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Deeply concatenable subgroups might never be free
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Abstract. We show that certain algebraic structures lack freeness in
the absence of the axiom of choice. These include some subgroups of the
Baer—Specker group Z“ and the Hawaiian earring group. Applications to
slenderness, completely metrizable topological groups, length functions and
strongly bounded groups are also presented.

1. Introduction.

The axiom of choice has been an essential tool in understanding uncountable groups.
It is used in producing nonconstructive homomorphisms, selecting Hamel bases, and
determining the freeness of certain groups. We explore some algebraic consequences that
hold under an alternative to this axiom.

Let ZF denote the Zermelo—Fraenkel axioms of set theory and ZFC denote ZF plus
the axiom of choice. For sets X and Y we write | X| < |Y] if there is an injection from
X to Y. The axiom of choice is equivalent to the assertion that for any sets X and
Y at least one of |X| < |[Y] or [Y] < |X]| holds. Recall that the aziom of dependent
choice, denoted DC, is the statement that if R is a binary relation on a set X # ()
such that (Vx)(Jy)(xRy), there exists a sequence {z, }necw such that z, Rz,1 for all n.
Consequences of DC include the axiom of countable choice as well as the assertion that
for any set X at least one of |w| < |X]| or |X| < |w| holds. Clearly DC is a consequence
of the axiom of choice.

We will utilize DC in conjunction with an assertion that the abstract set theory
of the Cantor set 2¥ is inextricably tied to topology. The precise formulation of this
assertion is that all subsets of 2 have the Baire property (see Section 2). Let (%) denote
the theory ZF + DC + “Every subset of 2“ has the Baire property.” In his celebrated
work [20] Solovay showed that (x) is consistent provided one assumes the existence of an
inaccessible cardinal. The second author showed in [18] that ZF is equiconsistent with
(%). Almost all consequences of (x) in this note are known to be false under ZFC and so
all such consequences are independent of ZF + DC.

In Section 2 we establish the first of the main results. The notions g, N\, 1¢ and
deeply concatenable are defined in Section 2 immediately before the proof of Theorem A.
They essentially state that any subsequence may be concatenated in such a way that the
product is a well defined limit in the group (Definitions 2.6 and 2.7).
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THEOREM A. (x) The following hold:

1. Suppose G is a Hausdorff topological group, g, \( lg and ¢ : G — H is a homo-
morphism. If the g, are not eventually in ker(¢), then |2¥| < |H]|.

2. Suppose (I, )new s deeply concatenable for a subgroup K < m(X,z) and¢ : K — H
is a homomorphism. If the [l,,] are not eventually in ker(¢), then |2¢| < |H|.

If one defines a deeply concatenable subgroup of a fundamental group to be one for which
a nontrivial deeply concatenable sequence exists, then Theorem A (2) implies the title of
this article. We shall refrain from pinning down such a definition, preferring to leave the
title as an aphorism and treating our various results as instances. Another immediate
consequence of Theorem A is a strong affirmative answer to a question of Cannon and
Conner regarding fundamental groups (Corollary 2.10).

In Section 3 further consequences of Theorem A are presented. We recover the
result of Blass [2] that the group of bounded sequences in Z¥, classically known to be
free abelian under ZFC [15], is not free under (x). Additionally, two subgroups of the
Hawaiian earring group fail to be free under (x). These are the so-called non-abelian
Specker group [22] and the subgroup of scattered words [3], both of which are free
assuming choice (for a succinct proof of these facts see [8]).

Theorem A also has applications to the theory of slender groups. A consequence of
(x) is that every nonslender abelian group A satisfies |2¢| < |A| (Theorem 3.6). Contrast
this with the situation under the axiom of choice: any group including Q or torsion fails
to be slender. The comparable statement and contrast hold for the noncommutatively
slender groups.

In Section 4 we prove a result which is similar in flavor to Theorem A:

THEOREM B. (%) The following hold:

1. Suppose G is a Hausdorff topological group, g, \y 1¢ and L is a length function on
G (see Definition 4.1). The sequence (L(gn))new 8 bounded.

