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Abstract. We introduce the concept of dissipative measure-valued so-
lution to the complete Euler system describing the motion of an inviscid com-
pressible fluid. These solutions are characterized by a parameterized (Young)
measure and a dissipation defect in the total energy balance. The dissipa-
tion defect dominates the concentration errors in the equations satisfied by
the Young measure. A dissipative measure-valued solution can be seen as the
most general concept of solution to the Euler system retaining its structural
stability. In particular, we show that a dissipative measure-valued solution
necessarily coincides with a classical one on its life span provided they share
the same initial data.

1. Introduction.

In his pioneering work [10], DiPerna proposed a new concept of solution, known as
measure-valued solution, to nonlinear systems of partial differential equations admitting
uncontrollable oscillations. In particular with focus on the compressible Euler system and
other related models of inviscid fluids. Later on, a similar strategy has been adopted
even to problems involving viscous fluid flows, where compactness of the solution set is
either absent or out of reach of the available mathematical tools, see e.g. the monograph
Necas et al. [20] and the references therein. Although ewxistence of a measure-valued
solution to a given problem is usually an almost straightforward consequence of a priori
bounds, its uniqueness in terms of the initial data can be seen as the weakest point of this
approach. In addition, the recent results of DeLellis, Székelyhidi and their collaborators
[7], [8], [9] show that uniqueness may be in fact violated even within the class of more
conventional weak solutions satisfying the standard entropy admissibility criteria.

Brenier et al. [5] proposed a new approach seeing the measure-valued solutions as
possibly the largest class in which the family of smooth (classical) solutions is stable. In
particular, they show the so-called weak (measure-valued)-strong uniqueness principle for
the incompressible Euler system. Specifically, a classical and a measure-valued solution
emanating from the same initial data coincide as long as the former exists. These re-
sults have been extended to the isentropic Euler and Navier—Stokes systems by Gwiazda
et al. [18] and [11]. The recently renewed interest in measure-valued solutions in fluid
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mechanics has been also initiated by certain numerical experiments with oscillatory solu-
tions, see Fjordholm et al. [15], [16], [17]. Following the philosophy of Brenier et al. [5],
we focus on the concept of measure-valued solutions in the widest possible sense. Ac-
cordingly, using the fundamental laws of thermodynamics, we extract the minimal piece
of information to be retained to preserve the weak-strong uniqueness principle.

We consider the complete Fuler system describing the time evolution of the mass
density o = o(t, z), the velocity uw = u(t, z), and the (absolute) temperature ¥ = ¥(t, x)
of a compressible inviscid fluid:

Do + divy(ou) =0, (1.1)
I(ou) + divy(ou ® u) + Vup(o,9) = 0, (1.2)
00 (gl + cete, ) +aiv, | (Gl + oele. ) +plo0) ) u =0, (1)
Ot(0s(0,1)) + div,(es(o, ?)u) > 0, (1.4)

where the pressure p = p(p, 1), the specific internal energy e = e(p, ), and the specific
entropy s = s(p, 1) are interrelated through Gibbs’ equation

9Ds(0,9) = De(o,9) + p(o,9)D (;) ) (1.5)

If p,e, s comply with (1.5), then any smooth solution of (1.1)—(1.3) satisfies auto-
matically the entropy balance in (1.4),

di(0s(0,9)) + div,(es(0,9)u) = 0. (1.6)

This is no longer true for the weak solutions, here typically represented by shock waves,
for which the entropy inequality (1.4) may be appended to the weak formulation of (1.1)—
(1.3) as an admissibility criterion imposed by the Second law of thermodynamics, see e.g.
the monograph Benzoni-Gavage and Serre [3].

Our goal is to address the problem of weak (measure-valued)-strong uniqueness for
the Euler system (1.1)—(1.4). Accordingly, we focus on identifying the largest class possi-
ble of measure-valued solutions, in which such a result holds, rather than the optimal one
with respect to the expected regularity of solutions. To this end, we follow the approach
advocated in [13], where equations (1.1), (1.2), with inequality (1.4), are supplemented
with the total energy inequality

d

1 2
- < 1.
a ), [2g|u + oe(p,9)| dz <0, (1.7)

where Q C R? is the physical domain occupied by the fluid. To simplify presentation,
we impose the periodic boundary conditions, meaning ) can be identified with the flat
torus

Q= (10,10.))"

The problem is closed by prescribing the initial data
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0(0, ) = 0o, 19(07 *) = Yo, ’U,(O7 \) = uo. (1'8)

REMARK 1.1. We focus on the most difficult and physically relevant case of the
spatial dimension N = 3. The arguments can be easily adapted to N = 1,2 as well.

