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Abstract. We characterize common reducing subspaces of several
weighted shifts with operator weights. As applications, we study the common
reducing subspaces of the multiplication operators by powers of coordinate
functions on Hilbert spaces of holomorphic functions in several variables. The
identification of reducing subspaces also leads to structure theorems for the
commutants of von Neumann algebras generated by these multiplication op-
erators. This general approach applies to weighted Hardy spaces, weighted
Bergman spaces, Drury—Arveson spaces and Dirichlet spaces of the unit ball
or polydisk uniformly.

1. Introduction.

Let H be a complex Hilbert space and let B(H) be the algebra of all bounded
linear operators on H. Let  C B(H) be a set of operators. A closed subspace X is an
invariant subspace of Q, if for every T' € 2, T maps X into X. The space X is a reducing
subspace of €, if X is invariant under both T" and T* for every T' € Q2. The space X
is a minimal invariant (or reducing) subspace of € if the only invariant (or reducing)
subspaces contained in X are X and {0}. The set § is irreducible if the only reducing
subspaces of  are {0} and the whole space H.

The Beurling invariant subspace theorem [3] for the unweighted unilateral shifts
of multiplicity one, and its extension to higher multiplicity [9] (called the Beurling—
Lax—Halmos invariant subspace theorem), are two of the fundamental results in modern
operator theory. Despite the substantial advances [2] and [7], the structure of invariant
subspaces of the Bergman shift is still an active research area. In fact this problem is
as difficult as the invariant subspace problem (of whether every bounded linear operator
on a separable Hilbert space of dimension greater than one has a nontrivial invariant
subspace); see for example [8]. There also have been extensions of the Beurling invariant
subspace theorem on the Hardy space of the polydisk [10], [11] and [22].

On the other hand, there is a nice description of reducing subspaces of powers of
weighted shifts with scalar weights [21]. This paper and its predecessor [23], where
reducing subspaces of some analytic Toeplitz operators on the Bergman space of the unit
disk were studied, have also been inspirational in the last fifteen years for establishing
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structure of reducing subspaces of Toeplitz operators with Blaschke product symbols on
the Bergman space of the unit disk; see a recent monograph [6] and extensive references
therein. The structure of the reducing subspace lattice for unweighted unilateral shifts
was described in [9] and [16]. The reducing subspaces of some analytic Toeplitz operators
on the Hardy space of the unit disk were studied as early as in [16] and [1].

Recently, the reducing subspaces of some analytic Toeplitz operators on the Bergman
space of the bidisk and polydisk were characterized in [15], [18], [14], and [19]. In [5],
the author recovered the results from [21] and some results from [15] by studying the
reducing subspaces of weighted shifts with operator weights.

In this paper, we characterize the common reducing subspaces of several commuting
weighted shifts with operator weights as wandering invariant subspaces of the shifts with
additional structures. As applications, we study the common reducing subspaces of mul-
tiplication operators by powers of coordinate functions on Hilbert spaces of holomorphic
functions in several variables.

The identification of reducing subspaces also leads to structure theorems for the
commutants of von Neumann algebras generated by these multiplication operators. This
general approach applies to weighted Hardy spaces, weighted Bergman spaces, Drury—
Arveson spaces, and Dirichlet spaces of the unit ball or polydisk uniformly. Below we
give three sample results that are contained in Theorem 8.1, Theorem 5.4, and Theorem
9.5 respectively.

Let C denote the set of complex numbers. Let B? be the unit ball of C?,

Bd:{z:(zl,...,zd)ECd:|21|2+-~'+|zd|2<1},
and let S¢ be the unit sphere,
Sd:{Z:(Zl,...,Zd)ECdI|Zl|2—|—-..+|zd‘2:1}.

The Hardy space H?(B?) is the Hilbert space of holomorphic functions in B¢ such that

If)° = sup [ [f(rQf do(¢), fe H(BY),
0<r<1.Jsd

where do(¢) is the normalized area measure on S?. For a multi-index N = (Ny,..., Ng),
2N = z{vl e z(]ivd. Let T,~ be the multiplication operator by 2z, that is

T f(z) =2V f(2), feHBY).

In this paper, for an index set I, v; € H, Span {v; : i € I} always means the closed linear
span of {v; : i€ I} in H.

THEOREM A. Let N = (M,M). Let Jv = {(61,02) : 0 < 81 < M or0 <
Ba < M}. Then any minimal reducing subspace X of Ton on H?(B?) is of the form
Span {f(zl, 20)(2122)*M 1 k > O}, where either there exists v = (y1,72) € Jy such that

f(z) = az]"z* +b2{*2]", a,beC,
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or there exists 0 <1 < M such that
f(z1,22) = azt 2 + b2t T2l + 2l 2l a b ceC.

Furthermore, any reducing subspace of T,n on H?*(B?) is an orthogonal sum of minimal
reducing subspaces.

The Bergman space L2(B?) is the Hilbert space of holomorphic functions in B¢ such
that

IFGIP = [ 1FOP a1 e L)

where dv(¢) is the normalized volume measure on B?. Let D be the open unit disk, and
let D? be the polydisk. The Bergman space L?(D?) is the Hilbert space of holomorphic
functions in D¢ such that

1GNP = [ £ aa@) - aaG),  f e 1209,

where dA((y) - - - dA(Cg) is the normalized product measure on D?, with dA(¢;) being the
normalized area measure of the unit disk . The following result can also be derived
from the discussion of type I weight sequences in [14]. The special case L2(D?) with
N; = Ns is contained in Theorem 2.4 [15].

THEOREM B. Let N = (Ny,...,Ny) be a multi-index such that N > (1,...,1). By
an abuse of notation, set N —1=(Ny —1,...,Ng—1). Let

d
N={3:0<B<N-1}, and L:HNi,

i=1
where L is the cardinality of the index set N. Then
(i) For each B = (fi,...,B4) € N, Span{z/ TR ---zngrded ik =(k1,...,kq) >0}
is a common minimal reducing subspace of the tuple (T ny,...,T ~,) on L2(BY) or
L2(DA). 1 ’

(ii) Those L minimal common reducing subspaces are the only minimal common reduc-
ing subspaces of the tuple (T ny,...,T ny) on L2(B?) or L2(DY).
1 d

(iii) There are exactly 2F — 1 common reducing subspaces of the tuple (T niyes Tong)
1 Zq
on L2(B%) or L2(D).

The Dirichlet space D(DY) on the polydisk D? is not as widely studied. Here we
define D(D?) and refer to [13] for the general case. The Dirichlet space D(D?) is the
Hilbert space of holomorphic functions on the bidisk D? such that

a.f(Ch CQ)

26!

2

I Grenlly = [ 17 @) dm(@G)am(@) + [ AA(G)dm(G)

xT
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<,
TxD

where dm((;) is the normalized Lebesgue measure of the unit circle T. The first integral
is ||f(zl722)||i[2(]]])2)7 which is the norm of f(z1,22) in the Hardy space H?(D?) of the
bidisk. Our definition of the norm in D(D?) is equivalent to the norm defined in [13],
where the Mobius invariance of the fourth integral was studied. Our choice of the norm

0% f(¢1,G) |
0C20¢,

af(C1,¢) |7
G2

dm(C1)dA(C2) + /IDJ?

dA(C1)dA(C),

leads to a reproducing kernel of product form for D(D?) as in (15) below.

Let N = (N1, Ny) and let W*(2)22) be the von Neumann algebra generated by
the analytic Toeplitz operator 7' ~, ~, on D(D?), and let v(z{v 1252) be the commutant of
1 2

W* (21 202). We have the following structure theorem of v(z1"* 22?). Let M, (C) denote
the algebra of n x n matrices.

THEOREM C. The following two statements hold.

(i) If N1 # Ny, then v(z' 22?) on D(D?) is x-isomorphic to
&do|gue]

(i) If Ny = Ny, then v(z1" 20?) on D(D?) is *-isomorphic to
e o|gue]

2. Reducing subspaces of weighted shifts with operator weights.

We first introduce a tuple of d-variable unilateral weighted shifts with operator
weights. Here we extend the results for the case d = 1 by the author [5] to the case
d > 1. The classical reference for weighted shifts with scalar weights is [12]. Let Z; be
set of nonnegative integers and

Z¢={a=(a1,....aq) 1oy € Z;,1 <i<d}.

We write a > 0 if o € Zi. More generally, for 8 = (61,...,84), @ >  means «; > f3;
for all 1 <i < d. We write a > g if a >  and o # .

Let ¢; = (0,...,1,...,0) be the multi-index having 1 at i-th component and 0
elsewhere, and let 0 be the multi-index (0,0,...,0). Let I*(Z%) be the complex Hilbert
space with the standard basis {ea o€ Zi}. Let E be a complex Hilbert space. Let
I2(E) denote the tensor product Hilbert space [?(Z¢)® E. That is, [3(E) is the E-valued
1?(Z4) space such that

B(E)=3y=1 Yata:¥a € Eand [ly)* =" [lyal® < o0

a>0 a>0

We identify E as a subspace of [3(E) by mapping y to yeo for y € E. By an abuse of
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notation, we just write y instead of yey for y € E.
Let & = {@a’i o€ Zi,i =1,... ,d} be a bounded set of invertible operators in
B(E) such that

Doie,jPasi = Pate;i®ay, a€Z%i#j1<i,j<d (1)
Note that we do not assume ®,;®g; = ®g;Pn,; for o, 8 € Zi.

DEFINITION 2.1. A tuple of d-variable unilateral weighted shifts is a family of d
bounded operators on (3(E) with S = (S1,...,S4) defined by

S; [yea] = [®a,iyl €ate;s @€ Zl,i=1,....d,y€E. (2)

Condition (1) on ®,; implies that S is a tuple of commuting operators, since for
i#j,y €l

;S [yeal
SiSj [yea] = Sz [(Pa,jy] €ate; = [(I)oc+sj,iq)a,jy] €atejte;-

Sj [q)a,iy] €ate; = [(I)a+5i,jq)a,iy] €ate;te;r and

As in the scalar case, the norm of S; can be determined by

2 2

Z [‘Pa,iyoc] Ca+te;

Si Z Yala

a>0 a>0
2 2 2
= [®a.itiall® < sup |00l > llyal®. (3)
a>0 020 a>0

Then S; is a bounded operator if and only if sup,sq[|®al < oo and ||| =
SUp,>o || Po,il|- Hence, if @ is a bounded set in B(FE), then Sg is a tuple of bounded
operators on [5(E). Note also

S;lyeal = (@4 o, Y] a—e, ifo;>1i=1,...,d, and

SFlyea) =0 ifa;=0,i=1,...,d,y € E.

