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Abstract. In this paper, we study random matrix models which are
obtained as a non-commutative polynomial in random matrix variables of two
kinds: (a) a first kind which have a discrete spectrum in the limit, (b) a second
kind which have a joint limiting distribution in Voiculescu’s sense and are
globally rotationally invariant. We assume that each monomial constituting
this polynomial contains at least one variable of type (a), and show that this
random matrix model has a set of eigenvalues that almost surely converges
to a deterministic set of numbers that is either finite or accumulating to only
zero in the large dimension limit. For this purpose we define a framework
(cyclic monotone independence) for analyzing discrete spectra and develop the
moment method for the eigenvalues of compact (and in particular Schatten
class) operators. We give several explicit calculations of discrete eigenvalues
of our model.

1. Introduction.

1.1. Background.

Free probability (see e.g. [25]) is a branch of operator algebras that was invented by
Voiculescu for the purpose of studying properties of free group factors. Later Voiculescu
discovered in [23] that free probability has also an application to the behavior of eigen-
values of non-commutative polynomials in independent large random matrices. This is
one of the most striking success of free probability.

Let M,,(C) be the set of all n x n matrices whose entries are complex values. When
applying free probability to random matrices, the standard assumption is that a fam-
ily of Hermitian matrices By(n),...,Bx(n) € M,(C) has a (joint) limiting distribu-
tion as n — oo, meaning that for any non-commutative *-polynomial P in k variables,
tr,(P(B1(n),...,Bk(n))) admits a finite limit as n — oo where tr,, is the normalized
trace such that tr, (I,,) = 1. Then Voiculescu’s result [24] (see also [23]) states that if
U(n) is a Haar unitary random matrix, then with probability one, the enlarged family
{B1(n),...,Br(n),U(n)} also has a joint limiting distribution almost surely as n — oo,
and in the limit, U(n) becomes free from {Bi(n),..., Bk(n)}.

Furthermore, Haagerup—Thorbjgrnsen [13], Male [14] and Collins—Male [10] ob-
tained versions of Voiculescu’s results in the context of operator norm convergence. What
they proved is that the family of matrices {Bi(n),...,Bg(n),U(n)} admits a strong
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(joint) limiting distribution as n — oo, which means that it has a joint limiting distribu-
tion as stated before, and in addition, for any non-commutative self-adjoint *-polynomial
P in k + 1 non-commuting variables, the random matrix P(By(n),...,Bk(n),U(n)) has
no outliers, i.e. no eigenvalues outside the limiting support of the spectrum. Before the
above results in free probability, several ‘single random matrix models’ were known to
have strong limiting distributions; for example, this is the case for Wigner matrices under
some assumptions, and in particular for Gaussian unitary ensembles (GUE) and Wishart
matrices (see [1, Theorem 2.1.22 and Bibliographical notes]).

On the other hand, in the last 10 years, random matrix models that do not have
strong limiting distributions have become fashionable. The literature is abundant. We
refer for examples to [3], [5], [8], [19], [20], [22] and in particular to the pioneering work
of Baik-Ben-Arous—Péché [2] and Péché [18] where outliers of finite rank deformations
of Wishart matrices and of GUEs have been studied, respectively.

1.2. Our model.

The purpose of this paper is to investigate random matrix models similar to those
studied in [2], [3], [5], [18], but our models admit purely discrete spectra when the
dimension tends to infinity. In other words, our model has, as a limiting spectrum, the
eigenvalues of a selfadjoint compact operator on a Hilbert space. The precise definition
of our model is as follows. For simplicity, the dependence on n being dropped, let
{A1,..., Ax} be a family of n x n deterministic matrices which has a limiting joint
distribution with respect to the non-normalized trace Try, i.e. for any non-commutative
x-polynomial P without a constant term, the following limit exists:

lim Tr,(P(A1,...,Ag)). (1.1)
n—oo
Let {Bj,..., B¢} be a family of n x n deterministic matrices which has a limiting joint

distribution with respect to tr,. Let U be an n x n Haar unitary (we can treat several
independent Haar unitaries, but for now we restrict to a single Haar unitary). We
investigate the limiting eigenvalues of

P(A1,..., Ay, UBU*,... .UBU"), (1.2)
where P is a k+( variables selfadjoint non-commutative %-polynomial P({z;}¥_,, {y;}i_,)
such that P({0}_, {y;}i=,) = 0.

1.3. Main results.

The main results of this paper are as follows.

(i) We introduce and investigate cyclic monotone independence which is a universal
computation rule for mixed moments with respect to weights (Section 3) as ab-
straction of the formula [21, Lemma 3.1].

(i) The pair of tuples ({A;}f_,,{U*B;U}._,) above is asymptotically cyclic monotone
with respect to (Trp,, tr,) almost surely (Theorem 4.3).

(iii) The eigenvalues of (1.2) converge to deterministic eigenvalues of a compact operator
almost surely (Corollary 4.4). We then extend (by functional calculus) this result to
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compact operators Ay, . .., Ay for which the limit (1.1) may not exist (Theorem 4.7).

(iv) We compute in Theorem 5.1 the limiting eigenvalues of (1.2) explicitly when the
polynomial P is of the forms

k k
Somyirr, Y wimyl,  wy+yx,  i(zy - ya).
=1 1=1

(v) We also discuss a generalization of the model (1.2) when several independent Haar
unitaries appear. We show the almost sure convergence of eigenvalues (Corollary
4.10) and compute explicit eigenvalues for some polynomials of random matrices
(Proposition 5.2).

Our model (1.2) is closely related to the recent work of Shlyakhtenko [21] where asymp-
totic infinitesimal freeness was proved for {Ay,..., Ay} and {UBU*,...,UByU*} when
Ay, ..., Ay are fixed matrices of finite size. We strengthen this result with a self-contained
proof, and then show an almost sure asymptotic convergence result.

Shlyakhtenko gives a very interesting interpretation of his result in terms of locations
of outliers (discrete spectra) and continuous spectra, assuming that the outliers exist. His
arguments strongly suggest that infinitesimal freeness can be useful for outlier problems
studied by Baik-Ben-Arous—Péché [2], Péché [18] and others. On the other hand, our
research is devoted to purely discrete spectra. In our discrete spectrum model, we are able
to show that the “outliers” indeed exist almost surely for completely general polynomials
in general matrices Ay, ..., A converging to compact operators and rotationally invariant
random matrices.

On methodology, our model needs a new method outside the standard techniques
in free probability, since our model (1.2) converges to 0 in distribution in the usual
sense [21]:

nlingotrn (P(Ay,..., A, UBU*,..., UB,U*)?) =0, pe N (1.3)
To analyze the discrete spectrum, we develop the moment method with respect to the
non-normalized trace Tr,. The most important point is that the convergence of moments
with respect to Tr,, as n — oo implies the pointwise convergence of eigenvalues. Together
with this moment method, the Weingarten calculus developed in free probability [9], [11]
enables us to compute moments with respect to Tr,, and prove the pointwise convergence
of eigenvalues. When continuous and discrete spectra are mixed, it is not obvious if our
method can somehow be extended.

1.4. Organization of this paper.

After this introduction, Section 2 gathers preliminary materials in order to handle
eigenvalue distributions of non-commutative random variables that are compact oper-
ators. In Section 3 we introduce the notion, central to this paper, of cyclic monotone
independence which is a special case of infinitesimal freeness, in the framework of a non-
commutative probability space with a tracial weight. Section 4 shows the almost sure
asymptotic cyclic monotone independence of {Ay,..., Ax} and {UBU*,..., UB,U*}.
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Finally, Section 5 provides examples of eigenvalues of our model (1.2) in large n limit.

2. Convergence of eigenvalues.

In this section, we consider convergence of eigenvalues in a general setting. First, we
introduce an order and the classification of eigenvalues to prove theorems in this section.
After then, we obtain characterization of convergence of eigenvalues for Schatten class
operators from a viewpoint of the non-normalized trace. The results play crucial roles
to handle eigenvalues using non-commutative probability theory.

We use the following notations in this paper (in particular in this section).

(1) Cob(R): The set of real-valued bounded continuous functions on R that vanish in
a neighborhood of 0.

(2) Il llja,8 The supremum norm on Cla, ], —00 < a < 8 < oo.
(3) C§5,(R): The set of functions f € Cop(IR) that are infinitely differentiable.

(4) Try: The trace on a separable Hilbert space H. When H = M,,(C), Try is denoted
by Tr,.

(5) try: The normalized trace (1/n) Tr,, on M, (C).
(6) SP(H): The set of p-Schatten class operators on a separable Hilbert space H.

(7) || llp: The p-Schatten norm. If a is a selfadjoint compact operator with eigenvalues
S 1
{Aiiz1 then [lall, = (32, )"

2.1. Order for eigenvalues.
It is useful to regard eigenvalues as a multiset.

DEFINITION 2.1.  For a selfadjoint compact operator a, we denote by EV(a) the
multiset of its eigenvalues. The disjoint union of multisets counts the multiplicity, e.g.
{3,2,1,1,0,0,...} u{2,1,1,0,0,...} ={3,2,2,1,1,1,1,0,0,... }.

Let us make remarks about this definition.

e We may also view EV(a) as a positive measure p on R, namely p({\}) is the
dimension of the eigenspace of a with eigenvalue .

e Alternatively, we may view EV(a) as the collection of all real sequences (z,,) tend-
ing to zero, quotiented by the equivalence relation (z,) ~ (yn) iff there exists a
permutation o of N such that x,, = y,(,) for all n.

e Whenever needs be, we extend the notion of eigenvalues abstractly to selfadjoint
elements of a x-algebra with a tracial weight even if the weight is not a trace on a
separable Hilbert space. This is defined in Section 3 and is related to Section 5.

In order to discuss the convergence of eigenvalues, it is useful to order them in a
nice way.
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DEFINITION 2.2.  We say that a sequence of real numbers {r;}$2; converging to 0
is properly arranged if |r;| > |r;41] for all i € N. Note that the proper arrangement may
not be unique.

Due to the non-uniqueness of proper arrangement, it is sometimes better to decom-
pose a sequence into the nonnegative part and nonpositive part. The proper arrangement
of the nonnegative part {r; | i € N,7; > 0} is unique and is denoted by {r; }2,, and
similarly {r; }9°, denotes the unique proper arrangement of {r; | i € N,r; < 0}.

From now on, we always assume that eigenvalues {\;};>1 are properly arranged,
namely

M| = [Aof =0, (2.1)
and their nonnegative and nonpositive parts are also properly arranged uniquely,
A=A > 20> 200 2 A7 (2:2)

The properly arranged eigenvalues of a selfadjoint compact operator a on a separable
Hilbert space are denoted by {\;(a)};>1. If the dimension of the Hilbert space is finite
then we understand that the index i stops at the dimension. Instead of \;(a)* we use
the notation )\f(a) for the properly arranged nonnegative and nonpositive parts of the
eigenvalues.

2.2. Convergence of Eigenvalues.

DEFINITION 2.3. Let a,ar,k = 1,2,3,... be selfadjoint compact operators on
separable Hilbert spaces H, Hy, respectively. We say that ay converges to a in eigenvalues
if limg—y 00 A¥(ag) = A¥(a) for any 7 € N and u € {+,—}. If a sequence stops at a finite
i then infinitely many 0’s are to be added in the end. Convergence in eigenvalues is
denoted by

lim EV(ax) = EV(a).

k—o0

REMARK 2.4. It seems also natural to define the convergence a; — a in eigenval-
ues by

lim \;(ax) = \i(a) i €N, (%)
k—o0

but this is not good. For example if \;(ar) = {-1,1-1/k,1/2,1/3,1/4,...} and A\;(a) =
{1,-1,1/2,1/3,1/4, ...}, then ax — a in eigenvalues, but the convergence does not hold
in the sense of (k).