2. Suppose (Ip)new is deeply concatenable for K < m (X, ) and L is a length function
on K. The sequence (L([l,]))new s bounded.

One consequence of Theorem B is that () implies that the class of strongly bounded
groups (see [6]) is closed under countable products.

2. Theorem A and some consequences.

We give a brief review of some topological concepts (see [21]). If X is a topological
space, we say Y C X is nowhere dense in X provided the closure of Y has empty interior.
A set Y C X is meager in X if Y is a union of countably many nowhere dense subsets of
X,and Y C X is comeager in X provided X \ 'Y is meager in X. Furthermore, Y C X
has the Baire property provided there exists an open set U C X such that the symmetric
difference YAU = (Y UU) \ (Y NU) is meager in X. A space in which a countable
intersection of dense open sets is dense is a Baire space. A nonempty open set in a Baire
space cannot be meager.
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A space is Polish if it is separable and completely metrizable. Polish spaces are
second countable and are Baire spaces by Theorem 2.1 below. The Cantor space 2“ =
{0, 1}* consisting of all sequences of 0s and 1s, topologized by the product topology on the
discrete space {0, 1}, is an example of a Polish space. The metric d(og,01) = (min{n € w |
oo(n) # o1(n)}) ! is a complete metric which generates the topology on 2 and the set
of eventually 0 sequences is a countable dense subset. A basis for the topology is given by
the collection of open sets of form U((sq,...,S$m—-1)) = {0 € 2¥ | (VkE <m)(o(k) = si)}.
By interspersing coordinates it is easy to see that 2“ is homeomorphic to the space
29 x 2%,

We state some classical theorems that will be used in our proof of Theorem A. As
indicated, each of these results is a consequence of ZF 4+ DC. Theorem 2.1 is standard;
a proof can be found in [21, Theorem 2.2.5]. Theorem 2.2 appeared in [12] and a proof
can be found in [21, Theorem 3.5.16]. Theorem 2.3 essentially comes from [13] and a
short proof is given in [21, Theorem 5.13.10].

THEOREM 2.1 (ZF 4+ DC). Completely metrizable spaces are Baire spaces.

THEOREM 2.2 (ZF + DC). Let X,Y be second countable Baire spaces. If A C
X XY has the Baire property, then the following are equivalent:

1. A is meager in X XY,
2. {zeX|{yeY | (x,y) € A} is meager in Y} is comeager in X.

THEOREM 2.3 (ZF + DC). If X is a Polish space and E C X x X is a meager
equivalence relation, then 2% injects into the set of equivalence classes of E.

DEFINITION 2.4. We say an equivalence relation E C 2 x 2 satisfies (1) if [{n €
w: og(n) # o1(n)} =1 implies ~(cgFoy) (see [19].) If E is an equivalence relation on
2% and o € 2¥, we let E, denote the equivalence class of o.

LEMMA 2.5. (%) If E C 2% x 2% satisfies (T), then |2¢| < |{Es}oe2].

PROOF. Assume (x) and that £ C 2¢ x 2¢ is an equivalence relation which satisfies
(f). Suppose E, is not meager for some o € 2¥. By (x), E, has the Baire property and
we obtain a basic open set U = U({sg,...,8,—1)) C 2% for which U \ E, is meager
in 2. The involution homeomorphism f : 2¢ — 2“ obtained by switching the n-th
coordinate has f(U) = U and preserves meagerness. Since U \ E, is meager in 2%, so is
fU\NE,;)=UN\ f(E;). Then (U\ E,)U U\ f(Ey;)) =U\ (E, N f(E,)) is also meager
in 2¥. However, (1) implies E, N f(FE,) = 0, so that U is meager in 2¥. This contradicts
the Baire category theorem for complete metric spaces.

