], c(s?m-1)0E, ) satisfies the following

Vto*‘/t(].c(SZ'm,—l) ®e)= (1C(S2m—l) ® e)V?*V;g = (10(52711—1) ®e), te [to,tlL
Vg*VO = 1C(S2m*1)®ET,,+1?

IV Vi(1g(szm-1) ® ViV = VP Vi, (Lo(szm—y @ e) ViV || < 1,
t e [tk,tk+1], m—1>k>0. (2)

The condition (2) is satisfied by the computation below
VY Vi(logsam—1y @ e) ViV = Vp, Vi, (lo(gem—1) ® e) ViV,

_ 0,1te [to,tl] n [tk‘vtk-l—l]
AV (Vi(Logszm-1y @ )V — Vi (Lo(sem—1) @ €)V,E), t € [ty tm) O [th, Lo -

Let [ be a number with m —1 > [ > 0. Assume that there exist unitaries V9, ..., V!
satisfying

1C(S?m,—l)®E”+1 - VZ € C(SQm_l) K,
Vi = lo(szm—1)gm, ., | =120,

l*

Utl*(IC(SQﬂ’Lfl) & e) = (]-C'(SZ’"*l) ® G)Ut = (IC(S2WL—1) & 6), t e [to,tl+1],
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||Utl*(1c(52m—1) ® e)Utl — Utlk*(lc(SZm—l) ® e)UtlkH <1,
t € [th,thy1], m—1>k >0, (3)

where we denote U} := V;*V? ... V. Now we construct a unitary V!*? satisfying

lo(sem—1)gr, ., — ViT+ € C(S*™ 1) K,

Vit = 1o(sem-1)em,.: (4)

VAU 1@e) = 1@ )V U = (1 ®e), t € [to, tisa), (5)
VYU 1@ e) Uy = ViU T (1@ e) UL VY < 1,

tG[tk,tlﬁ,ﬂ, m—lzkz(), (6)

where we write 1¢(g2m-1) ® e simply by 1 ® e. By the assumption (3), we have a partial
isometry w'*! from a polar decomposition

(Legszm—1y — Ul (1@ e)UD) (1g(sam-1) — Utll+1*(1 ®e)l;,,,)

= w1 szm—y = U (1@ e)U}) (Loqszm—y = UL (L@ e)UL )], t € ftags tigal-
(7)

Let V'*! be a unitary of the form

Lo(szm-1y, t € [0,t141]
th+1 = wé+1 + Utl*(lc(SQm—l) ® e)Ul te [tl+1,tl+2]

ti41?
l *
wtz++12 + Utng (1C(S2m71) ® e)Ul te [tl+2, tm].

ti41?

Since W((lc(s2m—1) — Utl*(]. ® E)Utl)(lc(52m—1) — Uél+1*(1 (024 e)Utlz-H)) = ]_C(Szm—l)@)owrl

and (7), we have (4). By the construction of V'*!, we have

(1@e)VHUN = (1®e), t € [to, tiv)],
VERU (1ee) =AU "1 UiUl (1ee) = (1oe) = (1o e)U},, (1o e)UiU}"
= 1@V U, t € [tipr, tiye),

and V! satisfies (5). For every k, m — 1 > k > 0, direct computation yields

*

VLU Qe Uiyt = Vit UL T (e e) UL VT

tr41 tht1

_ )0 te [to, tiv2) N [ths trt1]
AdVH_l (Utl*(l ® e)Utl - Utlk*(l ® e)Utlk)’ te [tl-‘rQatM} N [tkvtk-‘rl]a

tiq2

and the condition (6) is satisfied by (3). Now we have a sequence of unitaries
VO ..., V™! by induction, and a unitary V := V0... V™1 gatisfies the assertion of
the lemma. m

In the sequel, we denote by u,-1 the element Z?:ll o “N(T)Ty. The element 1, -1
is in Ug(s2m-1)g(1—e) B, 11 (1—e) because o € Map(S*™~ !, Aut, E,,11). We remark that
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T(Ugr—1) = Zhl(lc(s2m—l) Y Si)lc(s2m—1) ®Sf=v € C(ng_l) ® Opnt1-

We also note v € UO(C([O,I]XSQW'_1)®On+1) because vy = 10(5‘2m—1).