Note that the set of eigenvalue sequences
{{/\i}i>1 CR: hm A = O} (23)
- 1—>00

is metrizable by
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o0

LA ] LA =]
d({ N tis1, {a bi = — L C + — et 2.4

where infinitely many 0’s are to be added in the end if the sequence A or p ends at a

finite ¢. This metric is compatible with the convergence in eigenvalues.

PROPOSITION 2.5. Let a,ax, k = 1,2,3,... be selfadjoint compact operators on
separable Hilbert spaces H, Hy, k = 1,2,3, ..., respectively. Then the following are equiv-
alent.

(1) ay converges to a in eigenvalues (cf. Definition 2.3).
(2) limg_yoo Trp, (f(ak)) = Tru(f(a)) for any f € Cop(R).
(3) limp—yoo Trp, (f(ak)) = Tru(f(a)) for any f € C55,(R).

PrOOF. Let A; := \;(a) and \;(k) := \;(ag) for simplicity. Recall that we arrange

the eigenvalues in the way )\IL > )\; > ... and A7 < Ay < -+, and similarly for
A5 (R)}is1.

(1)=(2). Take f € Cy(R) then f = 0on (-4, 9) for some § > 0. Only finitely many
eigenvalues of a are contained in (—4,0)¢, say A\ ,i =1,2,...,£ and A; ,i =1,2,...,m.

Convergence in eigenvalues implies that there exists ko such that 0 < X[ (k) < 6 for all

k > ko. This implies that 0 < \;f (k) < § for all k > ko and i > £ + 1. Similar facts hold
for negative eigenvalues. Therefore, for sufficiently large k& we have

Tra (f(ar)) = D FOF () + 3 FOF (k)

m

EENTFOD) + D FOT) = Tea(f(a)). (2.5)

i=1 =1

(2)=-(3). Obvious.

(3)=(1). If we take f € Cg5,(R) such that f > 0 on R, f(x) = 0 for |z < |laf
and f(xz) = 1 for |x| > 2||a||, then Try(f(a)) = 0. So for sufficiently large k we have
Try(f(ax)) < 1 and hence ay, has no eigenvalues in {x € R : |z| > 2||a|}. This implies
that the eigenvalues of {ay : k € N} are uniformly bounded, i.e. they are contained in a
common interval [—a, a].

If A\f (k) does not converge to A then there exists a subsequence (k;);>1, a real
number uf € [0,a] such that uf # A and A (k;) — pf as j — oco. We derive a
contradiction below. Let e, := [\] — uf| > 0.

e Case 0 < A\] < puf". We take a nonnegative function f € ob(R) such that f(z) =1
for x > uf —e1/4 and f(x) =0 for x < )\T + e1/4. Then all eigenvalues of a lie
outside of the support of f. Therefore Trp, (flax,)) = F(A] (k;)) =1 for large j,
but Try(f(a)) =0, a contradiction.

e Case 0 < uj < A\. We take a nonnegative function g € 5%, (R) such that g(z) =1
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for ¥ > \[ —e1/4 and g(z) = 0 for * < pf + &1/4. Then Try,, (f(ax,;)) = 0 for
large j, but Trg(f(a)) > f(A\]) = 1, a contradiction.

Thus we conclude that A\f (k) converges to A as k — oo. Then we go to the induction:
Suppose that A\; (k) — A as k — oo for every i = 1,...,¢ — 1 and suppose that /\Z'(k)
does not converge to )\zr_ Then as before there exists a subsequence (k;);>1, a real number
pi € [0, A ] such that uf # A\ and A\ (k;) — p) as j — oo. Let € := |\ — puf| > 0.

e Case A/ < uf. We take a nonnegative function f € ob(R) such that f(z) =1
for x > pf —e/4 and f(z) =0 for < A\ +¢/4. Then Tra,, (f(ag;)) = ¢ for large

j, but Try(f(a)) = Z f()\;) = { — 1, a contradiction.

e Case uf < \/. We take a nonnegative function g € o5 (R) such that g(z) =1 for
x>\ —¢/4and g(z) =0 for z < pj +¢/4. Then Try,, (f(ag;)) = £—1 for large
j, but Trgy(f(a)) > £, a contradiction.

Thus A/ (k) converges to A/ as k — co. By induction we conclude that A} (k) converges
to \j as k — oo for every i > 1. Similarly we can prove the convergence of \; (k)
to A; . O

We define a notion of the distributional convergence of a tuple of compact operators,
which is motivated from Definition 2.3 and Proposition 2.5.

DEFINITION 2.6. Given selfadjoint compact operators a;,a;(n),i = 1,...,k on
separable Hilbert spaces H, H,, respectively, we say that (aj(n),...,ar(n)) converges in
compact distribution to (ai,...,ax) with respect to Try, ,Try as n — oo if for every

function f; € Cop(R),i = 1,...,k, p € N and tuple (i1,...,3,) € {1,...,k}? we have
that

lim Trg, (fi, (@i, (n)) -~ fi,(ai, (n))) = Tra(fi, (ai,) - fi, (@i,))- (2.6)

n—oo

2.3. Moment method for convergence of Eigenvalues.
In noncommutative probability, the moment method is an important tool to prove
weak convergence of probability measures. Here, we show a counterpart for eigenvalues.

LEMMA 2.7. Leta>d>0andletp e N. If f € CP(R) and f =0 on [—4, 0], then
for any e > 0, there exists a polynomial P such that 0 = P(0) = P'(0) = --- = P®=1(0),
lf = Pll—a,a) <€ and |P(z)| < elz|P for x € [-6,4].

PrROOF. Without loss of generality we may assume that o = 1. We only consider
p = 2 for simplicity; the general case is similar. By Weierstrass’ approximation we can
find a polynomial Ry (x) such that || f/—Rg||[—a,a) < €/8. This implies that |Ro(0)| < /8,
so the polynomial R( ) = Ro(x) — Ro(0) satisfies that || f” — Ro||[—a,a] < €/4. Then we
define Q(z fo dy Note that Q(x) does not have a constant term. For z € [—1,1]

o b e ) 7)| = |f0 1) dy — [7 R(y)dy| < [ 177(y) - R(y)|dy < e/2.
Then we define P(x fo y) dy, which satlsﬁes P(0) = P’(O) = 0. Then for any z €
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[~1,1) one has that | f ()= P(x)| = | ;' f'(y) dy—fy Q) dyl < [, |F' ()= Q(y)| dy < e.
For x € [-6, 0], we have
@ y
x)| = dy z)dz g/ dy/ |R(z)|dz
0 0 ly|<l|z| |z|<|=|
= 2|z| |R(2)|dz < 2. (2.7)
|z|<|=|

On the last line we have used the fact that f”(z) = 0 for z € [~4,6] and || f" — Rl[[—a,a) <
e/4. O

PRrROPOSITION 2.8. Let a,ax,k = 1,2,3,... be selfadjoint operators on separable
Hilbert spaces H, Hi, k = 1,2,3, ..., respectively. Suppose that there exists p € N such
that a € SP(H) and ai, € SP(Hy) for all k € N. Suppose that Trg, (a}) — Try(a™) as
k — oo for any integer n > p. Then ay converges to a in eigenvalues.

PROOF. We may assume that p is an even integer since SP C SP*!. By Proposition
2.5, it suffices to show that for any bounded C?(R) function f such that f =0 on [—4, J]
for some ¢ > 0, it holds that Try, (f(ax)) = Tru(f(a)) (k — o0).

If the dimensions of some of H, Hy, are finite, then the following proof is still available
by adding infinitely many 0’s to the eigenvalues, so let us assume that the dimensions of
Hilbert spaces are all infinite. Let {A;}52, {\i(k)}2, be the properly arranged eigenval-
ues of a, ai, respectively.

Let o := supys; ||akllp < oo and suppose that o > 0; otherwise a,ay, are all zero
elements. It is easy_to see by Chebyshev’s inequality that
Tr(ad)  aP

5pk <5 (2.8)
and similarly, #{i € N : |\;| > §} < aP/dP. Therefore if we define ig := [a”/dP] € N then
[Ai(k)|, [Ai] <6 forall k € N and ¢ > 4.

Since |[|a[[P, [lax|lh < aP, the eigenvalues of a,ay are all contained in the interval
[—a, al. Given e > 0, by Lemma 2.7 we can find a polynomial P of the form P(z) =
apr? + app1 Pt 4 - 4 agr? such that || f — Pll[—a,a) < €/io and |P(z)| < ea™PxP for

€ [—0,6]. Then for all k € N we have that

i PO — 2 £ = _ ;Z:m )
- ﬁ;m ()] +
- :_Zolﬂm
;ZOIPwu«)) - ;_Zolm

£ eN:N(k)] >0} =#{i € N: N(k)P > 67} <

< 2e+
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We note here that

Do IPNR) <ea Y (k)P < eaPllaglh <, (2.10)
i=ip+1 1=ip9+1

and similarly, >, . [P(\;)| < e. Therefore,

2 POiR) = > P(N) 2 POiR) = > P(N)

Since Trp, (al) = Yoo, Mi(k)P = >i2, A = Try(a™) for all n > p and the coefficients

<24 : (2.11)

of 1,z,...,2P~! of P are zero, there exists ky € N such that
> Pi(k) =D P\ <e (2.12)
i1 i—1

for k > ko. From (2.9), (2.11), (2.12) we have that

Zf(ki(k)) — Zf(xi)

the conclusion. O

<b5e, k> ko, (2.13)

COROLLARY 2.9. Let a, b be selfadjoint operators on separable Hilbert spaces H, K,
respectively, such that a € SP(H) and b € SP(K) for some p € N. If Try(a™) = Trg (b")
for every integer n > p then EV(a) = EV(b).

Actually in Proposition 2.8, we need not a priori assume the existence of a limiting
operator a.

ProposiTION 2.10.  Letp € 2N and Hy, k € N be separable Hilbert spaces. Let ay, €
SP(Hy), k=1,2,3,... be selfadjoint. Suppose that the limit o, := limy_,oc Trpy, (af) € R
exists at least for all integers n > p. Then there exist a separable Hilbert space H and a
selfadjoint operator a € SP(H) such that ai, converges to a in eigenvalues, and moreover,
ap, = Trg(a™) for at least n > p+ 1.

REMARK 2.11. (1) Tt is useless to assume that p € 2N — 1, because then the
conclusion will only be a € SPT1(H).

(2) We cannot conclude that oy, = Try(a?). For example we may take as eigenvalues
of a,

1<i<k,
, E+1<i<k+k?

Py i>k+k+ 1
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Then A; := limy_00 Ai(k) = 1/i for all i € N, but Y57, \i(k)? = ¢(2) +1 #

Y A
PrOOF. Let {X;i(k)}i>1 be the properly arranged eigenvalues of ay, and let
a = suPgey ||ak|lp. Since |A;j(k)| are uniformly bounded by «, there exists a subse-

quence {k(1,7)};>1 of N such that A;(k(1,7)) converges to some ;. Then we can take
a subsequence {k(2,j)};>1 of {k(1,7)};>1 such that A\2(k(2,7)) converges to some Ag,
and continue this procedure. Let k, := k(m, m) and A;(m) := A;(k,,). By construction
{km}m>: C {k(i,7)};>1 for each ¢ € N. Therefore lim,, o0 Ai(m) = A; for every ¢ € N.
Then {\;};>1 is properly arranged since so is {\;(k)};>1. By Fatou’s lemma

DA< lim Y Ai(m)P < ab. (2.14)
i=1

m—o0
=1

Therefore, there exists a separable Hilbert space H and a selfadjoint a € SP(H) such
that EV(a) = {\;}i>1. Note that 8, := Y ;o A? is absolutely convergent for n > p since
S™(H) is increasing on n > 1.