The paper is organized as follows. In Section 2, we define the measure-valued so-
lutions motivated by considering the cluster points of (hypothetical) families of weak
solutions in the topology induced by the available a priori bounds. We point out that
our class of measure-valued solutions is larger than that one proposed by Kroéner and
Zajaczkowski [19], where the entropy equality (1.6) is required. In particular, it includes
all admissible weak solutions to the Euler system. Another conceptually new feature of
our approach is that the dissipation defect “hidden” behind the inequality sign in (1.4)
and (1.7) dominates the concentration error emerging in (1.2).

In Section 3, we establish and prove the main result of the present paper—the weak
(measure-valued)-strong uniqueness principle. To this end, we use the relative energy
inequality for system (1.1), (1.2), (1.4), (1.7) identified in [14]. One of the principal dif-
ficulties is the hypothetical presence of vacuum zones on which the underlying equations
fail to provide any control on the behavior of solutions. To avoid this problem, new phase
variables must be considered—the density p, the internal energy density E = pe, and the
momentum m = pu.

Finally, possible extensions and applications of the main result are discussed in
Section 4.

2. Measure-valued solutions.

Motivated by [11], [18] we introduce the concept of dissipative measure-valued so-
lution to the Euler system. For the sake of simplicity, we start with the constitutive
equations of a perfect gas, specifically

9
p(0,0) = 0V, e(0,9) = c,¥, s(0,9) = 10g( . ) ,

where ¢, > 0 is the (constant) specific heat at constant volume.

In the seminal work of DiPerna [10], the measure-valued solutions have been iden-
tified as (weak) limits of weak solutions of system (1.1)—(1.4) or its suitable viscous
approximation. In particular, all weak solutions of the problem should fall into the
category of measure-valued solutions.

A weak solution [g, ", u] of the Euler system in (0,7") x 2, supplemented with the
initial data (1.8), satisfies the family of integral identities:

T
// [Qﬁtwr@wvmcp]dxdt:—/90@0(0,-)61%, (2.1)
0JQ Q

for any ¢ € C°([0,T) x Q);

T
/ / [ou - Orp + ou @ u : Vo + oo div, pldedt = —/ ooug - (0, ) dz, (2.2)
0Ja Q
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for any ¢ € C°([0,T) x Q; R3);

T 1 1

/ / [(29u|2 + cvg19> O + (29|u2 + cvm?) u-Vep+ odu-Vyp| dedt
0Ja
1
=~ [ (enluol + cvont ) (0, (23
Q

for any ¢ € C°([0,T) x ). In addition, a weak solution is called admissible if the
entropy inequality is imposed

/OT/Q [QZ <10g (19;)> Ovp + 07 <10g (ﬂ;v )> w- VM} dz dt
< —/QQOZ (log (ii)) 0(0,) dz, (2.4)

for any ¢ € C°([0,T) x Q), p >0, Z € BC(R), Z' > 0.
The weak solutions should also satisfy the natural constraints

o(t,z) >0, 9(t,x) >0 a.a. in (0,T) x Q,
in particular, the entropy density o0s(o,9) is well defined.

REMARK 2.1.  The use of the cut-off function Z in (2.4) is motivated by Chen and
Frid [6]. Inequality (2.4) may be seen as a renormalized version of (1.4).

As is well known, smooth solutions of the Euler system may develop singularities in
finite time for a fairly general class of initial data. The admissible weak solutions represent
a physically grounded alternative providing the description of the system in an arbitrary
time lap. Unfortunately, global-in-time existence of weak solutions is a largely open
problem. In addition, the recent examples provided by the theory of convex integration,
see Chiodaroli et al. [7], [8], show that uniqueness may fail in the multidimensional case
even in the class of admissible weak solutions.

2.1. Weak limits of weak solutions.
In order to motivate our concept of measure-valued solution, we consider a family
of initial data satisfying

Cy

Y
00,e > 0, / 00,edz > Moy > 0, Yo >0, log (05> > 59 > —00,
Q 00,

1
/ |:2QO,E|UO,E|2 + C’UAQO,E/&O,E:| dz S €0, (25)
Q

uniformly for ¢ — 0. Suppose that {o., V., U }e>o are the corresponding weak solutions
to the Euler system specified through (2.1)—(2.4). Our goal is to identify the cluster point
of {0e,0c, U }es0 for e — 0. To this end, we first derive the available a priori bounds.

2.1.1. A priori bounds.
To begin, consider Z € BC(R),



Measure-valued solutions to the complete Euler system 1231

<0 for s < sq,

=0 for s> sgp.

