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Abstract. In this paper, we investigate the Hamiltonian-stability of La-
grangian tori in the complex hyperbolic space CH™. We consider a standard
Hamiltonian T"™-action on CH™, and show that every Lagrangian T™-orbits
in CH" is H-stable when n < 2 and there exist infinitely many H-unstable
T™-orbits when n > 3. On the other hand, we prove a monotone T"-orbit in
CH™ is H-stable and rigid for any n. Moreover, we see almost all Lagrangian
T™-orbits in CH™ are not Hamiltonian volume minimizing when n > 3 as well
as the case of C" and CP".

1. Introduction.

A Lagrangian submanifold L in an almost K&hler manifold (M, w,J) is called
Hamiltonian-minimal (H-minimal for short, or Hamiltonian stationary) if L is a crit-
ical point of the volume functional under Hamiltonian deformations. Moreover, an H-
minimal Lagrangian is called Hamiltonian-stable (H-stable for short) if the second vari-
ation of the volume functional is nonnegative for any Hamiltonian deformations. These
notions were introduced by Oh in [16] and [17], and studied as a natural generalization
of special Lagrangian submanifolds. We refer to [1], [13], [16], [17], [18] and references
therein for explicit examples of H-stable homogeneous Lagrangians in a Hermitian sym-
metric space, and [10] for existence of H-stable Lagrangians in a general compact almost
Kahler manifold. See also [12] for a generalization of the notion of H-stability.

When M is the complex Euclidean space C" equipped with the standard Ké&hler
structure, Oh proved that any Lagrangian torus orbit of the standard Hamiltonian 7™-
action is H-stable in C™ [17]. Moreover, Oh conjectured that they are all Hamiltonian-
volume minimizing, i.e., each torus has the least volume in its Hamiltonian isotopy class.
However, using a result of Chekanov [4], Viterbo [20] first pointed out the conjecture
is false for a certain torus orbit, and Iriyeh—-Ono [9] showed that almost all Lagrangian
torus orbits are not Hamiltonian volume minimizing, namely, the set of non Hamiltonian
volume minimizing T"™-orbits is a dense subset in C™. It is a remaining problem that a
torus orbit of the form T*(a,...,a) x T"7*(b,...,b) = S'(a) x --- x S*(a) x S1(b) x - - - x
S1(b) for a,b >0 and k = 1,...,n is Hamiltonian-volume minimizing or not.

The situation is similar when M is the complex projective space CP™. In fact, Ono
[18] first proved that any Lagrangian torus orbit of the standard T"-action on CP™ is H-
stable, however, Iriyeh—Ono showed that almost all of them are not Hamiltonian volume
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minimizing. The remaining case includes the Clifford torus, i.e., the unique minimal
T™-orbit in CP", and it is conjectured that the Clifford torus is Hamiltonian volume
minimizing [17]. Also we note that the result is generalized to some torus orbits in a
general compact toric K&hler manifold. See [9] for the details.

It is known that the stability of minimal Lagrangian submanifold is related to the
curvature of the ambient space. In fact, any minimal Lagrangian submanifold in a Kahler
manifold of negative Ricci curvature is strictly stable in the classical sense, and this is in
contrast to the fact that there exists no minimal and stable Lagrangian in CP™ (see [16]).
As for the Hamiltonian stability, it is pointed out in [9] and [18] that the isoperimetric
inequality for simple closed curve implies the Hamiltonian volume minimizing property
of the geodesic circle in R? and S2, and the problem described above can be regarded as a
higher dimensional analogue in C"* and CP™, respectively. Notice that this observation is
valid even for a simple closed curve on the hyperbolic plane H? since a similar inequality
holds on H? (see [19] or Section 4 in the present paper). However, the higher dimensional
analogue of the hyperbolic case is still unknown, and this motivates us to investigate the
H-stability and Hamiltonian volume minimizing property of Lagrangian submanifold in
a Kahler manifold of negative Ricci curvature.

A natural higher dimensional setting is to consider a compact Lagrangian subman-
ifold in the complex hyperbolic space CH™. A remarkable fact for CH"™ is that the
symplectic geometry of CH™ is completely the same as C™, namely, there exists a sym-
plectic diffeomorphism ® : CH™ — C", and hence, any Lagrangian submanifold in C" is
regarded as a Lagrangian submanifold in CH™ by the map ®. Moreover, as pointed out
in [8], there is a correspondence between compact homogeneous Lagrangian submanifolds
in CH™ and the ones in C", and we have many examples of H-minimal Lagrangian in
CH™ because any compact homogeneous Lagrangian in a Kahler manifold is H-minimal.
We note that the compact Lagrangian is never minimal in the classical sense because any
minimal submanifold in C" and CH™ must be non-compact. Although some compact
H-stable Lagrangian in C™ are known (see [1] and [17]), the stability of the correspond-
ing Lagrangian in CH™ might be different from the Euclidean case since the stability
depends on the metric. In the present paper, we restrict our attention to the torus orbits
in CH™, and investigate the stability.

Let us describe our main results. We equip CH™ ~ SU(1,n)/S(U(1) x U(n)) with
the standard Kéahler structure (w, J, g) of constant holomorphic sectional curvature —4,
and regard CH™ as an open unit ball B = {z € C";|z| < 1} in the standard way
(see Section 3). We consider the maximal torus 7™ of a maximal compact subgroup
K =S8U(1) xU(n)) of G = SU(1,n). Then the T"-action on CH™ is Hamiltonian and
the principal orbits are all Lagrangian. We take a diffeomorphism between CH™ and C™

by
1
®:CH"~B" —->C", zt,|—=s=z.
1— [z

Then, it turns out that ® is a K-equivariant symplectic diffeomorphism. Moreover, the
T™-action on CH™ is equivariant to the T™-action on C" via the symplectic diffeomor-
phism @ (see Sections 3 and 4). In particular, there exists a one-to-one correspondence
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between the T™-orbits in CH™ and the T™-orbits in C™. We denote the principal T"-orbit
in C" by T(r1,...,7) := SY(r1) x --- x SY(r,), where r; is the radius of the i-th circle.

We say an H-stable Lagrangian is rigid if the null space of the second variation under
Hamiltonian deformations is spanned by normal projections of holomorphic Killing vector
fields on CH™. We show the following results:

THEOREM 1.1. (a) Ifn <2, every Lagrangian T™-orbits in CH™ is H-stable and
rigid.

(b) Suppose n > 3. If there exist distinct indices i,j,k € {1,...,n} such that the
inequality

" 1/2
(1 + Z rl2> ry < TiTk
=1

holds, then the T™-orbit ®=1(T(r1,...,7,)) is H-unstable in CH™. In particular,
there exist infinitely many H-unstable T"-orbits in CH™. On the other hand, the
monotone T™-orbit ®~Y(T(r,...,r)) is H-stable and rigid in CH™ for any n > 1
and r > 0.

(¢) Suppose n > 3. Then, almost all Lagrangian T™-orbits are not Hamiltonian volume
minimizing in CH™.

See also Proposition 4.5, Theorems 4.6, 4.8 and 4.12 for more precise statement.
Although almost all Lagrangian T™-orbits are not Hamiltonian volume minimizing when
n > 3, the Hamiltonian volume minimizing property of the monotone T"-orbit in CH™
is still an open problem as well as the case of C™ and CP™ (see Section 4 for further
discussion).

In general, the second variational formula of the volume functional for non-minimal,
H-minimal Lagrangian submanifold L under Hamiltonian deformation is described by a
linear elliptic differential operator of 4th order depending on both intrinsic and extrinsic
properties of the immersion, and the analysis of the operator is much more difficult than
the case of minimal Lagrangian (see [17] or Section 2). For the case of torus orbit in a
compact toric Kéhler manifold, Ono described the second variation by using a Ké&hler
potential on a complex coordinate of the toric manifold [18]. On the other hand, our
computation method in the present paper is slightly different from [18]. We use geometry
of CH™, in particular, the K-equivariant global symplectic diffeomorphism from CH™ to
C™. This map makes it possible to rewrite the second variation for a class of Lagrangian
submanifolds in CH™ in terms of the corresponding geometry of C" (Theorem 3.5),
so that the calculation of several geometric quantities are much easier than a direct
computation by using the hyperbolic metric. We remark that, in principle, our formula
can be applied to not only torus orbits, but also any compact homogeneous Lagrangian
submanifold in CH™. Finally, we apply the results to the torus orbits in CH™ and give
a proof of Theorem 1.1.
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2. Preliminaries.