We want to show that 8, = a, for n > p+ 1. For any € > 0, by Chebyshev’s
inequality (2.8) (now we use ¢ > 0 instead of § > 0), there exists iy € N such that
[Xig+1(k)| < e for all k € N, and hence |A;,+1] < e. For n > p+ 1 we have

|an = Bnl < lan — Tr (ap)| + | Tra, (af) — Bnl

< o = Tra, (ap)| + DB = XD+ Y (MR + X))
i=1 i=ig+1

< o — Trg, (ap)] + [ D (Na(k)™ = A7) +€"_p< > ()\i(k)”Jr)\f)).
=1 i=i0+1

(2.15)
The first two terms converge to 0 if we put k& = k,, and let m tend to infinity. The last
term is bounded by 2e"PaP, so we get |y, — Bn| < 2aP™P and hence «,, = 3, for
n > p+ 1. By Corollary 2.9 (applied to now p + 1), the limit eigenvalues {\;};>1 do
not depend on the choice of the subsequence {A(ky,)}m>1. Since the space of eigenvalue
distributions is metrizable (see (2.4)), ai converges in eigenvalues to a. O

3. Cyclic monotone independence.

Our aim is to analyze asymptotic behavior of discrete eigenvalues of random matri-
ces. For this we would like to abstract the notion of the non-normalized trace Try on a
Hilbert space H. So we define a non-commutative measure space that replaces a state
in a non-commutative probability space with a weight.

3.1. Algebraic non-commutative measure space.
A non-commutative measure space is a pair (A, w) where A is a (unital or non-unital)
x-algebra over C. Let w be a tracial weight meaning that

e w is defined on a (possibly non-unital) *-subalgebra D(w) of A and w : D(w) — C
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is linear,
e w is positive, i.e. w(a*a) > 0 for every a € D(w),
e w(a*) =w(a) for all a € D(w),
e w(ab) = w(ba) for all a,b € D(w).

Moreover, if A is unital, D(w) = A and w(14) = 1 then we call (A,w) a non-commutative
probability space.

Let (A,w) be a non-commutative measure space and let ay,...,a; € D(w). The
distribution of (aq,...,ay) is the family of (mized) moments

{waf] .. a;") i p > 1,1 <y ooyip <k, (61,00, 8p) € {1, #}P) (3.1)

Given non-commutative measure spaces (A,w), (B,&) and elements ay,...,ar € D(w),

bi,...,bx € D(&), we say that (aq,...,ax) has the same distribution as (by,...,bg) if

wlag) - air) = €0+ by)) (3.2)
for any choice of p € N, 1 <'iq,...,ip, <k and (e1,...,6p) € {1,%}P.

The distribution of (aq,...,ax) is a trace class distribution if there exist a separable
Hilbert space H and x1,...,zx € (S'(H),Try) (trace class operators) such that the
distribution of (aq,...,ax) is the same as that of (z1,...,zx). In this case we define the
non-zero eigenvalues of a self-adjoint *-polynomial P(ay,...,ax) to be the eigenvalues of
P(xy,...,xp).

Let (A,w), {(An,wn)}n>1 be non-commutative measure spaces and a1,...,a; €
D(w), ai1(n),...,ar(n) € D(w,). We say that (ai(n),...,ar(n)) converges in distribution
to (al, cee 7ak) if

Jim o as, ()7 g, (m)) = w(a? -+ a37) (33
for any choice of p € N, 1 <'iy,...,i, <k and (e1,...,¢p) € {1, *}?. If the distributions
of selfadjoint elements a,, € D(w,) and a € D(w) are trace class then we can define the
concept of convergence in eigenvalues in a natural way (cf. Definition 2.3), i.e. A¥(a,) —
A (a) for every i € N and u € {+, —}.

PROPOSITION 3.1.  Let {(An,wn)}n>1, (A,w) be non-commutative measure spaces.
Suppose that a;(n) € D(wy,),a; € D(w),i = 1,2,...,k have trace class distributions and

that (a1 (n), . ..,ax(n)) converges in distribution to (a1, ...,ax). Then for any selfadjoint
non-commutative x-polynomial P without a constant term, P(a1(n),...,ax(n)) converges
in eigenvalues to P(ay,...,ak).

ProOF. This follows from Proposition 2.8. O

3.2. Cyclic monotone independence.

We introduce a kind of independence in a non-commutative probability space with
a tracial weight (C,w, 7). For x-subalgebras A, B of C such that 1¢ € B, let Ideals(.A) be
the ideal generated by A over B. More precisely,
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Idealg(A) := span{bpai by - - - anby : m € Nyaq,...,a, € A, by, ..., b, € B}, (3.4)
which is a *-subalgebra of C containing .A.

DEFINITION 3.2. Let (C,w, T) be a non-commutative probability space with a tra-
cial weight w.

(1) Let A, B be x-subalgebras of C such that 1 € B. We say that the pair (A, B)
is cyclically monotonically independent or more simply cyclically monotone with
respect to (w, 1) if

e Idealg(A) C D(w);
e for any n € Nay,...,a, € A and any by, ...,b, € B, we have that

w(arbragby - - - apby) = w(ayag - - - ay)7(by)7(b2) - - - 7(by)-

(2) Given ay,...,ar € D(w) and by,...,b € C, the pair ({a1,...,ar},{b1,...,be}) is
cyclically monotone if (alg{ai,...,ar},alg{le,b1,...,be}) is cyclically monotone.
Note that we do not assume that alg{a,...,a;} contains the unit of C.

REMARK 3.3. This definition is similar to monotone independence of Muraki [15],
but the difference is

w(b0a1b1a2b2 cee (Lnbn) = w(a1a2 e an)T(bl)T(bQ) s ’T(bnfl)T(bobn).
The factor 7(boby,) is to be replaced by 7(by)7(by,) in the monotone case.

DEFINITION 3.4 (Cyclic monotone product). Let (A,w) be a non-commutative
measure space and let (B, 7) be a non-commutative probability space. Let A x B be the
algebraic free product of A and B, 15 being identified with the unit C1 4,5,

Clas®B oA (A2BY (B0 A) e (AB' @A) @ -,

where B = Clg @ B is a direct sum decomposition as a vector space. We define a linear
functional w > 7 on an ideal of A x B by

(w > 7)(boarbrasbs - - - anby) = w(arag - - - ap)7(b1)7(b2) - - - T(bp—1)7(bobn), (3.5)
D(w > 1) := D(w) ® (D(w) ® B°) & (B° @ D(w)) ® (D(w) ® B* @ D(w)) @---  (3.6)

for n € N,aq,...,a, € D(w), by, b1,...,b, € B~B°®Cly.z. We call w> 7 the cyclic
monotone product of w and 7.

ProposITION 3.5.  The cyclic monotone product w > 7 is a tracial positive linear
functional on D(w > 7) and hence (A x B,w > T) becomes a non-commutative measure
space.

PROOF. Let # = boaiby---anb, and y = bjaib]---a,,b),

", Where a;,a; €
D(w), b;, b € B UC1 4.5. The traciality follows from
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n—1 m—1
(w > 7)(zy) = w(araz - - ayal - -~ a,,)7(bobl, )T (bybj) H 7( H 7(b%)
i=1 =1

= w(a,ll e a;nalag . ) b/ bo H T ) 1__[ T(b;)
= (w > 7)(yx). (3.7)

For the positivity it is enough to prove (w &> 7)(z*x) > 0 when

T = Z Aibi0@i1bi105.2052 - Qi m(5)Dimi) 5 (3.8)

i=1

where \; € C, a;; € D(w) and b; ; € BY U C1 4.5. By the positivity of w we have that

w <<Z A1 ai,m(i)) (Z A1 ai,m(i))) > 0. (3.9)
i=1 i=1

Z 7 a; m(z ’ 1aJ, aj,m(j)) >0 (310)

Then we have

for any (A1,...,A,) € C™. Thus the n x n matrix

A= (w(a?,m(i) T a;‘k,laj,l e aj,m(j)))i i1 (3.11)

J=

is positive definite. We also show that the matrices

B = (T(b;,oijo)):jzl , (3.12)
B = (r(0f)7(0s) 70y )T im0 Glmpbim))), | (313)

are positive definite. It is easy to show that B’ is positive definite. The matrix B” is
also positive definite since

Z Ti)‘jT( :,1)T(bj71) e T(b;m(i)—l)T(bj,m(j)—l)T(b:,m(i)bjﬂn(j))

Jj=1
=T ((Z )\iT(bi,l) e T(bz,m(z) z ,m(i )) (Z )\ T i, 1 4 m(z)l)bz,m(z)>> >0
=1

(3.14)

for any vector (A1,...,A,) € C™.
The Schur product A o B’ o B” is also positive definite. Now using the definition of
cyclic monotone product, we have
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0< (A, s M) (Ao B o B")Y(A\1,...,A\n))

w\>7’ <<Z/\b10azlbzl zm(z zm()) (Z)\bzoavlbzl zm()bzm(z)>>~

Therefore we obtain (w > 7)(z*x) > 0. O

REMARK 3.6. It turns out that this scalar product is not faithful at the algebraic
level. For example, with the above notation, if a, b are selfadjoint non-zero, and 7(b) = 0,
then, calling ¢ = aba, one sees that (w > 7)(c?) = w(a*)7(b)? = 0.

Let 7: Ax B — C be the free product map of the zero map on A and the trace
7 on B. This map 7T is a tracial state on A * B, and gives a triple (A * B,w > 7,7).
Then (D(w), B) is cyclically monotone with respect to (w > 7,7). This construction is a
universal one.

When applying to random matrices we need the asymptotic version of independence.

DEFINITION 3.7. Let (Cp,wn,Tn) be non-commutative probability spaces with
tracial Weights Let al( ) ...yar(n) € D(wn) and by(n),...,be(n) € C,. The
pair ({a;(n)}r_;, {b:i(n)}i_,) is asymptotically cyclically monotone if there exist a non-
commutative probability space (C,w, ) with a tracial weight, a1,...,ar € D(w) and
b1,...,bs € C such that

(1) ({a1,...,ax},{b1,...,be}) is cyclically monotone;

(2) for any non-commutative x-polynomial P(z1,...,2Zk,y1,...,ye) such that
P(O7"'707y17"'ay€) :Oa
we have P(ai(n),...,ar(n),bi(n),...,be(n)) € D(w,) and

lim w,(P(ai(n),...,ax(n),b1(n),...,be(n))) = w(P(ai,...,ax,b1,...,bs)).

n—oo

3.3. Relation to infinitesimal freeness.

Biane, Goodman and Nica introduced a kind of freeness related to type B noncross-
ing partitions in [7] and then Belinschi and Shlyakhtenko formulated it as infinitesimal
freeness, which is freeness with respect to a parametrized state 7 (t € (—¢,¢)) up to the
order o(t) [4] (see also Février and Nica’s work [12]). More precisely, let {7;};c(—cc) be a
family of traces on an unital x-algebra C. Let 7 := 79 and suppose that 7; is differentiable
in the sense that the limit

7'(z) := lim (@) — 7(2)

10 t (8.15)

exists for every x € C. Moreover, suppose that #-subalgebras A, B are free with respect
to ¢ for every t € (—¢,¢), then we have a computation formula such as

7(ab) = 7i(a)m(b), (3.16)
7¢(aba’) = ¢ (aa’) T (b), (3.17)
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Tt (aba/b/) = Tt (aa/)Tt (b)Tt (b/) + 7 (G)Tt (al)Tt (bb/) — Tt (CL)Tt (CL/)Tt (b)Tt (bl) s (3 18)

for a,a’ € A and b,V € B. Putting t = 0 we get these formulas for 7, and moreover if we
take the derivative regarding t at 0 we get the formulas

7'(ab) = 7' (a)7(b) + 7(a)7' (b), (3.19)
7'(aba") = 7' (aad")7(b) + 7(aad")7'(b), 3.20)
7' (aba't") = 7' (ad' )T (b)T (V') + T(ad’ )T (b)T (V) + 7' (aad”)T(b)7' (V)
+ 7' (a)T(a")T(b') + 7(a)7' (") 7 (b)) + 7(a)T(a’) 7' (bb)
— (4 terms). (3.21)

These computation formulas give some kind of universal formulas for mixed moments.