Therefore ﬂ?:l ker(S}) = E.
In this section we study the reducing subspace of S, which is a common reducing
subspace of S; for all 1 <1i < d. We will often write S instead of Sg. Let

Ai = H ¢041€1+'~~+ai71€i71+k€i7i7 Wa = AdAd,l e A17
0<k<a;—1
where some factors in the product could be missing and Wy = I. (4)

Then @, ; = Woie, Wi ! and S* [yeg] = [Wayl € for y € E, where S* = S{* - - S7.
LEMMA 2.2.  For a closed subspace Eqy of E, let V(Ey) be defined by

V(Eo) = Span{Sgz : a > 0,2 € Ep}. (5)
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Then V(Eyp) is a reducing subspace of Se if and only if Ey is an invariant subspace of
the sequence of operators Q) = {W,;leiq)* Dpe;, iWaee, 1 >6;,1 <0 < d}. Equiva-

a—€;,t

lently, Ey is an invariant subspace of Q3 = {WiW, : a > 0}.

PROOF. By the definition, V(Ep) is invariant for S. The space V(Ey) is also
invariant for S* = (S7,...,S5), if and only if S}S*z € V(Ey) for any x € Ey, a > 0,
and 1 <i<d. Fora=0, Sjz=0. If o > ¢, then

S;S%weg = S [Wazea] = [®h_.. ;Waz] €a—,-

a—e€;,t

By (5), SfS*x € V(Ep) if and only if there exists y € Ey such that

S;S%ey = [<I>* -Wax] Ca—e; = ST = [Wa—e, Y] €a—e, - (6)

a—e;,i
Since Wy = @o—c, iWa—e;,

Wl @i i ®ae, iWa—e,x = Wi ®L_ Wex =y € Ey.

a—e;,t a—e;,t

Therefore Ej is invariant for 2.
Note that for x € Ejy, since

SprSgxeq = WilWaxey,

S3xSgxeg € V(Ep) implies that Ey is invariant for WiW,,. Thus Ej is invariant for €2;.
Assume Ej is invariant for £, we now prove Fjy is invariant for Q. By assumption
WiW, is invertible and positive, so Ey being invariant for W2 W,, implies that

W:iW,Ey = Ey and [W:W,]™" Ey = Ey.

Using @, ,i = W,W 1  we have

a—eg;?
—1 * _ —1 x—1 * —1
W a—si(ba—ei,iq)a—ai{i W oa—€; — 2 a—¢; " a—¢; 2 a Walh a—¢; 2 oa—€;
—1
_ * *
= [” ”ozfe.;:l ”a”cw

a—Eg;
Therefore Ej is invariant for 2. The proof is complete. U

REMARK 2.3. The space Ej is also invariant for other operators involving @, ;
and W, by considering the invariance of X for S**S? for any «,3 > 0. The op-
erator W(;_leiCI)* Coc, iWaee, = P ®,_.,; under the commuting condition

a—€;,i a—€;,i

[(I)Zfehiq)afsi,i:l Wafei = Wozfe,; [(I)Zfei’iq)afsi,i] So Q = {¢27€i’i@a7€i,i P> 51’71 <
i< dy.

THEOREM 2.4. A closed subspace X is a (common) reducing subspace of Sg if and
only if

X =Span{Sgz:a >0,z € Ey}, (7)

where
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d d
Ey=[)X©8X = ke(S;|X)CE

i=1 =1

and Ey C E is an invariant subspace of the sequence of operators Q; = {W2iW, : o > 0}.
Furthermore, X is a minimal reducing subspace of S¢ if and only if Ey is a minimal
invariant subspace of 1.

Proor. By Lemma 2.2, we only need to prove that if X is a reducing subspace
of S, then X is given by (7) for some Ey C E. Set Fy = ﬂle X 6 5;X. We first prove
that Eyg C E. Let f € X 6 .5;X, then

(Sif.9)=(fS8ig)=0 forallge X,1<i<d.
Since X is also invariant for S}, S/ f € X. Hence S;f =0 and f € ﬂle ker(Sy) = E.
This proves that £y C E. We claim
d
X =V(Ey) = Span{Sga::aZO,x € By = ﬂX@SiX}.
i=1

Since Fyp C X, X DV (Ey). Let y € X © V(Ep). We need to show that y = 0. Write

Y= Yaa, Ya€E.

a>0

Since X is invariant for $*2 for any 8 > 0, S*Py € X. For all 2 € Fy = ﬂ?zl Xes X
and > 0, note that y € X © V(Ep) implies

0= <y, Sﬂx> = <S’*6y,m>.
That is, S*fy € X © [ﬂ?zl X & 5, X]. Set
d

mX@SiX

=1

My =X© and M=(y= Z Jata i fo EF

a>0,a#0

Then
Mx =Span{S$;X :1<i<d}C M

and My O M+ =[%3(E)© M = E. Note that

S*ﬁy = Z S*ﬂyaea = Z S*ﬁyaea

a>0 a>f
=SPyges+ Y S Pyaeq
a>p,a#p

and
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S*Pyges € E, Z S*Pyneq € M.
azp,a#p

Thus S*ﬁy € Mx implies that
0= S*Bygeg = [Wgyg] €0.

By assumption Wj is invertible, so yg = 0 for 8 > 0. In conclusion y = 0. The proof is
complete. O

By the above theorem, the lattice of reducing subspaces of Sg is completely de-
termined by the lattice of invariant subspaces of €2;. This topics has been discussed
extensively in literature, and many results are known, in particular when € is a set of
finite matrices, see the book [17].

It is well-known that the weighted shifts with nonzero scalar weights are irreducible.

COROLLARY 2.5.  The tuple of weighted shifts So = (S1,...,S4) on I2(E) with
operator weights is irreducible if and only if Q1 = {WiW,, : a > 0} is irreducible.

A simple but remarkable fact is that (Sfl,...,S(’jd) with k; > 1fori=1,...,d,is
again a tuple of commuting weighted shifts with operator weights. The above theorem
also applies to (S’fl, .. .,S’sd). This idea will become clear when we apply the above
theorem to multiplication operators by powers of coordinator functions.

3. Multiplication operators on weighted Hardy spaces of several vari-
ables.

Let z € C? be the multivariable,
s (o), Z= (e ).

An analytic polynomial p(z) is of the form

p(z) = Z caz”, cq €C,

|a|=0

where a = (a1,...,0q4) > 0, |a| = a1 + -+ + aqg, and 2® = 27" ---27%. It is known
from [12] that several weighted shifts with nonzero scalar weights is unitarily equivalently
to multiplications by z; on weighted Hardy spaces with positive scalar weights. In this
section, we introduce weighted Hardy spaces of multivariable z with operator weights.
We show that multiplications by z; on those weighted Hardy spaces are the weighted
shift S studied in the last section. First note that for A € B(H) and h € H,

(Ah, Ah) = (A*Ah, ) = <\/A*Ah, \/A*Ah>,

and vVA*A > 0. Thus in the definition of weighted Hardy spaces we will use positive
operators. Let A = {W, : @ > 0} be a bounded set of invertible positive operators in
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B(E). The weighted Hardy space H3 (E) is defined by
HAE) = f(2) =D faz® i fa € B, | fE7 =D [Wafal® <o0p.  (8)
a>0 a>0

Then the multiplication operator M,, by z; on HX(E) for 1 < i < d, denoted by M, =
(M.,,,...,M,,), can be identified with the weighted shift S¢ on (3(E) with

P ={Pq;=WoyeWs':a>0,1<i<d}.

(Note that W4, W5 ! is not necessary positive since no commuting condition is imposed
on W,.) More precisely, let U be the linear operator from [3(E) onto HX (E) defined by

Ulyea) = W'yl 2%, a>0,y€E.

Then
2 2
U paea = {13 W] = > [WaWs vl
o= Hy(E) 11020 nym 20
2
=D el = || vaca
a>0 a>0 lg(E)

Thus U is an onto isometry. Furthermore,
Minyea = le (Wa—lyza) — Wa_lyza-i_si,
USiyea = U(Paiyeare,) = Wil ®qiyzoTe

a+eg;

= Wil Wage W hyztte = Wi lyz0t,
Therefore
MU= (M,U,...,M,,U)=USe = (US1,...,USq).
By (3), M. is a tuple of commuting bounded operators if and only if

1M, = sup [ @q il = sup [[Wore, Wil <00, 1<i<d, (9)
a>0 a>0

which we shall assume. Note that (1) is automatically satisfied, since by ®,,; =
WO&-‘rEiWc;la for 7& ja

-1 -1 -1
Pove,jPasi = Wa+si+6j Wa+€iWa+5iWa = Wa+6i+€j Wa s

-1 -1 -1
®Q+5jui©agj: oz+6j+6iWa+sta+€jWa :Wa+5j+5iWa :



1194 C. Gu

The reducing subspaces (or minimal reducing subspaces) of M, and Sg are in one to one
correspondence. Now Theorem 2.4 can be reformulated as the following theorem which
generalizes a similar result [5] in one variable case.

THEOREM 3.1.  Any common reducing subspace X of M, on HX(E) is of the form
H3(Ey), where

d d
Ey=()X6&M.,X =()ker(M;|X)CE,

i=1 i=1

and Eo C E is an invariant subspace of Q = {W, : a > 0}. Furthermore H3(Eop) is a
minimal reducing subspace of M, if and only if Ey is a minimal invariant subspace of ).

Proor. By Theorem 2.4,
Q= {WW,:a>0}.

But here we assume W, is positive, so W*W,, = W2. The space Ej is invariant for W2
if and only if it is invariant for W,,. O

If £ is a finite dimensional complex Hilbert space and Ey C FE is a nontrivial
invariant subspace of Q = {W,, : @ > 0}, then Ej contains a minimal invariant subspace
of 2. Since W, is positive, Ej is in fact a reducing subspace of ) and it is an orthogonal
sum of several minimal reducing subspaces of Q.