In this section, we give a general description of Lagrangian submanifold with S'-
symmetry in a Kéhler manifold.

Let M be a complex n-dimensional Kahler manifold with the Kéhler structure (w, J),
where w is the Kéhler form and J is the complex structure, and ¢ : L — M a Lagrangian
immersion of a real n-dimensional manifold L into M, that is, an immersion of L satisfying
¢*w = 0. We denote the compatible Riemannian metric by g, i.e., g(-,-) = w(:,J+), and
we often use the same symbol g for the induced metric.

Suppose a 1-dimensional connected subgroup Z C Aut(M,w, J) acts properly on M
in a Hamiltonian way, and we denote the moment map of the action by p: M — R ~ 3%,
where 3 is the Lie algebra of Z. We take ¢ € R and consider the level set u~*(c). In
the following, we always assume ¢ € R is a regular value for p so that u=!(c) is a real
hypersurface in M. Since Z is abelian, one easily check that Z acts on u~(c). We denote
the immersion by ¢ : p=1(c) — M.

Take a non-zero element v € 3 and define 9, := (d/dt)|;=oexptv - p the fundamental
vector field of the Z-action at p € p~*(c). Set 3, := spang{7,}. Then, the tangent space
of u=*(c) is decomposed into

T,u~t(c) = E, @ 3p, (1)

where E,, is the orthogonal complement of 3, in 7,4~ (c). Note that E,, is a J-invariant
subspace in T, M. Moreover, we see J¥, is a normal direction of u~!(c) in M. In fact,
we have

9(Ji. X) = (b, X) = du(X) = 0

for any X € I'(Tu~(c)) since the Z-action is Hamiltonian. We set

&i=—2 and N,:=J&,

The unit vector field &, will be called Reeb vector field on p~'(c), and N defines a
unit normal vector field on p~1(c) in M. Also, we define a 1-form on p~!(c) by n =
g€, ) = {g(—=JN, )} so that E, = Kern,,.

It is known that if the Lagrangian immersion ¢ is Z-invariant, then there exists
c € R ~ 3* so that ¢(L) C p~*(c). Thus, for the Z-invariant Lagrangian immersion
¢:L— pu~t(c) C M, we have an orthogonal decomposition

T,L = EIZ) D3p C Tp,uil(c)v

where Ezl) is the orthogonal complement of 3, in T}, L. Note that E, = E[l) e J E]l) since L
is Lagrangian. According to this decomposition, we denote the tangent vector X € T,,L
by

X =Xg +n(X)¢.
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Suppose Z acts on p~1(c) freely. Then, the quotient space M. := p~1(c)/Z is a
smooth manifold and the standard Kéahler reduction procedure yields a Kéahler structure
(We, J.) on M, so that m*w. = t*w and m,J = J. o ., where 7w : u~1(c) — M, is the
projection. Note that 7 is a Riemannian submersion and m.|g, : E, — Tr(y M, is
an isomorphism. In particular, the Levi-Civita connections V of (u~1(c),g) and V° of
(Mg, g.) are related as m,(VxY) = v;*XW*Y for any X,Y € I'(E). See [6] for details of
Kahler reduction.

We denote the shape operator of the immersion ¢ : = 1(c) — M by A : D(Tp~(c)) —
D(Tu(c)), ie., A(X) := —(VxN)T, where V is the Levi-Civita connection on TM,
and T means the orthogonal projection onto Tu~!(c). In the present paper, we are
interested in a special class of hypersurfaces so called n-umbilical hypersurfaces. Namely,
we suppose the shape operator of the immersion ¢ : u~!(c) — M satisfies

A(X) = aX + by(X)E. (2)

for some constants a,b € R. Note that ¢ and a + b are eigenvalues of A and & gives a
eigenvector for the eigenvalue a+b. In this case, we have the following simple fact: Denote
the holomorphic sectional curvature tensors of M and M. by T and T, respectively.
Then, by the result of Kobayashi [15], we have

To(m, X) = T(X) + 49(A(X), X)? = T(X) + 4a>

for any X € E, with |X| = 1. In particular, if M is a complex space form, then the
quotient space M, of the n-umbilical hypersurface also has constant holomorphic sectional
curvature. Thus, if furthermore M, is simply-connected, then M, is a complex space form
again. We exhibit the concrete examples of np-umbilical hypersurfaces in complex space
forms and these Kéhler quotient spaces in Table 1. We refer to [2], [3] and references
therein for details.

Table 1. n-umbilical hypersurfaces in complex space forms.

M ) Z a,b M. =pu*e)/Z
o | o] S| e
S Rl Gl e I T
e CA I
CH"(—-4) horosphere R| a=1b=1 cnt
Tty | Go [t

Suppose a Z-invariant Lagrangian immersion ¢ : L — M is contained in an 7-
umbilical hypersurface y=!(c). Denote the second fundamental form of the immersions
¢:L— Mand ¢ : L — u~'(c) by B and B’, respectively. Also, we define the mean
curvature vectors of these immersions by H := trB and H' := trB’, respectively. A



440 T. KAJIGAYA

direct computation shows that
B(X,Y) = (VxY)! = B'(X,Y) + B(X,Y) (3)

for any X,Y € I'(TL), where B is the second fundamental form of ¢+ : p~(c) — M.
Therefore, we obtain from (2) and (3)

H=H'+ (an+0b)J¢E. (4)

Note that H' € JE., and J¢ = N.
We often use the following (0, 3)-tensor field on L:

S(X,Y,W):=g(B(X,Y),JW) for X,Y,W €T(TL).

We remark that the sign is different from [17] for the definition of S. It is easy to see
that S is symmetric for all three components by the Kéhler condition. Since we assume
L is Lagrangian, S and B have the same information. The following lemma will be used
in the next section:

LEMMA 2.1.  Suppose the Z-invariant Lagrangian submanifold L is contained in
an n-umbilical hypersurface p='(c). For any X € T,L, we have

S(X,X,JH) = S(Xp, Xg, JH') + 2a - 7(X)g(Xg, JH')
— (an +b){alX|* + bn(X)*}. (5)
PROOF. By using (2) and the Kéhler condition, we note that
S(X,Y,€) = S(X,£,Y) = g(Vx, JY) = —g(VxN,Y)
= g(A(X),Y) = ag(X,Y) + by(X)n(Y)
for X,Y € T,L C Typ*(c). In particular, we have
S(Xg, Y, 6) =a9(Xg,Y) and S(Xg,&¢&) =0.
Combining this with (4), we see
S(X,X,JH) = S(X, X, JH') — (an + b)S(X, X, €)
=S(Xp,Xp, JH') 4+ 2n(X) - ag(Xp, JH') — (an + b){a|X|* + bn(X)?}.
This proves (5). O

Recall that an infinitesimal deformation ¢ : L X (—¢,e) — M of a Lagrangian
immersion ¢9 = ¢ : L — M into a (almost) Kéhler manifold (M,w,J,g) is called
Hamiltonian if the variational vector field V' := d¢s/ds|s=o is a Hamiltonian vector field,
i.e., there exists u € C°°(L) so that ay := ¢*iyw = du. A Lagrangian immersion ¢ is
Hamiltonian-minimal (H-minimal for short) if d/ds|s—oVolg(¢s) = 0 for any Hamiltonian
deformation ¢, of ¢ = ¢g, where Voly(¢) is the volume of ¢ measured by the volume
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measure dv, of g. Moreover, an H-minimal Lagrangian is Hamiltonian-stable (H-stable
for short) if d?/ds?|s—oVoly(¢s) > 0 for any Hamiltonian deformation ¢s.

By the result of Oh [17], the H-minimality is equivalent to divy(JH) = 0. A typical
example of H-minimal Lagrangian submanifold is obtained by a compact group action.
Namely, if a compact connected Lie subgoup G C Aut(M,w,J) admits a Lagrangian
orbit G - p for some p € M, then G - p is always H-minimal by the divergence theorem
(cf. [1]).