Thus each equivalence class F, is meager, and since F has the Baire property in
2¢¥ x 2¥ we see that F is meager by Theorem 2.2. By Theorem 2.3, we get |2¢| <
{Eo}oerel. O

DEFINITION 2.6.  Given a sequence of group elements (g, )new. in a Hausdorff topo-

logical group G, we write g, \, 1¢ if for each o € 2% the sequence (gg(o) EE gz(,nl_l))new
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converges. By the Hausdorff condition, the limit of such a sequence is unique. When
o(0) o(n—1)
ceg

gn \ lg and o € 2% we write g7 = lim, 00 gg 1

DEFINITION 2.7. Given a topological space X and a sequence of loops (I)new
based at x € X, we write [,, \, z if for every neighborhood U of = the [,, eventually have
images inside of U. In other words, (VU)(IN € w)(Vn > N)(1,([0,1]) C U) where U is
taken to range over open neighborhoods of z. Given a loop [ at « we define for ¢ € {0,1}
the loop [% : [0,1] — X to be the constant loop at x if i = 0 and to be [ otherwise. Given
a sequence (I)ne, such that I, \, x and o € 2¢, we obtain a loop {? by letting

Mt 1) +2) ifte [1—i 1—L]

°(t) = on’ on+l
T ift=1

The loop [ may be regarded as an infinite concatenation of the sequence of loops
(lg("))new since it passes through the loop ZU(O) over the interval [0,1/2], through the
loop ll( ) over the interval [1/2,3/4], etc. If 1, \y z and K < 71 (X, z), we say (In)necw is

deeply concatenable for K provided [I7] € K for all o € 2¥.

PROOF.  (of Theorem A) We prove (2) and the claim in (1) follows along almost
precisely the same argument. Assume the hypotheses. Any subsequence of (1), e, must
also be deeply concatenable for K < 71(X, ), and so without loss of generality we may
assume that [I,,] ¢ ker(¢) for all n € w. Define E C 2% x 2% by letting oo Foy if and only
if ¢([i7°]) = ¢([I°*]). We show E satisfies () and conclude by applying Lemma 2.5.

Supposing og and o7 differ at precisely the n-th coordinate and letting 7 € {0, 1}*
be given by 7(m) = o(n + m + 1), we notice that

3([17°]) = o([1g*” 5 -+ 172GV ([17])

and

B = o+ -+ + L1 DU Do)
SRR AR ()

and if 0y Eoy we cancel on the left and right by ¢([15°® «- - -x17°®71]) and ¢([I7]) respec-

tively and see that ¢([I ZO(n)]) = qb([lzl(n)]). Thus [l,] € ker(¢), contrary to assumption.
Then F satisfies (}). O

THEOREM 2.8. (%) If G is a completely metrizable group and ¢ : G — H does not
have open kernel, then |2¢| < |H].

PROOF. Let ¢ : G — H be a homomorphism such that ker(¢) is not open. Let d
be a complete metric compatible with the topoogy of G. Let gy € G \ ker(¢). Select a
neighborhood U; of 14 such that g € U; implies both

M\H

d(909, 90) <
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and

1

Select g1 € Uy \ ker(¢). Select open neighborhood Us of 1¢ such that g € Us implies
all of the following:

d(90919, 9091) <

d(909, 90) <

d(g19,91) <

N N N e

d(gv 1G) <

and select go € Us \ ker(¢). In general, assuming we have selected go,...,g,—1 and
Uy, -+ ,U,—1 in this way, we select open neighborhood U, of 15 such that g € U,
implies that for all (sg, s1,...,s,—1) with s; € {0,1} we get

n—1

d(gel gyt - 9y g, 95095 g t) <277

and select g, € U, \ ker(¢). For every o € 2* the sequence (gg(o) . -gZ(n))new is Cauchy,
and therefore convergent. Then g, \, l¢ and g, ¢ ker(¢). We finish by applying
Theorem A part (1). O

A further consequence of Theorem A is the following:

COROLLARY 2.9. (x) Suppose X is a space which is first countable at x € X.
Suppose also that for the homomorphism ¢ : (X, x) — H there is no neighborhood U
of © for which each loop | at x in U satisfies [I] € ker(¢). Then |2¢] < |H].

