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Abstract. The purpose of this paper is to investigate order of contact
on real hypersurfaces in C™ by using Newton polyhedra which are important
notion in the study of singularity theory. To be more precise, an equivalence
condition for the equality of regular type and singular type is given by using
the Newton polyhedron of a defining function for the respective hypersurface.
Furthermore, a sufficient condition for this condition, which is more useful,
is also given. This sufficient condition is satisfied by many earlier known
cases (convex domains, pseudoconvex Reinhardt domains and pseudoconvex
domains whose regular types are 4, etc.). Under the above conditions, the
values of the types can be directly seen in a simple geometrical information
from the Newton polyhedron.

1. Introduction.

Let M be a (C*°) real hypersurface in C" and let p lie on M. Let r be a local defining
function for M near p (Vr # 0 when r = 0). D’Angelo [7], [8] defined an important
invariant Ay (M, p), the singular type of M at p, by

ord(r o)

A{(M,p) :=sup ————=, 1.1
1) ver ord(y —p) (1)

and established its fundamental properties. Here I' denotes the set of (germs of) holo-
morphic mappings v : (C,0) — (C", p) with v # p. For a C* mapping h : C — C or C"
such that h(0) = 0, let ord(h) denote the order of vanishing of h at 0 (see Section 6 for
its exact definition).

As is well-known, the invariant (1.1) plays important roles in the study of the 0-
Neumann problem. Let M be the boundary of a smoothly bounded pseudoconvex domain
in C™. It was shown by Catlin [5], [6] that the finite type condition at p (i.e., A1 (M, p) <
00) is equivalent to the condition that the subelliptic estimate holds near p. Furthermore,
since this invariant is deeply connected with many analytical subjects in the study of
several complex variables, its properties have been investigated from various points of
view.

Computing the singular type (1.1), or even determining whether the respective type
is finite, is not always simple matter. This difficulty is often caused by the definition in
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which all the mapping in I" must be treated. Thus, it is desirable that I' is replaced by
an appropriate smaller class which is easily treated. It has been known in special cases,
below, that in order to decide the type, it suffices to check all the reqular holomorphic
mappings in I'. To be more specific, let us explain this issue. The regular type of M at
p is defined by

ATE(M, p) = sup {ord(ro)}, (1.2)
YET eg

where I'\c; denotes the set of holomorphic mappings v : (C,0) — (C”,p) with ord(y) =1
(i.e., Vy(0) # 0). Since I'yeg C T, the inequality Aq(M,p) > AJ*®(M,p) always holds.
We will consider the following question.

QUESTION 1.  When does the following equality hold?
Ay (M,p) = AYE(M, p). (1.3)

Until now, there have been results showing that the equality (1.3) holds for M,
where M is the smooth boundary of the following domains:

A) Convex domains (McNeal [29]);

(A)
(B) Star-shaped domains (Boas—Straube [4]);

(C) Pseudoconvex Reinhardt domains (Fu-Isaev—Krantz [14]);

(D) Pseudoconvex (or property PS) domains with AT*®(M,p) = 4 (McNeal-Mernik
[30], D’Angelo [9]).

The methods used in the above cited papers are so different that it seems difficult to
find common essential characteristics in them to establish the equality (1.3). In this
paper, we investigate conditions for the equality (1.3) by using the Newton polyhedron of
a defining function for M, which is an important notion in the study of singularity theory
(c.f. [1], [2], [32]), and interpret this phenomenon containing the above cases based on
the geometry of the respective Newton polyhedron.

Let us define the Newton polyhedron of a smooth function F' defined near the origin
in C™. The Taylor series expansion of F' at the origin is

1 _
F(z,2)~ Y Capz®2®  with Cop = a'—ﬁ'D"DﬁF(0,0). (1.4)
a, BENy .

The support of F is defined by S(F) = {a+ 5 € Nj : Cyop # 0}. The Newton polyhedron
of F is defined by

N (F) = the convex hull of ( U (a+ 8+ Rg)) .

a+BeS(F)

The Newton diagram N(F') of F is defined to be the union of the bounded faces of
N (F). We use coordinates (§) = (&1,...,&,) for points in the plane containing the
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Newton polyhedron. The following classes of functions F' simply characterized by using
their Newton polyhedra often appear in this paper:

e Fis called to be flat if N} (F) is an empty set.
e Fis called to be convenient if Ny (F) meets every coordinate axis.

Let (2) = (21,...,2n) be a holomorphic coordinate around p such that p = 0. Let
r be a local defining function for M near p on the coordinate (z). For a given tuple
(M, p;(z)), we define a quantity p1(M,p;(z)) € NU {occo} as follows. If r is convenient,
then let

p1(M,p; (2)) == ma'X{pj(T) cj=1,...,n}, (1.5)

where p;(r) be the coordinate of the point at which the Newton diagram N (r) inter-
sects the {;-axis (see Section 2.3). Otherwise, let pi(M,p;(2)) := co. We remark that
p1(M,p;(z)) depends on the chosen coordinate (z), but it is independent of the choice
of defining functions after fixing a coordinate (see Section 2.4).

Now, let us give an equivalence condition for the equality (1.3) by using the quantity

p1(M, p; (2)).
THEOREM 1.1.  The following two conditions are equivalent.
(i) AL(M,p) = AFE(M, p);
(ii) There exists a holomorphic coordinate (z) at p such that Ay (M,p) = p1(M,p;(2)).

The proof of Theorem 1.1 will be given in Section 5.

It seems to be not so easy to see what kinds of coordinates satisfy the condition in
(ii) in Theorem 1.1. In order to consider a useful class of coordinates, let us introduce
a concept “nondegeneracy condition” on a smooth function F' defined near the origin in
(O

Let x be a bounded face of N (F). The k-part of F is the polynomial defined by

Fu(2,2) = Y Copz®z". (1.6)
a+BER

The set of complex curves f: is defined by

TE = {(c1t™, ..., cat™) : c € (C*)", t € C, a € N determines x}, (1.7)

K

where ¢ = (c1,...,¢,) € (C*)", a = (ay,...,a,) € N" and “a € N* determines £” means
that the equality {{ € Ny (F) : (a,&) =1} = & holds for some | € N (see Section 2.2).

DEFINITION 1.2.  Let k be a bounded face of N;(F). The s-part F); of F is said
to be nondegenerate if

F.oy#0 forany~elx. (1.8)
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A function F is said to be nondegenerate, if F,; is nondegenerate for every bounded face

K of Ny (F).

Detailed properties of the above condition will be explained in Section 3. This
condition is analogous one introduced by Kouchnirenko [26] (see Section 3.1 (5)). His
nondegeneracy condition often plays important roles in resolution of singularities by using
the geometry of Newton polyhedra. The nondegeneracy condition in Definition 1.2 is
also essentially important in our analysis. Indeed, the following theorem shows that this
condition gives sufficiently appropriate properties for the condition (ii) in Theorem 1.1.

THEOREM 1.3.  If there exists a holomorphic coordinate (z) at p such that p =0 on
which a local defining function r for M is nondegenerate, then the following equalities
holds:

AL (M,p) = ATE(M, p) = p1 (M, p; (2)). (1.9)

The above coordinate (z) is said to be canonical for M at p. The proof of Theo-
rem 1.3 will be given in Section 9 below.

From Theorem 1.3, when the Newton polyhedron A (r) can be explicitly described
on a canonical coordinate, the exact values of the regular and singular types (including
the case of co) can be directly seen, which are equal to p1 (M, p; (2)). In particular, the
convenience condition (i.e., N} (r) meets every coordinate axis) determines whether the
type of p is finite.

Although many important properties of the regular and singular types can be under-
stood on canonical coordinates, it is another serious issue to determine whether canonical
coordinates exist for a given real hypersurface and, if they exist, to actually construct
these coordinates. We consider this issue not only in the above mentioned cases (A),
(C), (D) but also in more general cases.

THEOREM 1.4. If M and p € M satisfy one of the following conditions:
(i) M is of semiregular type (h-extendible) at p (see Lemma 12.2);
(ii) M is the boundary of a pseudoconvex Reinhardt domain (p is any point);
(i) M satisfies property PS at p with AT (M,p) = 4,
then M admits canonical coordinates at p.

The cases (i), (ii), (iii) in Theorem 1.4 are respectively treated in Theorems 12.3,
13.4, 14.1, below, whose proofs will be given after their statements. More precise investi-
gation is seen in Sections 12—14. It follows from Theorem 1.4 that Theorem 1.3 includes
the above mentioned results on (A), (C), (D).

REMARK 1.5. (1) There exist real hypersurfaces not admitting canonical coor-
dinates. For example, it is easy to see that there is no canonical coordinates near the
origin for the real hypersurfaces M;, M, in C3, which are respectively defined by
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r1(2,2) = 2Re(z3) + |25 — 2|2,
r2(2,2) = 2Re(z3) + |21* 22/ |21 — 22[* + 21" + |22™.

The functions ry, ro are plurisubharmonic functions. Note that r; often appears in the
studies of D’Angelo ([7], [8], etc.) and that My belongs to the star-shaped case (B)
(see [4], Section 15). It is easy to check the following:

Al(Ml, O) = 00, AEEg(Ml,O) = 6, (110)
Ay (Ms,0) =10, A E(M,,0) = 10. (1.11)

It follows from (1.11) that the existence of canonical coordinates is not necessary for the
equality of regular and singular types.

(2) Owing to Theorem 1.3, we can easily produce many examples of pseudoconvex
hypersurfaces satisfying the equality (1.3), which are not contained in the cases in The-
orem 1.4. For example, it will be easily recognized after understanding the investigation
in Sections 12-14 that the pseudoconvex hypersurface defined by

15
Re(w) + [21[° + 7|21|Q(Re(21))6 + |z120) + |22° = 0

is not contained in any case in Theorem 1.4, but it admits a canonical coordinate at the
origin and its regular and singular types of the origin are 8. Moreover, this example does
not satisfy the hypothesis in the result in [4] (see Theorem 15.1).

Let us explain ideas of our analysis roughly. The substantial analysis of the types is
to investigate the following order. Let F' be a smooth function defined near the origin in
C™ with F(0) = 0. The order of contact of v with F is defined by

ord(F o)
ord(7)

where I" is the same as it in (1.1) with p = 0. In order to understand the situation of
the contact of v with F in (1.12), we use the geometry of the Newton polyhedron of F
and the vector ¢(y) naturally defined by the order of vanishing of v. Roughly speaking,
the “distance” of the Newton polyhedron of F' from the origin expresses the “flatness”
at the origin of the hypersurface M defined by F' = 0. When the Newton polyhedron of
F becomes far from the origin, the flatness of M becomes strong. Our issue about (1.12)
is more complicated. The situation of flatness of the restriction of M to the complex
curve defined by 7 is investigated. We introduce a new quantity “distance of the Newton
polyhedron of F' in the direction ¢(y)” and show that the order of contact (1.12) equals
this distance under the nondegeneracy condition on F' in Definition 1.2. Furthermore,

O(F,v) := for y €T, (1.12)

this distance can be clearly expressed by more simple geometrical information from the
Newton polyhedron of F'. Applying this expression to the computation of the two types
in (1.1), (1.2), we can see that, under the nondegeneracy condition of a defining function,
the regular and singular types agree and that they can be expressed by using a simple
geometrical information from the Newton polyhedron.

The technique of using Newton polyhedra has many significant applications in sin-
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gularity theory (c.f. [1], [2], [32]). In particular, this technique has been great success
in the study of the Lojasiewicz exponent ([15], [27], [33], etc.). It is known in [28] that
the Lojasiewicz exponent of F' can be expressed in a similar form to (1.1). Roughly
speaking, this exponent can be written as the supremum of the form (1.12) by replaced
F by VF where F is holomorphic. Our study about the types is analogous to the above
cited works on the Lojasiewicz exponent. There are also many interesting applications of
Newton polyhedra to the other analytical subjects. We only refer for studies about the
oscillatory integrals to [18], [22], [34], [38], etc. and for those about the Bergman kernel
to [10], [11], [20], etc. As for study about order of contact approached from the sin-
gularity theory, there are important works due to McNeal-Némethi [31], Heier [17] and
Fornaess and Stensgnes [13]. This paper mainly treats Question 1, but we believe that
the Newton polyhedron technique may be applied to the other deep problems around the
types.