For an H-minimal Lagrangian submanifold in a K&hler manifold, Oh proved the
following second variational formula under the Hamiltonian deformation ¢,:

2

55| oy (0 = / Aul? = p(Vau, V) + 28(Vu, Va, TH) + JH(u)dvg,  (6)
5= L

where u is the Hamiltonian function of the variational vector field V' and p is the Ricci
form of M (Recall that the sign of S is different from [17]). In the following sections, we
consider the second variation (6) in a specific situation.

3. Lagrangian submanifolds in CH™.

In this section, we consider a Lagrangian submanifold contained in a special case of
n-umbilical hypersurface in the complex hyperbolic space CH™. The main purpose of
this section is to prove Theorem 3.5.

3.1. Geometry of CH™.

Let C™ be the complex Euclidean space equipped with the standard Kahler structure
(wo = (V=1/2) 31, dz* A dZ', Jo,g0). Also, we denote the standard Hermitian inner
product and its norm on C" by (,) and | - |, respectively.

Let C™ be the complex Euclidean space C!1" with the Hermitian inner product
(,) of signature (1,n) and P(CY") is the projective space. The complex hyperbolic space
CH™ is defined by

CH™ := {[l] € P(C"™);1 = spanc{z} with (2, z) < 0}.

In the present paper, we use the ball model for CH", namely, we identify CH™ with the
open unit ball

B":={zeC™"|z| <1} CcC"
by the map
B" 32z [l:2] € CH" C P(CY™). (7)

The standard complex structure Jy on C™ defines the complex structure J on B™. More-
over, the standard Kéhler form on B™ (or CH™) is defined by

w= %\/flaglog(l — |2
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j=1

i=1

Then, the holomorphic sectional curvature of (B™,w,J) is negative constant which is
equal to —4. See [7] for details. We denote the compatible Kéhler metric on B™ by g.

Recall that SU(1,n) acts on B™ through the map (7), where SU(1,n) naturally
acts on C™ and P(CY™). Moreover, the action is transitive, and the stabilizer group at
z = 01is given by K = S(U(1) x U(n)). In particular, CH™ is identified with G/K =
SU(1,n)/S(U(1) x U(n)). Note that the stabilizer subgroup K is a maximal compact
subgroup of SU(1,n), and it acts on B™ by

w
k-z=w'Az for k:= A € K and z € B".

Moreover, K acts on the tangent space ToB™ by the isotropy representation K — U(n).
By (8), we see (ToB™,wp) is naturally identified with the standard symplectic vector
space (C™,wp). Thus, K acts on C™ by this identification.

A principal K-orbit in B™ coincides with a hypersphere S*"~1(R) := {2 € B"; |z| =
R} in B™ of radius R € (0,1). On the other hand, one can check that the geodesic
distance 7 := d(0, z) between 0 and z € S?"~!(R) with respect to the hyperbolic metric
(8) is given by

r = d(0,2) = tanh ™' (R)

(see Sub-subsection 3.1.7 in [7] for instance. Note that the holomorphic sectional cur-
vature of CH" is equal to —1 in Sub-subsection 3.1.7 in [7], although we assume it is
equal to —4). In particular, S?"~1(R) is a geodesic hypersphere in B™ of geodesic ra-
dius r = tanh_l(R). Therefore, we denote the geodesic hypersphere of geodesic radius
r € (0,00) in B™ by

§2n=1 .= §2"L(tanhr) = {z € B";|z| = tanhr}.

Note that the geodesic hyperspheres in B" of different radii are not homothetic to each
other with respect to the induced metrics from ¢, and they are so called the Berger
spheres.

Let us consider the symplectic structure of CH™. It is known that any Hermitian
symmetric space of non-compact type is symplectic diffeomorphic to the symplectic vector
space (cf. [14]). For the case of CH™, we have the following explicit identification (cf. [7],

[8]):

LEMMA 3.1. A map defined by

1
1—|z

:B"—>C", z+ -z, 9)
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gives a K-equivariant symplectic diffeomorphism, i.e., ®*wy = w.

ProoOF. By the definition of K-actions and @, it is easy to verify that ® is K-
equivariant diffeomorphism. On the other hand, a section of the cohomogeneity one
K-action on B™ is given by {(0,...,0,R) € B™; R € [0,1)}. Thus, in order to prove the
second assertion, it is sufficient to check at a point r := (0,...,0,R) € B™ for R € [0,1).
Note that, at the point r, we have

) 19 ) 1 \** 9
o, 2| = — 2 foritn, ®,—rf =(—=) 2| |
ozt lr 1— R2 Oz’ P(r) ore 7& " ox™ Ir (1 — R2> ox™ P(r)
0 1 0
o, 2| = — 2% fori=1,....n,
6:1]1 r 1—-R2 8y1 ®(r) ore "

where we set z = z* + \/—1y’. On the other hand, we have (wo)er) = iy da’ A dy
and

n—1

wr:ﬁ;d:ﬂj/\dyjﬂ-mdx /\dy .

By using these equalities, one can easily check that ®*wy = w. O

In the following, we identify B™ (or CH™) with C™ as a symplectic manifold by ®.
Let us consider the C'(K)-action on B™, where

C(K) := {diag(e "V~ V=10 . eV=19).0 c [0, 27]}

is the center of K. Note that C'(K) does not act effectively on B". Indeed, C'(K) acts
on B" by z — eV=I(n+10 for 2 € B™. In order to adapt the argument of the previous
section, we take a normal subgroup N of C(K):

N = {diag(e*"‘/jl(%k/("ﬂ)), e\/jl(zﬂk/("“)), cee e\/jl(%k/("“))); k=0,1,...,n}.
Obviously, N is isomorphic to Z,, 11 and Z := C(K)/N is homeomorphic to S'. Moreover,
Z acts on B™ effectively and freely through the C'(K)-action. Indeed, Z acts on B™ by
z eV~ for V=19 € ST via the identification Z ~ S

Since ® is a K-equivariant symplectic diffeomorphism, a moment map p : B®™ — R
of the Z-action on B™ is given by

) = oo 2(2) = - (2

where g : C* — R is a moment map of the Z-action on C" which is given by
wo(2) = —(1/2)]z|?>. Thus, a regular level set u~!(c) coincides with a geodesic hy-
persphere S?"~1 = §2"=1(tanhr) in B", that is, a K-orbit.

We fix a fundamental vector field of the Z-action on B™ (or C") defined by



444 T. KAJIGAYA

_ - N 0 0
”Z'_Z(_yaxiJr””ayi)_V_lg(zazi_zazf)

i=1
for z € B™ (or C") so that Ju, = —p is the inner position vector. On the other hand, a
direct computation shows that we have

. 2] tanhr )
Vylg = = = sinhr coshr 10
721 1—z[>  1-—tanh’r (10

for z € S2»~! ¢ B™. Note that the norm |0;|4 depends only on 7, and this implies that
Z-orbits contained in S?"~! are mutually isometric. The Reeb vector field on S2"~! is
given by

Uy U,

for ze §#L,

b= 0.4 ~ sinhrcoshr
Note that N := Jy& is the inner unit normal vector field of S2"~1. Moreover, it is known
that the shape operator A of S?"~! C B™ with respect to N is given by

A(X) = cothr - X + tanhr - n(X)¢,

namely, S?"~! is an n-umbilical hypersurface in B". In particular, the Kéhler quotient

space u~1(c)/Z is exactly the complex projective space CP"~1(4/ sinh?r) (see Section 2).

3.2. Comparison of CH™ with C™.

Let ¢1 : L — B™ be a C(K)-invariant Lagrangian embedding into B™. Note that L
is C(K)-invariant if and only if so is Z-invariant, where Z = C'(K)/N. In this subsec-
tion, we shall compare geometric properties of ¢; with corresponding properties of the
composition

¢p:=Po¢y: L —C".

Note that ¢o is a C'(K)-invariant Lagrangian embedding into C™ since ® is a C(K)-
equivariant symplectic diffeomorphism.

