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Abstract. We study the continuity and the measurability of the solu-
tion to Schrédinger’s functional equation, with respect to space, kernel and
marginals, provided the space of all Borel probability measures is endowed
with the weak topology. This is a continuation of our previous result where
the space of all Borel probability measures was endowed with the strong topol-
ogy. As an application, we construct a convex function of which the moment
measure is a given probability measure, by the zero noise limit of a class of
stochastic optimal transportation problems.

1. Introduction.

Schrédinger considered the following problem to find the statistical property of a
particle on a finite time interval. Suppose that there exist N > 2 particles in a set
A:=Aay,...;an,} C R? and each particle moves independently, with a given transition
probability, to a set B := {b1,...,b,, } C R?, where 1 < ng,n; < N. Find the maximal
probability of such events, provided the numbers of particles in each point a;, b; are
fixed (see Section 7 in [42] and also [41]). Though he did not succeed in finding the
maximal probability, he obtained Euler’s equation for the variational problem above. The
continuum limit is called Schrédinger’s functional equation (see [5], [9], [22], [24] for the
solution of this problem). Bernstein [4] generalized Schrodinger’s idea and introduced
the so-called Bernstein processes which are also called reciprocal processes. The theory
of stochastic differential equation for Schrédinger’s functional equation was given by
Jamison [25]. The solution is Doob’s h-path process (see [15]) with given two end point
marginals. Schrodinger’s problem is also related to the theory of large deviations, the
optimal mass transportation problem, entropic estimates and functional inequalities (see
e.g. [1], [2], [11], [12], [16], [18], [23], [26], [27], [28], [30], [31], [35], [36], [37], [38],
[44] and the references therein).

We describe Schrédinger’s functional equation (see e.g. [24]) in the setting considered
in this paper. Let S be a g-compact metric space and ¢ € C(S x S;(0,00)). For Borel
probability measures pi1, 1o on S, find nonnegative o-finite Borel measures vq,v5 on S
for which the following holds:
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pr(do) = m(ds) [ o ra(dy),
5 (L.1)

ua(dy) = ug(dy)/sq(%y)yl(dm).

It is known that there exists a solution (v1,v2) of (1.1) (see [9], [24]). (v1,V2) is unique
up to a constant though the product measure vy X v5 is unique. Indeed, for any C' > 0,
(Cvy,C~ 1) is also a solution of (1.1). By the uniqueness of the solution to (1.1), we
mean that of the product measure v; x vo. Let {K,;, }m>1 be a nondecreasing sequence of
compact subsets of S such that S = J,,~; Km, where K1 = S when S is compact. When
we consider v1 and vy separately, considering (C(juq, po)v1, O, pi2) ~*12) if necessary,
we assume that the following holds:

Vl(Km = Z/Q(Km (12)

(/1«1,!142)) (,U«1,,u2)))

where

1/2
V2(Km(#17uz))> /

m(p1, p2) = min{m > 1| p1 (Kpn)p2(Ky) > 0}, Clug, pe) := (z/l(K ( )
m(p1,p

pldzdy) = vi(dz)q(z, y)va(dy), (1.3)

ui(z;) = log(/ q(ml,xg)uj(dxj)), i,j=1,2, i#j]. (1.4)
s
Then exp(ui(x)) and exp(uq(x)) are positive and

p(drdy) = q(z,y) exp(—ui(x) — u2(y))p (do)p2(dy). (1.5)

(1.1) can be rewritten as follows: for i,j = 1,2, i # j,

pi(da;) = eXP(—Ui(xz‘))Mi(d%)/SQ(xlaxz)eXP(—Uj(ffj))Nj(dxj)- (1.6)
In particular, Schrodinger’s problem (1.1) is equivalent to finding functions u; and ug for
which (1.6) holds. (u1,usg) is unique up to a constant though u; (1) + ug(z2) is unique.

Let M(S) and P(S) denote the space of all Radon measures and that of all Borel
probability measures on S, respectively, where a Radon measure means a locally finite
and inner regular Borel measure. It is easy to see that v and 1, are functionals of pq,
o and g:

vi(de) = vi(dw; g, pa, p2),  wi(w) = wi(w;q, pr, pe), 1=1,2. (1.7)

In [33], we considered the case where P(S) is endowed with the strong topology and
showed that if S is compact, then the following is continuous:

vi(da;-,-,-) 1 C(S x 8) x P(8) x P(S) — M(S),
{ui(@; -, ) ees 1 C(S x §) x P(S) x P(S) = C(S)
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and u; € C(S x C(S x S) x P(S) x P(S)). Here M(S) is endowed with the strong
topology and C'(S x S) and C(S) are endowed with the topology induced by the uniform
convergence on S x S and S, respectively. We also showed that if S is o-compact, then
the following is Borel measurable:

/ f@)vi(de: ) C(S x 8) x P(S) x P(S) + R, | € Co(S),
S
u; 2 S x C(S x S) xP(S) x P(S) = RU{o0}.

As an application of this measurability result, we showed that the coefficients of the
mean field PDE system for the h-path process with given two end point marginals are
measurable functions of space, time and marginal.

REMARK 1.1. (1.2) was assumed in [33] and implies that for i,j = 1,2,

vi(dws; q, ps 12) V5 (Ko (g ia)s @5 115 12)
141 (Km(;tl,,ug); q, 11, N2)V2(Km(p1,p2); q, K1, MZ))

vi(dzi; q, pa, p2) = ( 1z
In particular, the measurability of (g, 1, pe) — v1(dz1; q, g1, po)va(dxe; q, 1, po) implies
that of (q, u1, p2) = vi(dwi; q, pi, p2).

In this paper we consider the case where P(S) is endowed with the weak topology
and show the continuity and measurability results on v; and w; (see Theorem 2.1 and
Corollaries 2.1-2.3 in Section 2). Our continuity result in the weak topology is useful
when one considers the existence of a minimizer of a variational problem (see [10] for the
continuity result on optimal transport). Indeed, it is not easy to show that a minimizing
sequence is compact in the strong topology. As an application (see Theorem 2.2 in
Section 2), we give a stochastic optimal transportation approach to moment measures
(see [13], [40]). The definition of a moment measure of a convex function is the following.

