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Behavior of least-energy solutions to Matukuma type equations
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Abstract. Behavior of least-energy solutions to Matukuma type equations are

discussed. Especially, how they vanish or blow up are investigated. In either case, the

exact solution to a special equation plays a central role to analyze the behavior.

1. Introduction.

In this paper, we consider the behavior of least-energy solutions to

Duþ KðxÞup ¼ 0 in R
n:ð1:1Þ

By the terminology ‘‘least-energy’’ solution, we mean that a positive solution

which is obtained by the minimization problem

Sp ¼ inf
u AD;u20

ð

R
n

j‘uj2 dx

ð

R
n

KðxÞupþ1 dx

� �2=ðpþ1Þ
;ð1:2Þ

where D is the completion of Cy
0 ðRnÞ with respect to the norm k‘ � k2, 1 < p <

ðnþ 2Þ=ðn� 2Þ and nb 3. Note that D is a Hilbert space with its inner product

hf;ci :¼
Ð

R
n ‘f‘c dx for f;c A D. The standing assumption on KðxÞ is

KðxÞ > 0 in R
n; KðxÞ A C1ðRnÞ;

x � ‘KðxÞ

KðxÞ
A LyðRnÞ:ðK:0Þ

We will show here that the asymptotic behavior of solutions as p " ðnþ 2Þ=

ðn� 2Þ and p # ðnþ 2� 2lÞ=ðn� 2Þ, with l A ð0; 2Þ, which will be determined by

the asymptotic behavior of KðxÞ at infinity.

In the bounded domain cases, the asymptotic behavior of least-energy solu-

tions (not restricted to Matukuma type equations) as p " ðnþ 2Þ=ðn� 2Þ is studied
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by Atkinson and Peletier [1], Han [9] (Dirichlet problems), Brezis and Peletier [4],

Rey [19] (small linear term with the critical exponent), Budd, Knaap and Peletier

[5] (scalar-field equation with the Neumann problem) and others. For the scalar-

field equation in the whole space, such asymptotics are investigated by Pan

and Wang ([18]). However, the case p # ðnþ 2� 2lÞ=ðn� 2Þ is not so well-

investigated compared with the case p " ðnþ 2Þ=ðn� 2Þ. Here, we give a unified

view to these behaviors.

It would be worth reviewing the results by Yanagida and Yotsutani [21] on

radial solutions with radial KðxÞ (see also Yanagida [20]). Let us consider the

problem

1

rn�1
ðrn�1urÞr þ KðrÞup ¼ 0; r > 0;

u > 0; r > 0;

lim
r!y

rn�2u < y; uð0Þ < y:

8

>

>

>

>

<

>

>

>

>

:

ð1:3Þ

Suppose that KðrÞ > 0 in ð0;yÞ, KðrÞ A C1ðð0;yÞÞ and that rKr=K is non-

increasing and non-constant in ð0;yÞ. Let us define

s :¼ � lim
r#0

rKrðrÞ

KðrÞ
; l :¼ � lim

r!y

rKrðrÞ

KðrÞ
;

ps :¼
nþ 2� 2s

n� 2
; pl :¼ max 1;

nþ 2� 2l

n� 2

� �

:

Theorem A ((i) of Theorem 2.1 of Yanagida and Yotsutani [21]). Under the

above assumptions, for any p A ðpl; psÞ, there exists a unique solution up to (1.3).

Note that upð0Þ ¼ kuk
y

in this case.

As for the behavior of upð0Þ, Yanagida and Yotsutani [21] obtained the

following.

Theorem B (Theorems 2.3 and 2.4 of [21]).

(a) Suppose that s < y. Then upð0Þ ! y as p " ps.

(b) Suppose that 0 < l < 2. Then upð0Þ ! 0 as p # pl.

Remark 1.1. Under (K.0), we have s ¼ 0.

Here, we investigate more detailed properties of up as p # pl or p " ðnþ 2Þ=

ðn� 2Þ than in [21] without the radial symmetry assumption on KðxÞ. For the

purpose of p # pl, we further assume that

0 < l < 2;ðLÞ
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x � ‘KðxÞ þ lKðxÞb 0;20 in R
n;

lim
jxj!y

jxjlKðxÞ ¼ c0;

8

<

:

ðK:1Þ

where c0 > 0.