This paper is organized as follows. In Sections 2-3, detailed properties and subtle
remarks about the Newton polyhedron and the nondegeneracy condition are explained.
In Section 4, we introduce a new invariant from the quantity (1.5) and show that this
invariant equals the regular type in (1.2). Theorem 1.1 is proved in Section 5. Sections
6-8 are the most important parts in our analysis, which show that the order O(F,~)
in (1.4) can be expressed by using the geometry of the Newton polyhedron of F' under
the nondegeneracy condition. By using results obtained in Section 8, Theorem 1.3 can
be easily shown in Section 9. In Sections 10-14, special cases satisfying the hypothesis
in Theorem 1.3 are precisely investigated and, as a result, Theorem 1.4 is proved. In
Section 15, the result on the star-shaped case in (B) due to Boas and Straube [4], which
generalizes the result [29] and is not included in Theorem 1.3, is discussed.

In [21], part of results of this paper has been announced.

NOTATION (symbols and terminology).
e The following symbols are used:
No:={0}UN, Ry :={z €R:z >0},
Rs:={zeR:x >0}, C":=C\{0}.

e Some specific vectors are denoted as follows:

e The multi-indices are used as follows. For z = (21,...,2,), Z=(Z1,...,2n) € C",
o = (alv"';an)v 5: (ﬂlv"wﬁn) GNQ» define

2% =20t 2 P = Zfl ~~~2£",

lal =1+ -+ ap, al:i=al a,!, 0:=1,
B

Do ole P BIEl

= QLa1 . a.an? ~_B1 A~A_B. "
8211"'82nL az'lglazn"
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e For £ = (&1,...,6,),C=((1,...,¢) € R, we denote (£,¢) = 2?21 £¢-

e In this paper, we always consider smooth functions, mappings, real hypersurfaces
and complex curves as their respective germs without any mentioning. The follow-
ing rings of germs of C-valued functions are considered:

— C§°(C™) is the ring of germs of C'* functions at the origin in C™.
— Op(C) is the ring of germs of holomorphic functions at the origin in C.

e We use coordinates (§) = (&1, ..., &,) for points in the plane containing the Newton
polyhedron in order to distinguish this plane from the z-plane.

o Let F' € C§°(C™) and its Taylor series is as in (1.4). We write jyF for the N-th
order Taylor polynomial of F' at the origin, i.e.,

iNF(z.2) = > Copz2’. (1.14)
la+BI<N

When {£ € RL : [¢| < N}NNL(F) =0, set jnF = 0. The principal part Fy of F
is the polynomial defined by

Fo(z,2) = Y. Capz®Z’ (1.15)
a+BeEN(F)

e We use the words pure terms for any harmonic polynomial and mized terms for
any sum of monomials that are neither holomorphic nor anti-holomorphic.

2. Elementary properties of Newton polyhedra.

2.1. Polyhedra.

In order to treat delicate properties of Newton polyhedra, it is necessary to use
many kinds of terminology concerning convex geometry. Refer to [40] for general theory
of convex polyhedra.

For (a,l) € Z" x Z, let H(a,l) and H,(a,l) be a hyperplane and a closed halfspace
in R™ defined by

H(a,l) == {¢ € R" : {a,) = 1},

Hi(a,1):={£€R": (a,&) > 1}, (2.1)

respectively. A (convex) polyhedron is an intersection of closed halfspaces: a set P C R™
presented in the form

P = () Hi(a',1))

-

1

J

for some a',...,aN € Z" and Iy,...,ly € Z. A polyhedron P is bounded if P does not
contain a ray {z + Ay : A > 0} for any € P and y # 0.
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Let P be a polyhedron in R™. A pair (a,l) € Z™ x Z is said to be valid for P if P is
contained in Hy (a,l). A face of P is any set of the form

k=PnNH(a,l), (2.2)

where (a,l) is valid for P. Since (0,0) is always valid, we consider P itself as a trivial
face of P; the other faces are called proper faces. Considering the valid pair (0, —1), we
see that the empty set is always a face of P. Indeed, H4 (0, —1) =R", but H(0,—1) = 0.
For a nonempty proper face x and a nonzero vector a € Z", we say that a determines
k if (a,l) is valid for P and the equation (2.2) holds for some | € Z. Without any
mentioning, the above vector a = (a1,...,a,) is always chosen to be primitive, i.e.,
ged(ag, ..., a,) = £1. On the other hand, it is easy to see that any face is a polyhedron.
The dimension of a face k is the dimension of its affine hull (i.e., the intersection of all
affine flats that contain ). The faces of dimensions 0 and dim(P) — 1 are called vertices
and facets, respectively. The vertices are denoted by boldfaces (v;, e;, etc.).

For a subset A of R™, the convex hull of A is the intersection of all convex sets that
contain A:

conv(A) = ﬂ{K CR": ACK, K convex}.

A proper face k of P can be expressed as k = conv({vy,...,v,,}) where vi,...,v,, are
the vertices of .

2.2. Newton polyhedra.

Let F € C§°(C™). The definition of the Newton polyhedron of F' has been given
in the Introduction. Let us explain many useful properties of Newton polyhedra. The
case when F(0,0) # 0 is trivial (when N, (F) = RZ and N (F) = {0}). Hereafter in this
paper, we always assume that F(0,0) = 0. B

Let a € NI and let k be a proper face of Ny (F). When “a determines k”, we give
some remarks about the relationship between a and x.

(i) For a given nonzero vector a € N7, a proper face x of Ny (F) can be uniquely
determined through the equation (2.2).

(ii) Conversely, it is easy to see that for a given proper face k of Ny (F), there may be
many vectors a € N determining « through (2.2). Note that « is a facet of N (F)
if and only if the vector a is uniquely determined by k.

(iii) It will be shown in Lemma 2.1 that  is a bounded face if and only if a belongs to
N™ (i.e., each component of a is positive).

It is known in [40] that Newton polyhedra are polyhedra, i.e., Newton polyhedra can
be expressed as an intersection of finitely many closed half spaces. To be more precise,
N4 (F) has the following properties.

LEMMA 2.1.  There exist finitely many valid pairs (aj,l;) € Ny xN forj=1,...,m
such that
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m

N (F) = () Hylas1y).

Jj=1

Furthermore, for a proper face k of the polyhedron Ny (F) defined by a valid pair (a,l),
the following three conditions are equivalent:

(i) The face k is bounded;
(ii) There are finitely many points in k VNG ;
(iii) Ewvery component of a is positive (i.e., a € N™).

PRrROOF. It is easy to see that (aj,l;) belong to Nj x N for j =1,...,m.

Let us show the equivalence of the three conditions. Since the equivalence of (i) and
(ii) is obvious, we will show the implications (iii) = (i) and (ii) = (iii).

(iii) = (i): Let k be decided by the valid pair (a,!) € N* x N. Since a; > 0
for all j, the set H(a,l) N RZ is bounded polyhedron containing x, which implies the
boundedness of k. -

(ii) = (iii): Let us assume that the condition (iii) does not hold. Without loss of
generality, we may set a; = 0. Since k = PN {¢: 2?22 a;&; =1}, if £ € Ny is contained
in k, then &+ {(4,0,...,0)} is also contained in & for all j € N, which is a contradiction

to (ii). O

For a bounded face k of N} (F), the s-part F, of F has a good homogeneity, which

is useful for later investigation. For z = (21,...,2,) € C", ( € C, a = (ay,...,a,) € N},
denote

Chez:=(("z,..., % zp). (2.3)

LEMMA 2.2. Let x be a bounded face of Ny(F) defined by a valid pair (a,l) €
N" x N. Then, F,, has the quasithomogeneous property:

F.(r*ezr%ez)=7rF.(z %), foralr>0. (2.4)
Furthermore, if F,; is holomorphic, then it has the following stronger property:
F.(¢*e2)=('F(2), forall¢eC. (2.5)
PROOF. From the definition of the k-part (1.6), we have

F.(r*ezrtez) = Z Cup - H riz;)® ﬁ rYiz;)

a+pEkR = 1

Jj=
— pla,a+B) ( Copz®z ﬁ) (a,048) @ Fo(z,2).
a+BER

Since the face k is determined by H(a,l), the equality: (a,a + ) = [ always holds if
a+ f € k. This implies (2.4).

(2.6)



10 J. KAMIMOTO

When f is holomorphic, 8; = 0 in (2.6), so the equation (2.5) can be samely shown.
O

Newton polyhedra keep some properties after being multiplied by non-zero functions.
LEMMA 2.3. Let h € C§°(C™) satisfy h(0,0) # 0. Then we have
(i) N (F) = Ny (hF);

(ii) For a bounded face v of Ny(F), the s-part of the function h(z,2)F(z,Zz) is
h(0,0)F,(z, 2).

PROOF. For general g € C§°(C™), it is easy to see that Ny(gF) C Ny(F). By
regarding vertices as bounded faces, this inclusion shows that (ii) implies (i). Therefore,
we only show (ii).

Let (a,l) be a valid pair defining x. Then the boundedness of x implies that every
component of a is positive (see Lemma 2.1). The positivity of a and Taylor’s formula
imply that

h(z,2) = h(0,0) + > zhj(2,2) + Y Zhi(2, 2
= = (27)
F(z,2) = Fy(2,2) + Ru(z, 2),

where h;,h; € Cg°(C") and R, € C§°(C") satisfying that Ny (R,) C Hy(a,l + 1)
with a valid pair (a,) defining k. From (2.7), noticing that N (z;h; F,), N4 (2;h; F,) C
H™(a,l + 1) from the positivity of a, we have

Ny (hF —h(0)F,) C H" (a,l + 1),
which shows (ii). O

2.3. Some quantities related to Newton polyhedra.
Let F' € C§°(C™). When N (F) meets the j-axis, let p;(F) be the coordinate of
the point at which the Newton diagram N'(F) intersect the {;-axis, that is,

pJ(F) = min{gj >0: (07"'707§j707"'70) €N+(F)} (28)

If N1 (F) does not meet the ¢;-axis, then we set p;(F) := oo. The n-tuple of numbers
p(F) is defined by

p(F) = (pr(F),...,pn(F)) € (NU{oo})". (2.9)

(When F is convenient, the definition of p; is the same as it in the Introduction.)
In the special cases of F', the following are easy to see.

o If F is flat, then p(F) = (o0,...,00).

e F is convenient if and only if every p;(F) is a positive integer (< 00).
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2.4. Newton polyhedra associated to real hypersurfaces.

Let M be a smooth real hypersurface in C™ and let p lie on M. Let (z) be a
holomorphic coordinate around p such that p = 0 and let r be a local defining function
for M near p on the coordinate (z). We respectively define the Newton polyhedron and
the Newton diagram with respect to (M, p; (z)) by

No(M,p; (2)) = Ny (r),  N(M,p;(2)) := N(r). (2.10)
Moreover, the n-tuple of numbers p(M, p; (z)) is defined by

p(M,p; (2)) = (pr(M,p; (2)), .., pn(M,p; (2))) € (NU {oc})" (2.11)

with p;(M,p;(2)) = pj(r) for j = 1,...,n. We remark that these are well-defined.
Indeed, since another defining function for M at p can be written as h(z, Z)r(z, z) with a
positive C* function h, Lemma 2.3 (i) implies that the shape of the Newton polyhedron is
independent of the choice of defining functions after fixing the coordinates. In particular,
p1(M, p; (2)) has the same property.