7' >0, Z(s) {

Take ¢ = 9(t), ¥» > 0 as a test function in the entropy inequality (2.4). Using (2.5) we
deduce, after a straightforward manipulation, that
19?) (T’ )
0e(1,)Z [ log | =% ) |dz > 0 for almost all 7 € (0,T);
Q Q¢ (7_7 )

whence

9
log ( 2 ) > so whenever g > 0 < p. < exp(—s0)v<” for almost all (7,2) € (0,T) x Q.

Qe
(2.6)
Similarly, we deduce from (2.3) and (2.5) that
1
/ |:2Q5|’u,€2 + ¢cp0:9 | (1,-) da < e for almost all 7 € (0,T). (2.7)
Q
Next, in view of (2.6),
ot (/o) < e(s0)cv0eVe;
whence, in accordance with (2.7),
/ orF /e (7 ) da < ¢(s0, €0) for almost all 7 € (0,T). (2.8)
Q

By the same token,

c(s0)9< [log(¥:)]2 < e(q, sp) if ¥ <1,
0:Ve if 9, > 1,

0c|log(9:)|? < {

therefore

/ 0| log(9)|4(, -) dz < ¢(q, 50, €0), g > 1, for almost all 7 € (0,T). (2.9)
Q
Finally, writing o-u. = /0-1/0:ue, we deduce from (2.7) and (2.8) that
/ |ocuc|P(7,-) do < (s, ep) for almost all 7 € (0,T") and some p > 1. (2.10)
Q

2.1.2. Young measure.

Unfortunately, the a priori bounds available are not strong enough to perform the
pointwise limit in the nonlinearities in the weak formulation. Instead we use the charac-
terization of limits of oscillatory sequences of functions via Young measures. Note that
there is an additional problem as all bounds obtained in the previous section depend
on g.. In other words, we have no control over the behavior of u., ¥. on the (hypo-
thetical) vacuum zone. Consequently, it is more convenient to work with a new set of
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state variables—the density g, the momentum m = pu, and the internal energy density
E = ¢, 09—the norm of which is controlled at least in the Lebesgue space L'.
Let

F= {[Q,E,m] ‘ 0 €10,00), E €0,00), m€R3}

denote the new state space and let L ((0,T) x ; P(F)) be the space of essentially

weak-(*
bounded weakly-* measurable mappings gf): (0,T) x Q= P(F), (t,x) = Yi .
By virtue of the fundamental theorem on Young measures, see e.g. Ball [1], there
exists a subsequence (not relabeled) of {gc, Fe = ¢,0:9¢, Me = e >0 and a parame-
terized family of probability measures {Y 2}t 2)c(0,7)x 0

() = Y] € L0 (0,T) x %5 P(F))
such that
(Yi.n; G0, E,m)) = G(o, E,m)(t,x) for any G € C.(F) and a.a. (t,z) € (0,T) x £,
whenever
G0z, co0:9e, 0:u) — G(o, E,m) weakly-(x) in L=((0,T) x Q). (2.11)

The parameterized family of measures {K’I}t@e(u']ﬂ)xg is called Young measure associ-
ated to the sequence {oc, ¢, 0:Vc, 0-Uc te>0. As a consequence of (2.6), we get

supp[Yy,z] C {[Q,E,m] €F | ot <y eXp(—SO)EC“}-

As the nonlinearities appearing in the weak formulation do not in general belong to
the class C.(F) (in the new set of variables [p, E, m]), validity of (2.11) must be extended
to a larger class of functions. If G € C(F) is such that

T
/ / |G (0c, Cy0eVe, 0t )| dz < ¢ uniformly for & — 0, (2.12)
0Jo

then G is Y , integrable for almost all (¢,2) € (0,T) x  and
[(t,2) = (Yi.0:G(o, E,m))] € L*((0,T) x Q).

The function [(¢,x) — (Y;,z; G(0, E, m))] can be identified with the so-called biting limit
of the family {G (o, ¢p0:9¢, 0c U ) }e>0, see Ball and Murat [2]. Finally, the same holds for
any G : F — RU{oo} satisfying (2.12) and such that there exists a sequence G,,, € C.(F),
Gm /G in F.

If (2.12) holds, we have

G(0c, Cp0:Ve, 0cue) — G(o, E, m) weakly-(*) in M([0,T] x Q),

for a suitable subsequence. Here, the singular part of the limit measure reflects possible
concentrations in {g¢, 0:9¢, 0:Uc }e>0-
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REMARK 2.2. Note carefully that the Young measure [(¢, ) — (Y} .; G(o, E,m))]
is a parameterized family of non-negative measures acting on the phase space F while
G(p, E, m) is a signed measure on the physical space [0,7] x Q.