PROOF.  Assume the hypotheses. Let (U,)ncw be a basis of open neighborhoods
at z. For each n € w select I, with image in U,, and [I,,] ¢ ker(¢). We have I, \, z and
certainly (I,,)new 18 deeply concatenable for w1 (X, x). Apply Theorem A part (2). d

James Cannon and Greg Conner have asked the following:

If X is a separable, locally path connected metric space and there exists v € X at
which there is an essential loop which may be homotoped fixing the endpoints at x to have
arbitrarily small diameter, is it the case that m (X, x) is uncountable?

The second author of this paper answered this question in case X is a Peano continuum
[19] and the proof generalizes to Polish spaces. Though this problem is open as of this
writing even in the case X is Borel, we get the following strengthening of the affirmative
answer under (x):
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COROLLARY 2.10. (%) If X is first countable at x and each neighborhood of x
contains an essential loop at x, then |2¥| < |m (X, z)|.

Proor. Apply Corollary 2.9 to the identity map 71 (X, z) — 71 (X, z). O

3. Unfreeness and slenderness.

We give further consequences of Theorem A which are related to algebraic freeness
and to slenderness. Under the algebraic freeness theme, a subgroup of Z“ as well as two
subgroups of the Hawaiian earring group are shown not to be free if one assumes (x).
Similarly, numerous subspaces of Q“ are shown not to have a Hamel basis. Assumption
(*) also implies that (noncommutatively) slender groups must be uncountable. We begin
with the straightforward:

PROPOSITION 3.1. (%) The following hold:

1. If G is a Hausdorff topological group, g, \, lg with g, # lg for all n € w, and
H < G is countable such that {gn}new C H, then H is not a retract of G.

2. If (In)new is deeply concatenable for K < m (X, x), the [l,] are each nontrivial, and
H < K is countable such that {[l,]}new C H, then H is not a retract of K.

PROOF. In either case the retraction would imply a contradiction to Theorem
A. O

We recall the definition of a graph product of groups (see [10]). Let I' = (V, E) be
a graph (we allow the sets of vertices and edges to be of arbitrary cardinality but do not
allow an edge to connect a vertex to itself) and to each vertex v € V' we associate a group
G,. The graph product I'({G, },ev ) is defined by taking the quotient of the free product
*,cv Gy by the normal closure of the set {[gy,, gvl]}gvoeGuO,gvlEGUI,{vo,m}eE’- Thus free
products of groups and direct sums of groups are examples of graph products of groups,
with the graphs having either no edges or being complete in the respective cases. A
graph product is a right angled Artin group if G, ~ Z for all v € V.

COROLLARY 3.2.  (x) The following hold:

1. If G is a Hausdorff topological group, g, \ lg with g, # 1lg for alln € w, then G
is mot a graph product of countable groups.

2. If (In)new is deeply concatenable for K < 71 (X, z) and the [l,] are each nontrivial,
then K is not a graph product of countable groups.

3. Suppose {Hpm}mew is a collection of groups and (hm)m € [Lne, Hm is such that
hm # lg, . There does not exist a right angled Artin group K < ][] H,,

mew

including the set of sequences {(hfn(m))mew}aezw.

PrOOF. We prove the claim in (2) and the proof for (1) is completely analogous.
Assume the hypotheses for (2) and imagine for contradiction that K is a graph product of
countable groups, say K ~ I'({G, },ev) with each G, countable. For each n € w we have
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a finite subset V;,, € V' for which [I,,] € I'({Gy}vev, ). The subgroup I'({Gu}vey . v,)

is a countable retract of K, contradicting Proposition 3.1.

For (3) we endow [], .. Hy, with the topology of coordinate wise convergence (a
sequence of elements in [, .. H,, converges if and only if each coordinate eventually
stabilizes). Define g, € ] H,, by

new

mew

hy, ifm=n
gn(m) = .
lg,, otherwise .

