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Abstract. We give lower bounds for the Gordian distance and the un-
knotting number of handlebody-knots by using Alexander biquandle colorings.
‘We construct handlebody-knots with Gordian distance n and unknotting num-
ber n for any positive integer n.

1. Introduction.

The Gordian distance of two classical knots is the minimal number of crossing
changes needed to be deformed each other. In particular, we call the Gordian distance of
a classical knot and the trivial one the unknotting number of the classical knot. Clark,
Elhamdadi, Saito and Yeatman [2] gave a lower bound for the Nakanishi index [16], which
induced a lower bound for the unknotting number of classical knots. This is a generaliza-
tion of the Przytycki’s result [17]. In this paper, we give lower bounds for the Gordian
distance and the unknotting number of handlebody-knots, which is a generalization of a
classical knot with respect to a genus.

Ishii [4] introduced an enhanced constituent link of a spatial trivalent graph, and
Ishii and Iwakiri [6] introduced an A-flow of a spatial graph, where A is an abelian group,
to define colorings and invariants of handlebody-knots. Iwakiri [12] gave a lower bound
for the unknotting number of handlebody-knots by using Alexander quandle colorings of
its Zs or Zs-flowed diagram. Ishii, Iwakiri, Jang and Oshiro [7] introduced a G-family
of quandles, which is an extension of the above structures. Recently, Ishii and Nelson
[11] introduced a G-family of biquandles, which is a biquandle version of a G-family of
quandles.

In this paper, we extend the result in [12] in three directions. First, we extend from
Zso, Zs-flows to any Z,,-flow. Second, we extend from quandles to biquandles. Finally,
we extend from unknotting numbers to Gordian distances. Thus we can determine the
Gordian distance and the unknotting number of handlebody-knots more efficiently. We
construct handlebody-knots with Gordian distance n and unknotting number n for any
n € Zso and note that one of them can not be obtained by using Alexander quandle
colorings introduced in [12].

This paper is organized into seven sections. In Section 2, we recall the definition of
a handlebody-knot and introduce the Gordian distance and the unknotting number of
handlebody-knots. In Section 3, we recall the definition of a (bi)quandle and a G-family
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of (bi)quandles. In Section 4, we introduce a coloring of a diagram of a handlebody-
knot by using a G-family of biquandles. In Section 5, we show that there are linear
relationships for Alexander biquandle colorings of a diagram of a handlebody-knot. In
Section 6, we give lower bounds for the Gordian distance and the unknotting number
of handlebody-knots by using Z,,-family of Alexander biquandles colorings. In section
7, we construct handlebody-knots with Gordian distance n and unknotting number n
for any n € Z~o. Moreover, we note that one of them can not be obtained by using
Alexander quandle colorings with Zs, Zs-flows introduced in [12].

2. The Gordian distance of handlebody-knots.

A handlebody-link, which is introduced in [4], is the disjoint union of handlebod-
ies embedded in the 3-sphere S3. A handlebody-knot is a handlebody-link with one
component. In this paper, we assume that every component of a handlebody-link is of
genus at least 1. An S'-orientation of a handlebody-link is an orientation of all genus
1 components of the handlebody-link, where an orientation of a solid torus is an orien-
tation of its core S'. Two S'-oriented handlebody-links are equivalent if there exists an
orientation-preserving self-homeomorphism of S® sending one to the other preserving the
Sl-orientation.

A spatial trivalent graph is a graph whose vertices are valency 3 embedded in S3.
In this paper, a trivalent graph may have a circle component, which has no vertices. A
Y-orientation of a spatial trivalent graph is a direction of all edges of the graph satisfying
that every vertex of the graph is both the initial vertex of a directed edge and the terminal
vertex of a directed edge (Figure 1). A vertex of a Y-oriented spatial trivalent graph can
be allocated a sign; the vertex is said to be positive or negative, or to have sign +1 or
—1. The standard convention is shown in Figure 1. For a Y-oriented spatial trivalent
graph K and an S'-oriented handlebody-link H, we say that K represents H if H is a
regular neighborhood of K and the S!-orientation of H agrees with the Y-orientation.
Then any S!-oriented handlebody-link can be represented by some Y-oriented spatial
trivalent graph. We define a diagram of an S'-oriented handlebody-link by a diagram
of a Y-oriented spatial trivalent graph representing the handlebody-link. An S'-oriented
handlebody-link is trivial if it has a diagram with no crossings. Then the following
theorem holds.

+1 -1

Figure 1. Y-orientations and signs.

THEOREM 2.1 ([5]).  For a diagram D; of an S*-oriented handlebody-link H; (i =
1,2), Hy and Hy are equivalent if and only if D1 and Dy are related by a finite sequence
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Figure 2. The Reidemeister moves for handlebody-links.

of R1-R6 moves depicted in Figure 2 preserving Y-orientations.

In this paper, for a diagram D of an S'-oriented handlebody-link, we denote by
A(D) and SA(D) the set of all arcs of D and the one of all semi-arcs of D respectively,
where a semi-arc is a piece of a curve each of whose endpoints is a crossing or a vertex. An
orientation of a (semi-)arc of D is also represented by the normal orientation obtained by
rotating the usual orientation counterclockwise by 7/2 on the diagram. For any m € Zx,
we put Z,, := Z/mZ.