COROLLARY 3.2.  Assume N = dim(E) < co. Then any nontrivial reducing sub-
space of M, on H3(E) contains a minimal reducing subspace. Furthermore it is a direct
sum of at most N minimal reducing subspaces of M, .

As mentioned in [21], there are operators which possess many reducing subspaces but
have no minimal reducing subspaces at all. For example, the operator of multiplication
by z on the Lebesgue space L?(ID,dA), where dA is the area measure on the unit disk I,
is one. In view of the above corollary, if dim(E) < oo, then the only question remaining
is how to describe the minimal reducing subspaces of 2.

4. Hilbert spaces of holomorphic functions of several variables.

Let w = {w, : a > 0} be a set of positive numbers. Let C denote the set of complex
numbers viewed as an one dimensional Hilbert space. Let H2 be the weighted Hardy
space as in [12]

H2=Sf(2) = faz*  fa €C, IfG)° =D walfal* <oop.  (10)
a>0 a>0

Considering E = C and A = {/w, : @ > 0} in Section 3, we have H2 = H%(C). By (9),

we assume
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M., || = sup /25 <0, 1<i<d.
a>0 Wa

Let N = (Ny,...,Ny) € Zjir be such that N > (1,...,1). By an abuse of notation, set
N-1=(Ny—1,...,N;—1). Let L = Hle N;, E be the L-dimensional subspace of H2
defined by

E= > £ ifzeCy,

0<BSN-—-1

and {zﬁ/\/@ :0<B<N - 1} be the standard basis of E. For two multi-indices
k = (ki,...,kq) and N = (Ny,...,N4), let kN denote the multi-index kN =
(k1N1,...,kqNg). Let A = {Wj : k> 0} be the set of diagonal operators where Wy
is the diagonal matrix (with respect to the standard basis of E) defined by

()T () esssvoneze o
V@) VEE \V@E

Then the tuple M, = (MZNl,...,MZNd) on H2 can be identified with M, =
1 d
(M,,...,M,,) on HX(E). To see this, we write

Z faza = Z Z fﬁ+kNZB ZkN.
a>0 k>0 \0<B<N-—1

Let U be the linear operator from H2 onto HX (E) defined by

U Z faz® = ngzk where g = Z f5+szB € E.

a>0 k>0 0<B<N-1

Since U maps 2"V in H? into z* in HZ(E), it is easy to see that UM,~x = M,U. We
now verify that U is an onto isometry.

2 2 2
U fa2® =D " =Y IWhgellm =D _|[We > forrn2”
a>0 Hi(E) k>0 Hi(E) k>0 k>0 0<B<N-1 B
VWB+EN 8 ?
= Wi fs kNZB - — Jp+kNZ
2
=> wﬁ’@fmm =D > wprn [faranl’

k>00<B<N-1
2

D faz®

a>0

k>00<B<N-1

H2
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Since A consists of diagonal matrices, the following result, which is Lemma 6 in [5], is
useful.

LEMMA 4.1. (i) Let Q be a set of invertible diagonal matrices on CL with respect
to an orthonormal basis {ey,...,er}. Then any minimal invariant subspace of
is one dimensional.

(ii) Any invariant subspace of Q is an orthogonal sum of several one dimensional in-
variant subspaces of €.

(iii) Let v = Elevnieni, where all vy, are nonzero. Then Span{v} is invariant for
Q if and only if each diagonal matriz in Q0 restricted to Span{en,,...,en, } is a
constant multiple of the identity matriz.

Combining Theorem 3.1 and Lemma 4.1, we immediately have the following theorem,
which contains Theorem A and Theorem D in [21], and Theorem 6 in [14] as special
cases. This theorem can also be derived from the work of [14]. Set

N={8:0<B<N-1}.

THEOREM 4.2. (i) A reducing subspace of (M n,,...,M n,) on HZ is a direct
1 Zd

sum of at most L (singly generated) minimal reducing subspaces, where L is the
cardinality of the index set N. That is, L = H?:l N;.

(ii) A minimal reducing subspace of (M _ni, ... ,MZNd) on HZ is of the form
1 d

Span {p(z)sz k> 0} ,
where

p(z) = Z 427, [, €C, fy #0 for ally € J, (12)

e
and J C N and Wyt kN /Wy = wsrkn /ws for all v,6 € J and k > 0.

(iii) For each ~ € J\A/', Span {z“fsz k> O} is a (singly generated) minimal reducing
subspace of (M ~i,..., M ~,).
1 d

PrOOF. Conclusion (i) is clear from (i) and (ii) of Lemma 4.1. To see (ii), we note
that Wy as in (11) is a constant multiple of the identity on the Span{z" : vy € J} if and
only if wytkn/wy = wsskn /ws for all v,6 € J. The proof is complete. O

We say the reducing subspaces as in (iii) are the obvious ones.

DEFINITION 4.3. Let x(J) denote the cardinality of the index set J. We say p(z)
as in (12) is of length x(J) and Span {p(z)z*" : k > 0} is a minimal reducing subspace
of length k(J).
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Thus x(J) = 1 for the reducing subspaces as in (iii) of Theorem 4.2. As we will see,
in most classical function spaces, k(J) = 1, so that there are exactly L minimal reducing
subspaces of (MZfrl ey szivd) on H? and there are exactly 2 — 1 reducing subspaces
of (Mzivl geeey szivd).

Lemma 4.1 can be extended to the set of diagonal operators on the infinite dimen-
sional [? space. For convenience, we recall Lemma 8 and Corollary 9 from [5]. Let N be
the set of positive integers. In the infinite dimensional case, all subspaces are assumed
to be closed.

LEMMA 4.4. Let Q be a set of injective diagonal operators on 1> with respect to an
orthonormal basis {e, : n € N}.

i) Let v =52 v, en,, where all v,, are nonzero. Then Span {v} is invariant for Q
1=1""1 i i
if and only if the restriction of each diagonal operator in Q to Span{en,,€n,, ...}
is a constant multiple of the identity operator.

(ii) Any minimal invariant subspace of §) is one dimensional.

(iii) Any invariant subspace of Q is an orthogonal sum of finite or infinite many one
dimensional invariant subspaces of ).

The following corollary tells us when the invariant subspaces of 2 are the obvious
ones.

COROLLARY 4.5. (1) Let Q be a set of invertible diagonal matrices on CF with
respect to an orthonormal basis {e1,...,er}. The following two statements are
equivalent.

(i) For any i # j, there is A € Q such that Ae; = \ie;, Ae; = Aje; with A, # A;.

(ii) There are exactly L minimal invariant subspaces of Q, namely, Span{e;} for
i=1,...,L.

(2) Let Q be a set of injective diagonal operators on 1? with respect to an orthonormal
basis {en,n € N}. The following two statements are equivalent.

(i) For any i,j € N and i # j, there is A € Q such that Ae; = \e;, Aej = Aje;j

(ii) The minimal invariant subspaces of @ are Span{e;} for i € N.

Statement (i) holds as long as Q) contains a diagonal operator with distinct diagonals.

5. Examples.

Let B? be the unit ball of C,
Bd:{z:(zl,...,zd)e(cd:|21|2+~-~+|zd|2<1}.

Let w = (wy,...,wq) € B and (z,w) be the inner product defined by
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d
w) = Z 2 W;5.
i=1

Let K,(B?) (for p > 0) be the Hilbert space of analytic functions on the ball B¢ with
reproducing kernel
1
(1= (zw))”
This scale of spaces contains the Bergman space L2(B) (p = d + 1), the Hardy space

H?(B%) (p = d), and the Drury—Arveson space H2(B%) (p = 1). By the expansion
formula,

K(z,w) =

_ 1 _ — L(p+i) W)
Kew) = a5 wy 23 i)
Ll +1) _ p+|a|
N P i'T'(p) O;l (;) all'(p
Therefore
K,(BY) = H2 with w= {wa = m o> O} . (13)

Let D(BY) denote the holomorphic Dirichlet space on B¢ with reproducing kernel

K(z,w) = ) In(1 — (z,w)).
Note that
K(zw) = ———In(1 — { >>fi )"
z,w) = ) z,w)) = e 2, W
B n'z w® ||l zow®
Z > => :
n-+1 ol = ol (la] +1)
Therefore

! 1
D(BY) = H2  with w:{wa:a(@f):azo}.

Let D be the unit disk and D? be the polydisk. We use K,(D?) (for p > 0) to denote
the Hilbert space of analytic functions on the polydisk D? with reproducing kernel
1
[T, (- =)

This scale of spaces contains the Bergman space L2(D?) (p = 2) and Hardy space H%(D9)

K(z,w) =
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(p=1). When p > 1, le(Dd) is often called the weighted Bergman space on polydisk.
By the expansion formula,

d > F (67 Ny
K(z,w) = d 1_ —r H <Z (if';:(p)) (zw;) 1)

Therefore

d
Ay _ g2 _ _ o!C(p) >
K,(D*) =H with w= {wa = 11 Trtan) a>0,. (14)

Let D(D?) denote the holomorphic Dirichlet space on D¢ with reproducing kernel

d
1
K(z,w) = (-1)4 ljll o In(1 — z;w;). (15)
Note that
d d 9] 1
_ (_1\d _ _ o
K(z,w)=(-1) };[1 o In(1 — z,w;) 21;[1 (QZ_O PO (z;w7) )
1 (0% —ri0]
= — 2"
aso iy (@i +1)
Therefore

DD = H?> with w:{wa:H(ai—&—l):aZO}.

Let N = (N1,...,Ng) € Z{ be such that N > (1,...,1).