Conversely, given 7,7’ we can define infinitesimal freeness. Let C be a unital x-alge-
bra, let 7 be a tracial state on C and let 7/ be a tracial linear functional which satisfies
7/(1¢) = 0. The triple (C,7',7) is called an infinitesimal non-commutative probability
space or non-commutative probability space of type B.

DEFINITION 3.8. Let (C,7',7) be an infinitesimal non-commutative probability
space. Let A and B be *-subalgebras of C, which may not contain the unit of C. Let
7 = 7+ t7' for t € R. We say that A and B are infinitesimally free if for any n € N,
A1y ...y Qp € A and bl,...,bn eB

Te((a1 — 7(a1)1le) (b1 — 7e(b1)1lc) (a2 — me(az2)le) - - - (b — Te(bn)le)) = o(t).  (3.22)

REMARK 3.9. In the above definition 7 may not be positive, but it does not matter
in defining infinitesimal freeness.

Our cyclic monotone independence is a special case of infinitesimal freeness, which
was essentially proved in [21].

PROPOSITION 3.10.  Let (C,7',7) be an infinitesimal non-commutative probability
space and let A, B be its x-subalgebras such that 1¢ € B and Idealp(A) C ker(r). Then
A, B are infinitesimally free if and only if (A, B) is cyclically monotone with respect to

(7', 7).

REMARK 3.11. We assumed the positivity of the weight and the state in the defini-
tion of cyclic monotone independence, but we may drop it. The conclusion of Proposition
3.10 is to be understood in this generalized setup.

PROOF. Suppose that A, B are infinitesimally free. Let 74 := 7 + t7/. Since A, B
are free with respect to 7 up to o(t), it can be shown that

Te(aiby -+ - anbn) = Te(aras - - an) e (b1)Te(b2) - T(bn) + R(t) + o(t), (3.23)

where R(t) is the sum of monomials such that every monomial in R(¢) contains at least
two factors of the form 7;(ay, - - - ax,),p < n. For the proof apply the formula for products
of free random variables [17, Theorem 14.4]. Our assumption implies that 7|4 = 0, and
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so R(t) = O(t?). Comparing the coefficients of ¢ in (3.23) we get the formula

T (a1by - - anby) = 7' (aras - - an)7T(b1)T(b2) - - T(by), (3.24)

implying the cyclic monotone independence.
For the converse direction, we check Definition 3.8. We have the decomposition

Ti((a1 — 7e(a1)le) (b1 — 7e(b1)le)(az — m(az)le) -+ (bn — T(bn)lc))
= 7((a1 — me(a1)le)(br — 7e(b1)1c)(az — m(az)lc) - - (b — 7(bn)lc))

+t7'((a1 — 7(a1)1e)(by — 1(b1)1c)(ag — Te(az)le) - - - (b — Te(byn)1c))
Bt th (3.25)

By the assumption Ideals(A) C ker(7), we can see that

Ji=7((=me(a1)le)(br — 7e(b1)le)(=Te(az)le) -+ - (bn — Te(bn)lc))
(=1)"t""(a1) - - 7' (an)7((br — T(b1)1c) (b2 — Te(b2)1c) - - (bn — Te(bn)1c))
= 0(t?). (3.26)

Note that when n = 1, we can show J; = O(t?) since 7(b; — 74(b1)1¢) = t7/(b1). For Ja,
since 1¢(a;) = —t7'(a;) we can see that

JQ = T/(al(bl - Tt(bl)lc)GQ T an(bn - Tt(bn)1C)) + O(t) (327)
By cyclic monotonicity we obtain
"(a1(by — 7e(b1)1c)ag - - - an(by — 7(bn)1c))
"(araz -+~ an)(7(b1) = 7e(b1)) -+ (7(bn) — 72 (bn))

(
’(a1a2 an)(=t)"7'(b1)7"(b2) -+ - 7' (bn)
o).

q

T

~—

(3.28)
Combining (3.27) and (3.28) we obtain Jy = o(1). Therefore, J; + tJo = o(t). O

For later use we define a notion of the convergence of elements in non-commutative
probability spaces to elements in an infinitesimal non-commutative probability space.
This definition is inspired by [4], [21].

DEFINITION 3.12.  Suppose that (C,7’,7) is an infinitesimal non-commutative
probability space, (C,,T,) are non-commutative probability spaces and c¢i,...,¢; €
C,ci(n),...,co(n) € C,. We say that the tuple ((c1(n),...,ce(n)), ) converges up to
the first order to ((c1,...,ce), (7', 7)) if

(i) ((e1(n),...,ce(n)), ) converges in distribution to ((cy,...,¢),7),
(ii) for any non-commutative *-polynomial P(y1,...,y¢),
Tn(Plci(n),...,ce(n))) — 7(P(c1, ..., ce))

nhﬁngo n =7 (P(c1,.--,c0)).
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3.4. Eigenvalues of polynomials of cyclic monotone elements.

In this section we compute the eigenvalues of polynomials of cyclic monotone el-
ements. We need a combinatorial lemma to compute the eigenvalues of the anti-
commutator.

LEMMA 3.13.  For every integer n > 0 we have
n—2m
l -1 — 0 — 2
S (T ew = (M) w0,
m—1 m m
£=0
where (_pl) = dp,—1 for integers p.

ProOoOF. If m = 0 the identity is easy, so we assume that m > 1. The desired
formula can be written in the form

i (mp_ 1) (T _p)(l)” = (-pm! (Kr * 1)/2]>, m=1,...,[(r+1)/2]. (3.29)

m m
p=0

In order to prove this we use the identity

oyt i (i) a”. (3.30)

We observe that

(mp 1) (r;lp>(—1)f’> 2. (3.31)

M
i

The left hand side can be computed as

(_l.)mfl . ™ B (_1)m71(1 +x)x2m71
(14 z)m (1 —x)m+! B (1 — z2)m+1
a4 S (P )er
%)

S i (2) @t s
_ le(r“/z)T. (3.32)

The comparison of (3.31) and (3.32) implies the conclusion. O

THEOREM 3.14.  Let (C,w, T) be a non-commutative probability space with a tracial
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weight. Let a,ay,...,ar € D(w) and let b,by,..., by € C. Suppose that (a,ay,...,a;)
has a trace class distribution with respect to w (see Section 3.1) and that the pair
({a,a1,...,a},{b,b1,...,bx}) is cyclically monotone in (C,w,T).

(1) Suppose that ay,...,ar are selfadjoint. Let B := (T(bfbj))f’j:l € My(C). Then
k
EV (Z biaib;k> - EV(\/Ediag(al,...,ak)\/E) ,
i=1

where /B diag(ay, . .. ,ar)VB is viewed as an element of (My(C) ® C, Try ®w).

(2) Suppose that by, ..., by are selfadjoint. Then

k
EV (Z aibiaf> =EV <Z T(bi)aiaf> .

i=1

(3) Suppose that a,b are selfadjoint. Let p = /7(b?) + 7(b),q = —(y/7(b?) — 7(b)).
Then

EV(ab+ba) = (pEV(a)) U (¢EV(a)).

(4) Suppose that a,b are selfadjoint. Let v := /7(b%) — 7(b)2. Then
EV(i[a,b]) = (rEV(a)) U (—rEV(a)).

REMARK 3.15.  Our proofs are rather direct combinatorial arguments, but it may
be possible to prove (3) and (4) by generalizing Nica and Speicher’s computation of the
distributions of commutators and anti-commutators of free random variables [16] to the
infinitesimal free case.

ProoOF. (1) Let z := Zle bja;b;. Since B is symmetric nonnegative definite

matrix, we can define 4 = (a;;)¥ VB. Then 7(bib;) = 3., Qim@mj. Forn € N

hj=1 "=
we have

w(z") = Z w(bi, @i, b3 biya, by, - - by, a;, by )

1yee0ytn

= Z T(b; biz)T(brzbiz) T T(brnbil )w(a‘h T ain)

115eeyin

= E Qiymy Omyis Yigmo Xmois ©*° ainmnamnilw(ah T ain)

L1geeesln M1y M

E w (( E AU, i Qiy ai1m1> ( E amﬂzaizaizmz)
il 7:2

ML yeeey My,
e ( z amn—lin a/in ainmn>>
in
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= Z W(Ympmy Ymams **  Ymn_1m.,)

M ey My,

= (Trx @w)(G™), (3.33)

where G = (’}/gm)?ym:l = Adiag(ay,...,a5)A € (Mi(C) ® C)sa. Corollary 2.9 implies
that EV(z) = EV(G).
(2) The claim follows from

k n
* * * *
w E a;b;a; E w(as, by, aj ai,bi,ag, -+ a;, b, a; )
i=1 D1yeyin
* * *
> wlai, (b, )aj, ai,7(bi,)ay, - ai, 7(bi, )ar)
i17"'yi7l

=w ((Z T(bi)aiaf> ) (3.34)
i=1
and from Corollary 2.9.

(3) We may assume that 7(b) # 0 since the general case can be covered by approxi-
mation. Let ¢y := ab, co := ba. Then

w((ab+ba)") = Z w(ciy -+ ciy)- (3.35)

(i15erin)€{1,2}7
Given i = (i1,...,i,) € {1,2}"™ the set of ascents is defined by
asc(i) :={l<m < n| (im,ims1) = (1,2)} (3.36)
with the convention that i,,1; = i;. Then

w(ci, -ci,) = w(a")T(b)”az# asc(i), (3.37)

n

where a := 7(b%)'/2/7(b). Let NCio.1(n) be the set of noncrossing partitions of
{1,...,n} such that every block has cardinality 1 (singleton) or 2 (pair block), each single-
ton has depth 0 or 1 and each pair block has depth 0. To each i = (i1,...,i,) € {1,2}"
such that i; = 1 we associate 7(i) € NCy2.1(n) in the following procedure (with the
convention that i,+1 =141 (=1)):

o If iy, =ipmy1 and 1 <m < n then {m} is a singleton of 7 (i);

o If (imm,im+1) = (1,2) and 1 < m < n—1 then there exists a unique minimal integer
m—+ 1 <€ <n such that (ig,i0411) = (2,1). Then {m, ¢} is a pair block of 7(i).

The correspondence {(i1,...,i,) € {1,2}" | 41 = 1} — NCi21(n) is bijective and
#asc(i) = # pair(n(i)). Then

Z (JJ(CZ'I e Cin) = w(an)fr(b)" Z a2# pair ()

(i1,0sin ) €{1,2}" weNC1 2:1(n)
11—
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[n/2

]
—w@)r®" Y, Yy o
m=01eNC1,2,1(n)
# pair()=m

— w(a™)r(b)" [nf (27;) W2

m=0

w(amyr (b LY ; (1= )" (3.38)

2 W VN

i=(1,2,2,2,1,1,1,2,2) i=(1,1,1,2,2,1,2,1,1)
LT I
Figure 1. 7(1,2,2,2,1,1,1,2,2). Figure 2. =(1,1,1,2,2,1,2,1,1).