A crossing change of an S'-oriented handlebody-link H is that of a spatial triva-
lent graph representing H. This deformation can be realized by switching two handles
depicted in Figure 3. It is easy to see that any two S'-oriented handlebody-knots of
the same genus can be related by a finite sequence of crossing changes. For any two
S'l-oriented handlebody-knots H; and H, of the same genus, we define their Gordian
distance d(Hy, H3) by the minimal number of crossing changes needed to be deformed
each other. In particular, for any S'-oriented handlebody-knot H and the S'-oriented
trivial handlebody-knot O of the same genus, we define u(H) := d(H, O), which is called

the unknotting number of H.
N %
/\

Figure 3. A crossing change of an S!-oriented handlebody-link.

3. A biquandle and a G-family of biquandles.

We recall the definitions of a quandle and a biquandle.

DEFINITION 3.1 ([13], [14]). A quandle is a non-empty set X with a binary oper-
ation * : X x X — X satisfying the following axioms.

e Foranyz € X, zxx = .
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e For any = € X, the map S, : X — X defined by S,(y) = y x « is a bijection.
e Forany z,y,z € X, (z*y)*xz= (T *2)* (y x 2).

DEFINITION 3.2 ([3]). A biquandle is a non-empty set X with binary operations
% X X X = X satisfying the following axioms.

e Foranyz € X, zxx =zx*x.

e For any = € X, the map S, : X — X defined by S,(y) = y x x is a bijection.
For any z € X, the map S, : X — X defined by S, (y) = y ¥ z is a bijection.
The map S : X x X — X x X defined by S(z,y) = (y *z,x x y) is a bijection.

e For any z,y,2z € X,

(zxy)x(zxy) = (zx2)x (y*2),
*(2xy)=(z¥2) x (y*2),

We define %"z := S™ and "z := S, for any n € Z. We note that (X, *) is a quandle
if and only if (X, *,%) is a biquandle with 2 ¥y = x. For any m € Zx, a Z,[s*,t*]-
module X is a biquandle with a * b = ta + (s — t)b and a * b = sa, which we call an
Alexander biquandle. When s = 1, an Alexander biquandle coincides with an Alexander
quandle.

DEFINITION 3.3 ([8]). Let X be a biquandle. We define two families of binary
operations " " : X x X — X (n € Z) by the equalities

axlb=a, axMb=axb, axTb=(axb) (b,

a0 =qa, axb=a%b, ax b= (axp)5 (% p)
for any i,j € Z.

Since a = a x% b = (a x=0b) £ (b xU b)) = (a =Y b) % (b 71 b), we have
ax=Ub = ax1 (b= b) and (bx["1b) % (bxl-11b) = b. Then for an Alexander biquandle
X, we have a " b = t"a 4 (s" — t")b and a %™ b = s"a for any a,b € X.

We define the type of a biquandle X by

type X =min{n > 0] ax"b=0a=0ax" b (Va,b € X)}.

Any finite biquandle is of finite type [11].
We also recall the definitions of a G-family of quandles and a G-family of biquandles.

DEFINITION 3.4 ([7]). Let G be a group with the identity element e. A G-family of
quandles is a non-empty set X with a family of binary operations 9 : X x X — X (g € G)
satisfying the following axioms.
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e Foranyz e X andge G, zx9x =u.
e Forany z,y € X and g,h € G, x 9" y = (x %9 y) +" y and x ¢ y = .
e Forany z,y,z € X and g,h € G, (x %9 y) +" z = (x " 2) " '90 (y «h 7).

DEFINITION 3.5 ([8], [11]). Let G be a group with the identity element e. A
G-family of biquandles is a non-empty set X with two families of binary operations
*9 %9 X x X — X (g € G) satisfying the following axioms.

e For any z € X and g € G,
9 =a% z.
e For any z,y € X and g,h € G,

z "y = (z 9 y) "

| %

(y*7y), vxy=ux,

x?ghy = (x % y)?h (y*y), e5x°y =z

e For any z,y,z € X and g,h € G,

(€29 y) s (239 y) = (25" 2) #" 90 (y P 2),
(@F y) " (23 y) = (25" 2) 790 (y P 2),
(@F9y)F (27 y) = (x 7" 2) 3 9 (y 5 2).

For a biquandle (X, x,%) with type X < oo, (X, {1[”}}[n]eztypcx,{1[”]}[n]eztypcx) is
a Ziype x-family of biquandles [11]. In particular, when X is an Alexander biquandle,
(X, L} ) ey pe x {g["]}[n]eztypex) is called a Ziype x -family of Alexander biquandles.