In turn, for p " ðnþ 2Þ=ðn� 2Þ, we assume

x � ‘KðxÞ < 0 in R
nnf0g;

KðxÞa c1jxj
�s in R

nnBR1
;

�

ðK:2Þ

where c1 > 0, R1 > 0, s > 0 are constants and BR :¼ fx A R
n j jxjaRg. We can

take suitable radial KðxÞ which satisfies the Yanagida and Yotsutani conditions

and also (K.1) or (K.2).

Note that (1.1) has only u1 0 in D due to the Pohozaev identity at

p ¼ pl under (K.0) and (K.1), and at p ¼ ðnþ 2Þ=ðn� 2Þ under (K.0) and (K.2).

Indeed, the Pohozaev identity, which will be proved in Lemma 2.2 in Section 2,

yields

ð

R
n

n� 2

2
�

n

pþ 1

� �

�
1

pþ 1

x � ‘KðxÞ

KðxÞ

� �

KðxÞjujpþ1
dx ¼ 0:ð1:4Þ

At p ¼ pl, the integrand of (1.4) is nonpositive and integrable by (K.0), while

that is nonnegative at p ¼ ðnþ 2Þ=ðn� 2Þ. With the aid of elliptic regularity

theory and the maximum principle, we get u1 0 (see also Theorems 1 and 3 of

Naito [17]).

First, we consider the behavior of solutions as p # pl. To this end, we

introduce a constant

SðlÞ :¼ inf
u AD;u20

ð

R
n

j‘uj2 dx

ð

R
n

jxj�ljujplþ1
dx

� �2=ðplþ1Þ
:

Note that SðlÞ > 0 is attained by a function

ð1þ cjxj2�lÞ�ðn�2Þ=ð2�lÞ

with any c > 0 (see Egnell [7] and Horiuchi [10], [11]). The value SðlÞ is

explicitly written as

SðlÞ ¼

ðn� 2Þ2on

ðy

0

rnþ1�2lð1þ r2�lÞ�2ðn�lÞ=ð2�lÞ
dr

on

ðy

0

rn�1�lð1þ r2�lÞ�2ðn�lÞ=ð2�lÞ
dr

� �ðn�2Þ=ðn�lÞ
;ð1:5Þ
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where on is the area of the unit sphere in R
n. Thus D can be embedded in

Ll :¼ u j

ð

R
n

jxj�ljujplþ1
dx < y

� �

under (L). When l ¼ 0, Sð0Þ is the usual best Sobolev constant and we denote

Sð0Þ simply by S.

Theorem 1.1. Suppose that (L), (K.0) and (K.1) hold. Then there holds

Sp ! c
�ðn�2Þ=ðn�lÞ
0 SðlÞ as p # pl. Moreover, any least-energy solution up to (1.1)

satisfies up * 0 weakly in D, and kupky ! 0 as p # pl although k‘upk
2
2 ¼

S
ðpþ1Þ=ð p�1Þ
p ! c

�ðn�2Þ=ð2�lÞ
0 SðlÞðn�lÞ=ð2�lÞ

as p # pl.

Remark 1.2. Since upl 1 0, up never converges strongly to 0 as p # pl.

Theorem 1.1 implies that up appears at ‘‘infinity’’ as p exceeds pl.

To see how up converges to 0, we rescale up. Let

map
p ¼ kupky with ap ¼

2� l

p� 1
:

Theorem 1.2. For a solution up obtained in Theorem 1.1, let

vpðxÞ :¼
1

m
ap
p

up
x

mp

 !

:ð1:6Þ

Then vp converges uniformly to

UðxÞ :¼ 1þ
c0

ðn� 2Þðn� lÞ
jxj2�l

� ��ðn�2Þ=ð2�lÞ

ð1:7Þ

on any annulus in R
n and strongly in D. Moreover, the maximum point of up

converges to 0 as p # pl.