LEMMA 5.1.  We use notations as above. Let ~v,d > 0 be two multi-indices. Then
for wy as in (13) with d > 2,

w kN Ws+kN
VRN HOTEN - for all k> 0
W~y ws

if and only if v =0.
PRrROOF. Note that wy4rn/wy = wsyrn/ws is the same as

WytkN _ Wy (Y +EN)T(p+ [0+ EkN|)  wy

or =1
Ws+kN — Ws (O+EN)T(p+ |y +EN|)  ws

Note that the limit of
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(v + kN)IT(p+ |6 + EN|)

~ k’h—& k|5|*|7|
(6+kN)T(p+ |y +ENJ) Lo

as k1 — 00, is 0 or oo unless
M0l =+l
Similarly
Yi+ 18| =6+ 1y, i=1,...,d.
This implies that v = § since d > 2. U

REMARK 5.2. The above lemma also holds when d = 1 and p # 1, see the lemma
below.

LEMMA 5.3.  We use notations as above. Let y,6 > 0 be two multi-indices. Assume
p # 1. Then for ws as in (14),

WrythN _ &o+kN forallk >0

Wy ws

if and only if v =19.

PROOF. Note that w,4in/wy = wsrn/ws is the same as

d
WrtkN _ Wy H (vi + ki N)IT(p)L(p+ 0i + kilNi) _ wy

Ws+kN W = (05 + kiN)ID(0)T(p+ i + kilNi)  ws
Equivalently, for each i = 1,...,d,

(v + ENi)'T(p+ 6 + EiN;) — (7:)'T(p + ;)

)
(0 + kiN)'C(p+ i + kiNi) — (6)'T(p+ i)
Taking limit of the above expression as k; — 0o, we see that both sides of the above
expression are equal to one. That is,

(vi + kiN)!IL'(p + 8 + ki N3)

=1 forall k; > 0.
(6i + kiNi)!D(p + i + ki N;)

Without loss of generality, assume v; = §; + I for some [ > 0. Then

(40 +kiN;) - (I +6; + ks N;)
(P40 + kiNg) - (p+1—146; + kiN;)

=1 forall k; >0,

which is impossible unless p = 1. Hence v; = §; and v = 4. O

THEOREM 5.4.  The tuple (M _~y,...,M ~,) on K,(B%), K,(DY) (p # 1), D(BY),
1 Zd

and D(D?) has only the obvious L (singly generated) minimal reducing subspaces of length
one.
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PROOF. The results follow from proceeding lemmas. The Hardy space on the
polydisk is the only exception. The proofs for the Dirichlet spaces are the same. O

Theorem 2.4 in [15] corresponds to the special case of the above theorem on K, (D%)
for d = 2,p > 1 and N; = Ns. A description of minimal reducing subspaces of
(M nyyoo oy M ~,) on K,(D%) for p = 1 readily follows from Theorem 4.2 by noting

1 Zd

that w, = 1 for all a > 0. See also a related result for the case p = 1 in Theorem 9.1.

6. Product of weighted shifts.

In this section we demonstrate a more subtle observation that the product of several
commuting weighted shifts (with operator weights) is again a weighted shift with operator
weights. In the remaining part of the paper except the last section, k € Z is not a multi-
index. For N = (Ny,...,Ny), kN = (kN1,...,kNy). Recall Sg = (S1,...,54) is defined
on I2(E) by

Silyea) = [Pa.iV] €ate;y @€ Zi, i=1,...,d,y € E. (16)

Let Jo ={a:a>0and min{ea;:i=1,...,d} =0} and

R d

E = Span{ye, :y € E,a € Jo} = ker (HS;‘) .

i=1
Let {gk}4—, be the standard basis of I and
P(E) = {y = wkgk yk € Eand [ly|* = il < OO} :
k=0 k=0

Again we identify E with the subspace {ygo,y € E}

PropoSITION 6.1.  The operator Hle S; is unitarily equivalent to a weighted shift
Sy defined on I?(E) with ¥ = {Uy : k > 0}, where ¥y, € B(E) is defined by

W (yes) = [(Porr(r,..)rertteard  Pork(t, )4 2Park(1,..1)1) U] €5,
ye E,pedy. (17)

PROOF. Let U be the isometry from [2(E) into lz(E) defined by
Uyeo = [yea,k(l_,wl)} gk, where k =min{«; :i=1,...,d},a > 0.

Then U is an onto isometry. Note that for y € E, o > 0,

d
U (H Si) yea =U [(q)()l+€1+"'+5d—17d T (I)Ot+€1,2q)%1) y] Cat(1,...,1)
i=1

= [{(Paterrteard Pater,2Pa1) Y} €ast (1,0 1) = (bt 1)1, 1) | Gh41
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= [{ (¢a+51+'“+5d—1,d T (I)a+6172q)0471) y} Ca—k(1,..., 1)] 9k+1,

since k = min{«;,s =1,...,d} implies that k +1 = min{a; +1:i=1,...,d}. On the
other hand, by (17) with 8 = a — k(1,...,1),

SeU [yeal = S ([yea—ra,...1)] 9r)
= [k (vea—ra,..1))] grs1
= [{ ((I)a+s1+~-+sd71,d s (I)a+51,2q)o¢,1) y} ea—k(l,...,l)] gk+1-

Therefore,

The proof is complete. O
By Theorem 2.4 with d = 1, we have the following result. Let T := Hle S;. Set
Vi=Up - 0,0, (18)
COROLLARY 6.2. A closed subspace X is a reducing subspace of H?Zl S; if and
only if
X:Span{Tkx:kzo,xeEO:X@TX:ker(TﬂX)}, (19)
where EB - E is an invariant subspace of the sequence of operators V.= {VVj : k > 0}

and Vi, is defined by (17) and (18). Furthermore, X is a minimal reducing subspace of
T if and only if Ey is a minimal invariant subspace of V.

Because M, = (M,,,...,M.,), we use T, to denote the multiplication operator by
z on HX(F) as in (8). That is,

Let E C H3 (E) be the subspace given by

E= {f(z) =D fa i fa€ B fEIP =D IWakall® < oo} = ker (T7).

acJy a€Jo

Let Uy, € B(E) be given by

U (2°) = [(®pin(1, ) bertten 1.d Pk, )rer2®sin(,.101) Y] 27,

—1
- Wath(... 1>+<1’-~171>W6+k(1,...,1>+al+---+ed71"'1 y| 2#
Watk Dre+ee Wi, 1)ses Wtk D+ Woika, 1)



Common reducing subspaces of several weighted shifts with operator weights 1203

= {(Wﬁ+(’€+1)(1v---71)Wﬁjku,,,,,n) y} 2 yeE,Be . (20)

Note that ¥ is not necessarily positive because no commuting condition is imposed on
W,. Let Vi be defined by

Vi (y2°) = [Wp_q -+ 01 00] (y2°) = [(W,8+k(1,...,1)W5_1> y} . yeE Bedy. (21)

Then the proceeding corollary takes the following form on H3 (E).

COROLLARY 6.3. A closed subspace X of HA(FE) is a reducing subspace of T, if
and only if

X:Span{zj:kzo,xeﬁo:XeTZXZker(T;\X)}, (22)
where E) - E is an invariant subspace of the sequence of operators V. .= {V,*V}, : k > 0}

and Vy, is given by (21). Furthermore, X is a minimal reducing subspace of T if and
only if Ey is a minimal invariant subspace of V.

7. Reducing subspaces of multiplication operators on Hf)

Let N = (Ni,...,Ng) € Z% and N > (1,...,1). Let T,~ denote the multiplication
operator by 2V on H2 as in (10). That is,

d
Ton =[] M »..
=1
Let
Jnv ={a:a>0and min{a; — N, :i=1,...,d} <0},

and E C H?2 be the subspace given by

E= {f(z): Y far i fa€C fRN1P= D) wafa|2<00} = ker (T}) -

acJy acJy
Let
B @] B
\Ifk(Z ):V‘”’“N(z ) B ey, k>0. (23)
RVASY:} \Vws Vws
THEOREM 7.1. (i) If a closed subspace X of H2 is a reducing subspace of T.n,

then
X = Span {Thz k> 0,0 € B}, (24)

where
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Eo=X 6 Ton X = ker (T | X),

and Ey C E is an invariant subspace of ¥ = {Uy : k > 0} defined by (23).

(ii) Any reducing subspace of T,n on HZ is a direct sum of (singly generated) minimal
reducing subspaces.

(iii) Any minimal reducing subspace of T,~ on H?2 is of the form Span{f(z)zFN : k >
0}, where

z) = Z 27, fy #0 forally € J, (25)

yeJ
and J C Iy and wyyin/wy = wspkn/ws for allv,6 € J k> 0.

PROOF.  Note that in this case ¥y in (23) is a diagonal operator (with positive
diagonals). Therefore Eo C E is an invariant subspace of the sequence of operators
{w?:k >0} if and only if Eo is invariant for ¥ = {Uy : k> 0}. So (i) follows from
Corollary 6.3. Items (ii) and (iii) follow from Corollary 6.3 and Lemma 4.4. O

Since w, = 1 for all a > 0 on K,(D?) for p = 1 (the Hardy space of polydisk), any
minimal reducing subspace of T,~ on k(D) is described as in (iii) above where .J is an
arbitrary subset of Jy.

The above theorem formally looks the same as Theorem 4.2. But the condition on
we, 18 less restrictive because k is not a multi-index, and the index set Jy is infinite, so
in general there are many J such that x(J) > 1 as we demonstrate below. However, here
we only make a couple of observations and also work out the details for a few clean cases.

Let P(d) denote the permutation group of {1,2,...,d}. For o € P(d) and a multi-

index Y= (717727 v a,yd)7
Yo = (70(1)3 Yo(2)s- -+ 770((1)) .
Then we have the following proposition.

PROPOSITION 7.2.  Assume N = (M, M, ..., M). Given v = (v1,72,---,7d) € IN,
let

= Y f.2", fs€C forallo € P(d). (26)

oceP(d)

Then Span {f(z)sz k> 0} is a minimal reducing subspace of T,n on K,(B%), K,(D?)
(p#1), D(BY) and DDY).