4. Colorings.

In this section, we introduce a coloring of a diagram of an S'-oriented handlebody-
link by a G-family of biquandles. Let G be a group and let D be a diagram of an
Sl-oriented handlebody-link H. A G-flow of D is a map ¢ : A(D) — G satisfying

a b ab
b
Q ‘L - Y &
ab a b

at each crossing and each vertex. In this paper, to avoid confusion, we often represent an
element of G with an underline. We denote by (D, ¢), which is called a G-flowed diagram
of H, a diagram D given a G-flow ¢ and put Flow(D;G) := {¢ | ¢ : G-flow of D}. We
can identify a G-flow ¢ with a homomorphism from the fundamental group 71 (S® — H)

to G.
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Let G be a group and let D be a diagram of an S'-oriented handlebody-link H. Let
D’ be a diagram obtained by applying one of Reidemeister moves to the diagram D once.
For any G-flow ¢ of D, there is an unique G-flow ¢’ of D’ which coincides with ¢ except
near the point where the move applied. Therefore the number of G-flow of D, denoted
by #Flow(D;G), is an invariant of H. We call the G-flow ¢’ the associated G-flow of ¢
and the G-flowed diagram (D', ¢') the associated G-flowed diagram of (D, ).

For any m € Z>o and Z,-flow ¢ of a diagram D of an S'-oriented handlebody-link
H, we define ged ¢ := ged{¢(a),m | a € A(D)} € Z>o, where we regard ¢(a) as an
arbitrary element of Z which represents ¢(a) € Z,,. Then we have the following lemma
in the same way as in [9].

LEMMA 4.1.  For anym € Zxq, let (D, $) be a Zy,-flowed diagram of an S*-oriented
handlebody-link H and let (D', ¢") be the associated Z,-flowed diagram of (D, @). Then
it follows that ged ¢ = ged ¢'.

Let G be a group, X be a G-family of biquandles and let (D, ¢) be a G-flowed
diagram of an S'-oriented handlebody-link H. An X-coloring of (D, ¢) is a map C :
SA(D,¢) — X satistying

T y**r yx®r

XX

Y by Y x?by

at each crossing and each vertex, where SA(D, ¢) is the set of all semi-arcs of (D, ¢).
We denote by Colx (D, ¢) the set of all X-colorings of (D, ¢). We note that Colx (D, ¢)
is a vector space over X when X is a Z,,-family of Alexander biquandles and a field.

PROPOSITION 4.2 ([11]). Let X be a G-family of biquandles and let (D, ) be a
G-flowed diagram of an S*-oriented handlebody-link H. Let (D', ¢') be the associated G-
flowed diagram of (D, ®). For any X -coloring C' of (D, @), there is an unique X -coloring
C' of (D', ¢") which coincides with C except near the point where the move applied.

We call the X-coloring C’ the associated X -coloring of C. By this proposition, we
have #Colx (D, ¢) = #Colx (D', ¢').

PROPOSITION 4.3.  Let G be a group and let X be a G-family of biquandles. Then
the following hold.

1. Let (D, $) be a G-flowed diagram of an S*-oriented handlebody-link. Then it follows
that #Colx (D, ¢) > #X.

2. Let (O,%) be a G-flowed diagram of an S'-oriented m-component trivial
handlebody-link. Then it follows that #Colx (O, ) = (#X)™.



The Gordian distance of handlebody-knots and Alexander biquandle colorings 1253

(D', ')
Figure 4. A G-flowed diagram (D', ¢’) and its X-coloring.
1 2 3 n n+1 l
£ %91 Gn1 In Int1l o o 49190 o
T x %91 | o %9192 %91 9i-1 o
-1
In+1 gn+1gngn+l. ¢
g1 9
k91 gn—1 o r x917In-19n+1 o
1 2 3 n n+1 l
NP
x I x| xxN92 g pRI ﬁ*gl o x xIUTI-1 g
° ° . e o o
Indn+19y 9n
9 9 9 — 9
LIl g 91 Gngnt19n " o
Figure 5.  An X-coloring of (D', ¢') in the part of b.
PROOF. 1. By Theorem 2.1 and [15], we can deform (D,¢) into the G-

flowed diagram (D’,¢’) depicted in Figure 4 by a finite sequence of Reide-
meister moves preserving Y-orientations, where b is a classical [-braid, and
@idy-e s @imyyDi1y. .y bip, € G for any ¢ = 1,...,s. We note that H;nzl aij =
H?;bi,j for any i = 1,...,8, and x x9 ¢ = z %9 x for any x € X and g € G.
By Proposition 4.2, it is sufficient to prove that #Colx (D', ¢') > #X. Here for
any x € X and g € G, we write z %9 x for = *9 x and x *? z simply. Then for
any x € X, the assignment of elements of X to each semi-arc of (D', ¢’) as shown
in Figures 4 and 5 is an X-coloring, where each g; represents an element of G in
Figure 5. Therefore we have #Colx (D', ¢') > #X.