Supposing K to be a right-angled Artin group including {(hfn(m))mew}”egw, we endow
K with the subspace group topology. It is clear that g, \, 1x in K and g, # 1k and
we obtain a contradiction to (1). O

Next we consider the subgroup B C Z“ whose elements are the bounded sequences.
That this group is free abelian follows from the axiom of choice (see [15]). Specker had
an earlier proof that this group is free abelian, but assumed the continuum hypothesis
[17]. The group Z* is itself not free abelian, and this can be proved from ZF + DC (see
[17] or [9]). The next result was first given by Blass [2]:

THEOREM 3.3. (%) The group B is not free abelian.

PrROOF. Consider the element (1),e., € Z* (here we are using additive notation)
and apply Corollary 3.2 (3). O

In this same spirit, we give a result expressing the inability to select a Hamel basis
for certain vector spaces over Q.

THEOREM 3.4. (%) Let f € Q¥ be a positive function. The following groups cannot
be expressed as a direct sum @, ; Q:

1. Qv.
2. The subgroup in Q¥ of all sequences (hm)mew for which |hy,| is O(f).
3. The subgroup in Q¥ of all sequences (hm)mew for which |hy,| is o(f).

PrOOF. We prove (3) and the same proof applies to (1) and (2). Let the group in
question be denoted G. For each n € w let

B {f(m)/m ifm=mn
gn =

0 otherwise .

Endowing G < Q% with the topology of coordinate wise convergence with each coordinate
having the discrete topology, we see that g, \, Og and g, # Og for all n € w. Apply
Corollary 3.2 (1). O

We give some background on the Hawaiian earring group so as to state and prove a
non-abelian analogue of Theorem 3.3. The interested reader may consult [3] or [7] for a
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more in depth exposition of the Hawaiian earring group. Let {a}!},c. be a countably
infinite set with formal inverses. A function W : W — {a*'}, ., from a countable totally
ordered set W is a word if for each n € w the set W~1({a;'}) is finite. For two words
U and V we write U = V if there exists an order isomorphism of the domains of each
word f : U — V such that U(i) = V(f(i)). We use W to denote a selection from each =
equivalence class. For each N € w there is a projection map py to the set of finite words
given by letting pxy(W) =W | {i € W : W (i) € {aF'})_,}. For words U,V € W we
let U ~ V if for each N € w we have pn(U) = py(V) in the free group F({ao,...,an}).
This is an equivalence relation. For each word U there is an inverse word U~! whose
domain is the totally ordered set U under the reverse order and U~'(i) = (U(i))~!.
Given two words U,V € W there is a natural way to form the concatenation UV. One
takes the domain of UV to be the disjoint union of U with V, with order extending that
of U and V and placing all elements of U before those of V, and

UV = {U(i) ifiel

V(@) ifieV.
The set W/ ~ now has a group structure with binary operation [U][V] = [UV], inverses
defined by [U]~! = [U~!] and the trivial element given by the equivalence class of the
empty word FE.

Let HEG denote the group W/ ~. The free group F'({ao,...,an}), which we shall
denote HEG y, may be thought of as a subgroup in HEG in the obvious way. Moreover,
the word map py defines a group retraction HEG — HEGy which we denote py by
abuse of notation. A word W € W is reduced if W = UV X with V ~ E implies V = E.
Each class [U] € HEG has a unique reduced representative W [7, Theorem 1.4].

We highlight two subgroups of HEG. The first subgroup, denoted BD, consists
of those elements [W] € HEG for whose reduced word representative W there exists a
number N € w such that for every n € w we have [{i € W | W (i) € {af'}}| < N.
This group was introduced by Zastrow in [22] as an analogue to the abelian group B and
shown to be a free group using the axiom of choice. The second subgroup of HEG, which
we denote SCAT, consists of those elements of HEG whose reduced word representative
has domain of scattered order type (i.e. contains no densely ordered subset with more
than one element). This subgroup was studied in [3] and shown therein to be a free
group under ZFC.

THEOREM 3.5.  (x) Neither BD nor SCAT is free.