The difference
pe = G(o, E,m) — [(t,z) = (Yi2;G(o, E,m))] € M([0,T] x Q),

is called concentration defect measure. It vanishes whenever the family
{G(0z, cr0cVe, 0cu:) Jeso is equi-integrable (weakly precompact) in L1((0,T) x ).
We claim the following result proved in [11, Lemma 2.1].

LeEmMA 2.3.  Let
|G(o, E,m)| < F(o,E,m) forall (9, E,m) e F.
Then
G(o, E,m) — (Yi,2:G(o, E,m))| < F(o, E,m)—(Y; ; F(0, E,m)) = pr in M([0, T]xQ).

2.1.3. The limit € — 0.
We are ready to perform the limit for € — 0 in the weak formulation (2.1)—(2.4).

STEP 1: In view of the uniform bounds (2.8) and (2.10), we can let ¢ — 0 in (2.1)
obtaining

T
/ / (Vi 0) o + (Yiasm) - Vo] dardt = — / Youi0)p(0,)de,  (213)
0JQ Q

for any ¢ € C°([0,T) x ), where Yy, is the Young measure generated by the initial
data. Note that, in accordance with (2.8) and (2.10), the families {0c}c>0, {0cUe}es0
are equi-integrable and therefore concentrations do not occur. Finally, we deduce from
(2.13) that

UQ <Yt,m;9><pde:;/OT/Q [(Yi,25 0) Oup + (Yia;m) - Ve dadt, (2.14)

for almost all 7 € (0,T) and for any » € C1([0,7] x ).

REMARK 2.4. Relation (2.14) can be justified for any 7 € [0,T), however, this is
not needed for future analysis.

STEP 2: Keeping in mind the uniform energy bound (2.7), we consider ¢ = 9 (t)
as a test function in the total energy balance (2.3) obtaining

T
1
0 Ja 2

2
|"; + E> O da dit



1234 J. BREZINA and E. FEIREISL

s <W( )Q>3“/’dt—/oT/Q (Yiai
= *WO)/Q <Y0,:c§ (;'"Z'Q +E>> dz.

REMARK 2.5. Note that the function

2
ml” E> 8 dar dt
0

2
[0, m] € int[F] — |Tr;,

extended to be 0 whenever . = 0 and oo if ¢ = 0, m # 0 is a convex lower semi-
continuous in F; whence Y; , measurable.

Thus we may infer that

2 t=1
{/ <Y}7w;1m| +E> dx} +D(1) =0, (2.15)
Q 2 0 t=0

for almost all 7 € (0,T"), with non-negative D € L*°(0,T),

D(r) = <(;|7Z|2+E>(7, -);Q> - /Q <Ym; % |n2|2 +E> dz,

for almost all 7 € (0,T). The quantity D will be termed dissipation defect.

REMARK 2.6. Recall that, in view of (2.7), we have

We L*(0,T; M(9)).

REMARK 2.7. It follows from (2.15) that
supp(Y:,z] N {o =0, m # 0} = 0.

In particular, if the measure Y; , charges vacuum zone it must be only within the hyper-
plane m = 0.

STEP 3: Similarly, we deduce from the momentum equation (2.2) that

U (Yiaim) - cpdrc]t—;

// {Ym 3t<p+<Yt,x;m(jm>:szo+<Yt,z;p>diVm<P dz dt
Q

+ / Ve : dur, (2.16)
0

for almost all 7 € (0,7) and for any ¢ € C*([0,T] x Q; R?), with the concentration error
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UR = (mQjm) _ <Y}’m§ Tnméj”"> +pl— <Y;’$;p>}1 c LOO(O7T;M(Q;R3X3))_

Note that p = (1/¢,)E, and that, in view of Remark 2.7, it is enough to set m ® m/o =0
whenever m = 0.

In accordance with Lemma 2.3, we have an important relation between the concen-
tration error ug in (2.16) and the dissipation defect D, namely

‘/ Vg duR’ < vacp||c([oﬂxg)/ D(t)dt for almost all 7€ (0,T). (2.17)
0 0
STEP 4: Finally, the entropy balance (2.4) gives rise to

[/Q (Yt,w;QZ(S)de]t_T
t=0
> / / (Vow: 02 (8)) B+ (Yows Z (5) m) - Voig] drdt (2.18)

for almost all 7 € (0,T), any ¢ € C*([0,T] x Q), ¢ >0, Z € BC(R), Z' > 0, where

Eee
s=s(p, F) =log (W) .

The couple {Y; ,, D} satisfying (2.14), (2.15), (2.16), (2.17), and (2.18) represents a
dissipative measure-valued solution of the complete Euler system (1.1)—(1.4).