2. Tt is sufficient to prove that #Colx (0,v¢) = #X when m = 1. Let (O, 14) be a G-
flowed diagram of an S!'-oriented trivial handlebody-knot of genus g. By Theorem
2.1, we can deform (O, 4) into the G-flowed diagram (O}, ¢;) depicted in Figure 6
by a finite sequence of Reidemeister moves preserving Y-orientations, where a; € G
for any i = 1,...,g, and e is the identity of G. By Proposition 4.2, it is sufficient
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X X
LI ] (lg €T
e e -
o
(0, ¢y)

Figure 6. A G-flowed diagram (Oy, ¢y) and its X-coloring.

to prove that #Colx (0}, ;) = #X. For any x € X, the assignment of = to each
semi-arc of (Op,1y) as shown in Figure 6 is an X-coloring. On the other hand,
since any X-coloring of (Og,y) is given by Figure 6 for some » € X, we have
#Colx (0, ;) = #X. O

5. Linear relationships for Alexander biquandle colorings.

For any Z,,-flowed diagram (D, ¢) of an S'-oriented handlebody-link, we define the
Alexander numbering of (D, @) by assigning elements of Z,, to each region of (D, ¢)
as shown in Figure 7, where the unbounded region is labeled 0. It is an extension of
the Alexander numbering of a classical knot diagram [1]. It is easy to see that for any
Zm-flowed diagram (D, ¢) of an S'-oriented handlebody-link, there uniquely exists the
Alexander numbering of (D, ¢). For example, a Z,,-flowed diagram of the handlebody-
knot 52 [10] with the Alexander numbering is depicted in Figure 8. For any semi-arc
a of (D, ¢), we denote by p(a) the Alexander number of the region which the normal

orientation of « points to.
T
a

Figure 7. The Alexander numbering of (D, ¢).

Figure 8. A Z,,-flowed diagram of 52 with the Alexander numbering.
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In the following, every component of a diagram of any S'-oriented handlebody-link
may have a crossing at least 1. Let (D, @) be a Z,,-flowed diagram of an S'-oriented
handlebody-link with the Alexander numbering and let X be a Z,,-family of Alexander
biquandles. We put C(D, ¢) = {c1,...,¢n} and V(D, ¢) = {71,...,Tor}, where C(D, ¢)
and V(D, ¢) are the set of all crossings of (D, ¢) and the one of all vertices of (D, ¢)
respectively, where the sign of 7; is 1 forany i = 1,...,k and —1 for any i = k41, ..., 2k.
Then we denote by x; each semi-arc of (D,¢) as shown in Figure 9, which implies
S.A D ¢ = {(,Cl, .. x2n+3k}

AKX T A

T4 Tn+ti Ton+i T2n+i T2n+k+i
Figure 9. Semi-arcs x; of (D, ¢).

We denote by w;, v, v}, w;, a;, B; and 7; the semi-arcs incident to a crossing ¢; or
a vertex 7; as shown in Figure 10. We put ¢; 1= ¢(u;) = d(w;), ¥ = d(vi) = ¢o(v)),
7 = ¢(a;) and 6; := #(B;). We denote by €., € {£1} and e, € {£1} the signs of a
crossing ¢; and a vertex 7; respectively (see Figure 10).

Vi

Figure 10. Notations.

For any semi-arcs y,y’ € SA(D, ¢), we put
1 (y=y),
8(y,y') = ,
0 (y#y).
Then we define a matrix A(D, ¢; X) = (a; ;) € M(2n + 4k, 2n + 3k; X) by
1<i<n),
n+1<i<2n),

2n+1<1i < 2n+ 2k),
2 + 2k +1<i<2n+4k).

5(ui,xj)t¢i + 5(@1-,;2]-)(51‘” — t’l’i) — 6(ws, ;)
_6(v1 n,mj)8¢1 " +6( Vi n"Tj)
d(ti—on, T5) — 0(Vim2n, ;)

6(Bi—2n—2k, ;) — 6(Yi—2n—2k, T;)M 22"

ij =

P
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We note that A(D,¢; X) is determined up to permuting of rows and columns of the
matrix, and it follows that

Z1 21
29 22
Colx (D, ¢) = ) e Xk A(D, ¢; X) , =0
2on+3k 22n+3k

For example, let (E, 1) be the Z,,-flowed diagram of the handlebody-knot depicted
in Figure 11. Then we have

—10s"—t* t* 0 00
0-1 0 st—t" 0 tho
0 1 —sb 0 0 00
00 0 —s¢ 0 01
A(E, ¢ X) = 00 1 0 —-100
00 0 0 —-110
10 0 0 —s*00
00 0 0 —s*01

(E,9)

Figure 11. A Z.,,-flowed diagram (E, ).
Then we have the following proposition.

PROPOSITION 5.1.  Let (D,¢) be a Z,,-flowed diagram of an S'-oriented
handlebody-link with the Alerxander numbering and let X be a Zp,-family of Alexander
biquandles. Let a; be the i-th row of A(D, ¢; X). Then it follows that

n n
Z ecit—P(wi) (s¢1¢ _ td’f’)ai + Z EC,it_p(U;)(Swi _ twi)an—&-i
=1 i=1

2k 2k
+ Z er t PO (M — 1Y ag, L+ Z er, t PP (%% — %) a9, opti = 0.
=1 i=1

Proor. For any semi-arc y incident to a crossing or a vertex o, we put



The Gordian distance of handlebody-knots and Alexander biquandle colorings

€(y;0) =

1 if the orientation of y points to o,
—1 otherwise.