LEMMA 3.10.  There exists a unitary V € Ug(jo,1]xs2m- Vo E,,, Satisfying the fol-
lowing

7T(V) =v, Vo =1, Vi =uy -1+ 10(52717.71) R e,
Vt(lc(sszl) ® 6) :(10(52m71) ®e)V; = (10(52,”71) ®e), te [O, 1]_

In particular, the element Y, of the form

01 T e 0 01 VT e 0
0 Opt+1 0 Opyr 0 Op+1 0 Opgr
Yor = 0, O ) 01 0 € Mont4(Bar)
On+2 T 0n+1 On+2 TV 0n+1

is sent to yor by the quotient map wor: Bor — A where we write 1o (jo,11x52m-1) @ T
and 1go(o1)xs2m-1) ® e by T and e respectively for simplicity.

ProoF. Since v € Upo(o,1]xs>m1)90,,1),» one has a unitary lift V' €
Uo(c([0,1]x 52 1)@En4,) Of v with Vi = 1. By Lemma 3.9, we may assume the following

‘/t/(lc(SQm—l) (9 6) = (1C(S2m71) ® 6)‘/! = 1C(SZ771—1) Re, t e [O, 1] (8)

VO/ = IC(Sszl)@EnJrl. (9)

Now we show that we can get the unitary V by a compact perturbation of V’. By
(8), the element wu,, 1 V{" is a unitary in Uic(s2m=—1)00_ oK)~ With m(ug— Vi) =
lo(s2m-1)g0,.,- Since o' is homotopic to I in Map(S?™~! End, E,11), the uni-
tary wy -1 is in UO(C(SZm71)®(178)En+1(176>). Hence we have uq -1 + 1g(gem-—1) @ € €
Uo(c(s2m—1)gE, ). Recall that the map K;(C(S*" ') @ K) — K1(C(S*" ") ® Epny1)
is injective because Tor(K7(C(S?™~1)),Z,) = 0 and the map

Kl(C(SQm_l) ®(176) K(lfe)) > [u]1 — [U +1® 6]1 S Kl(C(SQm_l) & K)

is an isomorphism. Therefore we have [u,, -1 V{"]y = 0 in K1(C(S*™ 1) @a_e) Ka—e)),
and we get a continuous path c¢: [0,1] — Uc(s2m=1)@ - oK o)~ from Uy -1 V] to
lo(szm—1) @ (1 —e) by the Kj-injectivity of c(s?m-1) ®(1—e) Ka1—e). For every t € [0, 1],
we have A(t) € S with

A0) = A1) =1, A(t)1g(sem—1)y @ (1 —e) = ¢(t) € C(S* 1) @1-e) Ka—e)

by (9) and 7(uy -1 V") = 1o(s2m-1)g0,,,, and the function X: [0,1] — S is continuous.
Now we get the element V := (Ac + lg(o,1)xs2m-1) @ )V' € Uc(oa]xs2m1)2E,11)
satisfying the assertion of the lemma. Since V1 (1g(g2m-1)®@T) = ug-1(lg(gzm-1y®@T) =
o/ H1ogzm-1) @ T) and o (1o (g2m—1) ® €) = (Lo (szm-1) @ €), direct computation yields
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04 T e 0 0 T e 0
’ . 0 On+1 0 0n+1 0 0n+1 0 0n+1
o ® idmy, s 0o 0 |= 00 0
O... Ty Ouis O... T On

Hence Y, is an element of My, 14(B,/) that is sent to y, by the quotient map 7, : By —
Ay, O

We remark that Y, is a partial isometry. We have 0, (Yo )00 (Yo )* = 1@ 0pp1 B
01 @ 1py1 and 0o (Yo ) 00 (Yor) = 01 @ 1,11 @ 1 @ 0,,41. Recall that W is a partial
isometry with WW* =0, ®1,11 1P 0,41 and W*W =160,11 P01 P 1,,41. Therefore
the element W + 0,/ (Y,/) is a unitary in Uy, ,(ar)-

THEOREM 3.11. Let m > 1 be a natural number. Let o be an element of
Map(S?™~1 Aut, E,11) that is homotopic to | in Map(S*™~1 End. E,y1). Let wy
be as mentioned above. Then we have [wq]1 = 0 in K1(Q(C(S*™) @ K)).