By changing the order of variables if necessary, we can always choose a coordinate
(z) such that

p1(M,p; (2)) > -+ > pn(M,p; (2)). (2.12)

Hereafter in this paper, we only consider these coordinates without any mentioning. It
is easy to see the following:

(1) pn(M,p;(2)) = 1.

(ii) A defining function for M is convenient on the coordinate (z) if and only if
p1(M, p; (2)) < oo

3. Remarks on nondegeneracy condition.

Let F € C5°(C™). The definition of the nondegeneracy condition on F' has been
given in the Introduction. Since this condition plays important roles in our analysis, its
useful properties will be precisely explained.

The following four sets of complex curves are defined, which will be often used in
this paper.

= {’7: (7177777,) Y5 GOO((C)”Y](O) :OfOI']::l,,’rL}\{O},
I ={vy=01,.-...;m) €l v #0for j=1,...,n},
= {(c1t™, ... cpt?) €T :c € (C*)",a € N* |t € C},

T = {(e1t™, ..., cat™) € T* : a determines },

(3.1)

where ¢ = (c1,...,¢,) € (C*)", a = (a1,...,a,) € N" and £ is a bounded face of N (F)
(T with p = 0 and T'} are the same as those in the Introduction).
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3.1. Remarks on Definition 1.2.
There are many remarks on the definition of nondegeneracy condition.

(1) By using the map ®, defined below as in (7.5), the set I' is simply expressed
as T ={y eI :D,(y) =k}

(2) The set I'* seems complicated, but it often suffices to check the following con-
ditions to see the nondegeneracy of Fj:

(a) The restriction of the zero variety:
V(F.) ={2€C": F,(z,2) =0} (3.2)
to (C*)™ U {0} does not contain any complex curves through the origin;
(b) F;ovy #0 for any v € I'*;
(¢) F.ovy %0 for any v € I'*.

By the local parametrization theorem ([16]), (a) and (b) are equivalent. Moreover, the
following implications hold: (b) = (c) = (5.1).

(3) In order to check the nondegeneracy condition for a given F', one must consider
not only the facets (i.e., (n — 1)-dimensional faces) but also arbitrary dimensional faces
of the Newton polyhedron N (F). For example, let us consider the case of the function:
F(z,2) = |z1]* = 2|z122)% + |22|* + |23|* € C5°(C?). Let

k1 = conv({4e1,4es,4e3}) and kg := conv({4er,4eq}).

It is easy to see that k is the facet of N (F) and F,, is nondegenerate; while ks is a
one-dimensional face of Ny (F') and F,;, is degenerate. Thus, F' is degenerate.

(4) In the definition of the nondegeneracy condition, F,, may vanish at some set in
(C*)™ which does not have the complex structure. For example, let us consider the C'*
functions:

1
Fi(z,2) =|2|® + 75|z\2Re(26) on C;
15 15 (3-3)
Fy(z,z) = |,zl|8 + 7|zl|2Re(zf) + |22\8 + 7|22|2Re(zg) on C2.

They vanish on some sets in C* or (C*)2, but these sets contain no complex curves.
The function F; appears in a famous example of Kohn—Nirenberg in [24]. Note that the
above functions are real-valued plurisubharmonic functions.

(5) Let us recall the definition of the nondegeneracy condition introduced by
Kouchnirenko [26], which plays important roles in the study of singularity theory (see
[1], [2], [32]). Let F be a holomorphic function defined near the origin in C". The
function F is said to be nondegenerate in the sense of Kouchnirenko if

< 0F, oF,

oo ,...,azn> #0 on (C*)" (3.4)
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for any bounded face x of Ny (F'). The following Euler identity equation is followed from
the equation (2.5): Z?Zl a;2;(0F,/0z;) = lF;(z) for z € C", where (a,l) € N* x Nis a
valid pair determining the face x. From this equation, if 0F;/0z; has a common zero on
(C*)™ for j = 1,...,n, then F, vanishes there. Therefore, our nondegeneracy condition
implies that of Kouchnirenko. But, it follows from Lemma 3.4, below, that almost all
holomorphic functions are degenerate in our sense, so this implication is not useful. In
other words, our nondegeneracy condition makes sense only in the mixed variables case.

(6) The notion “nondegeneracy condition” in Definition 1.2 is not invariant under
biholomorphic maps. For example, |21]? + |22|* is nondegenerate, but |z; — 23| + |2 |*
is degenerate. Note that Kouchnirenko’s nondegeneracy is also in the same situation.
Consider the functions: z?+2z5 and (z; —29)2+2z3. Therefore, when the chosen coordinate
should be strongly paid attention, we write “F is nondegenerate on the coordinate (z).”

3.2. Elementary properties of nondegeneracy conditions.
The nondegeneracy property remains after being multiplied by nonzero functions.

LEMMA 3.1.  Let h be a real-valued smooth function with h(0,0) # 0. If F' is
nondegenerate, then so is h(z,z2)F(z,z).

PROOF. This is trivial from Lemma 2.3 (ii). O

REMARK 3.2. If there exists a canonical coordinate (z) for M at p, then every
local defining function for M is nondegenerate on (z).

The one-dimensional case is obvious.
LEMMA 3.3.  Every nonflat smooth function F' of one variable is nondegenerate.

PROOF. Let us assume that F' is degenerate. Then the principal part Fy of F' (see
(1.15)) must identically equal zero, which is a contradiction. O

More generally, let us consider the case of the v-part of F', where v is a vertex of
NL(F). In the one-dimensional case, F is always nondegenerate from the above lemma.
However, F, may be degenerate in the multi-dimensional case. Indeed, consider the
two-dimensional example: F,(z,2) = 27282823 — 21292328, Note that v = {(10,10)} and
F, oy =0, where v(t) = (¢, ).

The following lemma shows that there are few pluriharmonic functions satisfying
the nondegeneracy condition.

LEMMA 3.4. Let F be pluriharmonic near the origin. Then the following three
conditions are equivalent.

(i) F is nondegenerate;
(ii) The Newton diagram N (F) consists of only one vertex in N;

(iii) There exist Cy,...,Cn € No such that Np(F) = {£ € RL : & > Cj forj =
1,...,n}.
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In particular, when F is holomorphic or antiholomorphic, the same equivalences are
established.

PRroOOF. It suffices to consider the case when F' is a holomorphic function. Since the
implications (ii) = (i) and (ii) <= (iii) are obvious, we only show that the implication
(i) = (ii).

Let us assume that (ii) does not hold. Then, N (F') has a one-dimensional bounded

face . It is easy to see that F), vanishes at some point ¢ = (cq,...,¢,) € (C*)™. It follows
from the equation (2.5) in Lemma 2.2 that F,(c1t*,...,c,t%) = 0 for any ¢t € C where
a=(ay,...,a,) € N determines x, which implies that F is not nondegenerate. O

From the definition of the nondegeneracy, it is important to understand the geomet-
rical properties of the singular varieties V(F};) in (3.2). The following is an interesting
result about V' (Fy,).

LEMMA 3.5 ([3]). Let k be a bounded face of T (F). If F,, is plurisubharmonic on
C?, then V(F,) contains only finitely many complex curves.
4. A new invariant and adapted coordinates.

In this section, we introduce a new invariant and coordinates related to this invariant,
which will be intrinsically important in this paper.

4.1. The invariant p; (M, p).
From the definition of p; (M, p; (z)), we can naturally define the following invariant:

p1(M,p) = S(u?{pl(M,p; (2)} (4.1)

where the supremum is taken over all holomorphic coordinates (z) around p. Since the
quantity p1 (M, p; (2)) is an integer, there exists a holomorphic coordinate (z) attaining
the equality:

p1(M,p; (2)) = p1(M,p). (4.2)

This coordinate is called an adapted coordinate for M at p.

Let us consider the relationship between the invariant (4.1) and the regular type of
M at p (see (1.2)). From the definition, it is easy to see the inequality: p;(M,p;(z)) <
A8 (M, p) for any coordinates (z). Thus, the following inequality always holds:

p1(M,p) < AYE(M, p). (4.3)
Furthermore, we show that these two invariants always agree.
PROPOSITION 4.1.  p1 (M, p) = AT (M, p).

PROOF. From (4.3), it suffices to show that p;(M,p) > A*®(M,p). We may
assume that p is the origin.
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First, let us consider the case when AJ*®(M,p) < oco. Since ord(r o) is an integer,
there exists a regular holomorphic mapping vy € I',eg attaining A7 (M, p) = ord(r o 7).
By the implicit function theorem, without loss of generality, the map v may be expressed
by z1 = t, z; = ¢;(t) (j = 2,...,n), where ¢; € Oy(C) with ¢;(0) = 0. Let (w) =
(w1,...,w,) be the holomorphic coordinate defined by wi = z1, w; = z; — p;(z1) (j =
2,...,n). We denote p(wy) := (p1(w1),...,pn(w1)). Let 7 be defined by 7(w,w) =
r(w+e(wy), w + @(w)), which is a local defining function for M near p on the coordinate
(w). Let 7,(t) := (£,0,...,0) € I'. Then we can see #(7.(t),7(t)) = r(y(t),v(t)). Since
ord(7 o y,) = ord(r o 7), we have

p1(M,p) > p1(M,p; (w)) = ord(7 o v.) = ord(r o ) = A (M, p).

Next, let us consider the case when AJ*¥(M,p) = co. For any N € N, there exists
a YN € I'ieg such that ord(r o yx) > N. In a similar fashion to the above case of finite
A*®(M, p), we can show that, for any N € N, there exists a holomorphic coordinate
(w) such that pi (M, p; (w)) > N. This means that p; (M,p) > N for any N € N, which
implies that py (M, p) = oc. O

4.2. Properties of adapted coordinates.

Let us consider a necessary condition for the adaptedness of coordinates. This con-
dition will be useful for the investigation of the regular and singular types in Section 14.

Hereafter in this section, we assume that F' € C§°(C") is convenient (i.e., p;(F) < 00
for j =1,...,n). Without loss of generality, we may assume that p; (F') = max{p,;(F) :
j=1,...,n}. Let vi:= (p1(F),0,...,0), which is the vertex of N (F) intersecting the
&q-axis.

LEMMA 4.2.  Suppose that there exist a bounded face k of N1 (F) and the complex
curve y € fz (see (3.1)) with ord(y) = 1 such that  contains the vertex vi and Fovy =
0. Then there exists a local biholomorphic mapping ¥ : (C",0) — (C™,0) such that
p1(F o W) > pi(F).

Proor. Without loss of generality, we assume that there exists a holomorphic
mapping: y(t) = (¢, cat®, ..., cpt®) with ¢; € C* and a; € N for j = 2,...,n such that
v eI and Fi, oy =0 on C. Lemma 7.1, below, implies

(Fom)(t,t) = (Fxoy)(t, 1) + R(t, 1) = Re(t, ), (4.4)

where R, € H;41 with [ = py(F). (Note that ®(y) = ®,(7) = &.)
Now, let us define the local biholomorphic mapping: z = ¥(w) as z1 = w1, z; =
wj + cjwy? (5 =2,...,n). Let v.(t) := (£,0,...,0) € I'. Since ¥ oy, =1, (4.4) gives

(F o W) (74 (t), 7:(t)) = (F o) (t,1) = Ry(t, 1).
Therefore, we can see the following:

p1(FoW)=ord(FoWon~,) =ord(Rs) >1+1> p1(F). O
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DEFINITION 4.3.  Let x be a bounded face of a polyhedron P C RY. We call x a
regular face of P if k is determined by a vector a = (a1,...,a,) € N" satisfying that
min{a; : j=1,...,n} = 1.

Let r be a local defining function for M at p on the coordinate (z). From (2.12),
there exists an integer m such that p;(r) = pi(r) for j = 1,...,m. Let V be the set of
vertices of N (r) defined by V = {pi(r)e; : j=1,...,m}.

LEMMA 4.4. If (2) is an adapted coordinate for M at p, then vy is nondegenerate
for any regular face k of No(M, p; (2)) intersecting V.