Remark 1.3. vp converges to a solution to

DU þ c0jxj
�l
U ðnþ2�2lÞ=ðn�2Þ ¼ 0 in R

nð1:8Þ

with Uð0Þ ¼ 1. However, any positive solution to (1.8) must be radially sym-

metric (due to Theorem 2 of Bianchi [2]) and is of the form (1.7) (by Egnell [7]

and Horiuchi [10], [11]).

If we add some concrete assumptions on KðxÞ, we have the vanishing order.

In the following, we mean
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‘ ¼ ‘x ¼
t q

qx1
; . . . ;

q

qxn

� �

; ‘y ¼
t q

qy1
; . . . ;

q

qyn

� �

;

D ¼ Dx ¼
X

n

k¼1

q2

qx2
i

; Dy ¼
X

n

i¼1

q2

qy2i
:

Theorem 1.3. Suppose that (K.0) and (K.1) hold. Moreover, assume that

lim
t#0

1

tlþq
lþ

x � ‘xKðx=tÞ

Kðx=tÞ

� �

K
x

t

� �

¼
c2

jxjlþq
ðK:3Þ

holds locally uniformly in R
nnf0g with q > 0 and c2 > 0. In addition, if n� la q,

assume further that

KðxÞ ¼ c0jxj
�lð1� c3jxj

�qÞ in R
nnBR2

;

x � ‘KðxÞ þ lKðxÞ > 0 in BR3
;

(

ðK:4Þ

for some R3 A ð0;R2Þ. Then, if n� l > q, there holds

lim
p#pl

ðn� 2Þðpþ 1Þ � 2ðn� lÞ

kupk
ðp�1ÞðlþqÞ=ð2�lÞ
y

¼

2c2

ð

R
n

jxj�l�q
U 2ðn�lÞ=ðn�2Þ dx

c0

ð

R
n

jxj�l
U 2ðn�lÞ=ðn�2Þ dx

:

If n� l ¼ q, there holds

lim
p#pl

ð2� lÞfðn� 2Þðpþ 1Þ � 2ðn� lÞg

ðp� 1Þkupk
ðp�1Þðn�lÞ=ð2�lÞ
y

jlogkupkyj
¼

I

c0

ð

R
n

jxj�l
U 2ðn�lÞ=ðn�2Þ dx

with

lim
p#pl

2

mn
p jlog mpj

ð

R
n

lþ
x � ‘xKðx=mpÞ

Kðx=mpÞ

 !

K
x

mp

 !

vpþ1
p dx ¼: I ;

If n� l < q, there holds

lim
p#pl

ðn� 2Þðpþ 1Þ � 2ðn� lÞ

kupk
ðp�1Þn=ð2�lÞ
y

¼
Iq

c0

ð

R
n

jxj�l
U 2ðn�lÞ=ðn�2Þ dx

with

lim
p#pl

2

mn
p

ð

R
n

lþ
x � ‘xKðx=mpÞ

Kðx=mpÞ

 !

K
x

mp

 !

vpþ1
p dx ¼: Iq;

where vpðxÞ ¼ m
�ð2�lÞ=ðp�1Þ
p upðx=mpÞ.
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Remark 1.4. In the case l ¼ 2 or l > 2, the situation is much di¤erent

from this case. Further arguments will be appear in Kabeya [12] or Kabeya and

Yanagida [13].

Now in turn, we consider the behavior as p " ðnþ 2Þ=ðn� 2Þ in the spirit of

Pan and Wang ([18]). Since they treated the scalar-field equation, solutions they

obtained decay exponentially at infinity. However, the Matukuma type equation

is not the case. Solutions decay at most jxj�ðn�2Þ-order at infinity. This requires

careful treatments.

Theorem 1.4. Suppose that (K.0) and (K.2) hold. Then there holds

Sp ! Kð0Þ�ðn�2Þ=n
S as p " ðnþ 2Þ=ðn� 2Þ. Moreover, any least-energy solu-

tion up to (1.1) converges to 0 locally uniformly in R
nnf0g and kupky ! y

as p " ðnþ 2Þ=ðn� 2Þ although k‘upk
2
2 ¼ S

ðpþ1Þ=ðp�1Þ
p ! Kð0Þ�ðn�2Þ=2

S n=2 as

p " ðnþ 2Þ=ðn� 2Þ.