2.2. Dissipative measure-valued solutions.

Motivated by the previous discussion, we introduce the concept of a dissipative
measure-valued solution to the Euler system (1.1)—(1.4) for general constitutive rela-
tions. Although motivated by the preceding section, the measure-valued solutions intro-
duced below represent an object formally independent of any approximation procedure,
in particular they may not be a limit of a family of weak solutions.

In addition to Gibbs’ equation (1.5), we assume the hypothesis of thermodynamic
stability,

dp(o, 1)
do

Oe(p, 1)
ov

>0, >0 for all p,9 > 0. (2.19)

In particular, any function G = G(9,9,u) can be identified with a function of variables
[0, E = ge(p,V), m = gu] as

G(o,%,u) =G (g,ﬁ(g, E), m) forall 0>0, 9 >0, ue R
o

We simply write G(g, E, m) as the case may be.

REMARK 2.8. The former condition in (2.19) means that the compressibility of
the gas is positive while the latter expresses positivity of the specific heat at constant
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volume. They may can be rephrased as convexity of the internal energy e as a function
of the entropy s and the specific volume 1/, see Bechtel, Rooney and Forest [4].

DEFINITION 2.9 (Dissipative measure-valued solution). A family of probability

measures {Y: 2} (¢,2)e(0,7)x 0
(t ‘T) = KT € Lwe'lk( )((OaT) X Q’P(f))7

and the dissipation defect D € L*°(0,T) represent a dissipative measure-valued solution
of the Euler system (1.1)—(1.4) with the initial data Yp , if:

(1)
[/Qm*”’ @dx} // (Vi 0) Opp + (Yigim) - Vypldzdt,  (2.20)

for almost all 7 € (0,7) and for any ¢ € C*([0,T] x Q);

(2)
t=1
[ i) o]
t=0
-/ { Viaim)-Oup+ (¥is ™ m> Voot (Viaip(o B)) div, | drdt
+// Ve s dur, (2.21)
0Ja
for almost all 7 € (0,T) and for any ¢ € C*([0,T] x Q; R?);
(3)

t=r1

[ sz 0. ) o]

// Y;&xa«QZ P7 ))> at@"‘ Oft zaZ(s(va)) m> vz@}dxdta (222)

t=0

for almost all 7 € (0,T), any ¢ € C*([0,T] x Q), ¢ >0, Z € BC(R), Z' > 0;
(4)
{/ <Yt 1;1W+E> dx}t_T—i-D(T) =0, (2.23)
o\ 2 ¢ t=0
where the dissipation defect D dominates the signed measure
pur € M((0,T] x Q; R**?),

specifically,

||IU’RHM([(]77-)><Q;R3><3) < C/O D(t) dt, (2.24)
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for almost all 7 € (0,T).

As already pointed out, the dissipative measure-valued solutions are designed to
retain the minimal piece of information inherited from the original Euler system in the
course of some limit process. They may be seen as limits of families of weak solutions
or their numerical approximations, cf. [11]. Notably, as shown in the next section, the
dissipative measure-valued solutions comply with the weak-strong uniqueness principle.
In this context, relation (2.24) plays the crucial role.

3. Weak-strong uniqueness.

Our ultimate goal is to show the main result of the present paper, namely, a dis-
sipative measure-valued solution and a strong solution starting from the same initial
data coincide as long as the latter exists. In addition to the natural physical principles
encoded in (1.5), (2.19), we shall need a purely technical hypothesis

Ip(0, )| < (1+ 0+ ce(o,9) + o|s(e,9)]). (3.1)

Note that (3.1) is satisfied for a large family of gases for which p & g including the
perfect gas studied in Section 2. Here and hereafter, the symbol a < b means a < ¢b for
a certain constant ¢ > 0.

3.1. Relative energy.
Let

re CH[0,T] xQ), r>0, © c CY[0,T] xQ), © >0, UcCY[0,T] x R, (3.2)
be given. Following [14], we introduce the ballistic free energy

He(o,9) = ce(o,V) — ©ps(o,7),
and the relative energy

_ 8H@(7’, @)

S (o=r)~Ho(r.©)

1
((:Z <Qal9au T,@,U) = §Q|'UJ—U|2+Q€(Q, ﬁ)_GQZ(S(Q7’L9))

The relative energy can be written in the new variables [0, E, m] as

2

+E—-00Z(s(p, E))—M

S (g=r)—Ho(r.0).
(3.3)
In contrast with [14], the relative entropy functional depends also on the cut-off function

appearing in the entropy inequality (2.22). The specific shape of Z will be fixed below.