DEFINITION 1.1.  Given a convex function u : RY — R U {oo}, the following is
called the moment measure of u:

u(de) = (Du) p(exp(~u(x))da). (L8)

REMARK 1.2. If g is a moment measure of a convex function u : R* — R U {00},
then exp(—u(z))dxdpy(z)(dy) is the unique minimizer of the 2-Wasserstein distance
W (exp(—u(x))da, p(dzx)), provided [p, exp(—u(z))dz = 1 and W (exp(—u(z))dz, p(dx))
is finite (see [7], [8], [44]). Here d,(dy) denotes the delta measure on {z} and for
[, iz € P(RY),

Wa(yur, iz) im (inf{ [ o= almidedy)|m e PR R,
R4 xRd

1/2
m(dz x RY) = py(dz), m(R? x dy) = uQ(dy)}> . (1.9)

We describe an application of our continuity result more precisely. Let ¢ > 0 and
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let W(t) and y(t) = v(¢;w) denote a d-dimensional Brownian motion and a progressively
measurable R%valued stochastic process on a filtered probability space, respectively.
Consider the following SDE in a weak sense (see e.g. [20]):

dX =V (t) = y(t)dt + /edW (t). (1.10)

For Py, P, € P(R%),

1
1
V.(Py, Py) = inf{E[/ 28|7(t)|2dt] ‘ PX=Y () =P, t =0, 1}, (1.11)
0
where V. (Py, P1) := oo if the set over which the infimum is taken is empty (see [1], [2],

[16], [18], [19], [27] for related problems on large deviations). For P € P(R%),

/R [ p(@)logp(a)de, it plx) = Pldr)

0, otherwise.

exists,

S(P) = (1.12)

For e,7 > 0, P, € P(R%),
\I/s,r(Pl)

= inf{S(P) — V(P Py) + % /R |z[2P(dx)

P(dz) = p(z)dz € P(BT)}7 (1.13)
where
B, :={zxcR:|z| <r}

By our weak continuity result of (q, p1, p2) — u(dzdy; q, p1, p2), we can easily prove the
existence of a minimizer Py, . of U, .(P;) from the lower semicontinuities of a relative
entropy and of S with respect to the weak topology (see (1.20) and also Lemmas 3.4 and
3.5 in Section 3). We show that a subsequence of {pg ,.(z)dz}.>0 weakly converges, as
e — 0, to a Borel probability measure po(z)dz such that —log pg(z) is convex and P is
a moment measure of —logpg(x). This is formally implied by the representation of Py, .
and the SDE for the minimizer of V(P ., P1) (see (2.11) and (1.17)). We also show
that po () has a subsequence which uniformly converges, as ¢ — 0, to pg(x), provided
P, is compactly supported.

U, (Py) formally converges, as ¢ — 0, to the functional considered in [40] where
they take the infimum over P(R?) instead of P(B,). Our approach makes the proof
easier than [40] since P(B,) is compact in the weak topology but can not be applied if
we replace P(B,) by P(R?), which we regret.

In the proof of the representation of Py , . in (2.11), we also make use of properties of
the solution to Schrodinger’s functional equation and the duality theorem for V. (Py, Py):

viro ) =swf [ om0, )

fe ch(Rd)}. (1.14)
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Here the supremum is taken over all classical solutions ¢(¢,z; f) to the following
Hamilton-Jacobi-Bellman PDE:

dp(t,x) € € 2 d
50(]-7 :L') = f(.’E)
(see [30], [31], [34], [43] and the references therein).
1 |2? d
€ t7 = e Ndlo T 54 | t 07 R )
9 (t:2) (2met)d/2 oXp ( 25t> o z€ (1.16)

9-(t)(z,y) == g-(t,y —x), t>0, =z,yeR™

It is known that for any Py, P, € P(RY) for which P;(dy) < dy, there exists the unique
weak solution to the following two end points problem of SDE (see [25] and also [33],
[34]):

dX¢(t) = eDyuy (X°(1);9:(1 — t), PXS(t) ™1, P)dt + /edW(t), 0<t<1,

L (1.17)
PXs(t)'=P, t=0,1.

X¢(t) is called the h-path process for /e W(t) on [0, 1] with initial and terminal distri-
bution Py and P, respectively. The following is also known:
P(X¢(0), X¢(1)) " (dzdy) = vi(dx; g-(1), Py, P1)g-(1,y — x)va(dy; g- (1), Py, Py). (1.18)

Suppose that V.(Fp, P1) is finite (see Remark 2.2 in Section 2 for a sufficient condition).
Then X¢ in (1.17) is the unique minimizer of V,(Fy, P1) (see [14], [21], [26]-[39], [43],
[45] and the references therein). Besides, there exists f, € L'(P;) which is unique up to
a constant such that the following holds (see [30], [31], [33], [34], [43] and the references
therein and also (1.5)):

fo(y) — (0,25 fo) = log p1(y) — ua(y; 9= (1), Po, P1) — ur(2;9:(1), Po, P1).  (1.19)
In particular, the following holds:
VP P) = [ fo@)Prdn) = [ (0, fo) Pulae)
Rd Rd
= S(P) - [ ualasga(1), Po, Po)Pa(da)
Rd
- [ wlws.0). Ry POPyan)

— H(P(X*(0), X*(1)) " (dady) | Po(da)g. (1, y — x)dy)
— S(Py) - H(Py(da)Pi(dy) | P(X*(0), X*(1)) " (dady))

- / log g2 (1, — ) Po(dx) Py (dy). (1.20)
R4 xR4



104 T. MIKAMI

Here H denotes the relative entropy of two measures: for m,n € P(S x S),

m(dzdy) .
log ———m(dxdy), if m < n,
H(m|n) = /SxS n(dzdy) ( ) (1.21)

0, otherwise.

REMARK 1.3. If V.(Py, P) is finite, then P;(dy) < dy. Indeed, V.(Py, P1) is the
relative entropy of P(X¢)~! with respect to Py * P(v/e W)™t on C([0,1]; R?) and

P POEW) ) = ([ 0:00y = o)) )

Here * denotes the convolution of two measures.