We set (a;,;) := A(D, ¢; X). It is sufficient to prove that for any j = 1,2,..

n n
Z ecit—P(wi)(S% _ t@')ai,j + Z ECit—p(Ué) (Swi _ twi)an+i)j
=1 i=1

2k 2k
FY et PO — ) ag g+ > et PO (8% — %) ag okia
=1 i=1
For the first term, we have
€t P (8% — t20)§ (g, )tV = O (g, x5 )e(ug; ¢ )t P (s9(00) — ¢olud))
€, 7P (5% — 120)§ (v, 25) (s¥F — t¥7)
= €0, t 7P 5P 5 (v, 1) (sV — V) — €, t PP 5 vy, 15) (sV — V)

1257

., 2n+3k,

=0.

i

= o, t PG (v, 1) (8% — £99) 5% 4 (v, x5)e(vs; )t (@) vy ()

ecit*P(wi)(s¢i _ tqﬁi)(ﬂ;(whl’j)) = 0(wi, x)e(ws; Ci)t*p(wi)(sﬂwi) _ ¢o(w

For the second term, we have

ecit_”(”;)(swi — twi)(—é(vi7xj)s‘m) = —ecit_p(”;)é(vi,xj)(swi — twi)s‘m,

ecit—P(Ug)(S%‘ _ twi)(S(Ug, x],) — 5(1};7 xj)e(vg; Ci)t—P(”é)(Sﬂvé) _ t¢(”§)).
For the third term, we have

€r PO (M 1) (ay w5) = B, ) e(ou; )t Pl (s9(@) — polad))
ert PO — 1) (=6 (v, ;) = (v, w)e(yss 7o)t~ POVE0 (5T — 1),

For the last term, we have

ETit_p(ﬂi)(Sei _ tei)é(ﬁiu xj) — 5(6“ «Tj)e(ﬂi; Ti)t—P(ﬁi)(S¢(ﬂi) _ t(b(Bi)),

)

€5t (5% — 19) (=5 (s, 5)s™) = B(vi, 35 )eis m )t 000 (% —19)s™. (4

We note that
(1) + (2) = 8(vi, ;) e(vi; i)t P (5900 — 49y,
S(yis 5 e(vis Ti)fp(%-) (Scb(w) _ t¢("/i))'

Therefore for any j = 1,2,...,2n + 3k, it follows that

n

n
Z e, 7P (5% — t%0)a, 5 + Z €o t P (5% ) anti,
i=1 i=1
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2k

Ze T+ p(%)(sm — 1) a2n+” Ze —P(Bi) )a2n+2k+w
=1

Z (us, «Tg u“ )t—P(uz‘)(S¢'(Uz‘) _ t¢(ui))

(i, )e(ois )t (520 — 190
+ (), 2;)e(v); et~ )( d(vi) _ (vi))
+ 8 (wy, ) e(wis ei)t™ P(wi)(8¢(wi) _ t¢(wi)))

+ > (8(0u, my)e(a; Tt P (s9000) — golea))

+ 8(Bs, ) e(Bs )t PP (5705 — 0P
+8(vi, ) e(vi; )t PO) (20i) g9y
= 7P (g9(@5) _ 9(@)) _ p=p(ei) (g0(i) _ 19(x5))
=0. O

Let X be an Alexander biquandle and let m = type X. Then X is also a Z,,-family
of Alexander biquandles. Let D be an oriented classical link diagram. We can regard D
as a Zpy-flowed diagram (D, ¢(1)) of an S L_oriented handlebody-link whose components
are of genus 1, where ¢(y) is the constant map to 1. Hence we can regard an X-coloring
of D as an X-coloring of (D, ¢(1)). We define a matrix A(D; X) € M (2n,2n; X) by
A(D; X) = A(D, ¢1y; X), where n is the number of crossings of D. Then the set of all
X-colorings of D, denoted by Colx (D), is given by

21 Z1
22 zZ2

Colx (D) = S lexAD;x)| | =0
Zon 22n

Therefore we obtain the following corollary.

COROLLARY 5.2.  Let D be a diagram of an oriented classical link with the Alezan-
der numbering and let X be an Alexander biquandle. Let a; be the i-th row of A(D; X).
Then it follows that

n

S et (s — 1) aﬁzeqt 0D (s — t)anyi = 0.

i=1 =1
6. Main theorem.

In this section, we give lower bounds for the Gordian distance and the unknotting
number of S'-oriented handlebody-knots.

THEOREM 6.1. Let H; be an S'-oriented handlebody-knot of genus g and let D; be
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a diagram of H; (i = 1,2). Let X = Z,[t*1]/(f(t)) which is a L -family of Alezander
biquandles, where p is a prime number, s € Zy[t*1] and f(t) € Z,[t*'] is an irreducible
polynomial. Then it follows that

max min |d1mC01X(D1,¢1) - dimCle(D2,¢2)| S d(Hl,HQ).