PrROOF. Let Red(W) denote the finite reduced word representative of an element
[W] € HEGy. By how the relation ~ was defined, each element [W] € HEG is uniquely
determined by the sequence (Red(px(W)))neo. Letting F be the inverse limit Iim HEG v
given by homomorphisms py11 : HEGy41 — HEGy, we immediately see that HEG is
a subgroup of F' via the monomorphism [W] — (Red(py(W)))new. Topologize F by
coordinate wise convergence.

For each n € w let g, € HEG be the word a,, so g, is represented in F by the
sequence (Un ) new Where
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UanE

)

a, ifn>N
E  otherwise .
It is easy to see that g, # 13 for all n and that g,, \, 1#; for each o € 2¢ the element
g is represented by the word of either w or finite order type given by aj®a?™ ..
particular each such word g7 is an element of SCAT and of BD. We finish by applying

Corollary 3.2 (1). O

.. In

Recall that an abelian group A is slender if for every homomorphism ¢ : Z¥ — A
there exists N € w such that ¢ = ¢ o projy where projy : Z — Hﬁ:ol Z x (0)2°_  is the
retraction which projects to the first NV coordinates. It is a classically known consequence
of ZFC that a group is slender if and only if it is torsion-free and does not contain an
isomorph of Q, Z* or the p-adic integers J, for some prime p (see [16]).

More generally a group H is noncommutatively slender (or n-slender) provided for
every homomorphism ¢ : HEG — H there exists N € w such that ¢ = ¢ o py, where
pn : HEG — HEGy is the retraction described earlier. Free groups [11], Baumslag—
Solitar groups [14] and torsion-free word hyperbolic groups [4] are examples of n-slender
groups. Assuming the axiom of choice, n-slender groups can not include torsion or a
subgroup isomorphic to Q [7].

THEOREM 3.6. (%) If A fails to be slender, then |2¢| < |A|. Also, if H fails to be
n-slender then [2¢| < |H|.}

PROOF. For the first claim, we notice that the group Z* is a Polish group under
coordinate wise convergence. Supposing A is not slender, we get a homomorphism ¢ :
Z* — A which does not have open kernel. By Theorem 2.8 we see [2¥]| < |A|.

For the second claim, suppose H is not n-slender and let ¢ : HEG — H witness.
Topologize HEG under coordinate wise convergence. For each n € w we get an element
(WnNn)New € HEG < F such that Wy, = E for N < n and (Wy ) Nvew ¢ ker(¢). Now
(WNn)New N\ E and by Theorem A (1) we have |2¥| < |H]|. O

One can similarly say a group H is completely metrizable slender (or cm-slender)
if any homomorphism from a completely metrizable group to H has open kernel [5].
Theorem 2.8 states precisely that if H is not cm-slender then |2¢| < |H|.

4. Deep boundedness for length functions.

We restate and prove Theorem B, first recalling the following definition:

DEFINITION 4.1. A length function on a group G is a function L : G — [0, 00) such
that

1. L(lg) =0,
2. L(g) = L(g7"),

IThe referee has pointed out that a similar proof of the slenderness of Q under the axiom of determinacy
was announced by Burkhard Wald during the Overwolfach conference in 1989.
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3. L(gh) < L(g) + L(h).
THEOREM B. (%) The following hold:

1. Suppose G is a Hausdorff topological group, g, \ 1g and L is a length function on
G. The sequence (L(gn))new s bounded.

2. Suppose (Ip)new is deeply concatenable for K < m (X, x) and L is a length function
on K. The sequence (L([l4]))new s bounded.

PROOF. We prove part (2) and the proof of part (1) is entirely analogous. Sup-
pose the conclusion fails. By selecting a subsequence if necessary, we may assume that
L([lp]) > 1 and that L([l,,]) > n + Zz::lo L([lm]). Letting J, = {o € 2¥ | L([I°]) < n},
we have (J, ¢, Jn = 2¥. As the J,, all have the Baire property and (J, ,, J» = 2¢, there
exists some J, which is not meager. Select a basic open set U = U(sg, ..., Sx—1) such
that U \ E,, is meager in 2. Let F denote the set of finite subsets of [k, 00) Nw. For
each F' € F we let fp : 2¥ — 2“ be the homeomorphism that switches precisely the
coordinates in F. Certainly fp(U) = U for all F € F. We have U \ fr(E,) meager for
each F' € F. Then U \ (Npcr fr(En)) is meager in 2“ as a countable union of meager
sets. As U is not meager, we see that U N(\pcr fr(Ey,) is nonempty and let o be an
element thereof.