PROOF.  We just prove for T,~ on K,(B?). Recall that

Thus for given v € Jy and for any o € P(d),
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d d
wytknN _ [l (i + EM)IC(p+ 3051 7)

Wy IS W+ S0 v + dkM)
d d
wy, ik _ iy (o) +EM)IT(p + 370 170()

“e [T %o T + Xy Vo) + dkM) -

. d d d d
Since > i1 Vo) = 2iz1¥i and [[im) Yo(y! = [Tizy il

Wy+kN Wy, +kN
W~ Wy,

o

The result now follows from the proceeding theorem. O

The space Span { F(2)2"N k> 0} above is the closed linear span in different spaces
accordingly. In (26), we allow the coeflicients f, to be zero. Furthermore, 7., could be
same as 7,, for two different permutations o7 and o2. The length of f(z) in (26) is d!
if ; are distinct for ¢ = 1,...,d and all f, are not zero. It turns out we can prove the
converse of the above proposition if p is not a positive integer. The proof of the following
lemma is more streamlined by comparing the roots of polynomials as Lemma 7 in [19],
where reducing subspaces on weighted Bergman spaces on D? are discussed.

LEMMA 7.3.  Assume N = (M, M,...,M). Let w be on K,(B%), where p is not a
positive integer, or w be on le(]D)d) (p#1). For,0 € JN, WytkN /Wy = WskN/ws for
all k > 0 if and only if there exists a permutation o € P(d) such that 6 = ~,.

PROOF.  We first prove this lemma on K,(B). If w,ipn/wy = wsikn/ws for all
k >0, then

Wy+kN  Ws+EN

= for all k£ > 0. (27)
Wyt (k+1)N  Ws+(k+1)N

Equivalently

Jj=1

T T (i + kM + ) T T, (6 + kM + j)

We define G(X) by replacing k with A,

T2 (o + Iy + dkM +5—1) T (p+ 0] + dkM + j — 1)

G(A) =p(A) — q(A), where

dM d M
pA) =[]+ +dxM+ - )] ] 6 + AM +j), and
j=1 i=1j=1
dM d M
g\ =[G+l +dM+j -] T (i +AM +35).
j=1 i=1j=1

Then G(A) = 0 and the roots of the two polynomials p(\) and ¢(A) are the same. In
particular,



1206 C. Gu

prh+dM -1 ~i+j

either T i for some ¢ and j, (28)
pl|+dM —1 6+ .
= f
T 7 or some ¢ and j, (29)
p+yl+dM -1  p+]6|+dM -1 (30)
aM N aM '

Both sides of (30) are the largest roots (in absolute value) of p(\) and ¢(\) containing p.
If p is not a positive integer, (28) or (29) can not happen. So (30) implies that

d d
Z 0 = Z Yi-
i—1 i—1

Now (27) implies that

d M d M
Gi(N) =TI 0 + M +5) =TI TI (i + 201 + ) = 0. (31)
i=1j=1 i=1j=1

Therefore

6 +J ‘ . Y+ ‘ .
1<i<d,1<j<M; = 1< < <7< .
{M <1<a,1<y< } { i 1<i1<d,1<j<M

This implies that § =+, for some permutation o € P(d).
We now prove on K,(D?) where p # 1. We will be brief. If w, i ;n/wy = wsiin /ws
for all k£ > 0, then

LTG5 (o4 + kM +5—1)  TIL T (p+ 0+ kM + 5 — 1)
T, I (i + kM + ) [T, TIZ, (0 + kM + 5)

Then the roots of the two polynomials are the same, equivalently F} = F where

(32)

Fi={p+yi+j—1,6+j:1<i<d1<j< My,
Fo={p+8i+j—ly+j:1<i<d1<j<M}.

Without loss of generality, assume v4 = max{vy; : 1 <i < d}. Let §; = max{d; : 1 <1i <
d}. Note that

max Fy =max{p+vs+ M —1,6,+ M},
max Fy =max{p+0,+ M — 1,74+ M}.

We claim §; = 4. Assume &; > 4. Then, in the case p > 1,
max Fo = p+ 6, + M — 1 > max Fy,

which is a contradiction. In the case 0 < p < 1,
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max F} = §; + M > max Fy,

which is a contradiction. Similarly §; < 4 will also lead to contradictions. Thus §; = 4.
By using a permutation, we can assume d; = 4. Now (32) becomes a new equation with
d replaced by d — 1. Continuing this process, we see that § = ~, for some o € P(d). O

The case of p being a positive integer is most interesting since ICP(IB%d) contains the
Hardy space, the Bergman space, and the Drury—Arveson space. Unfortunately, in this

case, if wytpn/wy = wsskpn/ws for all k& > 0, we can only establish that |y| = |§] or
|v| = 16| £ 1. If |y| = |4], then § = 4, for some o € P(d). We will resolve the case
|| = |0| £ 1 when d = 2. But first we prove a similar lemma on Dirichlet spaces.

LEMMA 7.4. Assume N = (M, M,...,M). Letw be on D(B%) or D(D?). For
v,0 € Jn, then wyypn/wy = wsrkn/ws for all k > 0 if and only if there exists a
permutation o € P(d) such that § = ;.

ProOF. When d = 1, we need to prove v = 4. We skip this short proof, assume
now d > 2. Since the proof on D(B?) is similar to the attempted (but failed) proof of the
previous lemma on K,(B?) for p = 1, we include the details to demonstrate the subtlety.
Recall

! 1
wy = S+ D) sy
laf!
If Wy /wy = wstrn /ws for all k > 0, then
DtkN SN gl K > 0.

Wyt (k+1)N B Ws4-(k+1)N
Equivalently,
(Il + dkM + DT (7] + dkM + )
(I] + dkM +dM + 1) [T, T, (v + kM + 5)
(16] + dkM + 1) [T (18] + dkM + j)

= —~ i . (33)
(|6l + dkM +dM + 1) [[;=, [T;=; (6 + kM + j)
We define G(X) by replacing k with A, G(A\) = p(\) — ¢(X), where
dM d M
P(A) = (1] + dAM + 1) (8] + dAM +dM + 1) [T (1] +dAM + 4) [T [T (6 + AM +4),
j=1 i=1j=1
dM d M
g(N) = (18] + dAM + 1) (7] + dAM + dM + 1) T (8] + dAM + ) [T T (i + AM + ).
j=1 i=1j=1

Then G(A) = 0 and the roots of the two polynomials p(A) and ¢(\) are the same. By
multiplying all the roots of p(A) and g(\) by —dM, we have
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FiUF, UG = EsUF, UG,,
where

Ey={Qy+j:1<j<dM}, Fi={]y|+1,[0]+dM +1},
Gi={d(;+j):1<i<d1<j< M},
Ey={6|+j:1<j<dM}, Fo={|6|+1,|y|+dM+1},
Go=A{d(vi+j):1<i<d1<j<M}.

We claim |y| = |d]. Assume to the contrary, |y| < |4|. Note that |§| + dM from E does
not belong to F; U Fi, so |8] + dM € G;. That is

|0]| +dM = d(6; + j) for some 4, j. (34)

Note that [§] + 1 belongs to both E5 and F». Since E; consists of consecutive integers
which can only has at most one |§| + 1 and |[6] + 1 ¢ F}, so there is another |§] + 1 in G;.
That is

6| +1=d (6 +j') for some ¢, j'. (35)

Equations (34) and (35) can not hold at the same time for d > 2. Similarly, |y| > |§| will
also lead to a contradiction. Therefore |y| = |§]. Now (33) simplifies to

d M d M
TITI i+ kM +5) = T[T (6 +*M +j) for all k > 0.
1=1j=1 i=1j=1

As in (31), this implies that § = 7, for some permutation o € P(d). The proof on D(D9)
is similar and much simpler. O

On K,(B?) when p is an integer, the sets F; and Fy are absent, so we are unable to
conclude |y| = |§]. A little reflection can establish that |y| = |d] or |y| = |6] £ 1 as we
will do in the case d = 2 in next section. The following theorem follows from Theorem
7.1, Proposition 7.2, Lemma 7.3, and Lemma 7.4.

THEOREM 7.5. Assume N = (M, M,...,M). Then any minimal reducing subspace
X of T,n on K,(B?) (p is not a positive integer), K,(D?) (p # 1), D(B?), and D(D?),
is of the form Span {f(z)sz k> 0}, where there exists v € Jy such that

@)=Y f.2, f-€C.

c€P(d)

Thus the length of a minimal reducing subspace of T,~n can be any integer between 1
and d!.

Note that f(z) is a homogenous polynomial of degree |y|. Theorem 1.1 in [15]
corresponds to the special case of the above theorem on K,(D?) for d = 2 and p > 1.
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8. On spaces of holomorphic functions of two variables.

To compare with the previous theorem immediately, we first state the following
theorem, then prove the lemma needed for the proof of this theorem.

THEOREM 8.1. Let N = (M,M). Assume p is a positive integer. Then any
minimal reducing subspace X of T.n on K,(B?) is of the form Span {f(z)sz k> O},
where either there exists v = (y1,72) € Jy such that

f(z) = az]"z* +b2]*2]", a,beC, (36)
or there exists 0 <1 < M such that
f(2) = azl Tl b2l o e2liH a b ceC (37)
on the Drury—Arveson space (p =1), or
f(z) =aztzh + 0212 p el b ceC (38)
on the Hardy space (p = 2), or
F(2) = a1 207 2 4 anzt 2 b 202l f b2t 287 Gy 4, by by € C O (39)

on the Bergman space (p = 3) and K,(B*) with p > 3. Thus the length of a minimal
reducing subspace of T,n can be 1, 2, and 3 on the Drury—Arveson space and the Hardy
space, and the length of a minimal reducing subspace of T,n can be 1, 2, 3, and 4 on the
Bergman space (p = 3) and on K,(B?) with p > 3.

The above theorem follows from the following lemma.

LEMMA 8.2. Let N = (M, M). Assume p is a positive integer. Letw be on K,(B?).
Let v = (71,72), 0 = (01,02) € Jn be such that 5] < |y|. Then wyipn/wy = Wstkn/wWs
for all k > 0 if and only if (modulo permutations)

(v1,72) = (61,p = 1461), (61,02) = (d1,p — 2+ 01). (40)

PROOF. As in the proofs of Lemmas 7.3 and 7.4, wytxn/wy = wsprn/ws for all
k > 0 if and only if

E1UF1UG1:E2UFQUG2, (41)
where

Ei={p—1+Qh|+j:1<j<2M}, Fi={2(61+j):1<j< M},
G ={2062+j):1<j< M},
Ey={p—1+[6[+j:1<j<2M}, F={2(n+j):1<j<M},
Gy={2(y2+j):1<j <M},
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Since E; consists of consecutive integers, and F; and G consist of consecutive even
integers, |y| = |d|+ 1. By using permutations, we may assume y; < 72 and d; < d2. Now
(41) becomes

EiUF UG, = E5UF>, UGy, (42)
where
Ey={p—1+Ql+2M}, E;={p+][}.