¢1EFlow (D1 Zm,) ¢p2EFlow (D23 Zm)
ged p1=ged ¢2

PRrROOF. Let (D,¢) be a Z,,-flowed diagram of an S'-oriented handlebody-knot

and let C(D, ¢) = {c1,...,cp} and V(D, ¢) = {71,..., 721 }. Let (D, ®) be the Z,,-flowed
diagram of an S'-oriented handlebody-knot which is obtained from (D, ¢) by the crossing
change at ¢; and let C(D,¢) = {¢1,...,¢,} and V(D,¢) = {F1,...,Tar}, where ¢,
and 7; originate from ¢, ¢; and 7; naturally and respectively (see Figure 12). In the
following, we show that

| dim Colx (D, ¢) — dim Colx (D, ¢)| < 1,
that is,

|rank A(D, ¢; X) — rank A(D, ¢; X)| < 1.

Lja

Figure 12. The crossing change at c;.

We may assume that c; is a positive crossing and ¢; is a negative crossing. We
denote by 7; each semi-arc of (D, ¢) in the same way as in Figure 9 with respect to ¢;
or 7;, and so are ¥}, W;, ®i, Bi, G5 Viy Miy 0y €, and &, (see Figure 10). We denote by
xj, and x;, the semi-arcs which point to the crossing ¢; of (D, ¢) as shown in Figure 12,
and we put a := ¢ = 1p; and b := )1 = ¢;. We note that Coly (D, ¢) and Colx (D, )
are vector spaces over X since X is a Z,,-family of Alexander biquandles and a field.

Let a;, @; and é; be the i-th rows of A(D,¢; X), A(D,$; X) and A(D,$; X) re-
spectively, where A(ﬁ, ¢; X) is the matrix obtained by permuting the first column and
the (n + 1)-th column of A(D, ¢; X). We put (a; ;) := A(D,$; X), (a;;) = A(D, ¢; X)
and (a;;) := A(D,$; X). Then we have a; = @; when i # 1,n + 1. We note that
rank A(D, ¢; X) = rank fl(ﬁ, ¢; X) and

J1 n+1

4 \
a, = (-1,0,...,0,t°,0,...,0,s* —t°,0,...,0),
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j2 n+1
\Y%
ani1=(0,...,0,1,0,...,0,—5%0,...,0),
J1 J2
\ \Y
a, = (t*,0,...,0,5* —¢*,0,...,0,—1,0,...,0),
B jvlb n¢1
@pi1=(0,...,0,—s%,0,...,0, 1,0,...,0),
J1 J2 n+1
\% \V \Y
a; = (0,...,0,s*—¢*,0,...,0,—1,0,...,0, t*,0,...,0),
Ji
\%
dn+1:(1,0,

b
..,0,=5",0,.

..,0).
By Proposition 5.1, we obtain

n

n
Z ecit*p(wi) (s¢" — t¢")ai + Z ecitfp(vg)(sw"’ — tw"')anﬂ-
i=1 i=1

and

2k 2k
+ Z cﬂt—P(ai)(sm‘ _ tm)a2n+i + Z eﬂ_t—ﬂ(ﬁi)(s@i —t i)a2n+2k+i -0
i=1 i=1

n

D

n
et P (5% —1Pya + Y E t T sV — V@,
i=1 =1

n

2k 2k
+ Zgnt—/’(ai)(sm _ tﬁi)aszﬂ + Zgnt—P(Bi)(SQi —t i)a2n+2k+i
=1 =1
J— — n J— J—

= chifp(m)(sm —t%)a,; + chl_fp(ﬂ;)(swi — Y i

i=1 i=1
2%k 2%k -
+ Zgﬂt—/)(ai)(sﬁi _ tﬁi)dQnJﬂ. + Zgﬂt—l)(ﬁi)(sﬁ ¢ i)&2n+2k+i —0.
i=1 i=1

If e, t=P(W1)(s%1 — ¢91) = 0, we have s%* — t?1 = 5% — {® = 0, which implies that
a,+1 = —a1. Hence it follows that

|rank A(D, ¢; X) — rank A(D, ¢; X)| = | rank A(D, ¢; X ) — rank A(D, ¢; X)| < 1.

If €, t =@ (s%1 — t91) = 0, we have s91 — t%1 = s — t® = 0, which implies that a; =
—ayp+1. Hence it follows that
|rank A(D, ¢; X) — rank A(D, ¢; X)| = | rank A(D, ¢; X) — rank A(D, ¢; X)| < 1.

If €.t P(w1) (5% — ¢#1) £ 0 and €, ¢t P®)(s%1 — t91) £ 0, we can represent a; and
a as linear combinations of as,...,as,14x and ao,

., @an+4k Tespectively. Hence it
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follows that

az az
rank A(D, ¢; X) = rank , rank A(D, ¢; X) = rank ,
QA2n+4k Qon 44k
which implies that
as as
|rank A(D, ¢; X) — rank A(D, ¢; X)| = |rank — rank
QA2n+ak A2n 4k
as as
= |rank — rank
Q2+ 4k Q2+ ak
<1.