Recall that the image ¢; (L) is contained in u~!(c) = 2"~ for some r € (0, 0) (see
Section 2). On the other hand, we see the restriction map

P|gan-1 : S§2n=1 — §2n=l(tanhr) = $?""!(sinhr), ®(z) = coshr -z

is a diffeomorphism, and ¢2(L) is contained in S?"~!(sinhr). Namely, we have the
following diagram:

(B™ w) - (C"™, wo)
symp. diffeo.
U
L - g2n—1 d—f‘f—> 52n=1(sinhr)
{ T ' 2 |

L)Z — CP" '(4/sinh®r) = CP" '(4/sinh®r).
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Here, m; and 7 are natural projections by the Z-actions on S2"~! and S?"~!(sinhr),
respectively. Note that we have isomorphisms

(b*‘Ez : Ez l) Eq>(z) and CI)*|32 13z l) 5@(2) (11)

for any z € p~!(c) = S2"7! since ® is C(K)-equivariant, where E and j are defined
by (1). Moreover, the Reeb vector fields and the inner unit normal vector fields of the
hypersurfaces S?"~1 C B™ and S?"~!(sinhr) C C" are given by

Uy U,

= = d P = =

&(2) |0,lg  sinhrcoshr and - &(®(2)) |U0(z)]go  sinh7’
N1 = Jfl and N2 = Jofg,

0 .0,
o) _ 2V (12)

respectively. Also, we define 1-forms 71 := g(&1,-)[g2n—1 and 12 := go(€2; *)|s2n—1 (sinhr)-
Let us consider the induced metrics on L

g1:=¢1g and go:= P390 = (P o ¢d1)"go.

For any point p € L, we have decompositions

1 . -
Tyl = Eg_ () Ddpa(p): Where 34, () = spang{Ts, ()}

for « = 1,2. This is an orthogonal decomposition with respect to the metric g,. By
: : .l ~ l . ~

(11), we have isomorphisms ¢*|Efbl(p> CEy ) = By and uls, ) 360) — 3ea()-
Because of this reason, we simply write

T,L = E., @3,

and use identifications Ezl) ~ E(lﬁl(p) ~ Ef¢>2(p) and 3, ™~ 34, (p) = 3¢s(p) 0 the following.
According to this decomposition (with identifications via ®), it turns out that the induced
metrics g1 and go are decomposed into

91=gp ® (cosh’r-g;) and g2 =gp &g, (13)

respectively, where ggp := g2|E; and g; := go|;,. In fact, for o = 1,2, we have ga|Eé =
7* (¢t grs), where ¢, : L/Z — CP" '(4/sinh®r) and gpg is the Fubini-Study metric on
CP"1(4/sinh?r). On the other hand, we have

1
coshr

& = &2
by (12), and this implies g1[;, = cosh? 7 - g2|;, as given in (13). In particular, we can
take local orthonormal bases of L with respect to g1 and g2 by {e1,...,e,—1,&} and
{e1,...,en—1,&2}, respectively, where {e; ?:_11 is an orthonormal basis of (Ezl),gE). In
other words, we take {e;}"=}! so that {e; := (71 0 ¢1)«e; 7=, is a local orthonormal basis
of L/Z in CP™~'(4/sinh? 7).

Denote the norm, the Levi-Civita connection, gradient and Hodge—de Rham Lapa-
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cian for function u € C°°(L) with respect to g1 := ¢g and g := @5go by | - |1 and | - |2,
V! and V2, Viu and Vau, Aju and Agu, respectively.

LEMMA 3.2.  We have the following:
(a) For any X € T,L, we have |X|? = | X|3 + sinh® r - np(X)2.
(b) For any u € C*®(L), we have Viu = Vou — tanh®r - & (u)&,. Moreover,

|Viul|? = |Vaul? — tanh? 7 - & (u)?.

(c) Let {e1,...,en—1,&1} and {e1,...,en—1,&} be the local frame of L taking above.
Then, the Levi-Civita connections are related as follows:

Viej=Vie; for ij=1,...,n—1
Veba =V ei=Vg =0 for a=12 i=1,...,n—1L
(d) For any u € C=(L), we have Aju = Agu + tanh? r - &5(&u).

PrOOF. For any X € T,L, we set X = S0 Xie; + X6 = Y07 Xjei +
X,&a/ coshr. Then, we see

n—1
|X|§=ZX?+X2=|X|%+(1—

) X2 =|X |2 +sinh? r - n2(X)2
i=1

cosh? r

This proves (a). Next, we see

n—1 n—1
Viu = ;(eiu)ei + (Gu)é = ;(eiu)ei + COSLQ ; (E2u)é2
1
= Vou — (1 e T) (§2u)é2

= Vou — tanh® r - (£u)&s.
Moreover, by using (a), we have
\Viul? = |ViulZ +sinh® 7 - 9o (Vyu)?
= |Vou — tanh? 7 - & (u)&2)3 + sinh? 7 - 1o (Vau — tanh? 7 - & (u)&y)?
= |Voul — 2tanh? r - & (u)? + tanh® 7 - &(u)? 4 sinh® r - {(1 — tanh® r)&y(u)}?
= [Vaul} — tank? 7 - 5(u)?,
where we used a relation sinh® r = tanh? /(1 — tanh® ). This proves (b).

Next, we shall show (c). Since m,m2 : L — L/Z are Riemannian submersions, we
have

VEE; = (m1061). (Ve e5) = (T2 0 $2). (V2 €5),
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where V¢ is the Levi-Civita connection on L/Z. This implies (V;iej)ﬂal = (Vgiej)TZI;l,
where T<, means the orthogonal projection with respect to g, onto E!. On the other
hand, we see

9a(Ve ej,6a) = =9a(Ve 65, INa) = =9a(Ve, Nay Je5) = ga(A% (i), Je;) =0 (14)

since Je; € E and the n-umbilical conditions. Therefore, we have V¢ e; = (V¢ ej) e,
and we obtain Véiej = Vﬁiej.

Next, we consider V¢ {, and V¢ &,. Since |€algo = 1, we have go (V¢ €a, &) = 0.
Moreover, (14) shows go (V¢ a,e5) = —ga(VE €j,60) = 0 for any i,j = 1,...,n — 1.
Thus, V¢ . = 0. Moreover, since e; is C(K)-invariant, we have [, e;] = 0, and hence,
Ve ei = (const.)Vge; = (const.)Ve 0 = Vg &, = 0, where const. is depends only on «
and 7. Similarly, we have g, (V¢ £a,&a) =0, and

9o(VE Ear€i) = —9a(VE €iy§a) = —(const.)ga(Viei, 0) = —(const.)ga(Ve,0,7) = 0

since [0]g,, is constant on L. Thus, we obtain V¢ &, = 0. This proves (c).
Finally, we show (d). In the local orthonormal frame, by using (c), we see

n—1 —

—Avu =Y eileu) + & (Gu) - Zv%z
i=1 i=1
n—1

= Z ei(eju) +
i=1

—Aou — tanh®r - & (&u).

W2 —5—&( §2u Z v2 ez

cosh

This proves (d). O

Next, we compare extrinsic properties. Denote the second fundamental form and
the mean curvature vector of the immersion ¢, : L — (B",g) and ¢ : L — (C", gg) by
B; and Bs, H; and Hs, respectively. Also, we set H!, := (Hy)p and S, (X, Y, W) :=
9o (Ba(X,Y), Ju,W) for X, Y, W € T'(TL) and a = 1,2 as introduced in Section 2, where
J1 and J; denotes the complex structure on B™ and C", respectively.

LemMmaA 3.3. For X, Y, W € Ezl), we have
SUX,Y, W) = S5(X, Y, W). (15)
In particular, we see
g1(J1H, W) = go(JoH,, W) and  S1(X,Y, J1H}) = So(X,Y, JoHY). (16)
Proor. Fori,j,k=1,...,n—1and a =1,2, we have

Salei, ej,er) = ga(vZej, Jaer) = ga(§2‘iej, Jatr) = gc(ﬁgiéj, Jeek)
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since m, is a Riemannian submersion onto CP"~1(4/sinh®r) and (74)x0Jo = J.0(7a)+.
This shows Si(e;, e, ex) = Sa(e;, €5, ex) for any 4, j, k = 1,...,n—1, and hence, we obtain
(15).