Case (1): p—1+4+|y|+2M = max Gy = 2 (62 + M). In this case, 2 (62 + M) appears
twice in the left side of (42); hence

200+M)=2(m+M)=2(y2+M).

That is, 0o =v1 =72. By |[7| = 16| + 1,01 =d2— 1. By p— 1+ ||+ 2M =2 (62 + M),
p—1+42v; =27, and p = 1. This corresponds to (40) (modulo permutations) for p = 1.
Case (2): p—1+4+|y]+2M > max Gy = 2(d3 + M). In this case,

P14 +2M =2 (3 + M).

That is, y2 = p — 1 + 1. It also follows that p — 1 + |y| + 2M = 2(d2 + M) + 2 since
otherwise p—1+|vy|+2M —2 = 2 (y2 + M — 1) belongs to the right side of (42) (Gz), but
does not belong to the left side of (42). Hence do =y —1=p—2+~;. Now |y| = |0]+1
yields 3 = 01. Therefore (40) holds.

Case (3): p— 1+ |y +2M < maxGy = 2 (62 + M). Here,

2(02+ M) =max Gy =maxGqo =2 (y2 + M).
Now || = |6] + 1 yields 41 = 61 + 1. Then (42) becomes
{p—1+ ] +2M, 200+ 1)} ={p+16],2 (71 + M)}.

In particular 2 (6; + 1) = p+]d|. That is, §3 = p+d2, which is excluded by our assumption
51 < 6s.
The proof is complete. O

We next discuss reducing subspaces of T,~ where N = (N1, Na, ..., Ny) and some of
N; are distinct. If wA,HCN/wA, = wskn/ws for all k > 0, the relationship between v and
§ could be complicated for d > 3 as shown in [19] on K,(D?9). In particular, the reducing
subspaces of T~ for N = (N7, N2, N3) with distinct N; on K,(D?) for d = 3,p > 1 are
completely worked out there. Here we will discuss Dirichlet spaces D(B?) or D(D?) for
d = 2, and the answers are still relatively compact. Surprisingly the answers are quite
different. Let GCD(Ny, N2) denote the greatest common factor of Ny and Na.

LEMMA 8.3. Assume N = (N1, N3). Write

Ny =N|M, N,=N,M, M =GCD(N;,Ny).
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Let w be on D(D?). Let v = (71,72), 6 = (61,02) € Jn and v # 8. Then wyipn/wy =
ws+kN/ws for all k > 0 if and only if there exist positive integers | and m such that
min{l,m} < M,l # m and

(’71”)/2):(ZN{—17TI’LN£—1), (61762):(mN{_171N£_1) (43)

PROOF. Let w be on D(D?). Recall wy = (aq +1) (a2 +1). If wyppn/w, =
ws+kN/ws for all k > 0 and G(k) = wyyrNws —wstrnwy = 0, then with & replaced by A,

G(A) = p(N) — q(N), where
pA)=(r1+AN1+ 1) (2 +AN2+ 1) (61 + 1) (62 + 1),
qA) = (61 + AN +1) G2+ yNo + 1) (11 + 1) (12 + 1),

G(A) =0, and the roots of the two polynomials p(A) and ¢()) are the same. Multiplying
the roots by —N{N,M, we have

{(v1 + 1) N, (2 + 1) Ny} = {(61 + 1) N, (62 + 1) N}
Thus
(m+ 1Ny =(S2+1) N, (32 + 1) Np = (01 + 1) Ny
Since Ny and NJ are coprime, there exist integers [ and m such that (43) holds. O
The case for D(B?) is more difficult, but the result is simple.

LEMMA 8.4. Assume N = (N, Na) with Ny # Na. Let w be on D(B?). Let v,d be
two multi-indices in Jn. If wyipn/wy = wsikn/ws for all k >0, then v = 6.

PROOF. Let w be on D(B?). Write
Ny =N!M, Ny=N,M, M =GCD(N,N,).

If wytkpn/wy = wsykn/ws for all k > 0, then as in (33), G(A) = 0 and the roots of the
two polynomials p(A) and g()\) are the same, where

G(A) =p(A) —q(N),

IN] 2 N;

p(A) = (W + AN+ 1) (18] + A+ D) [N+ D) T (= AN+ 5) TTTT 60+ AN +5)
j=1 i=1j=1
|N| 2 N;

g(A) = (|l + AN+ 1) (v + A+ D) [N+ 1) [T (161 + AN+ ) HH (vi + AN; + 7).
j=1 i=1j=1

By multiplying all the roots of p(A) and ¢(\) by — (N7 + N5) N{ N, M, we have

FiUF UG = E; U Fa UG,
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where

[yl +35) N{Ny : 1 <j < [N},

7] +1) Ny N3, (|6] + [N[+ 1) N{ N3},

01+ ) (N] + N3) N3 : 1 <j < Ni}U{(02+7) (N] + N3) N{ : 1 < j < No},
8|+ ) NiN; : 1 < j <|Nl|},

0] + 1) N{N3, (|v[ + N[+ 1) N{ N3},

Y1+ 5) (N] + N3) Ny o 1 <5 < NijU{(y2 +7) (N] + N3) Ny : 1 < j < Na}.

{(
{(
{(
{(
{(
{(

We claim |y| = |6]. Assume to the contrary, |y| < |6]. Note that (|0] + |N|) N{Nj >
max E1, so (|6] + |N|) N{ N} from E5 does not belong to EqUF;. Hence (|6|+|N|)N{N} €
G1. That is,

either (|6] + |[N|) N1N5 = (61 + j) (N] + N3) N} for some j
v (6] +|N|) N{N5 = (62 + ) (N7 + N5) N7 for some j.

In either case, since N and Ni + N} are coprime and N3 and Nj + N} are coprime,
|6] + |N| = a(Ny + Nj) for some integer a. (44)

Note that (|6] +|N|+ 1) N{Nj > max Es, so (|0| +|N|+ 1) N{Nj from F; does not
belong to E, U Fy. Thus (|6| + |N|+ 1) N{Nj € G». That is,

either (|6| + |N|+ 1) N{Nj = (v1 +j) (N7 + N3) Ni,  for some j
v (18] + [N|+1) NiNz = (72 +j) (N1 + N3) Ny for some j.

In either case

|| + |N|+1=05b(N; +Nj) for some integer b. (45)
Equations (44) and (45) can not hold at the same time since Ny + N4 > 1. Similarly,
|v] > |d] will also lead to a contradiction. Therefore |y| = |§]. Now we have G = Ga.
Thus

(61 + N1) (N7 + Ny) Ny = (v2 + Na) (N7 + Ny) Ny,
(02 + Na) (N + N3) Ny = (71 + N1) (N7 + Ny) Ny.

Since Ni and NJ are coprime, there exist integers [ and m such that
(71,72) = (INT,mN3),  (01,02) = (mN{,IN3).
But 71 + 72 = 61 + 62 or IN] + mNj = mNj + [N} implies that [ = m. O

The following theorem together with Theorem 7.5 gives a complete description of
reducing subspaces of T,~x on D(D?) or D(B?) for d = 2. Note kN = (kNy, kNs) in the
theorem.
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THEOREM 8.5. Assume N = (N1, No) with Ny # Ny. Write
Ny =N!M, N,=N,M, M =GCD(N;,Ny).

(i) Any minimal reducing subspace X of T,~ on D(D?) is of the form Span{f(z)zFV :
k > 0}, where either f(z) = 27 for some v = (y1,72) € Jn or

f(z) =az? +bz°, a,b€C andab#0
with
(71,72) = (IN{ =1L, mNj — 1), (d1,02) = (mNy — L,IN3 — 1),
for some positive integers | and m such that min{l,m} < M and l # m.
(ii) Any minimal reducing subspace X of T,~ on D(B?) is of the form Span{z?zkN :
k >0} for some v = (y1,72) € JN.

Next we characterize reducing subspaces of T,~ on ICP(ID)d) for d = 2. The case
p > 11is treated in Theorem 2.4 (p = 2) and Theorem 3.2 (p > 1 and p # 2) in [18]. We
include a self-contained exposition for completeness. We give a slightly improved and
unified proof for both p > 1 and p < 1 by extending some ideas from [18]. We first state
the result, which is presented slightly differently from [18], then we prove the lemma.
Part (i) of Theorem 8.6 is similar to Part (i) Theorem 8.5. Indeed we will state a unified
Theorem 9.5 for a result related to von Neumann algebras on D(D?) and K,(D?) for
d=2.

THEOREM 8.6. Assume N = (Ny, Ny) with Ny # No. Write
Ny = N|M, Ny=N,M, M =GCD(N;,N,).

(i) Any minimal reducing subspace X of T,n on K,(D?) for p = 2 is of the form
Span {f(z)z’“N k> 0}, where either f(z) = 27 for some v = (y1,72) € Iy or

f(z) =az? +b2°, a,beC andab#0
with
(71:72) = (IN] = 1L,mNy = 1), (61,02) = (mNy — 1,INy — 1),
for some positive integers | and m such that min{l,m} < M and | # m.

(ii) Any minimal reducing subspace X of T,n on K,(D?) for p # 1,2 is of the form
Span {z"*sz k> 0} for some v = (y1,72) € Jn.

LEMMA 8.7.  Assume N = (Ny, No) with Ny # No. Write

Ny =N|M, Ny=N,M, M =GCD(N;,Ny).
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Let w be on K,(D?). Let v,8 be two multi-indices in Jy. If wysrxn/wy = wspin/ws for
all k > 0, then v = 0 in the case p # 1,2. In the case p = 1, wyyin/Wy = Wsprn/Ws
for all k > 0. In the case p = 2, if wytkN/wy = Wsppn/ws for all k > 0, then either
y=24 or

(71,72) = (IN] = 1,mN; — 1), (d1,02) = (mNy — L,IN; — 1), (46)
for some positive integers | and m such that min{l,m} < M and | # m.