Proor. Let Y,V , be as before. Recall the following commutative diagram

Bu o Ao
Mal TO_ /s
le(,
M——T Q(C(5*™) @ K).

By Lemma 3.8 and Lemma 3.10, we have

VUQ/ EB V;a/

& idM2n+4 (W) + 70,/ ® idM2n+4 (ya’)
=T idM2n+4 (W + 0 ® idM2n+4 (Ya/))v

so W+ 0o/ (Yo) is a unitary lift of V, , &V . Let P be the projection of the form

P:=(W+0u(Yar))(Lng2 @ 0pp2) W+ 00 (Yo )™

m

We have ind[Vga,VU*]l = ind[Vga,]l — ind[Vg]l = [P}o + [lc(szm) ® 6]0 — [1n+2]0
Ko((C(S*™) ® K)~) and we show that the index is 0. Recall Vi(1g(g2m—1) ® €)
(10(5‘2#1.71) X 6)‘/}/ = (10(5‘277171) X e) and Ut(lC(SZm—l) X 6) = (IC(SZm—l) [ G)Ut
(1¢(s2m-1) ® €) by Definition 3.5. Direct computation yields

P = W(ln-i-? @ On+2)W* + 00 ® iszn+4 (YO/ (1’ﬂ+2 ® On+2)Yo>¢k’)
=0:® 1n+1 2 0n+2 + (1 - 6) 2 On+1 ©0; D On+1~

Now we have P = (1 —e¢) @ 1,41 ® 042 and get ind[V,_, V']1 = [Plo + [Lo(s2m) @ €]o —
[1nt2]o = 0. Therefore we have —nfwq/]1 = [V,_, V|1 = 0 and this proves the theorem
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because Tor(K;(Q(C(S?™) @ K)), Z,) = 0. O
COROLLARY 3.12.  For the above o', we have [o/] =0 in [S?™~ L Aut E,, 1 1].

PROOF.  Since [wq]1 = 0, there is a unitary Wy, in Upyc(s2m)gk) that is a lift of
war. Therefore we have C(S?™)-linear isomorphism AdW,: B; — B/, and P; = Py,
from Lemma 2.12. By Lemma 3.1, we have [o¢/] = [I] = 0. O

LEMMA 3.13. Let m > 1 be a natural number. Let o be an element in
Map(S?™~1 Aut, Epp1). If a ~p 1 in Map(S?™ =1, Endg E,,11), then there exists o
in Map(S?™~1, Aut, E, 1) satisfying the following:

o ~p Lin Map(S?™ 1 End, E,11), @ ~, o in Map(S*™ 1 Aut E,11).
Proor. It follows from Lemma 2.34 that there is an exact sequence
[S%2m B S| — [S?™ 7 End, E, 1] — [S*™ !, Endg E,41] — [S?™, B S,

and by Remark 2.31 the map [S*"~! End, E,+1] — [S*" !, Ug,,,] which sends [a]
to [ua] == e + Z?ﬁl o(T;)T7] € [$*™~1,Ug,,,] is an isomorphism. Since B S! is
K(Z,?2) space, if m > 2 and a ~y, [ in Map(S?™~! Endg E,,+1), then we have [a] = 0 in
[S?m=1 End, E,,+1] because [S?" ! End, E,,11] = [S*" "1, Endg Ep11], m > 2.

Hence it is sufficient to show the claim in the case of m = 1. Let a be an element of
Map(St, Aute E, 1) with a ~j, [ in Map(S,Endg E,,11). The computation in Theo-
rem 2.36 yields that there exists d € Z with [u,] = —nd € [S*,Ug,,,] = Z. We define pq
by

n+1]

pa = Ad(ZTV T + (1 — TWTy)) € Map(S*, Aute E,y1).