Recall that S1(£1,&,W) = S2(&2,&, W) = 0 for W € E}, (see the Proof of
Lemma 2.1), and hence, by taking the trace of the former two components of S and
using the fact that Ell) is J,-invariant, we obtain the first equality of (16). Moreover, we
have

Sa(ei, €5, JaH(/x) = _QC(ﬁ;Ejv (ﬂ'a)*H:x)

Here, it turns out that (m,).H,, coincides with the mean curvature vector H,. of the
reduced Lagrangian immersion L/Z — CP"~'(4/sinh®r). This can be shown by using
Lemma 3 in [11] and the fact that, in our setting, |7,|,, is constant on L for each c.
This proves the second equation of (16). O

On the other hand, the shape operators Al of S§2n=1 5 B2 and A? of
S2n=1(sinhr) — C™ (with respect to Ny := J& and Ny := Jo&o, respectively) satisfy
~ - 1
AY(X) =cothr- X +tanhr -9 (X)& and A%(Y) = Y (17)

sinhr

for X e D(TS? 1) and Y € I'(T'S?>"~!(sinhr)), respectively.
LEMMA 3.4.  We have

S1(Viu, Viu, JiHy) = S2(Vau, Vau, JoHs)
— (n 4 1)|Vaul3 + (n + tanh® r) tanh® 7€ (u)*>  and

tamhr52 ().

JlHl(u) = JQHQ(U) — coshr

PROOF. By (17) and Lemma 2.1, we have

Sl(Vlu, Vlu, JlHl) = Sl((Vlu)E, (Vlu)E, JlH{) + 2cothr - 51(1,6)91 (J1H{, (V1U)E)

— (ncothr + tanh r){ coth r|Vu|? + tanh r&; (u)?}. (18)
2
SQ(VQ'U;, VQU, JQHQ) = SQ((VQU)E, (VQU)E, JzHé) + m . {2(’&)92 (JQH&, (VQU)E)
n
— ———|Vaul3 19
sinh2r| 2ul2 (19)

Here, by Lemma 3.3 and the relation & = &/ coshr, it turns out that the first two terms
in the RHS of (18) and (19) coincides with each other. Therefore, by using Lemma 3.2
we see

Sl (Vlu, V1’U,, JlHl) - SQ(VQU, V2u7 J2H2)

2

2
= —(ncothr + tanhr) {cothr(|V2u|§ — tanh? 7‘52(11)2) + tanhr £2(u) }
cosh” r
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n
+ ———|Vaoul?
sinh? 7"| 2uf2
= —(ncothr + tanh r){ cothr - |[Vaul3 — tanh® 7 - EQ(U)Q} + L2|VQU|§
sinh” r
= —(n+1)|Vaul? + (n + tanh® r) tanh® r& (u)?.
On the other hand, we see
JiHy(u) = JiH](u) — (ncothr + tanh r)&; (u)
n tanh r tanh r
= H/ —_ = H —_
T2 Hp(w) <sinhr coshr) §2(u) = JoHa(u) coshr52 (u)
by (4), (16) and (17). O

Now, we are ready to prove the following formula:

THEOREM 3.5. Let ¢ : L — CH"(—4) be a C(K)-invariant Lagrangian embedding
whose image is contained in the geodesic hypersphere S2"~1 C CH™(—4) of geodesic
radius r € (0,00). Suppose furthermore ¢ is H-minimal in CH™(—4). Then, ¢ is H-stable
in CH™(—4) if and only if the corresponding Lagrangian embedding ¢o := ®o¢: L — C"
satisfies

/ ‘A2U|2 — 292(B2(VQU, VQ’LL),HQ) + JQHQ(U)2
L

tanhr
+ 2 tanh2 T AQU . 6252 (u) -2 cosh r 62 (U)JQHQ (U)
4 , tanh®r 9
+ tanh” r|&8 (u)[” — —5—[&(u)["dvg, =0 (20)
cosh” r

for anyu € C*(L), where & is the Reeb vector field on the hypersphere S*"~1 containing
do(L) in C™ so that Ny := Jo&y is the inner unit normal vector field of S*"~1.

PRrROOF. For a function u € C°°(L), let ¢1 s and ¢2 s be a Hamiltonian deformation
of ¢1 : L — S?"=1 < B™ and ¢9 : L — S?"~(sinhr) C C" so that d/ds|s—oPa.s =
JoVau for o = 1,2. We denote the integrand of the right hand side of the second
variational formula (6) for ¢o s by Jo(u). By Lemmas 3.2 and 3.4, we have

Jl(u) = |A1u\2 + 2(71 + 1)|V1u|% + QSl(Vlu, Viu, JlHl) + JlHl(u)Z
= | Agu + tanh? r&6s (1) |2 4 2(n + 1)(|Vaul2 — tanh? 7€ (u)|?)
+ 285 (Vau, Vou, JoHa) — 2(n + 1)|Vaul3 + 2(n + tanh? 1) tanh? 7€, (u)|?

tanh r 2
+ | T2 Ha(u) - coshr $a(u)

= |A2u\2 + QSQ(VQU, Vau, JQHQ) + JQHQ(U)z

tanh r
coshr

+ 2tanh2 - Agu - fggg(u) -2 §2(u)J2H2(u)



450 T. KAJIGAYA

2
b T () 2. (21)

+ tanh? r|§2§2(u)\2 - —
cosh” r

On the other hand, one easily checked that the volume measure has a relation dv,, =
coshr-duvg,. Therefore, by integrating (21) over L by dvg, , we obtain the conclusion. O

We remark that the C'(K)-invariant Lagrangian submanifold L in CH™ is H-minimal
if and only if so is the reduced Lagrangian submanifold L/Z in CP"~! (cf. [5]). More-
over, a typical examples of H-minimal Lagrangian is obtained by a compact homogeneous
Lagrangian submanifold in CH™, i.e. a Lagrangian orbit of K’-action for a connected
compact subgroup K’ C K. Since ® : B® — C" is a K-equivariant symplectic diffeo-
morphism, it turns out that any compact homogeneous Lagrangian submanifold in CH™
corresponds to a compact homogeneous Lagrangian submanifold in C" (see Theorem 1
in [8]). Theorem 3.5 is applicable to all such examples.

4. The torus orbits in CH™.

In this section, we consider the Hamiltonian stability of torus orbits in CH™(—4),
and give a proof of Theorem 1.1. Let T™ be a maximal torus of K = S(U(1) x U(n)
represented by

" .= {diag(e“/jlzyzl 0i V=100 e‘/jw"); 0, eRVi=1,...,n}.

Since ® is K-equivariant, it is easy to see that any T"-orbit T -z through z € B™ ~ CH™
corresponds to a standard T™-orbit in C" via the map ®:

O(T" - 2) =T(r1,...,rn) == {(r1eV"1, . rpeV=1n).0, e R} C C" (22)

for some (r1,...,7,) € (Rsg)™. Note that this correspondence is one to one. In partic-
ular, any T"-orbit in CH™ is Lagrangian since so is T™-orbit in C". Moreover, they are
all H-minimal. Thus, by Theorem 3.5, we consider a principal T"-orbit in C™ in order
to show the H-stability of T™-orbit in CH™.

4.1. Hamiltonian stability of torus orbits.
Let S?"~1(sinhr) be the hypersphere of radius sinhr for » € (0,00) in C"*. The
Reeb vector field on $?"~!(sinhr) is given by

n

1
&= sinh r Zai’

where 0; is a tangent vector field on S?"~! defined by

9 ,
0i(z) == —y" py +a' By

for i = 1,...,n, where 2* = 2' + v/—13°. Note that N := Jy&é = —p is the inner unit
normal vector field on S?"~1(sinhr).
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Let us consider the standard T"-action on C™ so that the principal orbit is a La-
grangian torus given by (22). A moment map p : C* — R™ of the T"-action on C" is
given by u(z2) == (—=|2112/2,...,—|2a|?/2) and we identify the moment polytope p(C")
with a quadrant

P = {(plv‘ .. vpn) € Rn7pl > 0}7 /1’(2) = (‘Zl|27~ L) |Zn|2)

It is easy to see that the map p gives rise to a one to one correspondence between principal
T"-orbits and the set of interior points P of P. For each r € (0, 0), we denote the set
of torus orbits contained in S$?"~!(sinhr) by

n
O, = {T(rl, ceyTr); er = sinh? 7“} .
i=1

By using the correspondence via the moment map, we have a correspondence

n
O, £>HT = {(pl,...,pn) € pint, Zpi :sinhzr}.

i=1
Moreover, we parametrize O, by

n

{§ = (81,--+,81) € (Rsg)™; Zsl = 1} = gpn-1(1) — Or, (23)

i=1
(81,..0580) = Tlg:= S'(sinhry/s7) x -+ x S*(sinhry/s,).
We take a basis of T 2T by

0
00;

+ 2 4

__ia

z

fori =1,...,n and z € T". Note that we have g(8;,8;) = (sinh®r - 5;);;. Then, one
easily computes the second fundamental form and the mean curvature vector of T7"; in
C™ as follows:
- 1
Bz(ai,aj) = 51]Jaz and H2 = Z

i=1

—JO; 24
sinh?7 - s; (24)

respectively.