In Section 2 we state our main results and prove them in Section 4 by lemmas which
are given in Section 3.

2. Main result.

In this section we state our main results. We first describe assumptions precisely.
(Al) S is a complete o-compact metric space.
(A1) S is a compact metric space.
(A2) ¢eC(S x S;(0,00)).

We remark that P(S) is endowed with the weak topology and C(S x S) is endowed
with the topology induced by the uniform convergence on every compact subset of S.

Under (A1), let {¢m,}m>1 be a nondecreasing sequence of functions in Cy(S; [0, 1])
such that the following holds:

om(x)=1, z€K,, m2>1
(see (1.2)). If S = R%, then K, := B,, and we assume that ¢,, € Co(Bpn41;[0,1]). For
i#J§, 45 =12,
Uil (235 4, ., p2) := log </S Q(xla$2)‘Pm(xj)yj(dxj§%ﬂ1aN2)>v (2.1)
provided the right hand side is well defined (see (1.7) and also (1.4)).

plddy; q, pa, p2) = vi(de; q, o, p2)q(z, y)ve(de; g, pa, pz). (2.2)
The following is the continuity result on vy X v2, g and w;,,.

THEOREM 2.1.  Suppose that (A1) and (A2) hold and that g, € C(S x S;(0,00)),
Wiy fin € P(S); n>1,:=1,2 and

li_>m Gn = q, locally uniformly, (2.3)
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im fiy . X plon = pi1 X pig,  weakly. (2.4)
n—oo

Then for any f € Co(S x S),

lim F(@, y)vi(de; g, 1 ns fi2,0)V2(AY; Gny 1,0, P2,n)
n—oo SXS
= [z, y)vi(de; q, pa, po)va(dy; q, pa, p12)- (2.5)
SxS
In particular,
Jim pldxdy; qn, pin, pon) = pldedy; q, g, p2),  weakly. (2.6)

For any {x; n}n>1 C S which converges, asn — oo, tox; € S, i = 1,2 and for sufficiently
large m > 1,

2 2
nh_{fgo Z Wil (Tin} Gns P1ns H2,n) = Z Wil (T3 G, f11, p12). (2.7)
i=1 i=1

Since (p1, p2) — m(u1, o) is measurable, Theorem 2.1 implies the following.

COROLLARY 2.1.  Suppose that (Al) and (A2) hold. Then the following are Borel
measurable: fori=1,2,

/ f(@)vi(das; -, ) - O(S x §) x P(S) x P(S) R, f € Co(S),
S
u; 1 S x C(S x 8) x P(S) x P(S) = RU {oo}.

If S is compact, then v1(S) = v2(S) (see (1.2)). This implies, from Theorem 2.1,
the following of which the proof is omitted.

COROLLARY 2.2.  Suppose that (A1) and the assumptions of Theorem 2.1 except
(A1) hold. Then the following holds: fori=1,2,

hm f(l')l/i(dw;qnnufl,nvﬂﬁ,n) = -/Sf(x)l/i(dx;qvﬂlvﬂ2)a f S C(S)a

n— oo S

and for any {x,}n>1 C S which converges, as n — oo, to x € S,

lim ui(an Adn, H1,n, ﬂQ,n) = ui(x; q, K1, HQ)'

n—oo

A uniformly bounded sequence of convex functions on a convex neighborhood N4
of a convex subset A of R? is compact in C(A), provided dist(A, N§) is positive (see e.g.
[3, Section 3.3]). We describe an additional assumption and state a stronger result than
above, provided S C R?.

(A3.r) There exists C, > 0 for which x — C,|z|?> + logq(z,y) and y — C,|y|* +
log g(x,y) are convex on B, for any y € B, and any x € B, respectively.
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REMARK 2.1. If logg(z,y) has bounded second order partial derivatives on B,
then (A3.r) holds.

[flloor := sup [f(z)], fe€C(B). (2.8)
reB,

The following is a stronger convergence result than Corollary 2.2.

COROLLARY 2.3. Let r > 0. Suppose that (A3.r) and the assumptions of Corol-
lary 2.2 with S = B, hold. Then for any r’' <r,

2

nlgn;oz; [ (-5 @y 11,m5 B2m) = i3 G i1, p2) [l oo,rr = 0. (2.9)
1=

P,(RY) := {P € P(R%)

/Rd |z|PP(dx) < oo}7 p>1. (2.10)

As an application of our regularity result, we show that there exists a convex function
of which the moment measure is a given probability measure.

THEOREM 2.2.  For any Py (dz) = py(x)dx € P2(R?) for which S(Py) is finite, there
exists a minimizer of V. .(Py). For any minimizer Py, .(dx) = por(x)dz of ¥, ,.(P1),

Porelo) = g I, D) exp( = eunmige), P P - gl 21)
g

where Ce is a normalizing constant. Besides, there exists a subsequence of po e ()dx

which weakly converges, as e — 0, to a probability measure po(x)dx such that p(x)dz

is a moment measure of —logpg. Suppose, in addition, that Py is compactly supported.

Then there exists a subsequence of por.e(x) which uniformly converges, as € — 0, to a

probability density function po(x) such that p1(x)dz is a moment measure of —logpg.

REMARK 2.2. If Py, Pi(dz) = p1(z)dz € Po(RY) and S(P) is finite, then V. (Py, Py)
is finite. Indeed, from the last equality of (1.20),

V.(Py,P) < S(Py) — / log g-(1, y — ) Po(d)pa (y)dy
Rd xR

since, the relative entropy is nonnegative.

3. Lemmas.

In this section we state and prove lemmas. When it is not confusing, we omit the
dependence of u;, v; on q, vy, vs.

3.1. Lemmas for the proof of Theorem 2.1 and Corollary 2.3.
The following lemma will be used in the proof of Theorem 2.1.
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LEMMA 3.1.  Suppose that (A1) and (A2) hold. Then for any pi,pe € P(S), p
defined by (1.3),

Jmin ale) (K < K) < [ pnlom(dn) [ et

< max  q(z,y)"t (3.1)
z,y€supp(pm)

PROOF. The proof is done by the following (see (1.3)):
vi(dz)va(dy) = q(z,y) ™" p(dady). O
For r > 0 and ¢ € C(B, x By;(0,00)),

mq,r = min{q(z, y)| ], |y| <7},
Mg, := max{q(z, y)| ], |ly| <7}.