Consequently, if we can deform H; into Hs by crossing changes at [ crossings, then
for any Z,,-flowed diagram (D1, ¢1) of Hy, there exists a Z,,-flowed diagram (D2, ¢2) of
H, satisfying ged ¢ = ged ¢ and

‘ dim COIX (Dl, ¢1) — dim Cle(DQ, ¢2)| S l
by Lemma 4.1. Therefore it follows that

max min | dim Colx (D1, ¢1) — dim Colx (Da, ¢2)| < d(Hy, Hz). O
b1 EFIOW(DUZm) P2 EFIOW(D2§Zm)

ged ¢1=gcd ¢2
By Proposition 4.3 and Theorem 6.1, the following corollary holds immediately.

COROLLARY 6.2. Let H be an S'-oriented handlebody-knot and let D be a diagram
of H. Let X = Z,[t*]/(f(t)) which is a Zy,-family of Alexander biquandles, where p is
a prime number, s € Z,[t*'] and f(t) € Z,[t*'] is an irreducible polynomial. Then it
follows that

max  dim Colx (D, ¢) — 1 < u(H).
¢EFlow (D;Z,)

7. Examples.

In this section, we give some examples. In Example 7.1, we give a handlebody-knot
with unknotting number 2, and in Remark 7.2, we note that it can not be obtained by
using Alexander quandle colorings with Zs, Zz-flows introduced in [12]. In Example 7.3,
we give three handlebody-knots with unknotting number n for any n € Z~q. In Example
7.4, we give two handlebody-knots with their Gordian distance n for any n € Z~g.

EXAMPLE 7.1. Let H be the handlebody-knot represented by the Z;o-flowed dia-
gram (D, ¢) depicted in Figure 13. Then we show that u(H) = 2.
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(D, ) :

Figure 13. A Zjo-flowed diagram (D, ¢) of H.

Let s = 1 € Z3[t*'] and let f(t) = t* + 263 + > + 2t + 1 € Z3[t*'], which is an
irreducible polynomial. Then X := Z3[t*1]/(f(t)) is a Zyo-family of Alexander biquan-
dles. Then for any z,y,z € X, the assignment of them to each semi-arc of (D, ¢) as
shown in Figure 13 is an X-coloring of (D, ¢), which implies dim Colx (D, ¢) > 3. By
Corollary 6.2, we obtain 2 < u(H). On the other hand, we can deform H into a trivial
handlebody-knot by the crossing changes at two crossings surrounded by dotted circles
depicted in Figure 13. Therefore it follows that w(H) = 2.

REMARK 7.2.  We show that the result in Example 7.1 can not be obtained by
using Alexander quandle colorings with Zs, Zz-flows introduced in [12].

Let H be the handlebody-knot represented by the Z,,-flowed diagram (D, ¢(a,b))
depicted in Figure 14 for any m = 2,3 and a,b € Z,,. Let p be a prime number, s =1 €
Z,[t*1], f(t) be an irreducible polynomial in Z,[t*!] and let X = Z,[t*1]/(f(t)) which is
a Zm-family of Alexander (bi)quandles. We note that Colx (D, ¢(a,b)) is generated by
x,y,z € X as shown in Figure 14 for any m = 2,3 and a,b € Z,,. If (a,b) = (1,0), z, y
and z need to satisfy the following relations:

(P —t+ Dz -t —t+1)y=0,

—tt —t+ D+t + D)D) —t+ Dy +t (2 —t+1)2 =0,

—t7 M- =t D+t 2Pt - D —t+ Dy +t 22—t +1)2 =0,
B+ D —t+1) -t — (B+ - 1D)(*—t+1) —t)z2 =0,

that is,
. 0
0
M =
0
where
P —t+1 —(t* —t+1) 0
M= —t(t* —t+1) ) (E— 1) —t+1) 1)
S ST DE -t 1) T = (7 -t 1) 22—t 4 1)

B+ -1 —t+1)—t 0 —B+E -1 —t+ 1)+t
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(D, ¢(a, b)) :

Figure 14. A Z,,-flowed diagram (D, ¢(a,b)) of H.

These relations are obtained from crossings ¢y, co, ¢ and ¢4 as shown in Figure 14. When
t2 —t+1+#0in X, it is clearly that rank M > 1. When > — ¢t +1 = 0 in X, we have

000

000

000]’
—t0¢

M =

which implies that rank M = 1. Hence we have dim Colx (D, ¢(1,0)) = 3 —rank M < 2.
Therefore we can not obtain 2 < u(H).
We can prove the remaining cases in the same way.

ExamPLE 7.3. Let A,, B, and C,, be the handlebody-knots represented by the
Zg-flowed diagram (Dy, , ¢4, ), the Zos-flowed diagram (Dp, ,¢p,) and the Zs-flowed
diagram (D¢, , ¢¢, ) depicted in Figures 15, 16 and 17 respectively for any n € Zso.
Then we show that u(A4,) = u(B,) = u(C,) = n.