LEMMA 4.1.  The torus orbit @_I(T:fg) is Hamiltonian-stable in CH"™(—4) if and
only if

Qn.r(5,m) := a; (5, m) — 2tanh’® 7 - ay(s, m) + tanh* r - az(m) > 0 (25)

for any m = (mq,...,my) € Z™ \ {0}, where
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n m2 2 n ms 2 n m2
s,m) := d —] -2 d
ai(s,m) ( 81) +<Z 52) <Z sf)
=1 =1 =1

2(m?2 -1 ami(mym; + 1
:Zml(mz )+me.7(mmj )

SiSj

)

i=1 i i#j

e (S (£ (57)-(£%))
oo (S { () )

PrOOF. We set r; :=sinhr-,/s; so that T = S*(ry) x - -+ x S'(r,,) in this proof.
We decompose the integrand of the formula (20) into three parts

—

|A2u\2 — 292(B2(V2U, VQU), H2> + JQHQ(U)2
(9]
+{en) - &) - Aou— ea(r) - () L Ha () } + {es (€8 (W)? — ea(r)éa(w)?

(In) (1)
where we set
2tanhr
=2 h2 =
c1(r) tanh®r, co(r) oshr
tanh? r

cs(r) : = tanh?r,  cy(r) = o2

Since the integral of (I) coincides with the second variation of T}’ in C", the same
calculation given in [17] (see (29) in [17]) shows that

n

/ (D)dvy, :/ {Z L (Ot 0P+ 2 523]2-u—8i3ju)}udvgz. (26)

i=1 i#j

Next, we calculate (I). A straightforward calculation shows that

"1
Mdv,, = ) =) =0
/;t( ) Vg L” smh2 ( Z ) ( ]; 7“% ku>
co(r) - 1
 sinhr <Zazu> ( Z TIQcﬁku> o
2 "1 1
:_7/ { Y. =0R0idu+ Z 8k8u}udvg2. (27)

3
cosh™r ikl 'k ikt

Here, we used the integration by parts. Finally, we see
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/ ng( s, /Tn sinh?® 7 Z: smh2 (Z “) Vga
1

— / { Z 0u0,0;0;u + Zﬁjaiu}udvgz. (28)

4
cosh i kl=1 ij=1

Recall that the non-zero eigenvalues of A on the flat torus T7; are given by

n 2

me
/\m:ZTQZ for m:=(mq,...,my) € Z"\ {0},

i=1 ¢

and the corresponding eigenspace is spanned by

o 1= COS <z”: mi9i> and wug, :=sin (2”: miﬁi> .
i=1 i=1

It is known that these functions form an orthogonal basis of L2 (1" 's). Note that
618ju MMM Uy, 818J8k81ufn = mimjmkmlufn,
and uf, is as well. Hence, substituting v = u$, (or u?,) in (26), (27) and (28), we have

1
/ (I) + (I) 4 (I)dw,, :/ [ZT4(m4—m —I-Z 2.2 (m;m3 + mym;)
s Trs Li=1 't ity i

8

n ) n
2 mj, my
3 L L Tk
i,j,k= =

2
cosh” r e )
1 n n
c \2
+7cosh4r g MMM;Mmj — E mim; | (upy) dvg,
ik l=1 ij=1
1

- Qn,r (§7 m) (ucm)deg2

-4
sinh®r Jpn_
r,8

since we set 7; = sinhr - |/s;, this implies the lemma. O

Note that the coefficients a;(s,m), as(s,m) and az(m) are all non-negative. We
shall estimate @, (S, m) in the following.
First of all, we consider a specific m, namely, we suppose m € Z" \ {0} satisfies

az(m) = 0, or equivalently, Zmi =0or £1.
i=1

We shall find a necessary condition for the Hamiltonian stability of T7"s when n > 3 for
such an m (Proposition 4.5), which leads a proof of the first assertion of Theorem 1.1

(b).
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LEMMA 4.2. If Y%  m; =0, then Q,,(S,m) > 0 and the equality holds if and
only if there exist i,j € {1,...,n} so that m; =1, mj; = —1 and my, = 0 for other k.

PROOF.  Suppose Y., m; = 0. Then the latter two terms in the RHS of (25)
vanish, and hence, @, (s,m) = a1(s,m) > 0 by Lemma 4.1. Moreover, the equality
holds if and only if m?(m? — 1) = 0 for any i and m;m;(m;m; + 1) = 0 for any i # j.
This is equivalent to that m € Z" \ {0} has the form m; = 1, m; = —1 for some ¢ # j
and my = 0 for other k. O

Next, we consider the case when Y. | m; = £1. Since Q, (5, m) = @, (S, —m),
we may assume y ., m; = 1 for our purpose. We denote such m by m. In this case,
the last term in (25) is vanishing and we have

- " m2(m? —1) m;m;(m;m; + 1) " mi(m; — 1)
Qn,r(sv m) - Z S% — + Z J J - 2tanh2 r- Z 75

$iS; i
i#j ke i=1 v

=1

LEMMA 4.3.  Ifm; # —1 for any i, then Q, (s,m) > 0 and the equality holds if
and only if m is of the form m; = 1 for some i and my = 0 for other k # 1.

PROOF. @, (8, m) is rearranged as

- m;(m; — 1){m;(m; + 1 — 2tanh?r - Si m;mi(m;m; + 1

> )ms(m + 1) } g mamymim; + 1)
S*

i=1 @ i#£j

(29)

S5iSj

In (29), the second term is non-negative and the coefficient of 1/s? is non-negative when-
ever m; # —1 since 0 < tanh®r - s; < 1. Therefore, Qn,r(s,m) > 0 if m; # —1 for all 4.
Here, the equality holds if and only if m;(m; — 1) = 0 for any ¢ and m;m;(m;m; +1) =0
for any i # j. Since we assume Y ., m; = 1, this is equivalent to m; = 1 for some 7 and
my, = 0 for other k # i. O

By Lemma 4.3, we restrict our attention to the case when m has the form

m=(—1,....,=1,maq1,...,mMp) (30)
(6% n—ao«
for may1,...,my € Z\{—1} and o = 1,...,n. Here, we replaced the indices (if neces-

sary) so that m has the form (30).

LEMMA 4.4. If m has the form (30) and |m;| > 1 for some i € {a+1,...,n},
then Q. ,(s,m) > 0.

Proor. Since m; = —1fori=1,...,acand m; # =1 for j = a+1,...,n, the
equation (29) shows
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_ —4tanh®r m;m;(m;m; + 1
Qnr (3 0) > 27 23" j(mim; +1)

=1 Si i<J 8iSj
. —4tanh®r K my (m;
> 2 Hog\ttey — 4
N D I T PRI
= i=1 j=a+1 1<k<l<a
1 " my(m,; —1) 4
- — ]} — 2tanh? g — (31
<lel>{ - r+4_z S; > SkSI (31
i= j=a+1 1<k<i<a
Therefore, if there exists m; for j = a+1, ..., n satisfying |m;| > 1, then m;(m;—1)/s; >
2 > 2tanh?r, and hence, Q,, (5, m) > 0. O
Combining this lemma with Y7 | m; = 1, the remaining case is when
= (-1..,-11...,10,...,0) (32)
—_——— —— ——
o a+1 n—(2a+1)
for a =1,...,[n/2]. Note that there is no m of the form (32) for n < 2.