((:Z <Q5E7m

1
r,@,U) :Q‘m—U
27 o

REMARK 3.1. Notation in (3.3) is slightly inconsistent as 0Hg(r, ©)/0p still de-
notes the derivative with respect to g of the function Heg(p,?) considered in the “old”
variables (p,?) rather than (p, E'). We still believe this is convenient as the “test func-
tions” r and © are designed to mimick the density and the absolute temperature of the
strong solution.
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3.1.1. Relative energy inequality.
Using the abstract formulation (2.20)—(2.23) we derive a functional relation

[ rcse o romad]

e (s
#| [ s (108 - 6H@T@)d] [ [ ozt ))>@de1
o[ e et o]

-2 [ [ <Yt,m;m>-de[; +[ [ v <;|U|8H%(Q@))d];
-1f <n,x;92<s<g,E>>>@dx]t=0+ [ o), H@m@)dm]”.

do t=0

t=1

Furthermore, using the entropy inequality (2.22), we get

[/ (Yiri 2 (0. E,m

/ / (Yiwi 07 (3(0, E))) 0 + (Y01 Z (5(0, E)) m) - V0] dz dt

[/Q (Vierm) - wa]t_o UQ%%@ G'U'QH%(QG))“}_

+ [/QaH@(’"@) — Ho(r, @)dx}t_T. (34)

do t=0

t=r1

ro, U)>dx} +D(r)

t=0

The advantage of (3.4) is that all integrals on its right-hand side can be expressed by
means of (2.20) and (2.21). Thus, repeating the arguments of [14, Section 3], we obtain

[ (e (o8m

_ /OT/Q [(Yiw; 0Z (5(0, E))) 010 + (Y; 23 Z (s(0, E)) m) - V0] dz dt

t=r1

r, 0, U) > dx] +D(7)

t=0

n // (Vi0: 0) 5(r, ©)0,0 + (Yioim) - s(r, 0)V,0] du dt
0JQ
[ [m,m; oU —m) - 0,U + <Y (U —m) @ ";> VU — (Yewiplo, )
0JQ
T 1
div, U:| dx dt + // |:<)/t,3:; r—= Q> %@p(ﬁ @) - <}/t,x; m> ' ;vxp(ra e):l dz dt
0JQ

7/ V.U : dug. (3.5)
0
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The relation (3.5) holds for any dissipative measure-valued solution of the Euler
system and any trio of smooth test functions satisfying (3.2). It can be seen as a measure-
valued variant of the relative energy inequality derived in [14].

REMARK 3.2. The fact that (3.5) holds for any trio of “test functions” [r, ©,U] is
important in view of possible future applications, cf. Section 4.

3.2. Weak-strong uniqueness in the class of measure-valued solutions.

Suppose that [r,©,U] is a strong solution of the Euler system (1.1)—(1.3) starting
from the initial data [rg, ©g, U] belonging to the class (3.2). We fix a compact set K C
(0,00)? containing the trajectories Uselo,1],ze0(r(t, ), O(t, z)] and its image K c (0, )2
in the new phase variables

(0,9) + [0, 0¢(0,9)] : (0,00)* = (0,00)*.
Finally, we consider a function ®(p, E),
e CX(0,00)%, 0 < ® <1, dly = 1, where U is an open neighborhood of K in (0, 00)2.
For a measurable function G(p, E, m), we set
G = Gess + Gres, Gess = 2(0, E)G(0, E,m), Gres = (1 — @(0, E))G(0, E, m).

The idea, borrowed from [13], is that the “essential part” Gess describes the behavior
of the non-linearity in the non-degenerate area where both ¢ and 1 are bounded below
and above, while the “residual part” G captures the behavior in the singular regime
0,9 — 0 or/and g, — co.

Finally, we consider Z = Z,;, € BC(R), —00 < a < b < o0,

a for s <a,
Zap(s) =4 s forsé€ [a,b],
b for s >0,

and fix a, b finite in such a way that
[Zap(s(0, E))]ess = ®(0, E) Zap(s(0, E)) = @(0, E)s(0, E) = [s(0, E)]ess- (3.6)

3.2.1. Initial data.
We consider a dissipative measure-valued solution {Y; ,, D} such that its initial value
coincides with [rg, ©g, Ug], meaning

Y00 = O (), roe(ro,00)(x),roUs ()] fOr almost all z € Q,

where dy denotes the Dirac distribution supported at Y. Accordingly,

/Q <Y0,x;5z (Q,E,m ‘To(x),Go(:c),Uo(gc))>dx —0.
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Taking ¢ =1 in (2.22) we get

/ (Yr 23 0Z(s(o, E)))dz > / r0Z(s(r9,00)) dz for almost all 7 € (0,7T).
Q Q

As the initial data are regular, we deduce that there exists a € R such that
/ (Yra;0Z(s(0, E)))de = 0 whenever Z <0, Z(s) =0 for all s > a.
Q
Consequently, we obtain