Select N > 2n + an_:lo L([l;m]). As frny(o) € Jn we may assume without loss of
generality that o(IN) = 1. Let 7 € 2* be the sequence

(m) 0 ifm<N+1
T(m) =
o(m) fN+1<m.

Notice that [I9] = [lg(o) ERRRES l;:,(ivl_l)}[lj\r}[lﬂ. Let F ={k<q¢< N |o(q) =1}. We also
have

(1= 05 e w EETO) R )

and therefore

Thus it follows that
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whence N < 2n + an;lo L([l;n]), a contradiction. O

We point out that the sequence (L(gy))new in Theorem B needn’t go to zero, even
assuming (x). To see this simply consider the length function on R which assigns length
1 to every non-identity element.

THEOREM 4.2. (%) If G is a completely metrizable topological group and L : G —
[0,00) a length function, there exist an open neighborhood U C G of 1g and N € w such
that g € U implies L(g) < N.

PRrROOF. The proof will be similar to that of Theorem 2.8. Let d be a complete
metric compatible with the topology on G. Suppose the conclusion is false. Select gy € G
such that L(gog) > 1. Pick a neighborhood U; of 1¢ for which g € U; implies both

1
d(909: 90) < 5
1
Pick g1 € Uy such that L(g1) > 2. In general, assuming we have selected go, ..., gn-1
and Uy, -+ ,U,—_ in this way, we select open neighborhood U,, of 1¢ such that g € U,
implies that for all (sg, s1,...,s,—1) with s; € {0,1} we get

d(go° gy - 90 1 9, 90°91" g nt) <277

and select g, € U, such that L(g,) > n + 1. For every o € 2“ the sequence
( gg(O) oM

“+gn' )new 1s Cauchy, and therefore convergent. Then g, N\, 1g. We finish

by applying Theorem B part (1) for a contradiction. O

Theorem 4.2 allows us to show that no infinite product over Q has a Hamel basis
when (x) is assumed, improving Theorem 3.4 part (1):

COROLLARY 4.3. (%) If X is infinite, then QX is not isomorphic to a direct sum

Dies Q-

PROOF. Suppose for contradiction that ¢ : QX — P,c; Q is an isomorphism. By
DC welet f : w — X be an injection, which in turn gives a monomorphism ¢ : Q — QX
by letting a sequence o : w — Q be taken ¢;(c) : X — Q defined by

o(n) ifz= f(n)
¢1(9)(@) {0 otherwise .
Defining L : Q¥ — [0, c0) to be the sum of the absolute values of the coordinates of ¢po¢y,
we get that L is a length function, and in fact a vector space norm. Topologizing each
coordinate discretely we topologize Q“ by coordinate wise convergence, we have that
this group topology is completely metrizable. By Theorem 4.2 we have a neighborhood
of identity whose elements have a uniformly bounded length. Then for some N, M € w
every element of Q¥ whose first N coordinates are 0 has length at most M. But this
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requires that the sequence o € Q¥ whose first N coordinates are 0 and the rest of whose
coordinates are 1 must have length 0, for otherwise we could select a P € w large enough
that Po has length greater than M. This is a contradiction to the fact that L is a vector
space norm. O

COROLLARY 4.4. () If G is a completely metrizable topological group and (Gp)new
is a sequence of subgroups such that G, < Gpy1 and ., Gn = G, then the G, are
eventually clopen.