Remark 1.5. Similar to Remark 1.2, up never converges strongly to 0 as

p " ðnþ 2Þ=ðn� 2Þ. As we see below, up blows up at the origin and vanishes

as p " ðnþ 2Þ=ðn� 2Þ.

Similar to Theorem 1.2, we introduce a scaling. Let

n
�2=ðp�1Þ
p :¼ kupky:

Theorem 1.5. For a solution up obtained in Theorem 1.4, let

wpðxÞ :¼ n
2=ðp�1Þ
p upðnpxÞ:

Then wp converges to

WðxÞ :¼ 1þ
Kð0Þ

nðn� 2Þ
jxj2

� ��ðn�2Þ=2

ð1:9Þ

locally uniformly in R
n and strongly in D as p " ðnþ 2Þ=ðn� 2Þ. Moreover, the

maximum point Pp converges to 0 as p " ðnþ 2Þ=ðn� 2Þ.

Remark 1.6. wp converges to a solution to

DW þ Kð0ÞW ðnþ2Þ=ðn�2Þ ¼ 0 in R
nð1:10Þ

with Wð0Þ ¼ 1. However, it is well-known that any positive solution to (1.10)

must be radially symmetric and is of the form (1.9) by Ca¤arelli, Gidas and

Spruck ([6]).

As for the blow-up rate of kupky, we get the following under some additional

assumptions similar to Theorem 1.3.
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Theorem 1.6. Suppose that (K.0) and (K.2) with s > 2ðn� 2Þ=ðnþ 2Þ hold.

Moreover, assume that

lim
t#0

x � ‘xKðtxÞ

tm
¼ �c4jxj

mðK:5Þ

locally uniformly in R
n with c4 > 0. When mb n, suppose further that

x � ‘KðxÞ ¼ �c5jxj
m

in Br1ðK:6Þ

with r1 > 0, c5 > 0. Then, if 0 < m < n, there holds

lim
p"ðnþ2Þ=ðn�2Þ

fðn� 2Þðpþ 1Þ � 2ngkupk
ðp�1Þm=2
y

¼ �

2c4

ð
R

n

jxjmW 2n=ðn�2Þ dx

Kð0Þ

ð
R

n

W 2n=ðn�2Þ dx

:

If mb n, then

lim
p"ðnþ2Þ=ðn�2Þ

fðn� 2Þðpþ 1Þ � 2ngkupk
ðp�1Þn=2
y

¼
I1

Kð0Þ

ð
R

n

W 2n=ðn�2Þ dx

;

where

I1 :¼ 2 lim
p"ðnþ2Þ=ðn�2Þ

n
�n
p

ð
R

n

ðx � ‘xKðnpxÞÞwpðxÞ
pþ1

dx

with wpðxÞ ¼ n
2=ð p�1Þ
p upðnpxÞ.

Remark 1.7. The additional assumption on s is needed to ensure the decay

order of up at infinity.

In view of Theorems 1.1–1.6, we can say a global features of a least-energy

solution. A least-energy solution to (1.1) with KðxÞ satisfying (K.0), (K.1)

and (K.2) with (L) (take KðxÞ ¼ 1=ð1þ jxjÞ with n ¼ 3 for instance) suddenly

appears at ‘‘infinity’’ as p exceeds pl and the ‘‘energy’’ concentrates to the

origin as p " ðnþ 2Þ=ðn� 2Þ like a d-function and the solution vanishes at p ¼

ðnþ 2Þ=ðn� 2Þ.

This paper is organized as follows. Theorems concerning p # pl are proved

in Section 2 and those on p " ðnþ 2Þ=ðn� 2Þ are done in Section 3.

2. Proofs of Theorems 1.1, 1.2 and 1.3.

In this section, we enumerate several lemmas and give proofs of Theorems

1.1, 1.2 and 1.3. The fundamental lemma is to assure the existence of a

minimizer of (1.2), i.e., the existence of a least-energy solution to (1.1).
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Lemma 2.1. Under (L), (K.0) and (K.1), there exists a minimizer of (1.2)

for any p A ðpl; ðnþ 2Þ=ðn� 2ÞÞ. Similarly, under (K.0) and (K.2), there

exists p0 < ðnþ 2Þ=ðn� 2Þ such that a minimizer of (1.2) exists for any p A

ðp0; ðnþ 2Þ=ðn� 2ÞÞ.