Proor. This can be easily shown by using Lemma 4.2. O
As a corollary of Lemma 4.4, we can see the following.

LEMMA 4.5.  Let (2) be an adapted coordinate for M at p. Suppose that the Newton
diagram N (M, p; (z)) consists of only one facet and that it is a regular face. Then 1 is
nondegenerate for each face k of No(M, p; (2)) intersecting V.

PROOF. From Lemma 4.4, it suffices to check that all proper faces of N'(M, p; (2))
are regular, which is easy. O

5. Proof of Theorem 1.1.

We are now in a position to prove Theorem 1.1.
From Proposition 4.1, it is easy to see that the inequalities:

Ay(M,p) > AT8(M, p) = p1(M,p) > p1(M, p; (2)) (5.1)

always hold for any holomorphic coordinates (z) at p. If the equality in (i) holds, then
the existence of an adapted coordinate (z) at p (see Section 4.2) implies (ii) from (5.1).
The implication: (ii) = (i) is obvious from (5.1).

REMARK 5.1.  From the above proof, the coordinates in (ii) in Theorem 1.1 are
adapted. Furthermore, Theorem 1.3 implies that canonical coordinates are always
adapted.

6. Order of vanishing.

Let F' € C§°(C™) with F/(0,0) =0 and let ' be as in (3.1).
The order of vanishing of a nonflat function F' is defined by
ord(F') := min{l € N: (e, 5) € Ny x Ny

_ 6.1
with |a| 4+ || = I such that D*DPF(0,0) # 0}. (6.1

When F is flat, we set ord(F) := oco. For a vector-valued mapping f = (f1,..., fm) €
(C6°(C))™, let
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ord(f) := minford(f;) : j=1,...,m}.

We remark that ord(v) is a positive integer for v € T'. (Recall that T' does not contain
the constant maps.)
For | € Z>, let H; be the subset of C[t,?] defined by

Hi= {3 eut!: ji € No with j+k =L and ez € C}, (6.2)
and let H; be the subset of C§°(C) defined by
H) = {tht_kajk(t,f) 14,k € No with j +k =1 and a;;, € Cgo((C)} : (6.3)
The following properties of the two classes can be directly seen. Let I, 11,1y € Z>.
e Ho=C and H, = C5°(C).
o H, CH,. If I <o, then Hy, C Hy,.

e H; and H; are vector spaces. Moreover, H; is an ideal of C§°(C).

If fi € Hi, and fo € Hy,, then fifo € Hiy4i,-

If fi € Hy, and fo € Hy, with Iy <y, then fi + fo € Hy, and f1fo € Hy, 11,

If f € H,;, then the following two conditions are equivalent:

(a) ord(f) =1, (b) f#0. (6.4)

If f € C§°(C) with f(0,0) = 0, then the following three conditions are equivalent:
(a) f€Hi, (b)ord(f)>1, (c) f(t) =O([t]"). (6.5)

7. Asymptotics of F o ~.

Let F' € C§°(C™) with F(0,0) =0 and let T be as in (3.1).

In this section, we compute the leading term of the asymptotic expansion of F o~y
for v € T" with respect to the classes H; for [ € Ny. This leading term can be determined
by appropriate truncations of F' and ~.

The computation is divided into the two cases. One of them is the case when
belongs to I'* (see (3.1)). This case is considered as a generic one. The second case
treats the curves which are contained in some coordinate planes. (Note that the first
case may be contained in the second one.) The second case seems very complicated
but this complexity is not essential. Essential analytic ideas of the computation can be
explained by using the first generic case only.

7.1. Asymptotics of F o~ in the generic case.

Let F& denote the set of bounded faces of Ny (F). Exactly understanding the
relationship between I'* and ]—'g is the most important to compute the asymptotics of
Fo~for~yel™.



18 J. KAMIMOTO

Suppose that F' is not flat. We define the two important maps [, : N* — N and
Ky : N? — ]—'g as follows:

l*(a) = min{<a7£> : 5 €N+(F)}7

(7.1)
(a) == {€ ENL(F) : (0,€) = L(a)H(= H{(a, L.(a) NN+ (F)).
We remark that k. (a) is bounded for @ € N™ from Lemma 2.1.
Let us consider the sequence:
AT LN 4 (7.2)

where I'*, [* are as in (3.1) and the mappings ~, ¢, are defined as follows.

e Since y; Z0 for j =1,...,n and 7;(0) = 0, v,(t) can be expressed by the conver-
gence series expansion of ¢t as v;(t) = ¢;t% + --- with some a; € N and ¢; € C*
for j =1,...,n. Then let 7; be the monomial defined by %;(t) = ¢;t*. The map ™~
from I'* to I'* is defined as follows: for vy el

F(t) = (Fi(t), ..., Anlt)) = (crt®™, ..., cnt®™) € T, (7.3)
e The map ¢, : I'* — N" is defined by

¢« (y) = (ord(71),...,ord(y,)) € N™. (7.4)
Note that ¢.(v) = ¢(¥) = (a1,...,an) =: a where a € N" is as in (7.3).
When F is not flat, the composition map ®, : I'* — F§ can be defined by
D.(7) = (K 0 9:)(7) (7.5)

from the sequence (7.2). For v € T'*, ®,(7) is the bounded face defined by the hyperplane
H(¢:(7), L (64(7))).

LEMMA 7.1. Lety €T* and l = l.(¢«(7)). If F is not flat, then
Foy=Fyg (507 mod Hii, (7.6)
where Fg_(,) 07 belongs to H;. In particular, ord(F o y) > 1.(¢«(7y)) holds.

PrROOF. Let F admit the Taylor series (1.4) at the origin. In this proof, we set

=0.(7), a=0¢:(7), 1=1(¢("))

for v € I'*. Taylor’s formula implies that

F(z,2) = Fi.(2,2) + Ru(2, 2), (7.7)
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where R, € C§°(C") satisfies Ny (R,;) C Hi(a,l + 1). Substituting z = ~(t) into (7.7),
we have

(Fon)(tt) = (Faoy)(t,t) + (R0 y)(t,1). (7.8)

First, let us consider the function

(Fuom)(ti) = 3 Capr(t)¥(D) (7.9)
a+BER

where Cp are as in (1.4). Note that each ~; can be expressed as v;(t) = ¢;t% + r;(t)
where some 7; € Oy(C) with r;(t) = O(|t|%™!). Substituting these expressions into
~v(t)%, we have

n

V() = H%‘(t)“”' = H(Cjt‘” +15(t)%

n (7.10)
= TL(ejt™)™ + Ralt) = c*t/) + Ry (1),

where R, € Og(C). Moreover, it is easy to see that ord(R,) > (a,a) + 1, that is,
Ro € H{q,ay+1- Moreover, substituting (7.10) into (7.9), we have

(Fk€ o fy)(t’f) = Z Caﬁcaéﬁtﬁz,a)f(a,m + Rm(t’f)
a+pBER

= (Faod)(t,7) + Re(t. 1),

where R, € C°(C). Moreover, it is easy to see that ord(R,) > (a, + ) + 1 =1 + 1,
that is, R, € ﬁl+1. On the other hand, since x is contained in the hyperplane H(a,l),
F,; o 4 belongs to the class H;.

Next, let us consider the function R, o~. Taylor’s formula implies that

D> Aas(z,2)2°7°, (7.11)
a+peE

where F is a finite subset in H (a,l+1) NN} and A,z € C5°(C™). Note that each v; can
be expressed as 7;(t) = d;(t)t% where d; € Oy(C) with d;(0) = ¢; (# 0). Substituting
v;(t) = d;(t)t% for j =1,...,n into (), we have

n
y)* =m0 =
j=1 j=1
n
(H ) t(a a) a (a,a>'

Moreover, substituting (7.12) into (7.11), we have

tll

n

(7.12)
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(Reo)(t,8) = > Bap(t,£)y(t)*(t
(7.13)

Z Baﬁ(tf)d(t)a@3t<a»a>g<a,ﬁ>,

where Bag(t,t) = Aag(y(t),7(t)). Since (a,a+ B) > 1+ 1if a+ € Hy(a,l + 1), (6.5)
implies that if « + 8 € F, then

ord(Bug (t,T)d(t)*d(0)’ t*
rd(Bogs (1, £)d()°d(0) ) - ord (£ - ord (£#) (7.14)
a> (a,8) = (a,a+B) > 1+1.

o) fla6)

Thus, from (7.13), (7.14), we see that R, o~ belongs to the class H41. O

7.2. The restriction process.

In order to treat the curves which are contained in some coordinate plane, we prepare
many kinds of notation and symbols and must naturally generalize the maps constructed
in the generic case. Hereafter in this section, I is a nonempty subset of {1,...,n}.

7.2.1. Notation and symbols.
Let K be one of the sets N, Ny, R, R, R>,C,C*. We denote

K := K U {0} (7.15)
and

={(Xj)jer: X; € K}. (7.16)
For X = (X1,...,X,) € K", we denote X := (X;);er € K.

7.2.2. The maps TI( ), Lgs), .
Let s =0 or co. The map TI( ) K™ — K™ is defined by

X; for j €I,

) (7.17)
s otherwise.

(X1,..., X)) =T (Xy,..., X,) with X;:= {
When K = R or C, every coordinate plane in K™ can be expressed by TI(O) (K™) for some
Ic{l,...,n} ie,
TOK") ={X e K":X; =0if j & I}. (7.18)
The map 77 : K™ — K7 is defined by

7TI(X):7TI(X1,...,X”) = (Xj)jEI:XI- (719)
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Noticing TI(S) (X) e Kn depends only on X7, we define an embedding map L(IS) (K - Kn
by

S (Xp) =T (X). (7.20)

It is easy to see that the following diagram commutes:

T
T{'Il
(s)
tr

KI
That is, L(IS) omy = TI(S) holds. When I = {1,...,n}, the maps TI(S), L(IS)7 w7 are the
identity map (i.e., TI(S)(X) = L&S) (X)=m(X)=X for X € K").
7.2.3. The function Fj.
Let z = (21,...,2,) € C" Let F; € C§°(C!) be the germ of the function of z;
(= (2;)jer € C) defined by
Fr(zr) == (F ol (z)). (7.21)

When I = {1,...,n}, Fi(z1) = F(2). Note that F; may be considered as the restriction
of F' to the coordinate plane TI(O) (C™) (see (7.18)). The Newton polyhedron of Fr is
similarly defined, which is denoted by N (Fr). Note that Ny (Fr) C RL.

7.2.4. A decomposition of Nm.
Let us consider the case where K = N and s = co in Section 7.2.2. It is easy to see
that

N'\{oo} = [[ 7@,

Ic{1,...,n}

where 0o := (00,...,00) and the disjoint union is taken over all the nonempty subsets
I c {1,...,n}. Since the map L(IOO) is bijection, TI(OO)(N”) can be identified with NZ.
Therefore, N™ \ {oo} is decomposed into the following disjoint union:

N'\{oo}= J] N. (7.22)
For & = (1, ...,d,) € N*\ {oo}, let I(a) be the subset of {1,...,n} defined by
jel(a) <= a; < oo. (7.23)

.....

m(a) := (G;)jer (= (aj)jer =ar) with I =1I(a) in (7.23). (7.24)
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For example, it is easy to see the following two-dimensional case.

N? = N2 U (N x {o0}) U ({oo} x N) U {(c0,00)}

(oo 00) (00)
= TS5 (V) UTHY (N LT (N%) U {0}

= N2 N O N2 {00}

7.2.5. The maps l;, kg, l,Am.
We define the maps 7 : N/ — N and k; : N — Fp, as follows. When F} is not flat,
set

Ir(ar) == min{{ar, &)1 - & € Np(F1)},
wr(ar) == {& € No(Fr) : (ar, &) = li(ar)}

When Fy is flat, set {7 (ay) := oo and sy(ay) := 0.
Now the maps: [ : N*\ {oo} = N and x : N*\ {co} — FF are defined by
1(@) = (Ir o m)(a),

7.26
w(a) = (1§ oy o) (@), (7:20)

(7.25)

where I = I(a) in (7.23), LSO) is as in (7.20) and 7 is as in (7.24).