Lemmas 3.2 and 3.3 will be used to prove Corollary 2.3.

LEMMA 3.2 ([5, p. 194]). Let r > 0. Suppose that (A2) with S = B, holds. Then,
for any p1, po € P(B,.), the following holds (see (1.4) for notation):

T M, T .
P < oxp(uilw) € L, wE By, =12 (3.3)

q,r mQﬂ"

By the method of proving the convexity of a log moment generating function, we
obtain the following.

LEMMA 3.3.  Let C and v € M(R?) be a convex subset of R and a nonnegative
Radon measure, respectively. Suppose that C > x — f(x,y) is convez, v(dy)-a.e. Then
C 3 x —log [paexp(f(z,y))v(dy) is convex.

PROOF. For z,y € C and X € (0,1), by Holder’s inequality,
/Rd exp(f(Az + (1 — Ny, z2))v(das)
< / exp(Af(x,x2) + (1 — N f(y, x2))v(dzs)
Rd
A Y
< (/Rd eXp(f(x,xg))z/(dxg)) (/Rd eXP(f(yvl‘g))V(d.rg)) , (3.4)

0

3.2. Lemmas for the proof of Theorem 2.2.
In this subsection, we prove lemmas for the proof of Theorem 2.2. Lemma 3.3 will
be also used in the proof of Theorem 2.2.
/ |z|PP(dz) < r}.
Rd

B")p(Rd),r = {P S Pp(Rd)
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The lower semicontinuity of a relative entropy and the continuity result in Theorem 2.1
imply the following.

LEMMA 3.4.  Suppose that Theorem 2.1 holds. Then for any r,e > 0, the fol-
lowing is lower-semicontinuous on Bp,ray,, X Bp,wray, (see (1.4), (1.7) and (1.16) for
notation):

2 2
X
pa X pi > =V(p, p2) + S(p2) + > /Rd %M(dﬂ?)- (3.5)
=1

PrROOF. From (1.20),

Ve(pa, p2) + S(pz +Z/ 7#@ (dz)
= H (1 (dz)p2(dy)|p(dzdy; ge (1), pa,s p2))

+ 1</Rd i (da), /Rd yuz(dy)> — log(2me)"/? (3.6)

g

(see (1.18) and (2.2) for notation). Since (m,n) — H(m(dzdy)|n(dzxdy)) is lower semi-
continuous (see [17, Lemma 1.4.3]), the proof is over from Theorem 2.1. O

The following lemma can be proved by the lower semicontinuity of a relative entropy.

LEMMA 3.5.  For any r > 0, § is lower-semicontinuous on Bp,ga), in the weak
topology.

PrOOF.
(1+ )~ d
q(x) := , xeR%
O L T ay
The proof is done by the following:
S(P) = H(P(dz)|q(z)dz) +/ log q(x) P(dx) (3.7
Rd
(see e.g. [17, Lemma 1.4.3]). O

LEMMA 3.6.  Suppose that (A1) and (A2) hold. Then for any pi,ps € P(S), p
defined by (1.3) and sufficiently large m > 1, m — U, is nondecreasing, i = 1,2 and
the following holds:

. q(z1,9)q(x, 72) /
min —_— X m () Om dxd
x,y€supp(Pm ) q(z,y) stcp ( )SD (y)u( y)
< exp(Uy | (1) + Uzjm (2))

c max q(r1,y)q(w, 22)

, T1,To €S. 3.8
" z,yesupp(pm) q(x,y) b (35
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PrROOF. The proof is done by the following (see (1.3) and (2.1)):

explusno0) + v (o0) = [ TSI g (utaedy), (39

provided the right hand side is positive. O

Fori=1,2,m>1¢>0,z¢cR%

1
ﬂi,s(x) = Eui(x;g€(1)7 PO,T,€7 Pl) + §‘$|2,

1 (3.10)
ﬂi|7n,5(x) = EU“m(l‘;gE(l),Po’r’a, Pl) + §|l‘|2
In the following lemma, the boundedness of the set B, plays a crucial role.
LEMMA 3.7.  For any e,7 > 0 and Py(dz) = p1(z)dz € P(RY),
1 dx
U, . (P) < -1 (B} + = 2 : 11
(P < —og(Vol(BO} + 5 [ 1ol i (3.11)

Suppose that Py .. in (2.11) is a minimizer of W, .(Py). Then for yo == [y, xP1(dx),

exp <—ES(P1) - /Rd %|x|2P1(d:v) - \I/E,,,(Pl)) < C; exp(—T2,(y0))- (3.12)

In particular, for any sequence {ey,}n>1 which converges to 0 as n — oo, the set {x €
By liminf,, oo (U1 ¢, () + Uz, (Y0)) < o0} has a positive Lebesque measure, provided
Py € Po(R?) and S(Py) is finite.

PROOF. Let pyni,» denote the probability density function of the uniform distri-
bution on B,. Then the following implies (3.11):

dx
Vol(B,.)'

V. (Pr) < S(pumor(x)dz) + % /B 22 (3.13)

We prove (3.12). We only have to consider the case where S(P;) is finite and P; € Po(R?).
From (1.20) and (2.11), by Jensen’s inequality,

Ve (P1) = S(Pane) ~ (S = [ ua(aigu0). Pocc PP
R
1
— / ul(x;ga(l),P07r7€, Pl)P07r7E(dx)) —+ / §|Z‘|2P07r75(d$)
R4 Rd

=—logC. —eS(Py) +/

1
.o (2) P (d) - / ~[2[2P (dx)
Rd Rd 2

1
> _log C — eS(Py) + Tia. () — / Sl P (). (3.14)
Rd
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Indeed, one can show that ;. is convex from Lemma 3.3 and that w, . is finite and
continuous on R? since vy (dx; g-(1), Py.re, P1) is a finite measure on B,. The last part
of this lemma can be shown by Fatou’s lemma from (3.8) in Lemma 3.6 and from the
following: for m > r,

Ul,e(x) + EZ,E(yO) > ﬂ1\m,5(‘r) + ﬂ2,a(y0)a U e = ﬂQ|m,s
since v1(dx; (1), Py, P1) is supported on B,. O

For a convex function f : R? — R U {00}, the O-sublevel set f~1((—o0,0]) is convex.
Roughly speaking, the following lemma can be proved from the fact that a uniformly
bounded sequence of convex functions defined on the same open set is compact in the
sup norm on any compact subset of the open set (see Section 3.3 in [3]).