We then compute the sum over i such that i; = 2. Let i — ¢* be the flip of 1 and 2.

Then the map i — i* := (i],...,}) defines an involution on {1,2}" whose restriction

to {(i1,...,in) € {1,2}™ | iy = 1} is a bijection onto {(i1,...,4,) € {1,2}" | i1 = 2}.
Moreover, it holds that

w(eiy i) = W(Cz‘; "'Ci;)~ (3.39)
Thus

Z w(ciy ---ci,) = Z w(cy -+ ciy)- (3.40)

(i1,...,4n)€{1,2}" (i1,..,8n)E{1,2}"
i1=2 i1=

Therefore we conclude that

w((ab+ba)") = w(a™)7(H)" (1 + )" + (1 - )")

w(a™)(p" +q"), (3.41)

so Corollary 2.9 implies the conclusion.
(4) Let dy := ab,dy := —ba as before. Then

w((i[a, b)) = > i"w(d;, ---d; ). (3.42)
(i1,...,4n)€{1,2}"

We show that w((i[a,b])™) = 0 when n is odd. If we apply the involution i — i* defined
in the proof of (3), then

n

Therefore if n is odd then
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wlleb)) = 30wl edi)
(1,000 ) €{1,2}"

=Y Pwldneed) Y Pweldyedy)

(d1,-in ) €{1,2}" (1,80 )€{1,2}"
11=1 11=1

= 0. (3.44)

Hereafter we may assume that n is even. Let insing(w) be the set of inner singletons
of m € NCq2.1(n), that is, the set of singletons with depth 1. Given i = (i1,...,4,) €
{1,2}", it holds that

w(d, - d;,) = (_1)#insing(7f(i))+# pair(”(i))w(a”)r(b)"az# pair(ﬂ(i))’ (3.45)

where « is the number defined in the proof of (3). For fixed integers 0 < m < n/2,0 <
¢ < n —2m, we have that

#{m € NC12.1(n) | # pair(r) = m, #insing(n) = £} = <€ tme 1) (n e £>,
m—1 m

(3.46)
which is to be understood as 1 when m = ¢ = 0 and 0 when m = 0,£ > 0. This is because
there are (e':'izl) ways to place £ unlabeled singletons inside m labeled pair blocks, and
then there are (”7:117[) ways to place the other n — 2m — ¢ unlabeled singletons outside
the m labeled pair blocks (the number of ways to distribute n — 2m — ¢ unlabeled balls
into m + 1 labeled boxes). Thus

Z i"w(dil ce di")

(i1eeerin) €{1,2}"

11:1
71/2 n—2m
l4+m—1\/n—m—1{
__:n n n _ . 2\m _1\¢
=i"w(a")r(b)" > (—a?) ( i )( o )( 1), (3.47)
m=0 £=0
and by lemma 3.13, we have that
n/2
2
> i"w(di, - d;,) ="w(@”)T()" > (—a®)™ (”/ )
(i1yremsin)€{1,2}" m=0 m

7,1:1

=w(a™)r". (3.48)
Since we know (3.43), we get
w((i[a,b])™) = 2r"w(a™) (3.49)
for even n. If A1, Aa,... are the eigenvalues of a then for every nonnegative integer n

w((ia, b)™) = (rA)™ + (rA)™ + -+ (=rA)" + (=rX)" + -+ -, (3.50)



1132 B. CoLLiNs, T. HASEBE and N. SAKUMA

showing the conclusion by Corollary 2.9. O

4. The link with random matrices.

In this section, we shall introduce and prove asymptotic cyclic monotone indepen-
dence of Haar invariant random matrices which have limiting compact distributions and
random matrices which have limiting distributions with respect to the normalized trace.
Theorem 4.1 is essentially equivalent to [21, Lemma 3.1, Lemma 3.2] by Shlyakhtenko.
We supply a proof of this theorem using the Weingarten calculus. Actually in our proof
we can remove the assumption of some norm boundedness in Lemma 3.1 of Shlyakht-
enko, and so we can unify the proofs of [21, Lemma 3.1, Lemma 3.2]. Moreover, we can
prove the almost sure asymptotic independence and almost sure convergence of discrete
eigenvalues, still without the norm boundedness in the trace class setting. We generalize
the results to the compact setup, but then we need the norm boundedness.

First, we introduce the tool called the Weingarten calculus, summarizing results in
[11] (see also the references [9] and [17, Lecture 23]).

4.1. The Weingarten calculus.

Let S; be the symmetric group acting on a finite set I and in particular let S
be the symmetric group Sy1 2. x}- The identity of Sk is denoted by 1j. Let E be an
expectation in a probability space and let U = (uij)z.ij:l
random matrix, i.e. the law of U is the normalized Haar measure on the unitary group
U,. Let € be a linear map of M, (C)®* defined by

be a normalized Haar unitary

E(A) =E[U®*A(U*)®H]. (4.1)

Let {05 }oes, be the canonical basis of C[Sy] and let ® be a linear map from M,, (C)®*
to C[Sy] defined by

O(A) = > Try, cyer(p(0)* A)dy, (4.2)

o€Sk
where p : Sy — M,,(C)®* is the natural representation
(P(0) (1 ® -+ @Vk) 1= Vpm1(1) @+ B Vp1(y,  v; € C™. (4.3)
For o € S and n > k, we define the Weingarten function Wg(o,n) as
Wg(o,n) = Elurt - - urkTio(1) - Uho(k)]- (4.4)

It follows from [11, Equation (9)] that the function o — Wg(o,n), Sy — C is a linear
combination of the characters of irreducible representations of S, and so Wg(ror=1,n) =
Wg(o,n). The conjugate classes of a symmetric group are determined by the structure
of cycle decomposition. Since o and 0~! have the same structure of cycle decomposition,
we have Wg(o 1, n) = Wg(o,n) for every o € Sy.

What is important is asymptotics of the Weingarten function for large n. Let Cat,
be the Catalan number
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2p)!
Cat, = (2p)

For o € Sy let |o| be the length function, that is, the minimal number of transpositions
to express o as the product of them. Let o = ¢1 -+ ¢y(o) be the cycle decomposition of
o € S; and then let

L(o)
Méb(o) == [J (-1 Caty.,) . (4.6)

i=1
Note that |o] = Zf(:l) |ci| and ¢(0) = k — |o|. Then it is known that [11, Corollary 2.7]
Wg(o,n) = n~ 17l (Mab(o) + O(n™2)). (4.7)
The Weingarten function can obviously be regarded as the element of C[Sk]

Wg = Z Wg(o,n)d,. (4.8)
oc€S)

It was shown in [11] that for all A, B € M,,(C)®*
B(AE(B)) = B(A)B(B) We. (4.9)

In this paper we consider A = 41 ®---® Ak, B = B1®---® By, where A;, B; € M,,(C),i =
1,...,k. For a cycle ¢ = (i1ig - im), let A. be the product A4;, --- A; and let Tr, be
the product of traces Tr,, according to the cycle decomposition o = cica - -+ ¢y (q),

(o)
Tro (A, ..., Ap) = [ ] Tra(Ac). (4.10)
i=1

For example if 0 = (1, 3)(2) then Tr, (A, Az, A3) = Tr, (A1 Az) Tr,,(A2). Note that this
notation is well-defined thanks to the cyclic property of the trace. We can then show
that

Tra, cyor (p(0)*A) = Try (A1, ..., Ag). (4.11)
Then (4.9) reads, for every o € Sy,
E[Tr, (A UBU*, ..., AUBLU*)|
= Y Tro(Ai,....Ap) Tro,(By, ..., By) Wg(os,n). (4.12)

01,02,03E€5k
010203=0

This formula is the main tool of our analysis below.

4.2. Asymptotic cyclic monotone independence of random matrices.
We prove asymptotic cyclic monotone independence on average in the trace
class setup. Note that we can replace ({Ai,...,Ax},{UBU*,...,UB,U*}) with
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{UAU*, ..., UAU*},{By,...,B}) in the following asymptotic results.

THEOREM 4.1. Let U = U(n) be an n x n Haar unitary and A; = A;(n), B; =
Bj(n),i=1,...,k, j=1,...,L be n x n random matrices. Suppose that

(1) ((A1,...,A),EQTr,) converges in distribution to a k-tuple of trace class operators
asn — oo,

(2) ((B1,-..,Be),E®try,) converges in distribution to an {-tuple of elements in a non-
commutative probability space as n — oo,

(3) {A1,...,Ax}, {B1,..., B¢}, U are independent.

Then the pair ({A;}F_,,{UB;U* }?zl) is asymptotically cyclically monotone with respect
to (E® Try,,E ® try,).

PrROOF. We may assume that ¢ = k since otherwise we may add 0’s to A4;’s or
the identity matrices to Bj;’s. For simplicity UB;U* is abbreviated to B;. Note that it
suffices to show that the expectation

E[Tr,(A1B1 - - Ay By)] (4.13)

factorizes following cyclic monotone independence, since a general monomial can
be written in the form BjA}---Aj B/ ., where A; € alg{Ai,..., A} and B] €
alg{1n, B1,...,By}. By the traciality, the distribution of BjA| B} --- A} By, 1 with re-
spect to the non-normalized trace is the same as that of A1B]--- A B, B, so every
monomial reduces to (4.13). Also, a concrete construction of a limiting non-commutative
probability space with a tracial weight can be given by the cyclic monotone product in
Definition 3.2. Thus, it suffices to show the factorization of the expectation (4.13).

Let Z be the circular permutation, i.e. Z = (1---k). In this context, by the Wein-

garten formula (4.12) we have
E[Tr, (A1 B: - - A By)]
= Z E[Trffl(Al""7Ak)}E[TrJ2(Bla"'aBk)] Wg(og,n). (414)

01,02,03€5k

010203=7Z
Next we make a decay analysis. Since (A1, ..., Ax) has a limiting trace class distribution,
then the leading behavior of Tr,, (A1, ..., Ay) is O(n®). Since (By, ..., Bi) has a limiting
distribution with respect to the normalized trace, the behavior of Tr,, (B, ..., Bg) is
O(n*~121). Finally, we know that Wg(o3,n) behaves as O(n~*~73). Therefore, for a
triple o1, 02, 03 such that o10903 = Z, the contribution of the summand is O(n"‘”'""?").
Therefore, the asymptotics is driven by the summands for which |o3| = |o3| = 0, i.e.
09 = 03 = 1. This forces o1 = Z, and there is only one such summand. As a conclusion,

k
E[Tr, (A1 By -+ AxBy)] = E[Tr, (A1 Ay - - A)] [ [ Eltra(B)] + O(n ). (4.15)
i=1 Il
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4.3. Almost sure convergence.
Some further analysis shows that

Cov(Tr(A1 By --- AgBy)) = O(n™1).

Interestingly, this is quite different from classical random matrix models inspired from
free probability theory [9], [11], where the covariance behaves rather like O(n=2). As it
is classically known, a behavior of O(n~2), summable in n, allows to prove the almost
sure convergence of the traces of random matrix models. Here, since we do not have the
behavior O(n~2), we need to investigate other functionals.

From now on, we assume that the matrices A;, B; are deterministic, but by condi-
tioning A;, B; to be constant, we can generalize the results to the case when A;, B; are
random matrices independent of the Haar unitary U such that ((A44,...,Ax), Tr,) and
((B1,...,Bg), try,) almost surely converge in distributions to deterministic elements. For
example this allows us to take By = --- = By to be a GUE G, and in this case we do not
need to rotate G by a Haar unitary since G is rotationally invariant.