7.2.6. A decomposition of T'.
Let

I = {(vj)jer : vj € Oo(C) with v;(0) = 0 and ~; # 0 for j € I}. (7.27)

In a similar fashion to the case of N™ \ {oo} in (7.22), the set I" can be decomposed into
the following disjoint union:

r= J[ - (7.28)

Ic{1,...,n}

For v € T, let I(y) be a nonempty subset of {1,...,n} such that

jel(y) <= n; #0. (7.29)

(Recall that I' does not contain the map v = 0.) The map @ : I' = [;c¢q I’ is
defined by

7(v) =715 m) = (y)jer with I =1(v). (7.30)

7.3. Asymptotics of Fj o ~j.
In this subsection, let I C {1,...,n} be arbitrarily given. For z = (z1,...,2,) € C",
let Fr be as in (7.21). For (ar,l;) € N} x Ny, define

H](a[,l]) = {f[ S Rlz : <a1,£1>1 = l[}. (7.31)
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Suppose that F7 is not flat. Let us consider the sequence:

7 2L NI R (7.32)
1
f[

where I'! is as in (7.27), Ff, is the set of bounded faces of N (F7) and
I .= {(cjt%)jer:cr € ((C*)I,a] eN te C},

and the mappings *, ¢; are defined in a similar fashion to the generic case in (7.2).
In this setting, a similar argument to the generic case can be done in the space C!
or RL. When FJ is not flat, the composition map ®; : I'" — Ff can be defined by

®r(y1) = (kr o ér)(vr) (7.33)

from the sequence (7.32). For y; € I'Y, ®;(v7) is the bounded face defined by the
hyperplane Hr(¢r(vr),lr(¢1(vr1))), where Hy is as in (7.31) and I is as in (7.25).

LEMMA 7.2. Let I be an nonempty subset of {1,...,n}. Let vy € T and | =
lr(¢r(yr)). If Fr is not flat, then

Froyr = (Fr)a ¢y 041 mod Hiyq, (7.34)

where (F), () © 31 belongs to Hi. ((F1)e,(,) means the ®1(yr)-part of Fr.) In par-
ticular, ord(Fy o ~vr) > Ui (¢r(vyr)) holds.

PRrROOF. The essential difference between Lemmas 7.1 and 7.2 is in the dimension.
This lemma can be easily shown in a similar fashion to Lemma 7.1. O

7.4. Asymptotics of F o~ in the general case.
Let us treat general complex curves in I'. N
The three maps ¢ : I' - N*, &: ' — fg and *: ' = T" are defined by

3(7) = (15 0 pr o ®)(),
®(7) == (1Y 0 ®; 0 7)(7), (7.35)

7= (7)),

for v € T, where I = I(7y) (see (7.29)) and Lgs) (s =0or o0) is as in (7.20). When v € T*,
d(y) = ¢(7), ®(v) = Pi(y) and the last equation in (7.35) is trivial. It is easy to see
that

I(v) =1(¢(7)),  Ue(7) = (1o ¢rem)(v) (7.36)
for v € T', where I = I(v) (see (7.23), (7.26) and (7.29)).
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THEOREM 7.3. Lety el and setl =1(¢(v)) and I = I(v). If Fy is not flat, then
Fory=Fppod mod Hipi, (7.37)
where Fg(y) o7 belongs to Hy. In particular, ord(F o) > 1(¢(7)) holds.

PRrROOF. The definition of I(y) gives F oy = Fr o;. Lemma 7.2 implies

Fronr = (Fi)eytv) 03 mod Hiy(g ()41
Noticing (Fr)e,(y;) © 1 = Fa(y) 07 and (7.36), we can get the theorem. O

REMARK 7.4. The above theorem shows that Fg(,) and 7 are appropriate trun-
cations of F' and ~ in the computation of the order of contact of F' with . Indeed, if
Fg(y) 04 # 0, then F" and « in (1.12) can be replaced by Fg(,) and 7. The details will
be discussed in the next section.

7.5. Nondegeneracy condition on FT. N
Let F; be as in (7.21) and let x; be a bounded face of N (Fy). Let I'; :=
{(¢jt%)jer - ar determines kr}, where ¢; = (¢j)jer € (€ and ay = (aj)jer € NI,

DEFINITION 7.5. Let k1 be a bounded face of Ny (Fr). The rr-part (Fr)., of Fr

is said to be nondegenerate if

(Fr)s, o1 20 for any 1 € f;l

Now, let us consider the case where a bounded face k of N1 (F) is contained in some
coordinate plane. Let I(k) be the minimal subset I of {1,...,n} such that x C TI(O) (R™)
(see (7.18)). Hereafter we denote I := I(k) and k; := (k) C (R>)!. Note that x can
be identified with x; and that k = L(IO)(H[>.

LEMMA 7.6.  The following two conditions are equivalent.
(i) F, is nondegenerate;
(ii) (Fr)k,; is nondegenerate.

Proor. (i) = (ii): Let v = (yj)jer € sz be arbitrarily given. Let ¥ =
(1, .., %) € T be defined by 5; = ~; if j € I and ¥;(t) = t™ if j & I with m € N. We
can choose m such that ¥ belongs to f,*ﬂ Note that vy = wy o4 and (Fy),, o mp = Fi.
Since (Fp)x, 0vr = (Fr)x; oy o5 = F 04, (i) implies (Fr)x, oyr #Z 0.

(i) = (1):  Lety = (71,...,7m) € L' be arbitrarily given. Let y; = (vj)jer € TL.
Then ~y; belongs to 1:,’;1. Note that L§°) oy is the identity map. Since Fj; oy = F}; 0 L(IO) o
mr oy = (Fr)s; 071, (ii) implies F,; oy £ 0. O

8. Order of contact for smooth functions.

Let F' € C§°(C™) with F(0,0) = 0 and let " be as in (3.1).
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8.1. Newton distance arld n-tuple of numbers.

In this subsection, let @ € N™ \ {co} and set I = I(a) (see (7.23)). Note that
ar = (a;)jer = (aj)jer = ar € N'.

The Newton distance of F' in the direction a is defined by

d(F,a) = i@ = < lar) ) (8.1)

min{a; : j =1,.. min{a,; : j € I}

where [, 1 are as in (7.26), (7.25). We define the n-tuple of numbers:
P(F, &) = (pl(Fv d)a cee apn(Fa&)) € Ng
as follows.

(i) When F7 is not flat and j € I, let p;(F,a) be the coordinate of the intersection of
the hyperplane Hj(ay,lr(ar)) (see (7.31)) in RIE with the &;-axis;

(ii) When Fy is flat and j € I, we set p;(F,a) = oo;
(iii) If j & I, then we set p;(F,a) = 0.

When Fj is not flat, we similarly define p(Fr,ar) = (pj(Fr,ar))jer € NI as in (i).
The following lemma shows the relationship between p(F,a) and p(F) (see (2.9)).

LEMMA 8.1.  p;(F,a) < p;(F) fora e N*\ {oc}, j=1,...,n.

PROOF. From the geometrical relationship: Ny (F;) C H(ar,l1(ar)), the defini-
tions of p(F') and p(F, a) easily imply the inequalities in the lemma. O

By considering the geometrical meaning of [(a), the quantity d(F,a) stands for some
kind of “distance” from the origin to Ny (F) in the direction a. The following lemma
implies that this quantity can be expressed by using p(F,a). Since p(F,d) can be more
directly computed, it will be convenient to see the value of d(F, a).

LEMMA 8.2. d(F,a) = max{p;(F,a):j=1,...,n} fora e N"\ {oo}.

PROOF. Recalling that the hyperplane H(¢;(vr),ar) is defined by the equation:

(ar,&ér)1 = Zaj & = li(ar), (8.2)

JjeI
we can see p;(F,a) =l1(ar) - a;l for 7 € I. By using these equalities,
max{p;(F,a) :j=1,...,n} =max{p,;(F,a):j €I}
max{lf(‘”) :je]} S (C) TP

aj



26 J. KAMIMOTO

8.2. Order of contact and the Newton distance.
Let us consider the relationship between the order of contact and the Newton dis-
tance. In this subsection, let v € I' be arbitrarily given and set I = I(7y) (see (7.29)).

ProPOSITION 8.3. (i) ord(F o) > l(¢(y)), (i) O(F,v) > d(F,¢(v)).

PrOOF. When F7 is flat, we see that ord(F o) = ord(F; o) = oo, which imply
the estimates in (i), (ii). Therefore, it suffices to consider the case when F7 is not flat.

The estimate in (i) has been stated in Theorem 7.3. By noticing that (i) is equivalent
to ord(Fro~r) > li(¢r(yr)), (8.1) gives

_ Lr(¢r(v1)) _
O(Fy) = OFr, ) 2 e s ey = A 6(0)),

which is the estimate in (ii). O

The following theorem shows that the order of contact of v with F' exactly equals
the distance of F' in the direction ¢(7y) under the nondegeneracy assumption.

THEOREM 8.4.  If Fg(4) is nondegenerate, then we have

(i) ord(F o) =1(¢(v)), (i) O(F,7y) = d(F,é(7)).
In particular, if F' is nondegenerate, then the equalities in (i), (ii) hold for any v € T.

PRrROOF. From the proof of Proposition 8.3, it suffices to show the following lemma.
O

LEMMA 8.5. If Fg(q) is nondegenerate, then ord(Fy ovr) = l1(¢r(vr)) with I =
(7).

PrROOF. Note that ®(y) = Lgo)(fIJI(W)) from I = I(v). First, let us consider
the case when Fy is not flat. Since the nondegeneracy condition of F(,) implies that of
(Fr)a;(v;) from Lemma 7.6, we have ord((F7) s, (,)071) = l1(¢1(7r1)) from the equivalence
(6.4). Therefore, it follows from the asymptotics in Lemma 7.2 that

ord(Fy o yr) = ord((Fr)a,(v,) © V1) = l(or(71))-

Next, let us consider the case when Fy is flat. Since Fj o 7y is also flat, we have
ord(Fy o y7) = oo. Recall that I;(vyr) = oo, then the equality in the lemma can be
obtained. O

9. Proof of Theorem 1.3.

We are now in a position to prove Theorem 1.3.
Let (z) be a canonical coordinate for M at p. Recall that p;(M,p; (z)) = p;(r) for
j=1,...,n (see (2.9), (2.11)). From Theorem 1.1, it suffices to show that A;(M,p) <

p1(r).
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Since the defining function r for M has the nondegeneracy condition on (z), Theo-
rem 8.4 and Lemma 8.1 imply that the order of contact of v € I with M can be estimated
as follows.

O(r,y) = d(r. (7)) = max{p;(r, (7)) : j = 1,....,n}

<max{p;(r):j=1,...,n} = pi(r), (9.1)

for any v € I'. This estimate gives Ay (M, p) < p1(r).

10. On normalized coordinates.

It follows from Theorem 1.3 that when a hypersurface admits a canonical coordinate,
important properties of the regular and singular types can be understood. On the other
hand, it is another serious issue to determine the existence of canonical coordinates for a
given hypersurface and, if they exist, to actually construct these coordinates. The rest of
this paper is to devote this issue. In this section, we prepare more convenient coordinates
for this investigation in special cases treated in Sections 11-15.

Let M be a real hypersurface in C**! and let p lie on M.

10.1. Normalization of coordinates.

It is not always easy to check the nondegeneracy condition. This difficulty is some-
times caused by the existence of pure terms in the principal part of a defining function.
In order to avoid these situation, we prepare a convenient coordinate on which a local
defining function is of more useful form.