ProoF. As Lemma 5.3,

Wy +EN
Wo+kN

— 1 as k — oo.

Assume w1 N /wy = wsykn/ws for all k > 0, then

kN 25 1 for all k> 0.

Ws+kN W5
Assume p # 1,2. We will prove v = 6. Note that if y; = d1, then it follows from w, = w;
that o = ~9. Thus, by symmetry, we can assume 7; < d;. We claim that o > do. If
Y2 < d2, then wyypn = ws4in for all £ > 0 implies that

d1—m d2—"2
IT (n+ AN +4) T (2 + ANz +5)
i=1 j=1
d1—m d2—2
= I b+m+xvi+i=1) J] (p+r2+AN2+j—1).
i=1 j=1

Then the roots of the two polynomials are the same. In particular, the sum of the roots
of the polynomial on the left side minus the sum of the roots of the polynomial on the
right side is zero. That is,

1

—E(l —p)(61 =) — NLQ(l —p)(62 —2) =0,

which is impossible. So we have v; < 61 and v2 > 62. Now wy1xn = ws4rn for all k > 0
implies that

0171 Y2 —02
II o+ +AN +i—1) J[ (62 + ANz + )
i=1 j=1
51—’)’1 72—52
= I] cn+xN+0) J] (p+ 02+ AN +5—1).
i=1 j=1

Then the roots of the two polynomials are the same. As before, by considering the sum
of the roots, we have
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(o= DB =)+ 5 (= Doz~ 82) =0
or (61 —v1)Ny — (y2 — 82)N{ = 0. (47)

By multiplying the roots by —N{NjM, we have
Fi UGy :FQUGQ,
where

Fi={(p+m+i—-1)Ny:1<i<6 —m}, Gi={(02+j)N:1<j< v —0d2},
Fy={(m+i)Ny;:1<i<d—m}, Go={(p+02+j—1)N{:1<j<~ —0d}.

In the case 0 < p < 1, note that

max F; UGy = max{(p+ 8 — 1) N5, v2N;},
max Fo UGy = max {6; N, (p+72— 1) Ny}

Thus
Y2 Ny = 61 N3, (48)
Similarly, min F} U G; = min F5 U G5 implies that
(p+d2) Ny = (p + 1) Ny (49)

Equations (47), (48), and (49) imply that pN| = pNJ, which is a contradiction.
In the case p > 1, max F} U G; = max F, U G5 implies that

(p+01—1)Ny=(p+v2—1) Ny, (50)
and min '} U Gy = min 5, U G5 implies that
(vi 4+ 1) Ny = (65 +1) N, (51)

Equations (47), (50), and (51) imply that (p — 2) N{ = (p — 2) N4, which is a contradic-
tion if p # 2.

In the case p = 2, (50) or (51) imply (46), since N; and N} are coprime. The proof
is complete. O

9. Reducing subspaces and von Neumann algebras.

In this section we will use reducing subspaces of operators to reveal the structures of
von Neumann algebras associated with these operators. Let A be a von Neumann algebra
in B(H) and A’ be the commutant of A. A von Neumann algebra is the norm closed
linear span of its projections (Proposition 13.3 [4]). Note that a projection Py, € A’ if
and only if Hy is a reducing subspace of A. Therefore
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A’ = Span { Py, : Hy is any reducing subspace of A} .

Thus knowing reducing subspaces of A will help us to identify A’. For two von Neu-
mann algebras A and B, A =~ B means A is x-isomorphic to B. Let M, (C) denote the
algebra of n x n complex matrices, and let My, (C) denote B(H) for an infinite dimen-

sional separable complex Hilbert space. For example, let W* (z{v 1,...,z(]iv 4) be the von

Neumann algebra generated by M ~y,...,M ~,,M*y,,...,M"y, in B(H?2) as in (10),
1 d Zq Zy

and let v(z{vl yeen 7zLI{V”’) be the commutant of W*(z{vl, cee zévd). Theorem 5.4 implies the

following result.

THEOREM 9.1.  Let w be on K,(BY), K,(DY) (p # 1), D(B?), and D(D?). Then

v(z{vl,...,zévd) is abelian. In fact
N N L
v(zgt, ., 2,%) = @C, where L= Ny --- Ng. (52)
i=1
In the case K,(D9) for p =1, U(Z{Vl,...,zflvd) 18 not abelian unless Ny = --- = Ng = 1.
In fact
v(z, .., 20 ) ~ ML (C). (53)

To prove the above theorem, we first have to study when two reducing subspaces are
equivalent in a von Neumann algebra. Again we find it is more convenient to discuss in
the general framework of weighted shifts with operator weights. Let S¢ = (S1,...,S5q)
be a tuple of weighted shifts on [3(E). Let {g;},=, be an orthonormal basis of E.
Assume & = {®,;:a € Zi,i =1,...,d} is a bounded set of invertible positive diagonal
operators (with respect to the basis {g;};=, of E) in B(E). Then by Theorem 2.4,

V(gi) = Span {Sgg; : a > 0}

is a (common) reducing subspace of S¢. Recall two projections P; and P» are equivalent
in a von Neumann algebra A in B(H) if there exists a partial isometry U in A such that
UU* = Py and U*U = P,. We say two subspaces H; and Hy of H are equivalent in A if
Py, and Py, are equivalent in A. As before, let W*(Sg) be the von Neumann algebra
generated by Sg and S, and let v(Sp) = {W*(Ss)}'.

LEMMA 9.2.  Fori # j, the following are equivalent.
(i) V(gi) is equivalent to V(g;) in v(Ss).
(i) FEach ®; in ® restricted to Span{g;, g;} is a constant multiple of the identity.

(iii) Each Wy (as defined in (4)) restricted to Span{g;, g;} is a constant multiple of the
identity.

(iv) For any a,b # 0, V(ag; + bg;) = Span{Sg(ag; + bg;) : o« > 0} is also a reducing
subspace of Se.
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PrROOF. We prove (i) implies (iii). Without loss of generality, assume ¢ = 1 and
j = 2. A partial isometry U, which maps V' (g1) onto V (g2), belongs to v(Sg) if and only
if USg = SgU and USF* = S3*U for every a > 0. Thus S§*Ugieg = US§*g1ep = 0 for
a # 0 implies that Ugieg = Agaep for some complex number A with |[A\| = 1. Now

USggieo = U [(Wag1)ea], and
SeUgreq = Sg (Agaeo) = A(Wag2)eq.

Since W, is a positive diagonal operator, W,g1 = A\1g1 and Wygs = Aago. Thus

1T [(Wagr)ealll = [[(Wagr)eal = A
= [A(Wagz)eall = Aa.

This proves (iii). The implication (iii) to (i) is also clear by defining the partial isometry
U as U(S%g1) = S¢g2 for a > 0.

The equivalence of (ii) and (iii) follows from (4). The equivalence of (iii) and (iv)
follows from Lemma 4.4. O

The above lemma also holds when F is a finite dimensional complex Hilbert space.

PROOF OF THEOREM 9.1. Note that

H2 = @ H, where H, = Span {272*" 1 k = (ky,...,kq) > 0}.
YyEJIN
By Theorem 4.2 and Lemma 9.2, each H, is a minimal reducing subspace of
(MZN1 ,..., M n,). Furthermore, in the case p # 1, by Theorem 5.4, H, is not equivalent
1 Zd

to Hs for v # . By Theorem 50.19 [4], we have (52) where L is the cardinality of the

index set Jy.
In the case K,(D?) with p =1,

H:= @ H,.
yeEJIN
Each H, is a minimal reducing subspace of (Mle,...,M ~g). Furthermore, H, is
1 Zd
equivalent to Hy for v # § since W, is the identity operator. Therefore v(ziv o, zévd)
is a homogenous von Neumann algebra. By Corollary 50.16 [4], we have (53). O

Similarly, Theorem 8.1 and Theorem 7.5 also lead to the structures of various von
Neumann algebras. Let W* (2 ... 231) be the von Neumann algebra generated by
T and T;{szgf in B(H?) as in (10), and let v(2{’---2}") be the commutant

of W*(zM ... 201).

THEOREM 9.3.  Let w be on K,(BY) (p is not a positive integer), K,(D?) (p # 1),
D(BY), and D(DY). Then v(2M - 231 is x-isomorphic to
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-

=2

Légl@] {éMd(dl)-~(dj+2)(C)~

PrROOF. Write N = (M, ..., M) and

d
Iy = I, where
j=1
Iy ={v=(m,...,74) € Jn : there are j distinct numbers in y1,...,74} .

For j =1,
Ini={v=017,-sm) 10 <1 < MY,

and the cardinality of Jy 1 is M. For j > 2, write

Ivi= U Inim

'VGJJ’VJ
where J} ; is a subset of Jy ; and
JN’j’,y = {(52’}/0 HENOANS P(d)}

Recall P(d) is the permutation group. The cardinality of Jy ; is infinite and the cardi-
nality of Jy ;. is d(d—1)---(d — j +2). Write

d
w945 )8ls (2.0

Here
Hs = Span {z‘ssz k> O} .

By Theorem 7.5 and Lemma 9.2, H;s is equivalent to Hg for 6,8 € Jy,;~ and
{PHE :ped N,j,,} is a (maximal) set of mutually equivalent minimal projections. Thus

the part @5€']N,j,—y Hj gives rise to Mg(g—1)...(4—j+2)(C). Similarly, @’YGJN,l H., gives rise

to @i\il C. The proof is complete. O
THEOREM 9.4. Let w be on K,(B?) where p is a positive integer.