LEMMA 4.2. Let A; = A;(n),B; = Bi(n),i = 1,...,k, be n x n deterministic
matrices and let U = U(n) be a Haar unitary random matriz. Suppose that

(1) ((A1,...,AL), Tr,) converges in distribution to a k-tuple of trace class operators as
n — 00,
(2) ((B1,...,Bg),try) converges in distribution to a k-tuple of elements in a non-

commutative probability space as n — 0.

Then
E||Tr, (A UBU" -+ AyUBRU™) — E[Tr,, (A UBU™ - - - AkUBkU*)]\4 = O(niZ).

PrOOF. We prove a more general result, namely, instead of taking k matrices A;
and k matrices B;, we take 4k matrices for each kind satisfying the same assumption.
Moreover, for notational simplicity UB;U* is abbreviated to B;. Let

Xi = Trn (AG—1r1Ba—1yk41 - AG—1)kekBi—1)k+k) - i=1,2,3,4, (4.16)

X; = X; — E[X}], (4.17)
which are complex-valued random variables. We prove that

E[X, X5 X5X4] = O(n~?). (4.18)

This implies the lemma, if we define X5, X3, X4 such that X3 = X1, X4 = Xo = X;. The

last condition X, = X can be realized by taking Ay, = Af,Bry1 = Bf_q,..., Agp =

A}, By, = Bj, since
X1 =Tr,((A1By -+ ApBp)*) = Tr, (A; By _ A5, --- ASB} AT By). (4.19)

We shall denote by I; the interval {(i — 1)k +1,(i — 1)k +2,...,(i — 1)k + k}, by
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Z; the cyclic permutation ((i — 1)k +1,(i — 1)k +2,...,(i — 1)k + k) of Sy, and by ZY*
the permutation Z; 257357, of Sy;. Thanks to the Weingarten formula (4.12) we have
formulas to compute the moments E[X 120(220( 3)0(4]. If we expand this mixed moment, we
obtain 16 (products of) expectations. Our notation is

EX:XoX3Xy]= > Ea, (4.20)
AC{1,2,3,4}
Ex = (—-1)#E HXZ-] I Exal. (4.21)
€A i€ A®
For example, our notation means E¢; 541 = —E[X1E[X5]X3X,]. In this specific example,

the Weingarten formula boils down to a sum over permutations in Srur,ur, for the
evaluation of E[X; X3X4], and those in Sy, for the evaluation of E[X5)].

It follows from the Weingarten formula that for each A C {1,2,3,4} there exists a
number f4(o1,09,n) such that

Ea= > Tro(Ar,...,Au) Tro,(By, ..., Bar) fa(or, 02,m). (4.22)
01,02,03€S4k
o1o903=2"4
Note that o3 may be omitted but it is written for clearer understanding. The num-
ber f4 is either zero, or a product of (two, three or four) Weingarten functions.
Again, instead of going through heavy notation that would perhaps not ease the un-
derstanding, let us describe fa(o1,02,n) in the generic case A = {1,3,4}. Recall that
E4 = —E[X2]E[X1X5X4]. The product of Weingarten formulas (4.12) for o = Z> and
for 0 = Z1Z37Z4 only gives permutations of Sy, x Sr,urur,, and so, for 01,092,035 € Sy
such that o0905 = ZY4,

—Wg(o3)1,,n) We(osr,ur,ur,,n),
falo1,02,n) = if o1, 09 leave Iy and I; U I3 U I, invariant, (4.23)

0, otherwise.

The general case is alike, and hence we can define a function f4 (o1, o2, n) for every subset
A. This gives us the expression

E[X1X2X3X4] = Z TI‘gl(Al,...,A4k) Tr,,Q(Bl,...,B4k)f(01,02,n),
(4.24)
01,02,03€S4k
010203=ZU4
where
flor,o0.n) = > falo1,00,7). (4.25)

Ac{1,2,3,4}

As seen above, f(o1,02,n) is a signed sum of products of Wg functions on various
permutation groups.
By assumption, Trs, (A1,...,44) = O(1) as n — oo and Trs,(Bi1,...,Baw) =
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O(n'(2)) = O(n*=lo21), From (4.7) it follows that
Tre, (B, ..., Ba)f(o1,02,n) = O(n~l721=lo3l), (4.26)
We show that actually
Try,(Bi, ..., Ba) f(o1,02,n) = O(n™2), (4.27)
or equivalently
f(o1,09,n) = O(n~"+lo21=2) (4.28)

for each fixed 01,09 (and 03) € Syx (such that oy0903 = ZY%).

Given o1,09,03 € Sy, such that o10903 = ZY*, we define an equivalence relation
on {1,...,4k}: i ~ j if there exists 7 € Grp(o1,09,03) such that 7(i) = j. Since
this group contains Z“4, every interval I; must be a subset of some equivalence class.
Then, the permutations o1, 02,03 associate a set partition 7(o1,02,03) = {P1,..., Pn}
of {1,2,3,4} such that the subsets of {1,...,4k},

Un Uiz, (4.29)

1€P 1€ Pa

are exactly the equivalence classes generated by the actions of o1, 09,03. A subset A of
{1,2,3,4} also associates the set partition w(A) = {A,{b} : b € A°} of {1,2,3,4}. Then
only fa for which 7(A) is coarser than or equal to 7(o1,02,03) contributes to f in the
sum (4.25) and the other f4’s are zero. We distinguish several cases according to the set
partition associated to o1, 02, 03.

(i) m(o1,09,03) = {{1,2,3,4}}, or equivalently, the group Grp(oy,o2,03) acts on
{1,2,...,4k} transitively. In this case, f4 is zero unless A = {1,2,3,4}, and
so f = f{1,2,3.4y = Wg(o3,n). We have to exclude |oz| + |o3] = 0, as the condition
010903 = ZY* contradicts transitivity. We can also exclude |02 + |o3| = 1. Indeed
this means that one is the identity, and the other one is a transposition, and again
the condition 10205 = ZY* is incompatible with a transitive action. Therefore,
|oa| + |o3] > 2, and so Try, (B, ..., By) f(01,02,n) = O(n=2).

(ii) m(o1,02,03) is a pair partition, e.g. {{1,2},{3,4}}. In this case again we have
[ = fri2,34 = Wg(o3,n), and from a similar reasoning we must have |oa|+|o3| > 2
and hence Tr, (Bi,. .., Ba)f(o1,02,n) = O(n=2).

In the other cases some nice cancellation occurs between Wg functions.

(iii) m(o1,02,03) has two blocks with cardinality 1 and 3, say {{1,3,4},{2}}. The
equivalence classes are Iy U I3 U Iy and I. The only indices A’s for which f, is
non-zero are A = {1,3,4},{1,2,3,4}. By inspection we see that

f{1,3,4} = _Wg(03‘127’l’l) Wg(03|11u13u147n),
f{1,2,3,4} = Wg(og,,n).
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By (4.7) and the multiplicativity (4.6) of Moebius functions, we obtain

f=rfusa + frizs4
= n~ =173l (— Méb(o)7,) Mob(03)1,0r,01,) + M6b(a3) + O(n™2))

_ O(ﬂ_4k_|03|_2).
Thus Tre, (B, ..., B f(01,09,n) = O(n~lozl=losl=2),

(iv) m(o1,09,03) has 3 blocks, say {{1},{2},{3,4}}. The indices A’s for which f4 is
non-zero are A = {3,4},{1,3,4},{2,3,4},{1,2,3,4}. We see that
[ = faa + frisay + flosay + fri2,3.4)
= Wg(03|11 ;1) Wg(03|127 n) Wg(03\13u147 n) — Wg(03\127n) Wg<g3|11U13UI4a n)
— Wg(os1,,n) We(os|r,urur,n) + We(oz, n)
= n~ 173l (Mob(o3)7,) Mob (031, ) Mob(03)1,01,) — M6b(a3)1,) M6b(a3y1,ur,01,)
- Méb(Usul) Méb(03|12u13u14) + Mob(a3) + O(”_Q))

_ O(n74’€7‘03|72)'

(v) w(o1,09,03) = {{1}, {2}, {3}, {4}}, namely, every I; is invariant under the actions
of 01,09, 05. In this case f4 contribute to f for all the 16 subsets A C {1,2,3,4}. By
multiplicativity, the dominant contribution to f is the sum of 16 Mébius functions

+ Méb(O’gul) Méb((fguz) Méb(agug) Méb(o’:ﬂ[‘l)

multiplied by n~4—losl,

Thus f = O(n~*~losl=2),

Exactly half of them have minus signs, so they cancel.

This concludes the proof of (4.27). O

THEOREM 4.3. Let A; = A;(n),B; = Bj(n),i =1,....k, j=1,....0 be n xn
deterministic matrices and let U = U(n) be a Haar unitary random matriz. Suppose that

(1) ((A1,...,Ag), Tr,) converges in distribution to a k-tuple of trace class operators as
n — 0o,
(2) ((By,...,Bye),try) converges in distribution to an (-tuple of elements in a non-

commutative probability space as n — oo.

Then the pair ({A;}r_,, {UB;U* le) is asymptotically cyclically monotone almost surely
with respect to (Try,, try).

PrOOF. For notational convenience we write UB;U* simply as B;. From the
arguments in the proofs of Theorem 4.1, it suffices to show that when k& = /¢

k
nl;néo Tr,(A1By - ApBy) = nl;ngo Tr, (A -+ Ag) ]:[1 nhHH;O trp,(B;) a.s. (4.30)
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One may use the standard Borel-Cantelli argument, but a simpler argument is possible.
By Lemma 4.2 and by monotone convergence we have

0o 4
E Z TI‘n(AlBlAkBk) —E[Trn(AlBlAkBk)] < 00, (431)
n=1
and so
0o 4
S| Tea(ABy - ALBy) — E[Trn(AlBl . -AkBk)] <oo as., (4.32)
n=1

which implies that lim, o |Tr, (A1 By - AgBy) — E[Tr,, (A1 By -+ - AgBg)]| = 0 a.s. By
Theorem 4.1 we know that

k
lim E[Tr,,(A1B) -+~ ApBy)] = lim Trn(A1~o-Ak)1i[1n1ergo tr, (B;), (4.33)
so we get the conclusion. O

Proposition 2.10 implies the following. Note that we can only conclude that the
limiting operator is Hilbert Schmidt.

COROLLARY 4.4. Under the assumptions of Theorem 4.3, for any selfadjoint *-
polynomial P(x1,..., Tk, y1,...,Y¢) such that P(0,...,0,y1,...,y¢) = 0, the Hermitian
random matriz P(Ay,..., A, UBU*, ..., UB,U*) converges in eigenvalues to a selfad-
joint Hilbert Schmidt operator almost surely. The limiting eigenvalues can be computed
by using cyclic monotone independence.

Examples of the limiting eigenvalues are computed in Section 5.
Our result implies the almost sure version of Shlyakhtenko’s asymptotic infinitesimal
freeness.

COROLLARY 4.5. Let A; = A;(n),B; = Bj(n),i=1,...,k, j=1,...,0 be n xn
deterministic matrices and let U = U(n) be a Haar unitary random matriz. In addition
to the assumption (1) of Theorem 4.3, we assume that ((B1,. .., By),tr,) converges up to
the first order to an £-tuple of elements in an infinitesimal non-commutative probability
space (see Definition 3.12). Then for any *-polynomial P in the unital noncommutative

x-polynomial ring C := Clx1, ..., Tk, Y1, .., Ye] the limits
7(P)i= lim tra(P(Ar,..., A, UB\U",...  UBU")), (4.34)
S(P) i tim trn(P(Al,...,Ak,UBli oL UBU*)) — 7(P) (.35
n— 00 n

exist almost surely, and thus (C,7',7) is an infinitesimal non-commutative probability
space. Moreover, {x;}i_,,{y;}i_, are infinitesimally free with respect to (7', 7).