LEMMA 10.1.  For any N € N, there exists a holomorphic coordinate (z,w) :=
(21, .-+, Zn,w) at p on which a defining function r for M is expressed near the origin as
in the following form:

r(z,w,z,w) = 2Re(w) + F(z,2) + R1(z, 2) - Im(w) + Ra(z,w, Z, W), (10.1)

where
(i) F € C§°(C™) satisfies that
(a) F(0,0) =0 and VF(0,0) =0;
(b) IFNL(F)N{E:|¢| < N} #0, then jnF (see (1.14)) contains no pure terms;
(c) p(F) satisfies p;(F) = p;(M,p; (z,w)) > 2 forj=1,...,n (see (2.9), (2.11));

(ii) Ry € C§°(C™) and Ry € C°(C™HL). Moreover, Ry satisfies that |Ra(z,w, z, )| <
Clw|? near (z,w) = 0 where C is a positive constant independent of (z,w).

We call the above coordinate (z,w) a normalized coordinate for M at p with N € N.
Of course, there are many such coordinates for a given M and N € N. Hereafter,
normalized coordinates will be often used and the value of N is assumed to be so large
that N(F) C {£ € R : |¢] < N} without any mentioning.

Proor. Taylor’s formula easily implies all the above properties except (i-b). A
simple change of coordinates gives the property (i-b). O
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REMARK 10.2. In the condition (ii) in Lemma 10.1, | Rs| < Co|w|? can be modified
as |Ra| < C|Im(w)|?. However, the estimate in (ii) is sufficient for our purpose and is
more convenient for the application (see Section 13).

10.2. An equivalence condition for canonical coordinates.
After being normalized as in Lemma 10.1, it is relatively easy to check the canonical
conditions.

PrROPOSITION 10.3.  Let (z,w) be a mormalized coordinate for M at p in
Lemma 10.1. The following two conditions are equivalent.

(i) A coordinate (z,w) is canonical for M;
(ii) F in (10.1) is nondegenerate.
This proposition easily follows from the following lemma.

LEMMA 104. Let r, F be as in (10.1) in Lemma 10.1. If the principal face Fy of
F contains no pure terms, then the following conditions are equivalent.

(i) F is nondegenerate;
(ii) r is nondegenerate.

PROOF. The implication: (ii) = (i) is obvious. In order to show the implication:
(i) = (ii), it suffices to show that G.(z,w, z,w) = 2Re(w) + Fj(z, Z) is always nonde-
generate for every bounded face k of Ny (F). We assume that G, is not nondegenerate.
Then, there exists a curve 7 = (v, y,41) : (C,0) = (C"*1,0) contained in (C*)"*1 U {0}

such that G,, o4 = 0. From this equation, we see 2Re(Vn+1(t)) = —F.(7(¢),v(t)). Now,
2Re(yn+1(t)) is harmonic, but F}, o+ (# 0) is not so, which is a contradiction. O

REMARK 10.5. In the above lemma, the assumption that the principal part Fy of F
(see (1.15)) contains no pure terms is necessary. Indeed, F(21, z2) = |21 —22|?> +2Re(21 22)
is nondegenerate, but r(z,w) = 2Re(w) + F(z,z) is degenerate (consider the curve:

(1) = (t,t, —t2)).

10.3. On canonical normalized coordinates.

On the coordinates in Lemma 10.1, the regular and singular types can be determined
by the information of F' only. More exactly, these types are equal to the order of contact
with the function F'. Let I' be as in (3.1).

PROPOSITION 10.6.  Let (z,w) be a mormalized coordinate for M at p in
Lemma 10.1. Suppose that F in (10.1) is nondegenerate. Then we have

A1(M,p) = AT®(M,p) = SuIF>0(F,7) = p1(F).
YE

In particular, M is of finite type at p if and only if F is convenient.

PROOF.  Since F' is nondegenerate, Theorem 8.4 and Lemmas 8.1 and 8.2 imply
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O(Fv 7) = d(Fv (13(’}/)) = max{pj(FvQ/)('Y)) 1j=1,... ,’I”L}

<max{p;(F):j=1,...,n} = p1(F). (10.2)

Note that there exists a holomorphic mapping « attaining the equality in (10.2). Since
pJ(F) = pj(r) for J - 17 RNl and Pn—&-l(r) = pn+1(M7p; (Z,’LU)) = ]-7 (102) and Theo-
rem 1.3 imply

SlérF)O(F, v) = p1(F) = p1(r) = p1(M, p; (2,w)) = A1 (M, p). O

11. Pseudoconvexity.

Let M be a real hypersurface in C**! and let p lie on M. In the function theory of
several complex variables, the case where M is the boundary of a pseudoconvex domain
is essentially important. Let us investigate plurisubharmonicity and pseudoconvexity
from the viewpoint of the notion of Newton polyhedra. We say that a real hypersurface
M = 09 is pseudoconvex at p if  is pseudoconvex at p.

Let F' € C§°(C™) with F/(0,0) =0 and let " be as in (3.1).

11.1. Plurisubharmonicity.
The following lemma is valuable and has also been seen in [13]. Its proof is easy, so
it is omitted.

LEMMA 11.1.  If F € C§°(C") is plurisubharmonic, then so is the k-part F,, of F
for every bounded face k.

We remark that the converse of the above lemma is not true. For example, consider
the function F(z,2) = |21 — 22|? — |20]*.

11.2. Property PS.

The notion of property PS was introduced by D’Angelo [7], [9], which is a certain
positivity condition, more general than plurisubharmonicity or pseudoconvexity. It is
known that this property is often sufficient for the investigation of order of contacts to
see their important properties.

DEFINITION 11.2.  We say that F' € C§°(C"™) satisfies property PS at 0 if, for any
~v € T for which ord(F o) < oo,

(i) ord(F o) is even, say 2m;
(ii) (d/dt)™(d/dt)™(F o~)(0,0) > 0.

From the definition, if F' is plurisubharmonic and the Taylor series of F' contains no
pure terms, then F' satisfies property PS at 0 (see [7], [9]). Recall the principal part F
of F:

Fo(z,2)= Y. Capz®?’, (11.1)
a+BEN(F)

where N'(F') is the Newton diagram of F' (i.e., the union of all bounded faces of N (F)).
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PRrROPOSITION 11.3.  Suppose that the principal part Fy of F has no pure term.
If F satisfies property PS, then the v-part F, of F contains a term of the form
clza|® -« - |zn]¥n, with some ¢ > 0, for any vertex v = (v1,...,v,) of Np(F).

REMARK 11.4. The converse of the above proposition does not always hold. Indeed,
consider the case when F(z1,29) = |21 — 22| + Re(2723) and ~y(t) = (¢,1).

PrROOF. Let F admit the Taylor series (1.4) at the origin.

First, we consider the generic case: the vertex v = (vy,...,v,) is away from any
coordinate planes, i.e., v.€ N* (< v; > 0 for all j). Then there exists the set of valid
pairs {(a1,10)):j=1,... n} for N\ (F) such that

(a) The set of vectors: {a) : j = 1,...,n} is linearly independent;
(b) H(aWD 1D)YAN(F) =v.

Let v\ (t) := (tagj),...,taszj)). Since ®(y)) = v from the above (b), ) belongs
to I'% (see (3.1)). Lemma 7.1 implies F(v9)(£), 7D (2)) = Fy(vD(£), 7D (2)) + o(t”).
Substituting v (t) = (ta(]> t“m) into the v-part F, of F', we have

Fv(’)’(j)( 7(]) Z C t (J) a() B)
a+pB=v

Therefore, property PS gives that, for each j = 1,...,n, there exist a9, g0) N§ such
that

<a(j)7a(j)> - <a(j)’5(j)>7 a?) 4+ 80 =y, Cogw > 0.
Since the linearly independence condition (a) implies
ﬂ{ieN"' D,¢€) =0} = {0},
Jj=1

we can see that o) = 800) and a¥) + U =v for j =1,...,n, which imply
G — g — L _
aV) =g =35V forj=1,...,n

Next, we consider the general vertex v = (v1,...,v,) of N (F), i.e.,, v € NP, Let
I:={j:v; #0} C {1,...,n}. Let F; be as in (7.21). Since an essential difference
between F; and the above generic case of F' is only in the dimension, the general case
can be shown in a similar fashion to the generic case. O

From Proposition 11.3, we can easily see the following.

COROLLARY 11.5.  Suppose that F' satisfies property PS at 0. Then every compo-
nent of the coordinate of the vertices of N (F) is even.

Let us recall the definition of property PS in the case of real hypersurfaces in C".
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DEFINITION 11.6. Let M be a real hypersurface and let p lie on M. Let us consider
a normalized coordinate for M at p with large N and a local defining function r for M
near p as in (10.1) in Lemma 10.1. We say that M satisfies property PS at p if there
exists a Nog € N such that if N > Ny then F in (10.1) satisfies property PS at 0.

It is known that every pseudoconvex hypersurface satisfies property PS. Refer to
[7], [9] for more detailed explanation of property PS.

12. The semiregular (h-extendible) case.

The semiregular (or h-extendible) class was independently introduced in [12], [37].
This class contains many kinds of finite type pseudoconvex domains: for example, strictly
pseudoconvex domains in C”, pseudoconvex domains in C™ whose boundaries have at
most one zero eigenvalue in the Levi form (in particular, the two-dimensional case),
decoupled domains and convex domains in C”, etc.

This class can be variously characterized. The following are important.

e The equality holds in the inequality between the components of the Catlin multitype
and the D’Angelo variety type: m,_q11 = Ag < 0o for ¢ =1,...,n (the definition
of semiregular in [12]);

e They can be approximated by quasihomogeneous model (see Lemma 12.2 below);

e There exists a bumping function satisfying quasihomogenous property (the defini-
tion of h-extendible in [37]).

12.1. Quasihomogeneous model case.

In the quasihomogeneous model, we show that the nondegeneracy condition exactly
corresponds to the finite type condition.

Let P be a real-valued polynomial of z € C™ having the property:

P(rt/™ e z,r1/m & 2) = rP(2,Z) forall 7 >0, z € C", (12.1)
where m = (mq,...,m,) € N” with m; > 2 and
/M ez = (Mg e Mg, (12.2)

Let us consider the real hypersurface:
Mp = {(z,w) € C""" : rp(z,w, z,w) := Re(w) + P(z,2) = 0}.

Note that the property (12.1) is equivalent to the condition that the Newton diagram
N (P) consists of only one facet defined by {§ € RL : 377, &;/m; = 1}.

LEMMA 12.1.  As for the hypersurface Mp, the following two conditions are equiv-
alent.

(i) P is convenient and nondegenerate;

(ii) The origin is of finite type.
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Proor. Easy. g

12.2. Existence of canonical coordinates.

Let © be a domain with smooth boundary and let p lie on 092. As mentioned in
the beginning of this section, the following is one of the characterizations of semiregular
class.

LEMMA 12.2 ([12, Theorem 1.9], [37]).  The following two conditions are equiva-
lent.

(1) 09 is of semiregular type (h-extendible) at p;

(2) There exists a normalized coordinate (z,w) around p on which a defining function
for Q near the origin can be expressed as in (10.1) in Lemma 10.1. Here Ry, R
satisfy the condition (ii) in Lemma 10.1 and, moreover, the principal part Fy (see
(11.1)) of F satisfies the following conditions:

(a) Fy contains no pure terms;
(b) Fp is a plurisubharmonic polynomial;

(c¢) Fy satisfies the equation:

Fo(r'/™ ez rl/m & 2) = rFy(z,2) for allr >0, z € C", (12.3)

Um e 2 s as in (12.2) and m = (my,...,my) € N* with my > --- >

where r
My 2 2;
(d) As for the domain Qg := {(z,w) : Re(w) + Fy(z, Z) < 0}, the origin is of finite

type.

From the above characterization, Theorem 1.3 directly implies the equality of regular
and singular types. Moreover, the existence of canonical coordinates can be seen.