LEMMA 3.8. (i) For a conver set C C R?, dist(z,C) is a convex function.

(ii) For a bounded sequence of convex sets {C,, C R%},>1, there ewists a closed
conver set Coo and a subsequence {Chp, }k>1 of {Cpln>1 such that {dist(z,Cp, )} e>1
converges, as k — oo, to dist(z, Cs) uniformly on every compact subset of R?.

(iii) For any v > 0, the following holds: for sufficiently large k > 1,

U—’Y(Coo) = {y € Cx | U’y(y) - Ooo} C ana
where U, (y) == {z € RY: |z — y| < ~}.
Proor. (i) For 1,25 € R A€ (0,1), y1,y2 € C, since Ay; + (1 — N)yo € C,

dist(Az1 + (1 = N)z2,C) < |Az1 4+ (1 — Nz — (Ay1 + (1 — AN)y2)|
< Al = gaf + (1= A)fwz — g2l (3.15)

Taking the infimum over all y1,ys € C, the proof is done.

(ii) Since {Cp}n>1 is bounded, {dist(z,Cy)}n>1 is also locally bounded, which
implies that there exists a convex function h(z) and a subsequence {dist(z,Cy,)}r>1
such that

dist(x, Cp, ) — h(x), k — oo,
uniformly on every compact subset of R? (see e.g. [3, Section 3.3]).
Coo := h71(0).

Then it is easy to see that the set Cix is a closed convex set and h(x) = dist(z, Cw).
(ili) We only have to consider the case where U_,(Cs) # 0. From (ii), for sufficiently
large k£ > 1,

Coo C Uy (Cr),s (3.16)

where

k — oo.

o2

)

e = sup { s, 0, ) + 1

.TECOO}—)
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For z € U_,(Cw), if © ¢ C,,, then the following which contradicts (3.16) holds: for
T <Y

1] 7é UA/(.Z‘) N U:Y(an)c CCxnN U:Y(an)c.
Indeed, since C,,, is convex, for = ¢ C,, , there exists p € R? such that

{yl(py—=z) >0} CCy,. 0

4. Proof of main results.
In this section we prove our main results.
PROOF OF THEOREM 2.1. We first prove (2.5). For the sake of simplicity,

Vi (dx) == v;(dx; qn, 11,0, H2,n),

/u'n(dxdy) = Vl,n(dx)Qn(xa y)V2,n(dy)' (41)

Since {p1,n(dz) = pn(de % S), p2.n(dy) = pwn(S X dy)}n>1 is convergent, { i, }rn>1 is tight.
Indeed, for any Borel sets A, B € R,

(A x B)) < 12 (A % S) + (S x BY) = iy n(A) + przn(B°),

and a convergent sequence of probability measures on a complete separable metric space
is tight by Prohorov’s theorem (see e.g. [6]). Here notice that a o-compact metric space
is separable. By Prohorov’s theorem, take a weakly convergent subsequence {fin, te>1
and denote the limit by u. Then it is easy to see that the following holds:

pi(de) = p(de x S),  pa(dy) = p(S x dy).

From (A2) and (2.3)—(2.4), the following holds: for any f € Cy(S x 5),

i [ e, @) = [ fepeey) udedy). (42)
0 JSx S SxS
Indeed,
d dy) = ! ! dzd o dzd
e n(in) = (s = s Y aldady) + o),

The rest of the proof of (2.5) is divided into the following (4.3)—(4.4) which will be proved
later.

There exists a subsequence {7} C {nr} and finite measures 7y,,, Vam €
M(supp(pm)) such that for sufficiently large m > 1 and any f € Co(S x 5),

Jim F (@ 9)om(2)pm(Y)v1 7, (dz)vo 7, (dy)
—0 JSxS

= f(xa y)ﬁl,m (dx)vlm(dy)' (43)
SxS
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From (4.3), for sufficiently large m > 1 and any Borel sets Ay, As C S,

Jay s, 4@ y) " uldedy) [i o, (e, y) ™ p(dedy)
P1,m,(I(m)§2,7n(]:(m,) '

[ atew) oy - (4.4)
A1 xXAg

(4.4) implies that g(z,y) ' u(dzdy) is a product measure which satisfies (1.1). (4.2) and
the uniqueness of the solution to (1.1) implies that (2.5) is true.

We prove (4.3)—(4.4) to complete the proof of (2.5). (4.3) can be proved by the
diagonal method, since {p, }n>1 is tight and since for sufficiently large m > 1,

Om (1) Pm (x2)V1 0y, (dX1) V2 1, (d2)

_ 2y - N Om(T1)V1,n,, (d21) Om(T2)V2 0, (d22)
7/S<pm( JrLm(d )/S(pm(y) 27nk(dy)fg Om (T)v1 1, (d) fs Om (x)van, (dr) (4.5)

has a convergent subsequence from (3.1) in Lemma 3.1 by Prohorov’s theorem and since

any weak limit is a product measure. We prove (4.4). From (4.2) and (4.3), for sufficiently
large m > 1,

/ q(z,y) " p(dedy)
(A1 x A)N(K 5 X K 3)

/ (@) om(y)a(z, y) " p(dzdy)
(Al XAz)ﬁ(Kﬁz XKﬁl)

Vim (d%)?g,m (dy)

/(A1 XAg)m(KﬁzXKﬁL)
= U1, (A1 N Ki)T2m (A2 N Kys). (4.6)

From (4.6), for m > m, setting 4, = K,,,

s 4@, y) T p(dady)
P1,7?7‘(141 n Krh) — f(Al X K )N(Km X Km) ,

T (Kom)
f(K X A2)N(Kn ><K~)q('r7y)_1/1‘(d$dy)
5. ) — m 2 " m (47)
V2,m(A2 me) ?17771(Km) s
U1 (K )V2,m (Km) = U1m (K )V2,m (Km) = / q(z,y) " p(dzdy).
Ky X Ko,

Substitute (4.7) to (4.6) and let m — co. Then we obtain (4.4). (2.7) can be shown from
(2.5) by the following: from (2.1),

2
exp (Z Ui|m(1’i,n; Qns 11,0, ,ugyn)>

=1

- /SXSQn(l'l,nay)Qn(-T,Z‘Q,n)‘pm(ﬂf)(pm(y)l/17n(d$)l/27n(dy)7 (4.8)

provided the right hand side is positive. O
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For a compact set K C S, P(S) > v — v(K) is upper semicontinuous in the weak
topology and is hence measurable. Corollary 2.1 can be proved in the same way as in
[33] and we omit the proof.