Proor. We decompose P = @ + R where Q = Q({z; i?:l,{yj}gzl) and R =
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R({y;}i—,) such that Q(0,...,0,y1,...,5¢) = 0. By Theorem 4.3 Tr,(Q) converges
almost surely to a finite real number, so 7(Q) = 0. Hence 7/(Q) = lim, o Tr,(Q)
converges almost surely. Since ((Bji,...,By),tr,) converges up to the first order then
7(R) and 7'(R) converge too. Therefore the limits 7(P), 7/ (P) exist.

Let A := C[zy,...,2k]o (not containing the unit) and let B := Clyi, ...,y (con-
taining the unit). Then Idealp(A) C ker(7) since, as we saw, 7(Q) = 0. Since (A, B) is
cyclically monotone by Theorem 4.3, A, B are infinitesimally free by Proposition 3.10. [

Through the calculation in [21] Shlyakhtenko suggested that infinitesimal freeness
is applicable to outliers, but a rigorous proof is not obtained yet.

PROBLEM 4.6. Combining the calculation of Shlyakhtenko [21] and our almost
sure convergence (and other ideas if needed), is it possible to rigorously prove the phase
transition phenomena of outliers found by Baik et al. [2], Péché [18], and more generally
by Benaych-Georges and Nadakuditi [5] and Belinschi et al. [3]?

4.4. General compact case.

Actually, we do not need trace class distributions in order to obtain the almost sure
convergence of eigenvalues, the compact setup is enough. In this section we denote by
| - || the operator norm on M, (C).

THEOREM 4.7. Let A, = A;(n),B; = Bj(n),i=1,...,k, j=1,...,¢ be determin-
istic n x n matrices and U = U(n) be an n x n Haar unitary such that

(1) A4,...,Ax are Hermitian,

(2) ((A1,...,Ag), Tr,) converges in compact distribution to a k-tuple of compact oper-
ators ((ay,...,ax), Tryg) as n — oo (see Definition 2.6),
(3) ((B1,...,By),try) converges in distribution to an {-tuple of elements in a non-

commutative probability space as n — oo,
(4) sup,en ||Bi(n)|| < oo for every i =1,...,¢L.

Let P(xz1,...,Zk,Y1,...,y¢) be a selfadjoint x-polynomial with selfadjoint variables
Z1,...,xk such that P(0,...,0,y1,...,y¢) = 0. Then P(A4,..., Ay, UBU*,...,UB,U")
converges in eigenvalues to a deterministic compact operator almost surely.

Proor. We may assume that £ = ¢. For simplicity UB,U* is abbreviated to
B,. By assumption, every A, converges in eigenvalues. We can then find some sequence
{€j}j>1 such that ¢; | 0 and

{e5 7 €N} (Ap())l, Jim WA, (V)] 2in € N1 <p< huc {+,-}} =0,

Let f; be a continuous function on R such that f; is non-decreasing and

fi(x) = {0’ ol << (4.36)

z, |x|>e¢j.
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Let A;,j), a$) be the truncations [i(Ap), fj(ap) respectively, so that they are finite rank
operators and in particular trace class operators. By the definition of convergence in com-
pact distribution, ((Agj ), e, A,(Cj )), Tr,,) converges in distribution to the trace class oper-
ators ((agj), ce a,(cj)), Trg) as n — oco. Under such circumstances, for each fixed j € N we
apply Corollary 4.4 to the pair ({Agj), e A;Cj)}, {Bi,...,Bi}). Thus, the random eigen-
values of the polynomial P(Agj), e A,(j), By, ..., By), denoted by {)\Ej) (n)}i>1, converge
to some deterministic eigenvalues {/\Z('j)}izl € (*(R) as n — oo:

lim A)Em) = AUH)E ijeN (4.37)

n—oo

It is follows by functional calculus that

sup HAéj) - APH <ej, jeN, (4.38)
neN,1<p<k

swp {49 — a0 < 1252 (4.39)
neN,1<p<k

After the use of several triangular inequalities, we can show by (4.38), (4.39) and the
assumption (4) that the random variables

5; ::sup”P(Al,...,Ak,Bl,...,Bk)fP(Agj),...,Afcj),Bl,...,Bk) : 1<,
neN

(4.40)

b0 = sup | PAY o AP By, B = PAT A BB ST
ne

(4.41)

converge to 0 almost surely as j — oo.
Let {\;(n)};>1 be the random eigenvalues of P(As,..., A, B1,...,By). By Weyl’s
inequality for eigenvalues [6, Corollary 111.2.6.], we have

AE(n) — (AEj))i(n)‘ < 6; as., neN, (4.42)

(O m) = ) )| < 550 a5, meN. (4.43)

The second inequality (4.43) gives us \()\Ej))i - ()\Ej,))i| < 9,4 for j < j', and so
{ ()\5] ))i}j21 is a Cauchy sequence and has a limit A as j — oo for each fixed i. The
first inequality (4.42) gives us

T [0 = AF| < T ) = O )]+ T [0 = O

n—oo

+|O)E - aF

<65 +|)E = 3F as (4.44)

By letting j — 0o we get the almost sure convergence A (n) — A\ as n — oo.
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Finally we prove that )\f — 0 as i — o0, so the limiting eigenvalues correspond
to a compact operator. We denote by s1(X) > s2(X) > --- > 0 the singular values of
a compact operator X. Note that in our notation of proper arrangement, for a selfad-
joint operator X it holds that s;(X) = |A;(X)|. Note also that singular values satisfy
si(XYZ) < || X||I1Z]]s:(Y) and s;j4+,-1(X +Y) < 5;(X) + s;(Y) which can be proved by
the mini-max principle [6, Corollary I11.1.2 and Problem II1.6.2].

Suppose that the polynomial P is of the form

P(Ay,..., A Br,...,By) =Y Xy, (4.45)

where X is a monomial containing some A, ;). Take ¢ > 0. By assumption (2), there
exists some iy € N such that

sup  [Ai(4p)] <

IS
neN,1<p<k m

Let X be the monomial X, with the matrix A, removed from it. Then we get

Smi—m+1(P) < Z HXéHSz( p(é)) < Me, i > 1, (4.47)
=1
M:= sup [ X/|- (4.48)
neN,1<e<k

Since sup,, ¢y || Ap(n)|| < 0o and sup,,¢y || Bp(n)|| < oo then M is finite almost surely too.
This shows that sup,,cy 5i(P) = sup,, ey [Ai(n)| converges to 0 as i — oo almost surely,
and so lim;_,o, A; = 0. O

4.5. Several Haar unitaries case.

Theorems 4.1, 4.3, 4.7 and Corollaries 4.4, 4.5 can be generalized to the case when
several independent Haar unitaries are involved. Proofs are just to combine our results
of asymptotic cyclic monotonicity with asymptotic freeness between B;’s. For example
Theorem 4.1 can be generalized as follows.

THEOREM 4.8. Let A; = A;(n),B;; = B;j(n),i,j = 1,...,k be n x n random
matrices and U; = U;(n),i = 1,...,k be independent Haar unitary random matrices.
Suppose that

(1) ((A1,...,A),EQTr,) converges in distribution to a k-tuple of trace class operators
asn — oo,

(2) foreachi, ((Bi,...,Bi), E®tr,) converges in distribution to a k-tuple of elements
in a non-commutative probability space as n — oo,

(3) the families {A;}f_\,{Bi;}§ 1, {Us}f_, are independent.

Then the pair ({A}_, {UiBy;U; Y ,_)) is asymptotically cyclically monotone with re-
spect to (E ® Tr,,,E ® try,).
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Proor. We take a Haar unitary U independent of all A;, B;; and U;. Let Bij =
U;B;;Uf. By [9, Theorem 3.1] it follows that { B };?:17 oo { By }?:1 are asymptotically
free with respect to E ® try,, so ((Bn, Bia, ..., Bkk)JE ® try,) converges in distribution
to a k2-tuple of elements in a non-commutative probability space as n — co. Theorem
4.1 implies that the pair ({4;}%_, {UBI-J- U ﬁj:l) is asymptotically cyclically monotone
with respect to (E ® Tr,,,E ® try,). Since (UUy,...,UU) has the same distribution
as (Ui, ...,Uy), we conclude that the pair ({4;}%_,, {Bij}gijzl) is also asymptotically
cyclically monotone with respect to (E ® Tr,,E ® tr,). O

The same technique allows us to generalize Lemma 4.2 to the several Haar uni-
taries case, and so we obtain the almost sure convergence, namely the generalization of
Theorem 4.3.

THEOREM 4.9.  Let A; = A;(n), B;j = B;j(n),1,j =1,...,k be n x n deterministic
matrices and U; = U;(n),i = 1,...,k be independent Haar unitary random matrices.
Suppose that

(1) ((A4,...,A), Tr,) converges in distribution to a k-tuple of trace class operators as
n — 0o,
(2) for each i, ((Bi1,-..,Bik), try) converges in distribution to a k-tuple of elements in

a non-commutative probability space as n — oo,

Then the pair ({As}_, {UiBy;U;}; ;=) is asymptotically cyclically monotone with re-
spect to (Try, try,) almost surely.

Corollary 4.4 is generalized in the following form.

COROLLARY 4.10.  Under the assumptions of Theorem 4.9, for any selfadjoint
s-polynomial P({x;}j_1,{yi;}1;=1) such that P({0}}_,, {yi;}F;—1) = 0, the Hermit-
ian random matriz P({A;}i_,, {U;Bi;Uf }i —,) converges in eigenvalues to a selfadjoint
Hilbert Schmidt operator almost surely. The limiting eigenvalues can be computed by
asymptotic cyclic monotonicity of ({A:}F_,, {UiBijUi*}f,jzl) and asymptotic freeness of
{U By Uy, - AURBE U Y1}

j:17

Corollary 4.5 and Theorem 4.7 can be similarly generalized, the explicit statements
of which are omitted. We also mention that we can obtain the above results if we take
B;; = G; where Gy, ..., Gy, are independent GUEs normalized so that each G; converges
in distribution. In this case we may remove the Haar unitaries U; since the independent
GUEs provide independent Haar unitaries when diagonalized.

In the case of a single Haar unitary, considering the pair ({UA;U*}¢_, {Bj}§:1) is

equivalent to considering the pair ({A;}F_,, {UB;U*}_,). However, in the several Haar

k

unitaries case, the pair ({U; A;;U;}¥;_y,{Bi}}_,) becomes rather trivial.

PROPOSITION 4.11.  Let A; = A;(n), B; = B;(n),i =1,...,k be nxn deterministic
matrices and U; = U;(n),i = 1,..., k be independent Haar unitaries. Suppose that
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(1) ((A1,...,Ax), Tr,) converges in distribution to a k-tuple of trace class operators as
n — 0o,
(2) ((B1,...,Bk),try) converges in distribution to a k-tuple of elements in a non-

commutative probability space as n — oo,
(3) sup,en || Bi(n)|| < oo for every i =1,... k.