THEOREM 12.3. If 002 is of semiregular type at p, then there exists a canonical
coordinate for O at p. Indeed, the coordinate (z,w) in Lemma 12.2 (2) itself is a
canonical coordinate for 002 at p.

PrROOF. We will show that the coordinate (z,w) in Lemma 12.2 is a canonical
coordinate for M at p. The condition (c¢) implies that F(0,0) = 0 and VF(0,0) = 0.
Moreover, Lemma 12.1 with the conditions (c¢) and (d) imply that F is nondegenerate
and that p;(F) =m; for j=1,...,n. O

REMARK 12.4. The semiregular property can be characterized by using the shapes
of Newton polyhedra on canonical coordinates. Let 02 be of semiregular type at p. It
follows from Lemma 12.2 that there exists a coordinate around p on which a defining
function r for §2 is nondegenerate and it has the Newton polyhedron of the simple form:

Ni(r) = conv({mier,...,mpen, €ni1}) + RY

:{56R1+1:Z€j+5n+1>1}. (124)
=1
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In other words, the Newton diagram A (r) consists of only one facet.

Before works [12], [37], McNeal [29] and Boas and Straube [4] showed that the
singular type equals the line type in the case of convex domains. Here the line type is
defined by the equation (1.2) by replacing I'yes by the set of complex lines through p.

For a given real hypersurface, it is not always simple matter to check the semireg-
ularity condition and, moreover, to construct coordinates (z,w) as in Lemma 12.2. Yu
[36] actually constructed a coordinate as in Lemma 12.2 in the case of convex domains.

13. The case of Reinhardt domains.

We first recall the definition of Reinhardt domains. For 6 = (64,...,6,) € R™ and
z € C™, denote
el 0z = (e%12,... e 2,). (13.1)
A domain ©Q C C" is Reinhardt if ¢’  z €  whenever z € Q and 6 € R™.
It has been shown by Fu, Isaev and Krantz [14] that if a hypersurface is the boundary
of a pseudoconvex Reinhardt domain, then its regular and singular types agree. More
strongly, we will show the existence of canonical coordinates in this case.

13.1. Invariance under the rotation.
The function F' defined on C" is said to be invariant under the rotation if F satisfies

F(e'® o z,¢% @ 2) = F(z,2) for all § € R". (13.2)
Let M be a real hypersurface in C**! and let p lie on M.

THEOREM 13.1.  Let (z,w) be a normalized coordinate for M at p, on which M is
locally expressed by r in (10.1) in Lemma 10.1. Suppose that F' is a nonflat plurisubhar-
monic function and that the principal part Fy of F' is invariant under the rotation. Then
the coordinate (z,w) is canonical for M at p.

ProOoOF. Lemma 13.2, below, shows that Fj satisfies the nondegeneracy condition.
Thus, by noticing that the property (13.2) implies that Fy contains no pure terms,
Proposition 10.3 implies this theorem. O

LEMMA 13.2.  Let P be a real-valued plurisubharmonic polynomial £ 0. If P is
invariant under the rotation, then P is always positive on (C*)™
nondegenerate.

and, in particular, P is

(k)
ProoF. For ¢ € C, let Ty () := (¢1,..+, Cy...,cpn), where k = 1,...,n and
c¢; € C are fixed for j # k. Let u: C — R and g : R> — R be the functions defined by

u(C?Z) = P(Tk,c(g)aTk,c(C))7 g(?‘) = P(Tk,c(r)aTk,c(T))'

From the hypothesis of P, we see
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g(re?) = g(r) for any § € R and Au >0 on C.

The above properties give an inequality:

d dg
— =] > > 0. .
o <Tdr) >0 forr>0 (13.3)

By (13.3), g must satisfy one of the following three conditions:
g=0onR>; ¢g>0onRs and g(0) =0; ¢g>0onR>.

By applying the above fact and by using an easy inductive argument on the dimension,
if there exists a point zp in (C*)™ such that P(zy) = 0, then P = 0 on C”. This implies
the assertion of the lemma. g

REMARK 13.3. In Lemma 13.2, “plurisubharmonic” cannot be replaced by “prop-
erty PS”. Consider the polynomial: P(z,2) = (|21]? — |22]?)? + |21/8|22/8. Tt is easy to
see that P satisfies property PS at 0 but P is degenerate.

13.2. Construction of canonical coordinates.
Let us show the following theorem, which implies that the equality (1.3) holds in
the pseudoconvex Reinhardt case.

THEOREM 13.4. If p is a boundary point of a pseudoconvexr Reinhardt domain )
with smooth boundary, then there exists a canonical coordinate for 0 at p.

PROOF. An important part of construction of a canonical coordinate has already
been done in [14]. Refer for a substantial construction to [14].
Let Q be in C"*1. Denote Z; = {(21,...,2n41) EC""1 1 2; =0} forj=1,...,n+1.
Let Z2 = U;L;rll Z;. We define the holomorphic mapping as
L*(z1,...,2n41) := (log 21, ..., log zpn41),

where the logarithm takes the principle branch, and L* is defined locally near every point
of C"\ Z.
We divide the proof into two cases.

Generic case: Let us first consider the case where p € 9Q \ Z. As is well-known,
L*(09Q \ Z) is the boundary of a convex domain. This fact shows that this case is
contained in [29], [4] or in the semiregular case in Section 12.

The other case:  Let us consider the case where p € 92N Z. It has been shown
in [14] that there exists a coordinate (z1, ..., z,, () near p such that p = (0,...,0,1), on
which 0Q can be expressed as log|(| + F(z,%Z) = 0, where z = (21, ...,2,) and F satisfies
all the properties in Theorem 13.1. By putting w = ¢ — 1, the coordinate (z,w) is a
desired canonical coordinate around (0,0). Indeed, 99 can be locally expressed on (z, w)
near the origin as Re(w) + F(z,Z) + Ra(w,w) = 0, where Ry is a smooth function of
w satisfying Ro(w) = (Jw|?). Therefore, Theorem 13.1 implies that (z,w) is a canonical
coordinate for Q2 around p. g
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REMARK 13.5. In the semiregular case, the respective Newton polyhedron essen-
tially has a very simple form (see Remark 12.4). In the Reinhardt case, the respective
Newton polyhedra may take various kinds of shapes. For example, as for the real hyper-
surface in C? defined by

|z1|6 + |Zz|6 + |2122|2 + |,23|2 —-1=0,

its Newton polyhedron at (1,0, 0) has two bounded facets. (This example is seen in [14].)

14. The case where the regular type is 4.

Let M be a real hypersurface in C**! and let p lie on M. Recently, McNeal and
Mernik [30] and D’Angelo [9] deeply investigated order of contact in the case where
AT®(M,p) = 4. Indeed, it was shown in [30], [9] that A;(M,p) = AJ™®(M,p) in (1.3)
always holds in this case under the assumption of pseudoconvexity or property PS for
M. By using the geometry of Newton polyhedra, we can see more precise geometrical
structure of these hypersurfaces in the following theorem which, in particular, implies
that the equality (1.3) holds.

THEOREM 14.1.  If a real hypersurface M C C"t! satisfies property PS at p and
A (M, p) = 4, then there exists a canonical normalized coordinate (z,w) for M at p on
which a local defining function for M can be written as in (10.1) in Lemma 10.1 with
F satisfying the following properties: F' is nondegenerate and its principal part Fy of F
(see (11.1)) can be expressed as

n

Fy(z2) = P\ Z) + Y |5 (14.1)
Jj=m+1

where m is an integer with 1 < m < n, 2’ = (21,...,2m) (when m = n, Fy(z,z) =
P(2',2")) and P is a nondegenerate polynomial of ' and z’ whose Newton diagram is of
the form:

N(P) = conv({4eq,...,4e,}). (14.2)
REMARK 14.2. The above property (14.2) is equivalent to the following conditions:
(i) P(r'/* ez ri/4ez) =rP(z,2) for all r > 0 and 2’ € C™;

(ii) P is convenient,

1/4 1/4

where r1/% @ 2/ 1= (11421, ..., 7/ %2,).

PROOF. Let (z,w) be a normalized coordinate for M with N > 4, on which a local
defining function can be expressed by using F € C§°(C™) as in (10.1) in Lemma 10.1.
From Corollary 11.5, property PSS implies that every component of coordinate of vertices
of Ny (F) is even. Moreover, the condition: A]"®(M,p) = 4 implies that the Newton
diagram N(F') is contained in the closed half space {£ € R™ : |£] < 4}. Therefore, by
simple combinatorial argument and the change of the variables if necessary, N (F) can
be essentially expressed as in a simple form:
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N(F) = conv({4ey,...,4e;,2¢e.41,...,2e,})

e &g 14.
{geRg:Zi’fZ%1}, (143)
Jj=1 j=l+1
where [ is some integer with 1 <1 <n—1. (When [ = n, N(F) = conv({4ey, ..., 4e,}).)
We only consider the case when 1 <1 < n —1. (The case when | = n can be more
easily treated.) Let k1 be the face of Ny (F) defined by x; = conv({2e;41,...,2e,}).
Then, the xki-part of F' is of the form:

Fi (2,2) = Z Cjrzizr = G(%, %),
I+1<j,k<n

where Cj), € C satisfy Cj, = Cy; for 1 +1 < j,k <mnand Z = (241, ..., 2,). There exists
a unitary linear transform U : C"~! — C"~! such that

n

GU(2),UE) = Y wlzl>  with u; € R.
j=l+1

From Proposition 11.3, property PS implies p; > 0 for j =1+1,...,n. Without loss of
generality, there exists m € {l,...,n—1} such that y; > Oifand only if j € {m+1,...,n}.
Now, we define F' € C§°(C™) as

F(ZVE) = F(Zla"'aZhU(’%)aZh"'7217U(2))'

Since the Newton diagram N (F) is also contained in the half space {¢ € R™ : |¢] < 4},
we have

N(F) = conv({4ei,...,4€m, 2€m11, - .., 2€,}). (14.4)

Let V be the set of vertices of N (F) defined by V = {4e; : j =1,...,m}. Since
the Newton diagram A (F' ) consists of only one facet which is regular, F,, must be non-
degenerate for every face k intersecting V from Lemma 4.5. On the other hand, every
face not intersecting the set V is of the form

kr =conv({2e; :je€I}) forIC{m+1,...,n}.

Since the ry-part of F' is of the form Fj,(z,2) = djer wilz;|? with p; > 0, which is
nondegenerate. We have checked the nondegeneracy condition for all the faces of N (F)
and, as a result, Fis nondegenerate.

Furthermore, we can see that the principal part of F is of the form:

FQ(Z,E) = P(Z/7?) + Z ,U/j‘zj|27 (145)

j=m+1

where 2’ = (21,...,2,) and P satisfies the properties in the theorem. After slightly
changing of scaling, we obtain an appropriate coordinate as in the theorem. O
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As a corollary of Theorem 14.1, we easily obtain the following.

COROLLARY 14.3.  If M is pseudoconvex at p and AT®(M,p) = 4, then M is of
semireqular type at p.

PRrROOF. It follows form Theorem 14.1 that the Newton diagram N (F') consists of
one facet. Moreover, from Lemma 11.1, the pseudoconvexity implies the plurisubhar-
monicities of P and Fy. These give the semiregularity of p € M. g

REMARK 14.4. It has been shown in [30] that A]*®(M,p) = 2 or 3 respectively
implies A1(M,p) = 2 or 3 without assuming properties PS (see also [23]). Even if the

pseudoconvexity is assumed, the equality (1.3) can not be generalized to the case where
AT®(M,0) =6 (see (1.10)).

REMARK 14.5.  Zaitsev ([39], Theorem 2.1) has obtained a similar result to Theo-
rem 14.1 under the pseudoconvex assumption.