PROOF.  Assume the hypotheses. Let L : G — [0, 00) be the length function given
by L(g) = min{n € w | g € Gy, }. By Theorem 4.2 there exists a neighborhood U of 14
and N € w for which g € U implies L(g) < N. Then U C Gy. Since Gy = UgEGN qU,
we have Gy open, and considering the left cosets of Gx we see that G\ G is also open.
Similarly n > N implies G,, is clopen. |

Recall that a group G has w-cofinality if there exists a strictly increasing sequence of
subgroups {Gy, }ne for which G =, ., Grn. From Corollary 4.4 we see that under (x)
a countable product of finitely generated groups does not have w-cofinality. In particular
Z* would not have w-cofinality. In contrast, the axiom of choice produces an epimorphism
from Z% to Q.

We have the following direct corollary to Theorem B:

COROLLARY 4.5. (%) Let X be first countable at x € X and L : m (X, z) — [0, 00)
be a length function. There exists a neighborhood U of x and N € w such that for any
loop 1 at x with image in U we have L([l]) < N.

PrOOF. Let (Up)new be a nesting basis of open neighborhoods of z. Supposing
the claim is false, we obtain a sequence of loops (I;,)necw at  with the image of I,, included
in Uy, and L([l,,]) > n+ 1. Certainly (1, )new is deeply concatenable for m (X, z) and we
get a contradiction to Theorem B part (2). O

Corollary 4.5 implies the following fact:

COROLLARY 4.6.  (*) Suppose X is first countable at x and L : (X, z) — [0, 00)
is a lengh function such that [l] # 1 implies that for every n € w there exists k,, € w such
that L([I]*") > n. Then there exists a neighborhood U of x such that any loop at x with
image in U has length 0.

PRrROOF. Assume the hypotheses and let U and N € w be as in the conclusion of
Theorem 4.5. If [ is a loop at « with image in U we must have L([l]) = 0, else we select
kn41 for [I] as in the hypotheses. Concatenating [ with itself kyy; times gives a loop I’
in U at z such that L([I']) = L([[J*~+1) > N + 1 > N, a contradiction. O

EXAMPLE 4.7. Assuming (%), if X is first countable at  and ¢ : m(X,2) - R
is a homomorphism, there exists a neighborhood U at z such that for any loop [ at z
with image in U we have ¢([]]) = 0. This is immediate from Corollary 4.6 by the length
function L([I]) = [|¢([t])]l-
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Recall that a group G is strongly bounded if every action of G by isometries on a
metric space has bounded orbits (see [1] or [6]).

THEOREM 4.8. (%) If (Gp)new s a sequence of strongly bounded groups, then
[I.c., Gn is also strongly bounded.

PrOOF.  We give the group G = [],, ., G» the topology of coordinate wise conver-
gence with each G,, discrete. This topological group has a compatible complete metric
given by d(hg, h1) = (min{n € w | ho(n) # hi(n)})~* for sequences ho,h1 € [],c,, Gn-
Supposing G acts on metric space (X, D), we select € X and let L(g) = D(x,gz). By
Theorem 4.2 we have an open neighborhood U of 1 and N € w for which h € U im-
plies L(h) < N. Select K € w large enough that (1g,)5 ;' x [[°2 4 G, C U. Since
(e, ) E22 x Gy x (16,) is strongly bounded, there exists N’ € w such that
L(h) < N’ whenever h E (e )2 x Gy x (1g,) k-

Given h E (L K< T G we can write h uniquely as h = hohy = hihg where
ho € (1¢, ) h 2x Gr_1x (1g, )2 Kandhle(lg an x Gn. Notice that

D(z,hx) < D(x, h1z) + D(hix, hx)
= D(x, hl.’B) + D(hlx, hohl.’ﬂ) = D(.’ﬂ, hlx) + D(hll', hlhox)
= D(x,h12) + D(x,hoz) < N + N'.

Then N + N’ is a bound on L(h) for h € (1g, )52 x [[°° G, and arguing in this
manner back over the finitely many remaining coordlnateb we obtain a bound on L(h)
for all h € G. We conclude that G is strongly bounded. O

Thus under (%) it is true that a countable product of finite groups is strongly
bounded. This is not the case under the axiom of choice: the product (Z/2Z)“ fails
to be strongly bounded since it is w-cofinal.
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