1. Let s = t +1 € Z3[t*'] and let f(t) = t2 +t + 2 € Z3[tT!], which is an irre-
ducible polynomial. Then X := Z[tT!]/(f(t)) is a Zg-family of Alexander biquan-
dles. Then for any xg,z1,...,x, € X, the assignment of them to each semi-arc of
(Da,,¢a,) as shown in Figure 15 is an X-coloring of (D4, , ¢4, ), which implies
dim Colx (D4, ,¢a,) > n+1. By Corollary 6.2, we obtain n < u(A,). On the other
hand, we can deform A,, into a trivial handlebody-knot by the crossing changes at
n crossings surrounded by dotted circles depicted in Figure 15. Therefore it follows
that u(A,) = n.

2. Let s = t2 + 1 € Zs[tT'] and let f(t) = t> + 2t + 4 € Zs[t*!], which is an irre-
ducible polynomial. Then X := Zs[t*1]/(f(t)) is a Zos-family of Alexander biquan-
dles. Then for any xg,x1,...,x, € X, the assignment of them to each semi-arc of
(Dp,,¢n,) as shown in Figure 16 is an X-coloring of (Dg,, ¢p, ), which implies
dim Colx (Dp, ,¢p,) > n+1. By Corollary 6.2, we obtain n < u(B,). On the other
hand, we can deform B,, into a trivial handlebody-knot by the crossing changes at
n crossings surrounded by dotted circles depicted in Figure 16. Therefore it follows
that u(B,) = n.



1264 T. MURAO

(Da,,04,) :

Figure 15. A Zs-flowed diagram (Da,,, ¢4, ) of A,.

Figure 16. A Zgs-flowed diagram (Dg,,, ¢B,, ) of By.

3. Let s = 2t — 1 € Z3[t*!] and let f(t) = t2 + ¢ + 2 € Z3[t*!], which is an irre-
ducible polynomial. Then X := Z3[t*1]/(f(t)) is a Zg-family of Alexander biquan-
dles. Then for any xg, x1,...,x, € X, the assignment of them to each semi-arc of
(D¢, ¢c,) as shown in Figure 17 is an X-coloring of (D¢, , ¢, ), which implies
dim Colx (D¢, , ¢¢, ) > n+1. By Corollary 6.2, we obtain n < u(C,,). On the other
hand, we can deform C,, into a trivial handlebody-knot by the crossing changes at

n crossings surrounded by dotted circles depicted in Figure 17. Therefore it follows
that u(Cy,) = n.

(D¢, ¢c,) :

Figure 17. A Zs-flowed diagram (Dc,, , ¢c,,) of Ch.

ExaMPLE 7.4. Let H, and H] be the handlebody-knots represented by the Zs-



The Gordian distance of handlebody-knots and Alexander biquandle colorings 1265

flowed diagrams (D,,, ¢,,) and (D5, ¢, (a,b)) respectively depicted in Figure 18 for any
n € Zso and a,b € Zs. Then we show that d(H,, H]) = n.

Let s = 1 € Zy[t*'] and let f(t) = t*> +t + 1 € Zy[tT!], which is an irreducible
polynomial. Then X := Zy[t*1]/(f(t)) is a Zs-family of Alexander (bi)quandles. Then
for any xo, 1, ..., Tn,Y1,---,Yn € X, the assignment of them to each semi-arc of (D,,, ¢y,)
as shown in Figure 18 is an X-coloring of (D, ¢, ), which implies dim Colx (D, ¢,) >
2n + 1.

On the other hand, we mnote that Colx(D.,¢! (a,b)) is generated by
Oy L1, Ty ooy Ty T YL, Yy -+ s Uns Uy, € X as shown in Figure 18 for any a,b € Zs.
If (a,b) = (0,0), it is easy to see that dimColx (D}, ¢, (a,b)) = 1. If (a,b) =
(1,1),(1,2),(2,1),(2,2), we obtain that z; = 2} = y; = y; for any ¢ = 1,2,...,n, which
implies dim Colx (D), ¢, (a,b)) <n+ 1. If (a,b) = (0, 1), (0,2), we have

Lo = L1 = T2,
Tipo = (i=1,2,...,n—2),
, z; x4} (i : odd),
€T, =
’ x; x byl (i : even),

!
Tp = Tp_1,

(Dns én)

(D7, én,(a, b)) :

ioien

Figure 18. Zs-flowed diagrams (D, ¢,,) and (D},, ¢r,) of H,, and H},.
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Hence Colx (D!, ¢, (a,b)) is generated by zg,y1,...,yn € X, which implies
dim Colx (D), #,,(a,b)) < n+ 1. If (a,b) = (1,0),(2,0), in the same way as when
(a,b) = (0,1),(0,2), Colx(D.,, ¢! (a,b)) is generated by zg, x1, . ..,x, € X, which implies
dim Colx (D),, ¢!,(a,b)) < n+1. Hence for any a,b € Zsz, dim Colx (D, ¢! (a,b)) < n+1,
which implies that

dim Colx (D,,, ¢,,) — dim Colx (D.,, ¢, (a,b)) > n.

By Theorem 6.1, it follows that n < d(H,, H,).
Finally, we can deform H/, into H,, by the crossing changes at n crossings surrounded
by dotted circles depicted in Figure 18. Therefore it follows that d(H,,, H},) = n.
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