By Lemma 2.10, there is a continuous path from (Z¢T\T} + (1 — TWTy)) to z¢ in
Uc(s))@EBny,, and pa ~p Adz? = [ in Map(S',Aut E,41). We have [up,0]1 =
[pa(ua)]i + [up,]1 in K1(C(S') @ Enqq) =[S, Ug,,,]. By Lemma 2.24, it follows that
[pd(ua)li = [ua]i. Hence we have [u,,q]1 = —nd + [u,,]1. The following computations
yield [u,,]1 = nd:

n+1
up, = e+ Y (FNT + (1 - LT T(TTT + (1 - 1T
=1
n+1
= (Z'T\Ty + (1 - T4 TY)) (e + Y T Ty + (1 - TJ;))T;) ,

i=1

0 1n+1

. T € (ZdTlTl* + (1 - T1T1*)) X 1n+1 0 T 0n+1
T\ Opyy T 0 1 e T )

(6+Z"+1 (MY + (1 -TIY)TF) 0 )
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Therefore we have [u,,o] = 0 in [S*,Ug, ,]. By Remark 2.31, we have the isomorphism
[S1,End. E, 1] 3 paa — [Upaa] € [S1, Ug,,.); and o/ := pgo satisfies all assumptions of
the lemma. O

We show the weak homotopy equivalence.

THEOREM 3.14.  The inclusion map Aut E,, 11 — Endg E, 11 is a weak homotopy
equivalence.

ProoOF. By Lemma 3.3 and Theorem 2.36, we consider only the case of odd ho-
motopy groups. Let k£ be an odd number.

First, we show the map [S*, Aut E,,1] — [S*,Endg E, 1] is injective. If a in
Map(S*, Aut E,, ;1) is homotopic to [ in Map(S*, Endg E,; 1), we may assume that there
exists o/ € Map(S*, Aut, E, 1) homotopic to a by Remark 2.33. From Lemma 3.13,
we may assume that o' ~j [ in Map(S*, End, E, 1), and we have [o/] = [a] = 0 in
[S*, Aut E,,11] by Corollary 3.12. Therefore the map [S*, Aut E,, 1] — [S*, Endg Ep,11]
is injective.

Second, we show the surjectivity. The following commutative diagram holds

[S*, Aut B,y q] —2223% 16k Aut Oy 44]

!

[Sk7End0 EnJrﬂ [Sk,End On+1].

In the case of k = 1, we have [S, Endg E,,41] = [S',End O,,11] = Z, because the
generators of the both groups are constructed from the canonical gauge actions of S*
that are of the form \,: T} — z7T; and \,: S; — 2S5;. Therefore the surjectivity follows
from Lemma 3.4.

In the case of k > 3, the map [S*,Ug,,,] — [S*,Endy E,,41] = Z in Theorem 2.36
is an isomorphism. Therefore the map Z = [S*,Endy E,1] — [S¥,End O, 41] =
[S*,Uo,.,] = Z, is the quotient by nZ. Hence the image of the map [S*, Aut E,,11] —
[S*, Endg B, ;1] = Z contains an element nd + 1 for some d € Z by Lemma 3.4.

On the other hand, we show that the image contains nZ. For every V € Ug(sr)gE, .5
there exists V' € Ug(sr)gr, ., With V/(Logry ®e) = (Losry ®@e)V! = (1¢(gr) @ e) which
is homotopic to V' in Ug(sk)gE,,, by Remark 2.31.
| — [Sk,End(l) E,+1] sends

n+1

Since the isomorphism [S*,Ug, .,

n+1
—n[V]i = |losn @e+ Y VATV (1 Ty)

i=1 1
to [AdV’] = [AdV], the subset
{[AdV] € [S*, Aut Enia] | V € Uo(smyem, ., }

is mapped onto the subset
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{—n[V]1 € K1(C(S*) ® Ent1) | V € Ucsmon, )} = nZ C [S*,Endg Eyq1] = Z.
Therefore the image contains nd 4+ 1 and nZ, and we have the conclusion. O

3.2. An exact sequence of homotopy sets.

We have the principal Aut. F,,i-bundle Aut, E, ;1 5 Aut FEn I, BS!. We
denote by f the classifying map of the bundle and denote by r the restriction map
Aut E,,+1 — Aut K. In this section, we show the following theorem.