As we mentioned in Section 2, we omit the proof of Corollary 2.2. Corollary 2.2 and
Lemmas 3.2 and 3.3 immediately imply Corollary 2.3 (see [3, Section 3.3]) and we omit
the proof. Indeed, if any subsequence of a sequence of pointwise convergent continuous
functions has a uniformly convergent subsequence, then it is uniformly convergent.

Before we prove Theorem 2.2, we briefly describe the idea of the proof. Theorem 2.1
and Lemmas 3.4-3.5 imply the lower semicontinuity of the functional that we minimize
in ¥, ,(P1). (3.11) in Lemma 3.7 implies the finiteness of ¥, ,(P;). In particular, the
existence of a minimizer py,. of ¥.,(P;) is obtained. (2.11) can be proved by the
Duality theorem (1.14) for V(Py,e, P1) and by the fact that the relative entropy of two
probability measures is nonnegative and is equal to zero if and only if two probability
measures are the same. The characterization of the limit py of pg ., as € = 0, can be
inferred from the following. Roughly speaking, from [28],

(26Ve(Py e, PL)Y? ~ Wa(po(2)dz, Py), -0

(see (1.9) and (1.11) for notation). Besides, there exists a convex function u : R? —
R U {oo} such that for the minimizer X© of V.(FPy ., P1), as € — 0,

eDyuy(;9:(1 — ), PX(t)", P)) + 2 ~ Du(z), 0<t<I,
/L(d:L’dy, 95(1), PO,r,sv Pl) ~ PO(dl')(SDu(x) (dy)

In particular,

|z

eur(x;9:(1), Po,re, P1) + —— ~ u(x) + Constant.

PROOF OF THEOREM 2.2. Since P(B,) is tight, by Prohorov’s theorem (see
e.g. [6]), Lemmas 3.4-3.5 and (3.11) in Lemma 3.7 imply the existence of a minimizer
Py.re(dz) =pore(x)de of ¥, .(Pr). By (1.14),

o (Py) = {Splo)tr) ~<( [ mads — [ o005 p(ori)

1
+—/|ﬂ%@ﬂx
2 Jpa

Let fo,re denote f, in (1.19) with Py = Py .. Then

p(x)dr € P(B,), f € C;;°(Rd)}. (4.9)
V.. (P) = inf{S(p(a:)dx) + /Rd (6(,0(0, z; fore) + |962|) p(x)dx
‘p(x)dx € P(BT)} — E/]Rd fore(@)p1(x)dz (4.10)

(see (1.19), (1.5) and Remark 2.2). Indeed, for p(z)dx € P(B,),
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/ W(07$§f0,r,s)p($)dl’ _/ fO,r,E(x)pl(x)d:E Z —Vg(p(sc)d:mPl),
Rd Rd
since

/ (0,2 fore)p(@)da — / Jore(@)pr(2)de
Rd R4

_ _/ log <M(dfcdy;ga(1), Pore, P1)
R4 x R4 Pore(dr)g-(1,y — x)

) w(dzdy: g.(1), p(x)dz, Py),

Ve(p(x)dx, Py)

— p(x)drg-(1,y — ) _
o /Rdx]Rd o (M(dwdy;ga(l)m(x)da:, P1)> w(dzdy; g (1), p(z)dz, Pr),

and by Jensen’s inequality,

/ 1 (u(dwdy;gs(l),Po,r,a P)  p(x)drg.(1l,y — ) )
(0]
R xRd Pore(dr)ge(1,y —z) p(dedy; g-(1), p(z)dz, Pr)
x p(dzdy; g- (1), p(x)dx, P1) < 0.

(2.11) holds since ¢(0,x; fore) — u1(z; 9:(1), Pore, P1) is a constant C (see (1.19)) and
since, for p(z)dz € P(B,),

j/?

s(ea) + [ (0001 00 + 15 ) ploraa

p(x)
= p(z)drlog — —logC. 4+ C
/r ) C g, (x) exp(—eur (x5 9: (1), Po e, Pr) — (1/2)]2]2)

> —logC. + C.

Here
Lo
C. = exp —Eul(x;ga(l),PomaPl)—§|;E| dz,
B,

and the equality holds if and only if

1 1
p(z) = FIBT(I) exp <5u1(x;g€(]')aP0,r,EvP1) - 2|UL’|2> .

We prove the second part of Theorem 2.2. For i = 1,2, m > 1 and = € R?,
Vie(dz) == vi(dr; e (1), Pore, P1),
pe(drdy) := vy c(dr)ge (1, y — x)ra.(dy), (4.11)
ui\m,e(x) = ui|m(x;gs(1)apo,r,ea Pl)
(see (2.1) for notation). Since P(B,) is compact, {Po e }e>0 and {pe}e>o has a weakly

convergent subsequence by Prohorov’s theorem in the same way as in the proof of The-
orem 2.1 (see [6]). Let Py and p denote the weak limit along the same subsequence, as
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e = 0, of Py .. and pi, respectively. For sufficiently large m > 1, by the diagonal method,
Ui |m,e () +TUg)m, (y) has a subsequence which is uniformly convergent, as ¢ — 0, on every
compact subset of R? x R? (see (3.10) for notation). Indeed, for sufficiently large m > 1
and small € > 0, Tj|p,, = 1,2 are convex from Lemma 3.3, and @y |y,  (7) + Ugjm(y) is
uniformly bounded on every compact subset of R? x R?, from (3.8) in Lemma 3.6:

| ﬂ1|m,a(z) + ﬂ2|m,a(y) +e 10g(27r€)d/2 |

< (m+1)2+ (m+ )|zl +|y]) — clog (B x B), 7,y €RL  (412)

Let {e,}n>1 denote a sequence which converges to 0, as n — oo and along which the
above sequences are all convergent.