/ <YT,w;QZa,b(S(Qa E))>d$ :/ <Yr,x;QZ—oo,b(s(Q7 E))> dx,
Q Q

in particular
- /§; <Y'r,:v; QZa,b(S(Qv E))> dz

= _/ <YT,m§QZ700,b(S(QvE))>de _/ <YT,I;QS(Q7E)> dz.
Q Q

Thus introducing a new relative energy

8H@ (7“, @)

& (Q,E,m 90

1 2
T’@’U):QQ‘TZ—U‘ + FE —©ps(p, E) — (o—7r)— Ho(r,©),

and going back to (3.5), we obtain

/Q<Ymc§5 (g,E,m

< _/T/ [<Yt,m§QZ (8(07 E))> 0,0 + <Y;5,ac;Z(S(Q, E')) m> . VQC@} da di
0JQ

r,@,U)>dx+D(7')

+/0/Q [(Yi,250) s(r,©)0:0 + (Yi 3 m) - s(r,0)V,0] dz dt

+ /OT/Q |:<)/t,a:; oU —m)-0,U + <Ym (U —m)@ ?> : VoU = (Yiai p(o, E))

T 1 1
div, U] drdt + // [(th, r— o) ;@p(r, 0) — (Yio;m) - ;Vmp(r, @)} dz dt
0Ja
— / V.U : dug dt for almost all 7 € (0,7, (3.7
0

with some fixed Z = Z, 5, a < b finite.

3.2.2. A Gronwall type argument.

Our ultimate goal is to show that the right-hand side of (3.7) can be absorbed by the
time average of the left-hand side. Thus, by means of the standard Gronwall argument,
the left hand must vanish identically in (0,7). To this end, we recall the coercivity
properties of £ proved in [13, Chapter 3, Proposition 3.2],
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E(Q,E,m r,@,U)

2
m/|®

m
e -U +|:1+Q+Q|5(Q,E)+E+

m
o= 12+ |E — re(r, @) + |Q

ess

STEP 1: We first use (2.24) to observe that

/VZU:duRdt‘,S/ D(t) dt.
0 0

Next, write
/<Yt,z;(gU—m)®m>;vadx
Q 0
:/ (Yt,z;gUfm>®U:VmUdz+/ <Yt,x;g<U7Z>®<1ZU)>:V$de,
Q Q

where the right integral is controlled be the left-hand side of (3.7).
Consequently, as [r, ®,U] solve the Euler system (1.1)—(1.3), inequality (3.7) re-
duces to

/Q<YT,I;E (Q,E,m

0JQ

r e, U) > da + D(7)

n / /Q (Yie: 0) (. ©)040 + (Yiaim) - s(r,0)V, 0] dadt

+ / / [p(r, ©) divy U — (Yi.o: p(o, E)) div, U] dardt
0JQ

! Vep(r,0) — p(r,©)div, U | dzdt

T 1
+ / [mz;r—m L op(r,0) = (Via: oU) - L
0JO ' '

+/0 [/Q<Yt,z;5(g,E,m

STEP 2: Keeping in mind (3.6) we may rewrite

r, 0, U) > dz + D(t)] dt for almost all 7 € (0,T).
(3.9)

- _/o/n [(Yi2; [0Z (s(0, B))].o0) 8O + (Yia; [Z (s(0, E)) m]_.) - VO] dz dt

+ /O/Q [<Y;ﬁ,x; [Q]ess> 3(717 @)at@ + <YPt,:v; [m]ess> : 3(7’, @)Vx@] dzdt
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- /OT/Q [(Yeai [0Z (s(0, E))l es) 0O + (Yeu; [Z (s(0, E)) ml,) - VoO] da di
+ /OT/Q [(Yi0: [0)ves) 8(r, ©):0 + (Y 2 [M)ses) - s(r, ©)V,0] da dt
= /OT/Q (Yi2: [o(s(r, ©) = s(0, E))less) 010 dar dt
+ /O/Q (Yio: [m(s(r,0) = s(0, E))less) - Vo O da dt
- [ 0iss(02 (0. DL 208 + (Vi 2 sl B)) ) - 9,6
+ /O /Q [(Yea5 [0lres) 5(r, ©)0O + (Y 05 [Mres) - 5(r, ©) V0] dw dt,
where the residual terms are controlled in view of (3.8).