THEOREM 3.15. Let X be a compact CW-complex. Then we have the following
exact sequence of pointed sets where the first four terms give the exact sequence of groups:

HY(X) = KYX) = [X,Aut E, 1] 2 H*(X)

Iy X, BAut, Epy1] 255 [X, BAut Epyq] 255 H3(X).

It follows that Im n, C Tor(H?*(X),Z,) and Im Br, C Tor(H?*(X),Zy).

The following lemma is well-known in homotopy theory. We refer to [20, Chapter 3,
Section 6].

LEMMA 3.16. Let X be a CW-complex. Let G be a topological group and let H be
a subgroup of G such that H — G — G/H is a principal H-bundle. Suppose that G/H
has a homotopy type of a CW-complex. Let f: G/H — B H be its classifying map. Then
we have an exact sequence of pointed sets:

[X,G] — [X,G/H] L [X,BH] — [X,BG].

Since B S' has a homotopy type of a CW-complex, we can apply the above lemma
to Aute B, y1 — Aut B, 1 — BSL.

LeEmMA 3.17.  Let X be a CW-complezx. The following sequence of pointed sets is
exact:

(X, BAut, Enyq] =2 [X, BAut Epyq] 22 [X, BAut K].

PrOOF. The group Aut, K is identified with the group Uayx) by the map taking
the implementing unitary U, = Z#l a(e;1)ey; for a € Aut,,, K. Hence it is contractible,
and [X,BAut, K] = {pt}. From the commutative diagram below,

[X,BAut, E,41] — [X,BAut E,4,] — [X, BAutK]

\/

(X, BAut, K],

Br, o Bi, 1is trivial. Therefore it is sufficient to prove that for every P €
Map(X,BAut E,, ;1) with trivial associated bundle P Xautg,,, AutK, the structure
group of P is reduced to Aut. E,y;. Let P € Map(X,BAut E, 1) be a principal
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Aut B, 1-bundle with trivial associated bundle P X ays £,,,, Aut K. We take an open cov-
ering {U;} of X giving a local trivialization of P, and denote by ¢;; : U; UU; — Aut E,, 14
the transition function. By the assumption, there exists a map h; : U; x AutK —
U; x AutK that is compatible with the transition functions, and is equivariant with
respect to the right multiplication of Aut K. The diagram below holds

U; NU; x Aut K —> U; N U; x Aut K

ir(qﬁji)
h:
U;NU; x AutK —=U; NU; x Aut K.

We also denote by ¢;; the map
UiNU; x AwtK > (z,a) — (2,7(¢;i(z))e) € U; NU; x Aut K.

We denote h;(z) := Pr;i(hi(z,id)) where Pr; : U; x AutK — AutK. Since h; is equi-
variant, we have h;'(z) = h;(z)"'. We have h;j(x)r(¢;i(z))h; *(z)(e) = e because
hj o ¢j; o h;l(z,id) = (z,id) for every x € U; NU;. If we take an appropriate re-
finement of {U;}, we may assume that for every i, there exists x; € U, satisfying
[|h; Y (z)(e) — b (zi)(e)|| < 1, ® € U;. There is a unitary V/(z) that is the sum
of partial isometries constructed from the polar decomposition of h;*(z)(e)h;*(2:)(e)
and (1 — b (2)(e))(1 — h=(x;)(e)), and VY (2)h; *(z:)(e)V/(z)" = h;'(2)(e) holds.

K]
We fix a unitary W; € Ug~ with W;eW; = h;'(z;)(e). Then we have a unitary
Vi(z) = V/(z)W; € Ug~ with Vi(z)eV;i(z)* = h; *(z)(e). The collection of the map
w Uy x Aut Eppq 3 (2, 0) = (2, AdV;a) € U; x Aut B, 14

gives the following:

Ui n Uj X Aut En+1 <T UZ N Uj X AutEn+1

l%‘i i%ji

Uj NU; x Aut E,. T Uj NU; x Aut E. i1,

where ¢;; is of the form
éji H(z, o) = (2, AdVj(2) @i () AdVi(2) ).
We have the transition function
U;NU; 3 2= AdVj(2)*¢;:(2)AdVi(z) € Aute Epqa
by the computation below:

AdVj ()" pji(2)AdV; () (e) = AdVj(2)" ¢ji(w)h; () (e)
= AdV;(2)"h; " (2)(e)
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= AdV;(2)*AdV; () ()

= €.