PROPOSITION 4.5.  Supposen > 3 and m is of the form (32). Then, Qy, (s, m) >0
if and only if

s; > tanh®r - 8 Sk (33)

holds for any distinct i,j,k € {1,...,n} with Y., s; = 1. In particular, there exist
infinitely many H-unstable torus in CH™ when n > 3.

PROOF.  Suppose m has the form (32). If & > 2, (31) becomes

Qn,r(ga ﬁl) > —4tanh2r <§: 1) + Z i

k=1 5k 1<k<i<a KO
4tanh? r 11 4
= —-— —_ —_ —+ _
a—1 Z (8k+81> Z SkS|
1<k<i<a 1<k<l<a
B Z 4 <1 tanh? r(sy, +sl)>
1<h<l<a k5 a—1

>0
since tanh? r(sp+s) <l lfa=1 ie,m=(-1,1,1,0,...,0), we have

- 4 4 tanh? r
QTL,T(Sv m) = )
5983 S1
and this may be negative for some §. Since we replaced the indices so that m =
(—1,1,1,0,...,0), this implies @, (s,m) > 0 if and only if the inequality (33) holds
for any distinct 4, j, k with D" ; s; = 1. O
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Since we set T = S'(r1) x -+ x S'(r,) with 7; := sinhr\/s; for i = 1,...,n (see
(23)), the inequality (33) is equivalent to

" 1/2
(1 + ZﬁQ) Ty 2 75Tk, (34)
=1

where we used the relation > s; = 1. This proves the first assertion of Theorem 1.1
(b). For example, if some r; is sufficiently small, then the inequality (34) does not hold,
and hence, the corresponding torus in CH" is H-unstable.

Although there exist infinitely many H-unstable torus when n > 3, we can find
an H-stable torus as follows: The Clifford torus T™ in C™ is the torus of the form
7" = {(reV=101 ... reV=19):0; € R} for r € (0,00). For this particular case, we prove

THEOREM 4.6.  Let T™ be the Clifford torus in C™ for n > 1. Then, ®~1(T") is
Hamiltonian stable in CH™.

PRrROOF. In our notation described in the previous subsections, the Clifford torus
is exactly the case when s; = -+ = s, = 1/n. We shall show @, (s, m) > 0.

First, we consider the case when ag(m) = 0. Since s = -+ = s, = 1/n, the
inequality (33) is equivalent to n > tanh?r, and this holds for any n > 1. Combining
this with Lemmas 4.2 and 4.3, we obtain Q,, (S, m) > 0 for ag(m) = 0.

Next, we consider the case when asz(m) # 0. Setting A := > ,m? and B :=
o my, we see

Qn.r(5,m) = n*(A? + B — 2A4) — 2tanh®r - nB*(A — 1) + tanh® rB*(B? — 1).

If n = 1, we have B> = A, and hence, Q;,(5,m) = (1 — tanh®r)2A(A — 1) > 0. Here,
the equality holds if and only if A =m? = 0 or 1. For n > 2, we estimate as follows:
Qn.,(3,m) =n%(A% 4+ B? — 2A) — 2tanh®r - nB?*(A — 1) + tanh* r - B*(B? — 1)
= (nA — tanh® rB?)? — 2n(nA — tanh® rB?) 4 (n? — tanh* r)B?
2

= {(nA — tanh®rB?) — n} —n? + (n? — tanh®* r) B

> —n? 4 (n? — tanh*r) - 4

=3n? — 4tanh®r

> 0,

where, in the first inequality, we used the fact |B| > 2 since ag(m) # 0. This proves the
theorem. O

REMARK 4.7. We shall show in Subsection 4.4 below the pull-back of Clifford torus
®~1(T™) is rigid, namely, Qy, (S, m) = 0 if and only if the corresponding hamiltonian u$,
or uy, generates an infinitesimal isometry on CH"™. Therefore, one can find a torus orbit
which is sufficiently close to ®~1(7") and H-stable in CH™ since Q,, (S, m) is continuous
with respect to 8. In this sense, the H-stable torus orbit in CH™ is not unique.
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4.2. The case when n = 2.
In this subsection, we consider another special situation, that is, when n = 2. Note
that Proposition 4.5 is not valid for this case. In fact, we prove the following result:

THEOREM 4.8. Every Lagrangian torus orbits in CH? is Hamiltonian stable.

PrOOF.  We shall prove Q2 (s, m) > 0. In the following, we simply write a;(s, m)
in Q2,(s,m) by a;. Note that all coefficient a; are non-negative. When a3z = 0, the
results in Subsection 4.1 implies Q2 (S,m) > 0 for any r, S and m. Thus, we assume
as # 0, or equivalently,

m1+m27é0 and m1+m27é:t1

in the rest of this proof. Moreover, if m; = 0 for some i, the problem is reduced to the

case when n = 1, and this has already been considered in Subsection 4.2. Therefore, we

suppose m; # 0 for i = 1,2. Our claim is Q2 (S, m) > 0 (strictly positive) for such m.
Since az > 0 and

a3

2
~ Q
Qn,r(S,m) = as (tanh2 r— 2) — —=+4aq,
as as

there are two possibilities:
(i) If 0 < ag/as < 1, then @, (S,m) > 0 for any r € (0,00) if and only if
aias — ag > 0.
(ii) If az/ag > 1, then @, ,(s,m) > 0 for any r € (0, c0) if and only if
a1 — 2as +as > 0.
Let us consider the case (i). Then, we have 0 < as < ag, and hence,
aias — a% > aia3 — ag = as(a; — as).

Thus, it is sufficient to prove a1(S,m) — az(m) > 0. Since $; 4+ s; = 1, we consider a
function for s; € (0,1) by

Fls1) = ar@m) = S+ 22 _ L og (H ! )

52 (1—s1)2 s1 1—s
where ; := m?(m? — 1) and 3 := myma(myma + 1).
Note that a; > 0 and > 0, and a3 = ag = § = 0 if and only if (m;,me) = (1,—1) or

(—1,1) since m; # 0. However, this is not the case since ag # 0. Thus, we may assume
a; > 0 or § > 0 in the following. An elementary calculation shows that
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8f_ 20&1 1
3731__3?+(1—51 B{ st 1—81)2}’
82f 60&1 2
a?‘?ﬁ +26{i” 1—&3}'

By assumptions, we have 92f/9s? > 0, 0f/0s; — —oo as 81 — 0 and 9f/0s; — oo as
s1 — 1, and hence, there exists a unique minimizer of the function f(s1) in the interval
(0,1). One can easily check that the minimizer is explicitly given by

my
S1 = )
ma + mo

and

4
Ogiglf(sl) (my +ma)”.

Therefore, we see
a1 —az > (m1 + m2)4 — (m1 + m2)2{(m1 + mg — 1} (m1 + m2)2 > 0.

Thus, we conclude ajas — a2 > 0 for the case (i).
Next, we consider the case (ii). Setting

2 2 2
A= Zf’: B = ZTZ C = Z”j D= Zm

i=1 i=1 i=1 i=1

=N

=N

we see

ay —2ay +az = (B* + C? —24) — 2(D*B — DC) + D*(D* - 1)
= (B - D?)?— (C - D)*+2(C? - A)

2 /4 2 2 /4 2
= E ( - 1) m? —2mymg p — E ( - 1) T e iy
im1 N7 =1 \ 5152

By using s; + so = 1, this is equivalent to

—~

s1s32(a1 — 2az + az) = (samy — s1ma)* — (s3m + s3mg)? + 4sysamyma. (35)

We divide two cases:
(ii-a) Suppose mimg < 0. The equation (35) is rearranged as

s%s%(al —2as + a3z) = sgmf(m% —1)+ s%m%(mg — 1) + 6(s182)*(myima) (mymg + 1)

— 4s159myma(sam? + s2m3 + 25159 — 1). (36)

Notice that the former three terms in (36) are non-negative since my,mg € Z. On the
other hand, since m; + mg # 0 and myms < 0, we have m% + m% > 2, and hence

sam? + s2m3 4+ 25180 — 1 = (m3 +m3 — 2)s? —2(m? — 1)s; + (m3 — 1)
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mt -1 )2+<m%—1><m3—1>

2 2
= —2 —
(m3 +my ><51 R md +mf —2

> 0.