(i) Then v(zM23) on the Hardy space (p = 2) is x-isomorphic to
4] [gmc] @[]

(i) Then v(zM2z}) on the Drury-Arveson space (p = 1) is *-isomorphic to
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5@ [fc] @[]

(iii) Then v(zM237) on the Bergman space (p = 3) and on K,(B?) with p > 3 is
x-1somorphic to

5@ [0 @ [fwec]

PROOF. The proof is similar to the proof of proceeding theorem by using Theorem
8.1 and Lemma 9.2. We give some brief explanations. For (i), (ii) and (iii), (36) with
Y1 = Y2 gives rise to [@Zj\il C] and (36) with 1 # 72 gives rise to [@Z 1 M>(C)]. For
(1), (38) gives rise to [EBf\il M;3(C)]. For (ii), (37) gives rise to [EBl 1 M3(C)] because
(I+1,1+1) ¢ Jy for Il =M — 1. So in fact (37) hold for 0 <! < M — 2. For (iii), (39)
gives rise to [@f\il My(C)). O

Theorems 8.5 and 8.6 yield the following result.
THEOREM 9.5.  Assume N = (N1, No) with N1 # No. Write
Ny = N{M, Ny=NiM, M =GCD(Ny,Ns).

(i) Then v(22'25) on D(D?) or K,(D?) for p =2 is *-isomorphic to
ESEC
(i) Then v(z"232) on D(B?) or K,(D?) for p # 1,2 is x-isomorphic to

®C.

i=1

Note that by Theorem 9.3, in the case Ny = Ny = M, v(22*232) on D(D?) or D(B?)
or K,(D?) (p # 1) is *-isomorphic to

M oo
|| o).
i=1 i=1
This result is different to results in the case N1 # Na.

10. Final remarks.

Recall that S¢ = (S1,...,54) is a tuple of weighted shifts on [2(E) with operator
weights & = {CIDOM' o€ Zi,i =1,... ,d}. We have discussed the common reducing
subspaces of Sg. We have also studied the reducing subspaces of the product Hle Si,
which can be viewed as a single weighted shift with operator weights. We would remark
that the general approach of using weighted shifts with operator weights also allows us to
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discuss the reducing subspaces of related operators such as S; or the common reducing
subspaces of (51, S253). The operator S; on I3(E) can be viewed as a single weighted
shift with operator weights on [2(E) for a Hilbert space E. The tuple (S, 9253) can be
viewed as two commuting weighted shifts with operator weights on 13 (E) for a Hilbert
space E.

For example, we have the following theorem which is a combination of Theorem 4.2
and Theorem 7.1.

We need to introduce notations. These notations are not only useful for describing
this specific result, but is also suggestive of more general results. Assume d > 3, since
we are studying the common reducing subspaces of (TZ{V1 , Tz§2 zé\’?’) on H2, and let

k= (k1,k2,k2,0,...,0), N = (N1, Nz, N3,0,...,0), kNeZzZ4,
EN = (k1 Ny, kaNo, ko N3, 0, ..., 0).

Let N > (1,1,1,0,...,0) be given. Set
JN = {Oé >0:a1 < N; and Hlin{OzQ —Ng,Oég —N3} < 0},

and let £ C H2 be the subspace given by

E= {f<z>= Yo fa? i fa€C AP =Y walfal® <oo}

acJn acJy
= ker ( :ivl) N ker (TZ’ZVQZéVS) .
THEOREM 10.1. (i) If a closed subspace X of H? is a common reducing subspace

Of (Tzi\fl s Tzé\rQ ZéV3 ), then

X = Span {T’%IT’“J%Q a2 (k1 k) > 0,2 € Eo} :
21 %2 " %3
where
Bo=(XoTmX)n (X 0Ty mX)CE,
1 2 3

and E\O is an invariant subspace of a set of diagonal operators with positive diago-
nals.

(i) Any common reducing subspace of (T_~,, T~ ns) on HZ is a direct sum of (singly
1 2 3

generated) minimal reducing subspaces.

(iii) Any minimal reducing subspace of (T vy, T n; ns) on HZ is of the form
1 2 3

Span {f(z)zlelz§2N2z§2N3 2 (ky, ko) > O} = Span {f(z)sz 1k >0},

where
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flz) = waz”*, fv €Cand fy #0 for all v € J,

~yeJ

and J C Jn and wyypn/wy = wsppn/ws for all v,6 € J k> 0. To be clear, we
recall the notation:

v+ kN = (y1 + k1 N1, v2 + kaNa,v3 + ko N3, Ya, ..., Ya) -

Since w, on the polydisk is of a product form, the above idea together with theorems
in last section readily yields several interesting results. We state a couple of concrete
results on the Dirichlet space D(D?) with brief explanations. We will only state Part
(iii). Part (i) and (ii) are similar.

COROLLARY 10.2. (i) The minimal reducing subspaces of T n, on K, (D) (p #

1

1) or D(D?) for d > 2 are the obvious ones. Namely, any minimal reducing sub-
spaces of T ~, is of the form sz;m{f(z)z’flN1 : k1 > 0}, where
1

f(z)=21"g(22,...,24)

for some 0 < ~v1 < Nip, and g is a holomorphic function only depending on
(22,...,24) and g € K,(D?"1) or g € D(D?1).

(ii) Let U(z{vl) be the commutant of the von Neumann algebra generated by T ~, and
1
T*, on K,(DY) (p#1) or D(D?) for d > 2. Then
#1

N M
v(z ") & @Mm((c)

PrROOF. Note that in this case, wyirn/wy = wstkn/ws is the same as
Woy kg Ny /Wy, = Wey+ky Ny /Ws, - S0 the result in (i) can be viewed as a special case
of Theorem 5.4 with d = 1. Thus (ii) follows from (i) and Lemma 9.2. O

COROLLARY 10.3.  Assume N = (Ny, N3). Write
Ny = N|M, Ny=N,M, M =GCD(N;,N,).
(i) Any minimal reducing subspace of TZfVl L on D(D?) for d > 3 is of the form
Span {f(z)zfj\hng2 k> 0} ,
where either
f(z)=21"2g1(23,.. ., 24)
for (v1,72) such that min{y; — N1,v2 — Na} <0 or

F(2) = 2" 201 (28, 2a) + 20 252 g2(23, -+ 2a)
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with g1, gs € D(D42),
(71,72) = (INy = 1L,mN3 — 1), (d1,02) = (mN{ — LIN; = 1), (54)
for some positive integers I and m such that min {{,m} < M and l # m.

(i) Let v(2*20?) be the commutant of the von Neumann algebra generated by T vy ns
1 2
and T*y, n, ON ’D(Dd) ford > 3. Then
Zl 22

v(21"2") & @ Moo (C).

=1

PrROOF. Note that (i) follows essentially from Theorem 8.5 for N7 # N, and
Theorem 7.5 for N; = Nj. In the case N7 = Na, just note that (7y1,7v2) = (d2,01) in (54).
So (ii) follows from (i) and Lemma 9.2 and the fact that

0] @ [110] <

The proof is complete. O

In the previous two results, the length of a singly generated reducing subspace could
be infinite if g; or go is not an analytic polynomial. The next result shows that on the
unit ball, the length is always finite.

THEOREM 10.4. (i) Any minimal reducing subspace of T ~, on K,(BY) (p # 1)
1
or D(BY) for d > 2 is of the form Span{f(z)z/*™* : ky > 0}, where

f(Z) = Ziylg('z?v . '7Zd)

for some v > 0 such that 0 < v1 < N;i and g is a homogenous polynomial in
(z2,...,24) of degree |y| — 1.

(ii) Any minimal reducing subspaces of T ~, on K,(B?) with p = 1 for d > 2 (the
Drury-Arveson space) is of the form Span{f(z)z¥*M : k; > 0}, where either

f(z)=21"g(22,..., za)

for some v > 0 such that 0 < ;1 < Ny and g is a homogenous polynomial in
(22,...,2q) of degree |y| —y1 £ 0 or

Ni—1

flz)= Z a;zi, a; €C. (55)
i=0

(iii) Let v(2) be the commutant of the von Neumann algebra generated by T~ and
1
T*y, on K,(B?) (p # 1) or D(B?) for d > 2. Then
#1
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Ny
Niy S o n + d — 2
v(zp") &~ zez? L:oMT"’d(C)] , where Ty, 4 = ( d_9 ) (56)
In the case K,(BY) with p=1 for d > 2,
S n+d—2
v(zt) ~ My, (C)@ze:? L@led(C)] , where T, 4 = ( d_9 ) (57)

Proor. We first prove (i). We will show that w,iin/wy = wsirn/ws for all
k = (k1,0,...,0) > 0 if and only if y; = &; and |y| = |§]. Let w, be on K,(B%). Then

(71 + k1N ! - 74T (p)
L(p + [y| + k1 V1)

Wy+kN =

Thus Wy 4 kN /Wyt (k41)N = Ws+kN/Ws4(k+1)N 1S equivalent to

12 o+ Iyl + BNy +5— 1) TI (p+ 18] + kN1 + 5 — 1)
¥ : = N . for all k > 0. (58)
Hj:1 (’71+k1N1 +]) Hj:1 (01 4+ k1N, +])

If p > 1, then p+ |6] + Ny > 61 + Ny. This implies that 4 = 6; and |y| = [6]. If
0 < p < 1, the above equation also implies that 41 = d; and |y| = |§|. Therefore

az? +b2% = 20 (az? - 2]+ b2 20,

Given v, let J, = {6 > 0: 01 = and |§] = |y|}. Then

f(z) = Z f52° = 2 g(z0,. .. 24), f5€C

e,

where ¢ is a homogenous polynomial. The number of monomial terms that can appear
in g is the cardinality of the index set J,. Recall that a weak composition of an integer
n into 4 parts is a way of writing n as the sum of a sequence of i nonnegative integers
such that two sequences that differ in the order of their terms define different weak
compositions. The number of weak compositions is

n+t—1
i—1 ’

Thus the cardinality «(J,) of the index set J, is the number of weak compositions of
|7] — 71 into d — 1 parts,

V=7 +d—2
K(Jy) = < d—9 = Tlyl=m,d-

The length of f(z) could be any integer between 1 and x(J,).
In the case K,(B?) with p =1 for d > 2, Equation (58) implies that either v = &1,
|v| = 14|, and |y| — 1 # 0 or |y] =71 and |6] = §;. This proves (ii).
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Relation (56) follows from (i) and Lemma 9.2 by noting that there are N; values for
1, and |y| — 1 could be any nonnegative integer. Relation (57) follows from (ii) and
Lemma 9.2 by noting that f(z) as in (55) gives rise to My, (C) and n = |y|—~v1 #0. O
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