The two bundles with transition maps ¢;i(z) and ¢;i(2) are isomorphic. Therefore the
structure group of P is reduced to Aut, E;,41. O

LEMMA 3.18. Let X be a compact Hausdorff space. The map Aut. E,11 5 o —
e—&—Z?:ll a(T)T; € Ug,,, induces a group isomorphism [X, Aut, Ey11] = [X,Ug
K'Y(X).

n+1 n+1] =

Proor. By Remark 2.35 and Theorem 3.14, the map is bijective. So we show
that it is a group homomorphism. Let o and 8 be elements of Map(X, Aut, E, 1), and
we denote uq, = lox) ®@ e + Z?:ll a(lox) @ Ti)lox) @ T € Uo(x)oB,,,- We show
[uagli = [ua)1 + [ugl1. Since o and S fix e, direct computation yields

Uap = Q <€ + Z Blex) @ Ti)(lox) ® Tf)) (6 + Z a(lox) @ Ti)(lox) ® Tf))
= o(ug)uq.

By Lemma 2.24, we have [a(ug)]1 = K1(o)([ugl1) = [ugl1- O

We need the following fact to determine the second cohomology group of Aut F,, 1.
See Hatcher’s unpublished book [15, Proposition 5.11].

PROPOSITION 3.19. Let X be a path connected space with finite homotopy groups.
Then its homology group H, (X) is finite for all n > 0.
LEMMA 3.20.  We have the following cohomology groups:
H*(Awt Epy1) = Zyp, H*BAWE, 1) = Zy.

ProOOF. The two spaces Aut F,, 11 and Aut O, are path connected and the map
Aut E, 1 — Aut O, 41 gives

Wi(AutEn+1) = Wi(AutOn+1)7 1= 0, ]., 2
7T3(Aut En+1) —» 7T3(Aut On+1>.

So we have

Hi(Aut En+1) = Hl(Allt On+1)7 1= O, ]., 2
Hg(Aut En+1) —» Hg(Aut On+1).

by Whitehead’s theorem (see [6, Corollary 6.69]). By the universal coefficient theorem,
we have

H?*(Aut E,, 1) = free(Hy(Aut E, 1)) @ Tor(Hy (Aut B,y 1))



The homotopy groups of the automorphism groups of Cuntz—Toeplitz algebras 987

where free(Ha(Aut E,,41)) is the free part of the homology group. By Proposition 3.19,
the homology groups of Aut O, are finite, and free(Hz(Aut E,,11)) = 0. So we have
H2(Aut E,+1) = Tor(H;(Aut O,41)). Hurewicz’s theorem ([6, Theorem 6.66]) yields
Hi(Aut O, 1 1) = 7 (Aut O, 1) = Zy,. Similarly, we have H3(BAut E,, 1) = Z,. O

Now we prove Theorem 3.15.

PrOOF OF THEOREM 3.15. By Lemma 3.16 and the long exact sequence of the

principal bundle Aut, E,, 1 — Aut E, 4 2, BS1, we have an exact sequence of pointed
sets where the first four terms give the exact sequence of groups:

HY(X)=[X,S' = [X,Aut, B, 1] = [X,Aut E, 1] = H*(X)
Iy X, BAute Epy] 225 (X, BAut By
By Lemma 3.18 and Lemma 3.17, we have the exact sequence:
HY(X) = KYX) = [X,Aut B, 1] 2 H*(X)
L5 (X, BAut, Epi] 255 [X,BAut Bpyq] 255 H3(X),

where we identify H?(X) with [X, BAutK] because BAutK is the K(Z,3)-space. We
identify [Aut E, 1, B S!] with H2(Aut E,,41). For every [a] € [X, Aut E, 1], it follows
that n.([a]) = a*([n]), and the element o*([n]) is in the image of the map

o H*(Aut B, 1) = [Aut B, 1,B S 2 [n] = [noa] € [X,BS'] = H*(X).

Therefore we have Imn, C Tor(H?(X),Z,) from Lemma 3.20. Similar argument yields
Im Br, C Tor(H3(X),Zy). O
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