U (2,y) = Hm (T e, (T) + U, (), m>1, z,y€RL (4.13)

n—00

There exists the limit

u(z,y) == li%mOo U (2,9), =,y € R (4.14)

m

Indeed, m — wu,, is nondecreasing since

eXP(Ui|m,e(T1) + Ugjm,e(T2))

_ / 9e(L, 1 —y)ge (1, — x9)
SxS

g-(La—y) m (2)Pm (y) pe (dady). (4.15)

From the last statement of Lemma 3.7, there exists xg € B, such that u(z,yo) < o0,
since

Ute, (T) + U2, (Y0) = Uipm,e, (T) + 2jm.c, (Y0)-

To complete the proof of Theorem 2.2, we show that the following holds:

(x,y) = u(z,y), p-as., (4.16)
T = Dyu(ZOa y), y=Dyu(z,y), p-as., (4.17)
Polda) = T2 exp(—u(a, o)), (118)

where D is a convex subset of B, and C' is a normalizing constant. Notice that u(z,y)
is convex and is differentiable almost everywhere on its domain.

PROOF OF (4.16). The following implies that (4.16) holds: for sufficiently large
m >,

(@,y) = um(z,y), (z,y) € R? x Int(supp(pm)), p-as. (4.19)

Indeed, from (4.14) and (4.19), for sufficiently large m > r,

<$7y> = um(‘ray) = Um/(fﬂ,y) = U($7y)7 m/ >m,
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(z,y) € R? x Int(supp(¢m))(C R? x Int(supp(¢m))), p-a.s. To prove (4.19), we first
prove that the following holds: for sufficiently large m > r,

(x,y) <um(z,y), (z,y) € supp(Py) x (supp(P1) N Int(supp(pm))). (4.20)

For i # j, i,j = 1,2,

,ui|m,€(dxi) = Vi,a(dl“i) eXP(Uum,e(xi)) = /{ R} @m(xj)ﬂa(dxldw)- (4.21)
(RS

Then for 6 > 0 and (z,y) € supp(FPo) X (supp(P1) N Int(supp(vm))),

exp <u1""’6(“”) +“2|m,e(y)>

3

_ 1 (w1, y) + (T, 2) = Uy g (T1) — Uz e (22)
- / (2me)t P ( E )

X <Pm(331)<Pm($2)M1|m,a(dﬂfl)umm,s(d@)

- / 1 ((«’L’l,y> + (@, 22) — Ty cjm(71) — u2,5|m($2)>
> - €xp
Us(2)xUs(y) (2T€) €
X pm (T2) 1 jm e (dz1)p1(22)dzo (4.22)

(see (4.15)). Indeed, for m > 7, ), -(dx) is supported on B, since Py, . € P(B,) and

H2fm,e(dy) = (/B ge(Ly — x)wm(x)m,a(dx)> va.e(dy) = p1(y)dy.

T

(4.22) implies (4.20) since
/ Pm(2)p1(22)das > 0,
Us(y)

limint e, (Us@) = [ aldeidea)
=00 Us (z) xR4
> Py(Us(x)) — P1(By,) >0, for sufficiently large m.
Next we prove that the following holds: for sufficiently large m > 1,

<xa y> > Um(xa y)v H-a.s. (423)

Amsk ={(z,y) € B, x Up(0)|{z,y) — um(z,y) < =6}, 6>0, k>1.

Then Ay, 5. is open since u,, is convex and finite (see (4.12)—(4.13)) and is continuous.
The following implies that (4.23) is true: from (4.13), for sufficiently large m > 1,

(A k) < liminf e, (Amsk), (4.24)
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pe, (Am,sk) = / ! exp <<x’ Y) ~ e, (%) ~ Uzjm,e, (?J))
’ o Ao,k (2me, )42 En
X [ ]m.e, (AT) p2fm.e,, (dY)
— 0, n — oo. -

PROOF OF (4.17). For (x,y) € supp(Py) x supp(Fy),
(2,y) < u(z,y) = u(z,yo) + u(zo,y) — u(zo, Yo)- (4.25)
Indeed, from (4.14) and (4.20), for sufficiently large m > r such that y € Int(supp(pm)),
(2, y) <um(z,y) <ulz,y).
(4.14) and the following imply (4.25): from (4.13),

um(mvy) = um(xayO) + Um($07y) - um(x()vy())'

A= {(z,y) € R x RY| (z,y) = u(,y)}-

u(z,yo) and u(xo,y) are finite for (z,y) € A from (4.12), since from (4.14) and the
equality in (4.25),

(z,y) = u(z,y)
> max(u(x,yo) + um (20, y) — w(2o, Y0), Um (%, yo) + u(xo,y) — u(zo, o))

For a set B C R? and a function f: B — R,

d+1
co B := {Z )\7;131'

d+1
D Ai=1,A2>0,z€B, 1§i§d+1},

i=1 i=1
d+1 d+1 d+1
i=1 i=1 i=1

con f(z):=
N >0, x; €B, 1<i<d+1}, T € co B,

o0, x¢co B.
Then, from (4.25), for x € supp(Fp),
u(z,yo) — u(xo,yo) > sup{(z,y) — u(zo,y) |y € supp(F)}
= sup{(z,y) — con(ulsupp(ry)) (20, y) |y € R} (4.26)

Here (u|supp(p,))(z0,y) denotes the restriction of u(zo,y) on supp(Pr) and the equality
holds if (z,y,) € A for some y, € supp(P), in which case x € 9, con(u|supp(p,))(T0, Ye ),
where for a function f:R?Y — RU {cc},

Oyfly) ={x € R? | f(z) > f(y) + (z,z —y), for any z € Rd}.
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In particular, € 9y con(ulsupp(p,))(T0,¥), p-a.s. from (4.16). = = Dyu(xo,y), p-a.s.
since