REMARK 14.6. McNeal and Mernik [30] gave the following interesting example:
the real hypersurface M in C?® defined by r(z,w, z,w) = Re(w) + F(z,z) = 0 with

F(2,2) = |21|°Re(2] — 23) + |22*Re(23) — Re(2}22). (14.6)

This hypersurface does not satisfies property PS (in particular, pseudoconvexity) at the
origin. They show that A]*®(M,0) =4 but A;(M,0) = co. Let us observe this example
from our point of view. Theorem 1.3 implies that there is no canonical coordinates for
M at the origin. The Newton diagram N (F) consists of the two facets:

k1 :=conv({(4,0),(2,1)}), kg :=conv({(2,1),(0,4)}).

Notice the existence of the vertex at (2,1), which is not compatible to property PS (see
Corollary 11.5). The face k2 is not regular (the vector (3,2) determines the face x1)
and F,(z,2) = |z2|*Re(23) — Re(27%,) is degenerate, which obstructs the construction
of canonical coordinates.

15. The case of star-shaped domains.

Boas and Straube [4] not only give a simple geometrical proof of the McNeal’s result
[29] concerning the convex domains but also essentially generalize his result.

THEOREM 15.1 (Boas—Straube [4]). Let M be defined by a defining function r of
the form in (10.1) in Lemma 10.1. Suppose that there is a real interval [0,9] such that
for every fized point a = (a1,...,ay) in the unit ball in C", the function r — F(ra,ra)
is nondecreasing in [0,0). Then the singular type is equal to the line type. In particular,
the equality (1.3) holds for M at the origin.

Even if M satisfies the hypothesis in the above theorem, M does not always admit
a canonical coordinate. For example, let us consider the hypersurface defined by ry in
Remark 1.5. Indeed, it is easy to see that this hypersurface satisfies the hypothesis in
Theorem 15.1, but it does not admit any canonical coordinates.
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We remark that the hypothesis in the above theorem is not necessary for the equality
(1.3). Indeed, the hypothesis of Theorem 15.1 does not contain the semiregular property.
The Kohn-Nirenberg example in [24], which is given by r(z,w, Z, w) = Re(w) + Fi(z, Z)
where F7 is as in (3.3), does not satisfies the hypothesis under any coordinate changings,
but it has been seen that this hypersurface admits a canonical coordinate and the equality
(1.3) holds. By using results in [24], [25], Theorem 1.3 easily provides many new ex-
amples satisfying (1.3), which are not contained in the cases discussed in Sections 12-15
(see Remark 1.5 (2)).

ACKNOWLEDGEMENTS. The author is grateful to Takeo Ohsawa, Natsuki Uehara
and Yoshiki Jikumaru for many valuable comments and discussion. The author also
greatly appreciates that the referee carefully and patiently read many reviced versions of
this paper and gave many valuable comments which have greatly improved the readability
of the paper.

References

[1] V. I Arnold, S. M. Gusein-Zade and A. N. Varchenko, Singularities of Differentiable Maps I,
Monogr. Math., 82, Birkh&user, 1985.

[2] V. I Arnold, S. M. Gusein-Zade and A. N. Varchenko, Singularities of Differentiable Maps II,
Monogr. Math., 83, Birkhauser, 1988.

[3] G. Bharali and B. Stensgnes, Plurisubharmonic polynomials and bumping, Math. Z., 261 (2009),
39-63.

[4] H.P.Boasand E. J. Straube, On equality of line type and variety type of real hypersurfaces in C™,
J. Geom. Anal., 2 (1992), 95-98.

[5] D. Catlin, Necessary conditions for subellipticity of the d-Neumann problem, Ann. of Math. (2),
117 (1983), 147-171.

[6] D. Catlin, Subelliptic estimates for the d-Neumann problem on pseudoconvex domains, Ann. of
Math. (2), 126 (1987), 131-191.

[7] J. P. D’Angelo, Real hypersurfaces, orders of contact, and applications, Ann. of Math. (2), 115
(1982), 615-637.

[8] J.P. D’Angelo, Several Complex Variables and the Geometry of Real Hypersurfaces, Stud. Adv.
Math., CRC Press, 1993.

[9] J.P.D’Angelo, A remark on finite type conditions, J. Geom. Anal., 28 (2018), 2602-2608.

[10] B.-Y. Chen and S. Fu, The reproducing kernels and the finite type conditions, Illinois J. Math.,
56 (2012), 67-83.

[11] B.-Y. Chen, J. Kamimoto and T. Ohsawa, Behavior of the Bergman kernel at infinity, Math. Z.,
248 (2004), 695-708.

[12] K. Diederich and G. Herbort, Pseudoconvex domains of semiregular type, In: Contributions to
Complex Analysis and Analytic Geometry, Aspects Math., E26, Friedr. Vieweg, Braunschweig,
1994, 127-161.

[13] J. E. Forneess and B. Stensgnes, Maximally tangent complex curves for germs of finite type C*
pseudoconvex domains in C3, Math. Ann., 347 (2010), 979-991.

[14] S. Fu, A. V. Isaev and S. G. Krantz, Finite type conditions on Reinhardt domains, Complex
Variables Theory Appl., 31 (1996), 357-363.

[15] T. Fukui, Lojasiewicz type inequalities and Newton diagrams, Proc. Amer. Math. Soc., 112 (1991),
1169-1183.

[16] R. C. Gunning, Lectures on Complex Analytic Varieties: The Local Parametrization Theorem,
Math. Notes Princeton Univ. Press, Princeton, NJ, 1970.

[17] G. Heier, Finite type and the effective Nullstellensatz, Comm. Algebra, 36 (2008), 2947-2957.

[18] I. A. Ikromov and D. Miiller, Fourier Restriction for Hypersurfaces in Three Dimensions and
Newton Polyhedra, Ann. of Math. Stud., 194, Princeton Univ. Press, Princeton, NJ, 2016.


https://doi.org/10.1007/978-1-4612-5154-5
https://doi.org/10.1007/978-1-4612-3940-6
https://doi.org/10.1007/s00209-008-0312-y
https://doi.org/10.1007/s00209-008-0312-y
https://doi.org/10.1007/BF02921382
https://doi.org/10.2307/2006974
https://doi.org/10.2307/2006974
https://doi.org/10.2307/1971347
https://doi.org/10.2307/1971347
https://doi.org/10.2307/2007015
https://doi.org/10.2307/2007015
https://doi.org/10.1201/9780203739785
https://doi.org/10.1201/9780203739785
https://doi.org/10.1007/s12220-017-9921-1
https://doi.org/10.1215/ijm/1380287460
https://doi.org/10.1215/ijm/1380287460
https://doi.org/10.1007/s00209-004-0676-6
https://doi.org/10.1007/s00209-004-0676-6
https://doi.org/10.1007/978-3-663-14196-9_5
https://doi.org/10.1007/978-3-663-14196-9_5
https://doi.org/10.1007/978-3-663-14196-9_5
https://doi.org/10.1007/s00208-009-0462-1
https://doi.org/10.1080/17476939608814973
https://doi.org/10.1080/17476939608814973
https://doi.org/10.1090/S0002-9939-1991-1065945-5
https://doi.org/10.1090/S0002-9939-1991-1065945-5
https://doi.org/10.1080/00927870802110342
https://doi.org/10.1515/9781400881246

9]
[20]
[21]
[22]
[23]
[24]
[25]
[26]
[27]
28]

29]
(30]

[31]
[32
133
[34]
[35]
[36]
[37]
3]
[39]

[40]

Newton polyhedra and order of contact 39

Y. Jikumaru, Master thesis (Japanese), Kyushu Univ., 2017.

J. Kamimoto, Newton polyhedra and the Bergman kernel, Math. Z., 246 (2004), 405-440.

J. Kamimoto, A sufficient condition for equality of regular type and singular type of real hyper-
surfaces, to appear in Surikaisekikenkytusho Kokyuroku.

J. Kamimoto and T. Nose, Newton polyhedra and weighted oscillatory integrals with smooth
phases, Trans. Amer. Math. Soc., 368 (2016), 5301-5361.

J. J. Kohn, Subellipticity of the &-Neumann problem on pseudo-convex domains: sufficient condi-
tions, Acta Math., 142 (1979), 79-122.

J. J. Kohn and L. Nirenberg, A pseudo-convex domain not admitting a holomorphic support
function, Math. Ann., 201 (1973), 265-268.

M. Kola#, Convexifiability and supporting functions in C2, Math. Res. Lett., 2 (1995), 505-513.
A. G. Kouchnirenko, Polyedres de Newton et nombres de Milnor, Invent. Math., 32 (1976), 1-31.
B. Lichtin, Estimation of Lojasiewicz exponents and Newton polygons, Invent. Math., 64 (1981),
417-429.

M. Lejeune-Jalabert and B. Teissier, Cloture intégrale des idéaux et équisingularité, Ann. Fac. Sci.
Toulouse Math. (6), 17 (2008), 781-859.

J. D. McNeal, Convex domains of finite type, J. Funct. Anal., 108 (1992), 361-373.

J. D. McNeal and L. Mernik, Regular versus singular order of contact on pseudoconvex hypersur-
faces, J. Geom. Anal., 28 (2018), 2653-2669.

J. D. McNeal and A. Némethi, The order of contact of a holomorphic ideal in C2, Math. Z., 250
(2005), 873-883.

M. Oka, Non-Degenerate Complete Intersection Singularity, Actualités Math., Hermann, Paris,
1997.

G. Oleksik, The Lojasiewicz exponent of nondegenerate surface singularities, Acta Math. Hungar.,
138 (2013), 179-199.

D. H. Phong and E. M. Stein, The Newton polyhedron and oscillatory integral operators, Acta
Math., 179 (1997), 105-152.

N. Uehara, Master thesis (Japanese), Kyushu Univ., 2013.

J. Y. Yu, Multitypes of convex domains, Indiana Univ. Math. J., 41 (1992), 837-849.

J. Y. Yu, Peak functions on weakly pseudoconvex domains, Indiana Univ. Math. J., 43 (1994),
1271-1295.

A. N. Varchenko, Newton polyhedra and estimation of oscillating integrals, Functional Anal. Appl.,
10 (1976), 175-196.

D. Zaitsev, A geometric approach to Catlin’s boundary systems, Ann. Inst. Fourier (Grenoble),
69 (2019), 2635—-2679.

G. M. Ziegler, Lectures on Polytopes, Grad. Texts in Math., 152, Springer-Verlag, New York,
1995.

Joe KAMIMOTO

Faculty of Mathematics

Kyushu University

Motooka 744, Nishi-ku

Fukuoka 819-0395, Japan

E-mail: joe@math.kyushu-u.ac.jp


https://doi.org/10.1007/s00209-003-0554-7
https://doi.org/10.1090/tran/6528
https://doi.org/10.1007/BF02395058
https://doi.org/10.1007/BF01428194
https://doi.org/10.4310/MRL.1995.v2.n4.a10
https://doi.org/10.1007/BF01389769
https://doi.org/10.1007/BF01389274
https://doi.org/10.1007/BF01389274
https://doi.org/10.5802/afst.1203
https://doi.org/10.5802/afst.1203
https://doi.org/10.1016/0022-1236(92)90029-I
https://doi.org/10.1007/s12220-017-9926-9
https://doi.org/10.1007/s00209-005-0781-1
https://doi.org/10.1007/s00209-005-0781-1
https://doi.org/10.1007/s10474-012-0285-5
https://doi.org/10.1007/s10474-012-0285-5
https://doi.org/10.1007/BF02392721
https://doi.org/10.1007/BF02392721
https://doi.org/10.1512/iumj.1992.41.41044
https://doi.org/10.1512/iumj.1994.43.43055
https://doi.org/10.1512/iumj.1994.43.43055
https://doi.org/10.1007/BF01075524
https://doi.org/10.1007/BF01075524
https://doi.org/10.5802/aif.3304
https://doi.org/10.5802/aif.3304
https://doi.org/10.1007/978-1-4613-8431-1
https://doi.org/10.1007/978-1-4613-8431-1