As for the essential components, we may pass to the original variables (g,9) to
observe that

ds(r,9)
do

[s(e, (e, E)) — 5(7, 0)]ess = [0 — T]ess +

where the difference proportional to
[Q - T]zss + [E - Te(r7 @)]gss’

is absorbed by the left-hand side of (3.9).
Summing up the previous discussion, we may replace (3.9) by

/Q<YT,$;5 (Q,E,m

S [ (ioso (P20 e+ 20 010.5) - ) ) Y00 da

- /o/g <Y” " (85(67;@) (0= Tless 8Sgé@) [0(e, E) - ®]ess)> .V, 0 dxdt

+ / / [p(r, ©) diva U — (Yi.o: plo, E)) div, U] dar dt
0JQ

e, U)> dz + D(r)

T 1 1
# [ [ Wit = 0 100(r0) = (Vi o0) - 19.0(5:0) + V2. 0) - U] v
0JQ

+/OT {/Q <Y1571;5<Q,E,m

STEP 3: Using the fact that r, U satisfy the equation of continuity we get, after a
tedious but straightforward manipulation, the identity

r, 0, U) > dr + D(t)] dt for almost all 7 € (0,T).
(3.10)

( ~ 0 0(r,0) + Vap(1,0) - U — U - V.p(r, ©) + v, U(p(r, 0) ~ plo, )



Measure-valued solutions to the complete Euler system 1243

_ div, U <p(7‘, o) - 873(5;)@) o)~ 20 i) —po, 19))
+r(o—r1) as(g;)@) (0:©+U -V,0)+r(—0) 88(52’9@) (0,©+U -V,0).

In view of hypothesis (3.1) the residual part of the expression on the left-hand side is
controlled and we may go back to (3.10) to deduce the desired conclusion:

/Q<Ymc;€ (Q,E,m

< [ (v ptre) - 2520 — ) - 2455 0 — (4. )~ sl 0t E))}>

dingdedtJr/oT UQ <Yt,w;€ (Q,E,m

5//<Yt,x;[I@—rl2+IE—re(r,@)|2]ess>dxdt
0JQ

+/OT [/Q <Yt,z;5<g,E,m

Applying Gronwall’ lemma we deduce that the left-hand side of (3.11) vanishes for
almost all 7 € (0, 7).

We have shown the following result.

"o, U) > da + D(7)

r e, U) > dz + D(t)} at

r, 0, U)>dx + D(t)} dt for almost all 7 € (0,7T).
(3.11)

THEOREM 3.3 (Weak (measure-valued)-strong uniqueness principle).  Let the ther-
modynamic functions e = e(p,9), s = s(p,9), and p = p(o,9) satisfy Gibbs’ relation
(1.5), the hypothesis of thermodynamic stability (2.19), and let

Ip(0,9)] < c(1+ 0+ ols(e,9)] + ce(o,9)).

Let [r,©,U] be a continuously differentiable classical solution of the Euler system
(1.1)=(1.3) in (0,T) x Q starting from the initial data (ro,O0,Uy) satisfying

rg > 0, @()>0.

Assume that [Yy 5; D] is a dissipative measure-valued solution of the same problem in the
sense specified in Definition 2.9 such that

Y(Lx = 5[7‘0(z),roe(ro,@o)(w),roUo(x)] for almost all x € Q.

Then D =0 and

Yiz = Opr(t,2),re(r,©)(t,2),rU(t,z)] for almost all (t,z) € (0,T) x Q.



1244 J. BREZINA and E. FEIREISL

4. Conclusion.

We have introduced the concept of dissipative measure-valued solution to the com-
plete Euler system (1.1)—(1.4). Such a solution appears as a natural cluster point of
families of weak solutions or their viscous approximations. We expect also certain nu-
merical schemes to generate this kind of solutions, cf. [12]. The main result stated in
Theorem 3.3 above asserts that a dissipative measure-valued solution coincides with a
strong solution starting from the same initial data on the life span of the latter. In
particular, if this is the case, any sequence generating the measure-valued solution nec-
essarily converges pointwise to the strong solution. Such a result can be used for proving
convergence of certain numerical schemes as in the simpler barotropic case discussed
in [12].

The fact that the measure-valued formulation (2.20)—(2.24) contains the cut-off func-
tion Z may seem restrictive although quite natural in the present context. The cut off can
be dropped, meaning taking Z(s) = s, provided sufficiently strong a priori bounds are
available to control integrability of psu = sm. As we have seen in Section 2, these bounds
followed from boundedness from below of the entropy of the system. Similar bounds can
be obtained directly from the energy balance provided the constitutive thermodynamic
functions satisfy a technical restriction

ols(e,0)|* < (1 + o+ oe(0,9)). (4.1)

It can be shown that (4.1) holds for a general monoatomic gas satisfying the caloric
equation of state

2
= - 67
p 3Q

provided that the associated entropy s = s(g,v) complies with the Third law of thermo-
dynamics, specifically,

lim s(g,4¢) = 0 for any o > 0,
9—0

cf. [13, Chapter 1, Part 1.4].
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