Con(u‘supp(Pl))(xmy) = U(l‘o,y), y e Supp(P1)7
0y con(ulsupp(pr)) (0, y) = {Dyu(xo,y)}, dy-a.e. on supp(P;)

and since P;(dz) has a probability density function. In the same way, one can show that
y = Dyu(z,yo), p-as. O

PROOF OF (4.18).
DR,E = {17 € B, | ﬂ1,5(17) +ﬂ2,8(y0) < R}, R,e>0

(see (3.10) for notation). Then, from Lemma 3.7,

lim limsup/ Po,r,e(x)dz = 0. (4.27)
R=oo ew0 JpDg |
Indeed,
/ (z)dz ! / exp(—u1,c(x) — Uz (yo))de
r,e = — XPl—U1,e - &
%‘EPO,, C: exp(—2.(yo)) B,ND%, . P ' Bl
Vol(B,)
<exp(—R .
= PN ()
For 6 > 0,

sele) o= ma (0,1 - TUEDR)),

4]

Then, from Lemma 3.8, there exists a convergent subsequence {1, Ren, (x)}k>1in C(B,)
and a closed convex set Dr ¢ C B, such that

Wm {95 r.e,, — ¥5.R0llo0,r = 0. (4.28)
k—o0

D= U Dryo.

Then we prove that the following holds: for a closed set B C B,

lim limsup/ POz, (T)dz
R—00 koo BmDR,Enk

1
= fD exp(—u(z, yo))dx

/ exp(—u(z,yo))dz. (4.29)
BND

The proof of (4.29) is done by the following (4.30)—(4.31) which will be proved later.
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lim lim sup/ exp(—ﬂl’gnk () — Une,, (yo))dx
BmDank

R—oo oo

< /B - exp(-u(r. o), (4.30)

likminf Ce,, exp(—ﬂg’ank (o)) = / exp(—u(z, yo))dx. (4.31)
— 00 D

Notice that, from (4.13)—(4.14) and Lemma 3.7, the following holds:

/D exp(—u(z, yo))dz

1, 1 o dx
| Zuapp log{Vol(B,)} — =
>eXp( /Rd2|a:| \ (dz) + log {Vol(B,)} 2/Br|x| Vol(Br)>>O

We prove (4.30). For sufficiently large m > 1,

/ exp(=T.. (&) — Tia.o(y0))dar < / s 1o (@) eXD(—TT1 o () — T (y0))
BNDr.. B

(see (3.10) for notation). Let 15 denote the function ¢s g with Dg o replaced by D.
Then for m > r, from (4.13) and (4.28),

lim / Vo,R,en, (T) €XP(—TUtjm e, (T) — Uz,e,, (Y0))dx
B

k—o0

— [ s.rala) exp(-une.gn))do = [ s(a) exp(-ule, )z, m, R,
B B

%/ Ip(z)exp(—u(x,yo))dx, ¢ —0, (4.32)
B

since R +— Dg . is nondecreasing.
We prove (4.31).

Dé,m,s = {‘T € BT|E1,E(I) 7ﬂ1|m,8(‘r) < 5}7 o > 0.
Then
Ce eXp(_ﬂZe (IUO))

> /B e () XD (2) — T )

> exp(~d) /D o e (@) XD~y oo () — T (30))

8,m,e

— exp(—9) /B s e () eXD( Tt (&) — Tiae (o))t

— exp(—é)/B . Vs,R,e () eXP(—1 |, () — Uz, (y0))de. (4.33)

§,m,e
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From (4.32), we only have to prove that the following holds:

lim lim limsup lim sup/ Vs Re,, (T)
50 R—00 m—0o koo Bng k
vmVETLk
X exp(—ﬂum,gnk (x) — Uze,, (yo))dac =0. (4.34)

/ () exp(—Tpme (@) — T (y0))da
B,ND¢

8,m,e

<

/ exp(fﬂl‘mﬁ(x) — Uz (Yo))dx
B.NUs(Dr,:)ND5 .

+ / ) eXp(— 1 e () — Tia.e (o) ),
BrND§,, .NDr..

since w;gs((o, 1]) = Us(Dg.e). For any v > 0, sufficiently large m > mo > 1 and k,
from Lemma 3.8 and (4.13),

/ exp(_ﬂlhn,smC ({E) - ﬂ2,snk (yO))de
BM‘WUJ(DR,E,,% )ODC

R‘Enk

<

/ exp(~Tijmg e, (¥) = Uz, (y0))dz
BrNUs4~(Dr,0)NU—~(DR,0)°

— eXP(—Umo(%yo))d% kE— 0,
BrmU5+,Y(DR70)ﬁU_.Y(DRyo)C

— exp(_umo (LL', yo))dl', R— o0,
B,Us 4~ (D)NU_ (D)*

-0, d4,7v—0.

/ ~ eXP(— Ty o () — T (30) )l
BrND§,, .NDp,

< / eXP(—Ujm e (7) = Uz,e(y0) + R — Uz, (40))Cepo,r.e(x)dr
D(_‘

5,m,e

< exp(—2inf{Ty g . (2) + To.e (y0)|& € By} + R)Vol(B,) / pore(@)de,  (4.35)
D

c
5,m,e

/ pO,r,s(x)dx = / ,us(da?dy) § ,U'1|m,E(D§,m,s) + Pl(Brcn)
c D¢ XRd

S,m,e §,m,e
U e (T) — Uy e(x) — 0
< [ exp ( ;I : H1jm.e(dz) + P1(By,)
D§ e

< exp (—i) / po,re(x)dz + Pi(By,) — Pi(By,), €—0,

r

—0, m—oo. (4.36)
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Here, from (3.10) and (4.21) (see also (1.1)),

RIUELLED

c ) :u’1|m,6(dx) = exp(ul (CL'; 95(1)7 PO,T,€7 Pl))Vl,a(dx) = pO,r,e(x)dx~

(4.12) and (4.13) complete the proof of (4.34).

If Py is compactly supported, then w;m, . = Ujjm/ and u(z,y) = up(z,y) for
m’ > m, provided B, Usupp(P;) C By, (4.11)—(4.13) imply that the last statement of
Theorem 2.2 holds. O
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