Combining this with myms < 0, we see the last term of (36) is strictly positive, and
hence, we obtain a; — 2as + az > 0.
(ii-b) Suppose mimsz > 0. We may assume 0 < m; < mo. We set

v = 8o9myq —s1ymg and 0 := somq + S1mo

so that som; = (§ +v)/2 and syma = (6 — 7)/2. First, we assume my > 1. Then, we
estimate (35) as follows:

[26-m+ L0t} +@ )
{2+ o }2+(52—72)
2{ b1 52)272} +0* =)

(51— 82)%\ o &
1 P
( Ty )Ty

'Y
{ ( (51—252) )}2_i<1+(81—232)2)2+622
52
2

s2s3(ay — 2ay + az) = y* —

9
16

1
16[8{7”1 + (my —my)s1}> — 9]

>
- 16(

> 0.

8m? —9)

Here, in the second inequality, we used

2 2
1 (81 - 82)2 1 (251 - 1)2 1 1 9
Sl 2} = (1 L 1 ==
4 ( + 2 4 + 2 4 + 16
since s1 +s2 = 1 and 0 < s; < 1. The third inequality is due to the assumption

mg > my > 0. Finally, we consider the case when 1 = my < ms. Then, by using (36)
and s; + so = 1, one easily verifies that

2
2 mg — 1
s1s3(a1 — 2a2 + az) = sima(ma + 1){(m2+1)(m2 +2) (31 T 1> +2mz+1}

>0
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since 0 < 87 < 1 and my > 1. Thus, a1 — 2as + a3 > 0 for the case (ii). This completes
the proof of theorem. O

4.3. Rigidity of H-stable torus.

Recall that an H-stable Lagrangian submanifold is called rigid if the null space of
the second variation under the Hamiltonian deformations is spanned by holomorphic
Killing vector fields. In order to consider the rigidity of Lagrangian torus orbit, we need
a lemma: Let su(1,n) be the Lie algebra of SU(1,n) the group of holomorphic isometries
on CH", and su(l,n) = £ ® p the Cartan decomposition, namely, we set

w

;weqn,AemmmemA:o}zquu@um»

;zE(C"} ~ C",

where £ is the Lie algebra of the maximal compact subgroup K. For an element X €
su(1,n), the fundamental vector field X gives a holomorphic Killing vector field on CH™.
Conversely, any holomorphic Killing vector field on CH™ is obtained in this way. Since
Lgw = 0, Cartan’s formula implies igw is a closed form, where i denotes the inner
product. Moreover, since M = CH™ is simply connected, there exists a Hamiltonian
function f € C°°(M) so that igw = df. We shall explicitly determine the Hamiltonian
function in our case. For convenience, we count the number of row and column of matrix
in su(1,n) from 0 to n, e.g., the (0,0)-component is the upper left component of the
matrix. We take a basis of ¢ by

chj = 71(Ei,j + Ej,i)v ij = Ei,j — Ej,i for1<i<j<n and
Zi L=V —1(E0,0 — El’z) for i = 17 ey

and a basis of p by
ch =V 71(E1'70 — EO7/L) Xls = L0 + E(),i for i = ]., ey
where F; ; is the matrix unit.

LEMMA 4.9.  The Hamiltonian functions on B™ for the fundamental vector fields

)?fj,)?fj,z,f(f and X¢ are given by
Re(zZ;) Im(z;Z;) 114 |z
c — _\=mmy) S = —_—— hilzf'7>
GG =TT =TT 2 1|22
RGZZ‘ ImzZ
¢ = d s = s
z(z) ].—‘Z|2 an fl(z) 1—‘Z|27

respectively.
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One can check this lemma by a straightforward calculation. Thus, we omit the proof.

PROPOSITION 4.10.  Let ®~'(T;) be an H-stable Lagrangian torus given in The-
orem 4.6 and 4.8. Then, ®~(T}";) is rigid.

ProOOF. By Lemma 4.1 through 4.4 and Proposition 4.5, the null space of the
second variation is spanned by the following functions:
ug; + = cos(0; — 0;), wj; = sin(0; —0;),

c . __ S
uj : =cosb;, u;

;i=siné;,

fori,j =1,...,n with ¢ # j. Recall that <I>_1(Tr’f§) is contained in a geodesic hypersphere
S§2n=1 = §2n=l(tanhr) in B". For the fixed r, we see

ufy = (1 - tanh? r)f{}|¢,71(T:§) and uf = (1 — tanh® ’I")ffl@—l(T:’rg)

for kK = s or ¢. Therefore, the null vectors J Vluf, j and JV 4§ coincides with normal

projections of some holomorphic Killing vector fields on B™. Note that (Z)J— = 0 along
<I>*1(T,Tf§). This proves the proposition. O

4.4. Remarks on Hamiltonian volume minimizing property.
In this last section, we mention the Hamiltonian volume minimizing property for
torus orbits.

DEFINITION 4.11 (cf. [9]). (1) A diffeomorphism ¥ on a symplectic manifold (M, w)
is called Hamiltonian if ¥ = Wi, for the flow W, with W), = Idys of the time-dependent
Hamiltonian vector field V; defined by a compactly supported Hamiltonian function f; €
C2°([0,1] x M). We denote the set of Hamiltonian diffeomorphism by Ham.(M,w). For
Lagrangian submanifolds Ly and L; in M, we say Ly is Hamiltonian isotopic to Lq if
there exists ¥ € Ham,.(M,w) so that Ly = U(Ly).

(2) A Lagrangian submanifold L in a almost Kéhler manifold (M,w, J,g) is called
Hamiltonian volume minimizing if L satisfies Vol,(¥(L)) > Voly(L) for any ¥ €
Ham,.(M,w).

Let ¢1 : L - CH™ be a C(K)-invariant Lagrangian embedding into CH™(—4) and
set ¢g := ®ogy : L — C™ as described in Section 3. Suppose ¢1(L) is contained in S~ 1.
Since the volume forms of g, := ¢7g and g2 := ¢3go are related by dvy, = coshr - dvg,,
we have Volg, (L) = coshr - Volg, (L).

Consider the case when ¢o(L) = T(r1,...,7,) = S*(r1) x --- x St(r,) C C". Since

n 2 2 3
> iy i =sinh®r, we see

n 1/2 n
Volg, (BT (r1,...,m))) = (2m)" - (1 + Zﬁ) Hr (37)

Since ®~! preserves the Hamiltonian isotopy of T'(r1,...,7,), the same argument de-
scribed in Section 2 in [9] is valid for the case of torus orbits in CH™. Namely, setting
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N(ri,...,rn) :=#{r1,...,mn}, we see the following:

THEOREM 4.12.  Suppose n > 3. If the inequality (34) is not satisfied for some
i,j,k € {1,...,n} or N(r1,...,mn) > 3, then ®Y(T(r1,...,r,)) is not Hamiltonian
volume minimizing in CH™.

More precisely, if the inequality (34) is not satisfied, the torus is H-unstable. If
N(r1,...,mn) > 3, using the result of Chekanov [4], we can find a torus

!
T(rl,...,rj,l,rj,errh...,rn)

so that r; < r; and is Hamiltonian isotopic to T'(r1,...,7,) (see proof of Proposition 8
in [9]). Thus, by the formula (37), T(r1,...,r,) is not Hamiltonian volume minimizing
in CH™. In this sense, almost all Lagrangian torus orbits in CH™ are not Hamiltonian
volume minimizing when n > 3, however, the following problem is still remaining as well
as the case of C” and CP"™:

PROBLEM 4.13. Is ®71(T(a,...,a)) Hamiltonian volume minimizing in CH"?

When n =1, 79 := @ 1(T(a)) is just a geodesic circle in the hyperbolic disk B? and
a simple closed curve v on B? is Hamiltonian isotopic to vq if and only if A(y) = A(vo),
where A(y) is the area with respect to the hyperbolic metric of the region enclosed by ~.
For a simple closed curve in B2, we have the isoperimetric inequality on the hyperbolic
disc;

length(v)? > 4w A(y) + A(v)?

where the equality holds if and only if v = vy (cf. [19]). Thus, the statement of Prob-
lem 4.13 is affirmative when n = 1.
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