For any tuple (i1,...,i;) € {1,...,k}* such that at least two of them are distinct, we
have the almost sure convergence

lim Tr, (U;, A U] By - - UikAkUi*kBk) =0.

n—oo

PrROOF. We may suppose that 1,2 € {iy,...,i1}. By EY' we denote the ex-
pectation with respect to Ui, leaving Us, ..., Uy unchanged (that is, the conditional
expectation onto the o-field generated by Us,...,Uy). We show that almost surely

EV: [‘Trn(UilAlUi*l By Uy, AU, Bk)y2] = 0(n™?). (4.49)

By the cyclic property of the trace and by the obvious property Tr,(X) = Tr,, (X*), the
LHS of (4.49) equals

EY [Tr,, (CLUL D1 U; - - - CoUy DoUT) Trpy (Coy 1 Uy Doy U -+ - CogUy DogUT)],  (4.50)

where C;’s are products of By, B,,U,A.Uy and U,A7Uy with ¢ > 2 and D; € {A] :
e € {1,x},1 < r < k}. At least one of the matrices C1,...,C; must have a factor
Uy A, Uj for some r and similarly for {Cpy1,...,Co}. Let ZY2 be the permutation
(1,...,0)(£+1,...,2¢). By the Weingarten formula (4.12), the quantity (4.50) equals

> Tre,(Ch,...,Cop) Tro,(Dy,. .., Dog) We(o3,m). (4.51)

01,02,03E€S2¢
010203:ZU2

By assumption Try,(D1,...,D2) = O(1) and by inspection Try, (Ci,...,Co) =
O(n?~2). By (4.7) Wg(o3,n) behaves as O(n=2¢"13!). Thus, we obtain the behav-
ior O(n™2) of (4.49). By taking the sum > - | and by using the conditional monotone
convergence theorem we obtain the conclusion. g

Therefore, a monomial of {U; A;U;}%_,,

{B;}%_, is trivial with respect to Tr,, if it
contains at least two distinct factors from {U; A;U; }¥_,. The nontrivial case is only when

one factor from {U; A;U}¥_| appears in each monomial; for instance

k
> BiUAU; B} (4.52)

i=1

We compute the eigenvalues of this model in Proposition 5.2.
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5. Some concrete computation of eigenvalues.

5.1. Eigenvalues of polynomials of random matrices.

We provide explicit discrete eigenvalues of some polynomials of random matrices
converging to compact operators. Results in Section 4 show that the computation of the
eigenvalues reduces to the eigenvalues of polynomials of cyclically monotone elements.
Then the computations in Section 3.4 give the corresponding results on large random
matrices converging to trace class operators. We can then show the results in the compact
setup (i.e. the same assumptions as in Theorem 4.7) by approximation.

THEOREM 5.1.  Let A; = A;(n),B; = Bi(n),i = 1,...,k be deterministic n X n
matrices and U = U(n) be an n x n Haar unitary such that

(1) Ay,..., Ay are Hermitian,

(2) ((A1,...,AL), Tr,) converges in compact distribution to a k-tuple of compact oper-
ators ((a1,...,ar), Trg) as n — oo (see Definition 2.6),
(3) ((B1,...,Bg),try) converges in distribution to a k-tuple of elements in a non-

commutative probability space as n — oo,
(4) sup,en || Bi(n)| < oo for everyi=1,... k.

In this case let B; = lim,, o0 try(B;), Bij = limy_oo try, (B B;) and B := (ﬂij)?,j:l'
The following statements hold true.

(i) We have

k
lim EV (Z UBZ-U*AZ-(UBZ-U*)*> - EV(\/Ediag(al,...7ak)\/§) a.s.,

n—o00 ;
i=1

where v/Bdiag(ay,...,ax)VB is wviewed as an element of (Mi(C) ®
Sl(H),TI‘k@TI‘H).

(ii) Suppose that By, ..., By are Hermitian. Then
k k
i UB,U*A; | = a2
lim EV (2 A, UB;U A1> EV (2 @%) a.s.

(iii) Suppose that k = 1 and By is Hermitian. Let p = v/B11 + B1,q¢ = —(v/B11 — B1).
Then

lim EV(A;UBU* +UB1U* A1) = (pEV(a1)) U (¢EV(a1)) a.s.

n—oo

(iv) Suppose that k =1 and By is Hermitian. Let r := /11 — 3. Then

lim EV(i[A,,UBU"]) = (rEV(a1)) U (—rEV(a1)) a.s.

n—oo
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PROOF. We only show (i) since the other cases are similar. We reuse the notations
and proof of Theorem 4.7. In particular U B;U* is abbreviated to B;. Now the polynomial
Pis

k
P(xl,...,xk,yl,...,yk)=Zyixiy;‘. (5.1)
=1
Recall that
(\i(n)}is1 = EV (P(Ay,..., Ag, By,.... By)), (5.2)
{Aiti>1 = HILH;O EV (P(Ay,..., Ak, B1,...,By)) as.,
D)}z =BV (PP, AP By By (5.4)
Dy = nlggoEv(P(Agj), . .,A§j>,Bl,...,Bk)) as. (5.5)

From the result in the trace class setup in Theorem 3.14 and asymptotic cyclic mono-
tonicity in Corollary 4.4, we have the identity

DA = EV(\/Ediag(agj), o a,ij))\/E) . (5.6)
Now we define another sequence of eigenvalues
{N}is1 = EV(\/Ediag(al, . ak)\/E) . (5.7)
Our goal is to demonstrate that \; = ] for every ¢ € N. For this we use the inequality
= O0F] < A = XEM)] + | NEm) - OP)E ()|
+ | Em) — A)E| + | 0P)E - 0| (5.8)

We proved in the proof of Theorem 4.7 that the first term on the RHS converges to 0
as n — oo and proved in (4.42) that the second term is bounded by ¢; uniformly on n.
The third term converges to 0 as n — oo from the result in the trace class setup. Taking
Mﬁm MHO@ we get

X - 0] < Tm [0 - (0. (59)

j—00 *
By (5.6) it now suffices to show that

lim EV(\/Ediag(agj), e a,gj))\/g> = EV(\/Ediag(al, ce ak)\/E) , (5.10)

J—00

which follows from the fact

lim ‘\/Ediag(agj), ce a,(cj))\/g — VBdiag(a, . . ., ak)\/EH =0 (5.11)

J—0o0
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and Weyl’s inequality [6, Corollary III.2.6] which bounds the difference of eigenvalues by
the operator norm of the difference of elements. O

When several independent Haar unitaries are involved we can still compute the
eigenvalues. For example we obtain the following.

PROPOSITION 5.2.  Under the assumptions of Theorem 5.1, we take independent
Haar unitaries U; = Ui(n),i =1,... k.

(i) Let B; :=limy, o0 tr,,(B;). Then

k k
nh_{r;OEV(ZUB U A(U; B;U;)* ) V(Z |Bi2ai>

i=1 =1

(i) Let ~; := limy, o0 try, (B B;). Then we have

k
lim EV(ZB U; A;U} B} ) =EV(yia1)U---UEV(yrar) a.s.

n—oo
i=1

PROOF. Suppose that ((Ay, ..., Ag), Tr,) converges in distribution to trace class
operators; the general compact case is proved by approximation.

(i) By Corollary 4.10, the computation formula is obtained by the asymptotic cyclic
monotonicity of ({A4;}¥_,,{U;B;U;}¥_,) and then the asymptotic freeness of U; B1U7,

.., UpBUj;. This implies that we only need to replace the covariance matrix B in

Theorem 5.1(i) with B’ = (Eﬂj)ﬁjzl € My(C). The limiting eigenvalues are given
by those of v/B’diag(as,...,a;)VB’. Since VB’ = (Zle |8:]?)~1/2B’, the conclusion
follows easily.

(ii) By Proposition 4.11, for each ¢ € N we have

k ¢ k
(Z BiUiAiUi*B;‘) => T, ((BiUiAiU;‘B;‘)Z) +0(1)

- ZTrn( (UFB:B;U;)) ) +o(1). (5.12)

By the cyclic monotonicity of the pair ({4;}¢_,,{U*B;B;U;}¥_,) (see Theorem 4.3), we
have the almost sure convergence

k ¢ k
: 1. AU B - i ARH *B.)¢
nh_{r;O Tr, <Z B,U;AU;B; ) Z nh_}rr;o Tr,, (45) T,ILH;O tr, (B! B;)

=1

((yiai)"), (5.13)

HM»

and the conclusion follows by Proposition 2.8. 0
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5.2.
In this subsection, we give numerical illustrations of main theorems of this paper.

Numerical illustration.

ExaMPLE 5.3. Let {Z;}; be a family of independent n x n non-selfadjoint Gaussian
random matrices, that is, each Z; has entries that are independent identically distributed
with the standard complex normal distribution. We consider a sample covariance matrix
X; = Z;Z7/(2n) and a diagonal matrix D = diag(271,272,273,...,27"). From Theo-
rem 4.1, the matrices D and X are asymptotically cyclically monotone. Table 1 shows
numerical simulations of mixed moments and moments decomposed by cyclic monotone
independence when n = 500.

Table 1. Moments (n = 500).
Tr(DX;) 1.65916 Tr(D) tr(X1) 1.64044
Tr(DX;D) 1.11507 Tr(D?) tr(X;) 1.08068
Tr(DX;DX5) 1.08634 Tr(D?) tr(X;) tr(X2) 1.08034
Tr(DX1DX,D) | 1.02348 Tr(D?) tr(X) tr(X2) 1.01548
Tr(DX1DX2DX3) | 1.00131 || Tr(D3) tr(Xy) tr(Xs) tr(X3) | 1.0176

EXAMPLE 5.4.
n x n diagonal matrix diag(271,272,...

We give numerical realization of Proposition 5.2(ii). Let D be the
,27") and U;,t = 1,2,... be n x n indepen-
dent Haar unitary random matrices. Then the eigenvalues of D + Zle U;DU} can be
computed by Proposition 5.2 and converge to

(27, ..,27 272 272

yeee)- (5.14)

k times k times

In Figure 3 we show the first 14 eigenvalues for n = 1000.

2 4 6 8 10 12 14 2 4 6 8 10 12 14 2 4 6 8 10 12

Figure 3. Eigenvalues A1, ..., A4 of {D + Zle Uz-DUi*}k (n = 1000).
=123

EXAMPLE 5.5. We compute random matrix models of Theorem 5.1 (iii) and (iv).
Assume that n = 300. Let D be the n x n diagonal matrix diag(271,272,...,27") and
U be an n x n Haar unitary. Let Z be an n X n non-selfadjoint Gaussian random matrix.
We consider A = UDU* and B = ZZ*/(2n). First, we consider a random matrix model
for Theorem 5.1 (iii). We compute EV(AB+ BA), EV(pA)UEV(¢qA) and the theoretical
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limiting eigenvalues up to 6th. In this case, we obtained p = 2.4174 and ¢ = —0.41351.
We also compute moments of AB + BA with respect to the non-normalized trace Tr,,
and factorized moments arising from cyclic monotone independence.

Second, we consider a random matrix model for Theorem 5.1 (iv). We compute

EV(i(AB — BA)), EV(rA) UEV(—rA) and the theoretical limiting eigenvalues up to
10th. In this case, we have r = 0.98972. We also compute the moments and factorized
moments.

25

F ? 101 o
051 °
R @
L]
[ . . . \ 9
2 4 6 ° 8 & 10
® 3
@ -051 @

. . . . . .

1 2 3 4 5 ]
r [} -0 @

Figure 4. Left: comparing EV(AB + BA) (triangle), EV(pA) U EV(¢A)
(circle) and the theoretical limiting eigenvalues (square). Right: comparing
EV(i(AB — BA)) (triangle), EV(rA) UEV(—rA) (circle) and the theoretical

limiting eigenvalues (square).

Table 2. Moments (n = 300).

k| Tr((AB + BA)F) || Te(A%)(p* + ¢*) || k | Tr((i(AB — BA))?F) || Tr(242k)r2k
1 3.91122 4.00779 1 2.70837 2.61211
2 7.71417 8.01973 2 2.22769 2.04693
3 14.9663 16.0641 3 2.16952 1.90957
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