Proof. First we note that Sp is uniformly bounded. Indeed, take j A

Cy
0 ðRnÞ ðj2 0Þ. Then, from the definition of Sp, we see that

Spa

ð

R
n

j‘jj2 dx

ð

R
n

KðxÞjpþ1 dx

� �2=ðpþ1Þ
:

Hence the right-hand side is uniformly bounded in p.

Thus we may take a minimizing sequence fujg such that

ð

R
n

KðxÞupþ1
j dx ¼ 1 and

ð

R
n

j‘ujj
2
dx ! Sp

as j ! y. We can choose a subsequence (still denoted by fujg) such that

uj * uy weakly in D;

uj ! uy locally strongly in Lpþ1ðRnÞ;

uj ! uy a.e. in R
n:

8

<

:

Moreover, by the Hölder and Sobolev inequalities, we have

ð

R
nnBR

KðxÞjujj
pþ1

dxð2:1Þ

a

ð

R
nnBR

KðxÞ2n=ð2n�ðpþ1Þðn�2ÞÞ
dx

 !ð2n�ðpþ1Þðn�2ÞÞ=2n

�

ð

R
nnBR

jujj
2n=ðn�2Þ

dx

 !ðpþ1Þðn�2Þ=2n

aS�ðpþ1Þ=2

ð

R
nnBR

KðxÞ2n=ð2n�ðpþ1Þðn�2ÞÞ
dx

 !ð2n�ðpþ1Þðn�2ÞÞ=2n

�

ð

R
n

j‘uj j
2
dx

� �ð pþ1Þ=2

for any R > 0. From (K.1), we see that there exists R0 > 0 such that
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KðxÞa
2c0

jxjl
on R

nnBR0
:

Thus we have

ð
R

nnBR0

KðxÞ2n=f2n�ðpþ1Þðn�2Þg
dxaC0R

n�2nl=f2n�ðpþ1Þðn�2Þg
0 < y

by p > pl with a constant C0 > 0.

In the case of (K.2), we get

ð
R

nnBR1

KðxÞ2n=f2n�ð pþ1Þðn�2Þg
dxaC1R

n�2ns=f2n�ð pþ1Þðn�2Þg
1 < y

if 2n� ðpþ 1Þðn� 2Þ � 2s < 0, i.e., p0 :¼ maxf1; ðnþ 2� 2sÞ=ðn� 2Þg < p <

ðnþ 2Þ=ðn� 2Þ, with a constant C1 > 0.

Hence, in either case, for arbitrarily given e > 0, we can take R > 0 suf-

ficiently large independent of j such that
Ð
R

nnBR
KðxÞupþ1

j dx < e. Since uj con-

verges to uy in Lpþ1ðBRÞ, we see that

ð
BR

KðxÞupþ1
j dx� e <

ð
R

n

KðxÞupþ1
j dx <

ð
BR

KðxÞupþ1
j dxþ e

and thus

lim
j!y

ð
R

n

KðxÞupþ1
j dx ¼

ð
R

n

KðxÞupþ1
y

dx:ð2:2Þ

Finally, we prove

lim
j!y

ð
R

n

j‘ujj
2
dx ¼

ð
R

n

j‘uyj2 dx:

Since uj converges to uy weakly in D, we have

ð
R

n

j‘uyj2 dxa

ð
R

n

j‘ujj
2
dx:ð2:3Þ

On the other hand, (2.2) and the fact that
Ð
R

n KðxÞupþ1
j dx ¼ 1 imply thatÐ

R
n KðxÞupþ1

y dx ¼ 1. Thus we get

Spa

ð
R

n

j‘uyj2 dx:

Taking j ! y in (2.3) and using the Fatou lemma, we have
ð
R

n

j‘uyj2 dxaSpa

ð
R

n

j‘uyj2 dx;
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i.e.,

ð

R
n

j‘uyj2 dx ¼ Sp:

This implies the strong convergence of uj in D and the existence of a minimizer

of (1.2). r

Remark 2.1. Any minimizer v of (1.2) must satisfy

Dvþ
Sp

ð

R
n

KðxÞjvjpþ1
dx

� �ðp�1Þ=ðpþ1Þ
KðxÞvp ¼ 0:ð2:4Þ

Thus, setting

u :¼
S
1=ðp�1Þ
p

ð

R
n

KðxÞjvjpþ1
dx

� �1=ðpþ1Þ
v;

we see that u is a solution to (1.1). Hence we obtain

ð

R
n

j‘uj2 dx ¼

ð

R
n

KðxÞupþ1 dx ¼ Sðpþ1Þ=ðp�1Þ
p :ð2:5Þ

Note that k‘uk2 is uniformly bounded even as p # pl under (L).

Here we prove the Pohozaev identity (1.4). A proof is also given in

Proposition 1 in Naito [17] under similar assumptions (instead of his decay

condition, we assume u A D), we give a proof for the sake of self-containedness.

Lemma 2.2. For any nonnegative solution u A D, the Pohozaev identity

ð

R
n

n� 2

2
�

n

pþ 1

� �

�
1

pþ 1

x � ‘KðxÞ

KðxÞ

� �

KðxÞupþ1 dx ¼ 0

holds under (K.0).

Proof. First we prove that

ð

R
n

j‘uj2 dx ¼

ð

R
n

KðxÞupþ1 dxð2:6Þ

holds for any nonnegative solution u A D to (1.1). Indeed, note that
Ð

R
n KðxÞupþ1 dx < y in view of (2.1) on R

nnBR and the Sobolev inequality for

BR ðR > 0Þ. Moreover, u is a classical solution under (K.0). Multiplying the

both sides of (1.1) by u and integrating it over BR, we have

Y. Kabeya946



ð

BR

j‘uj2 dx�

ð

qBR

u
qu

qn
dS ¼

ð

BR

KðxÞupþ1 dx:ð2:7Þ

By the Schwarz inequality, we have

ð

qBR

u
qu

qn
dS

�

�

�

�

�

�

�

�

a

ð

qBR

u2

R
dS

� �1=2 ð

qBR

Rj‘uj2 dS

� �1=2

:

Using the Hardy inequality

n� 2

2

� �2ð

R
n

u2

jxj2
dxa

ð

R
n

j‘uj2 dx;

and

ð

R
n

u2

jxj2
dx ¼

ð

y

0

ð

qBR

u2

R2
dS

� �

dR

(note that Rn ¼6
Rb0

fðy;RÞ j y A qBRg), we can choose a sequence fRjg (Rj ! y

as j ! y) such that

ð

qBRj

u2

Rj

dS ! 0;

ð

qBRj

Rj j‘uj
2
dS ! 0;

as j ! y. Choosing R ¼ Rj in (2.7) and letting j ! y, we obtain (2.6).

Next identical to the proof of Proposition 1 in [17], multiplying the both

sides of (1.1) by x � ‘u, and integrating it over BR, we have

ð

qBR

R
qu

qn

� �2

�
R

2
j‘uj2 þ

R

pþ 1
KðxÞupþ1

( )

dSð2:8Þ

þ

ð

BR

n� 2

2
j‘uj2 �

n

pþ 1
KðxÞupþ1 �

x � ‘KðxÞ

pþ 1
upþ1

� �

dx ¼ 0;

where n is the outward normal unit vector to qBR. As above, since

ð

R
n

j‘uj2 dx ¼

ð

y

0

ð

qBR

j‘uj2 dS

� �

dR < y;

and since

ð

R
n

KðxÞupþ1 dx ¼

ð

y

0

ð

qBR

KðxÞupþ1 dS

� �

dR < y;

we can choose a sequence fRjg (Rj ! y as j ! y) such that

Behavior of least-energy solutions 947



ð

qBRj

Rj j‘uj
2
dS ! 0;

ð

qBRj

RjKðxÞupþ1 dS ! 0

as j ! y. Moreover, since ðqu=qnÞ2a j‘uj2, choosing R ¼ Rj and letting

j ! y in (2.8), we have

ð

R
n

n� 2

2
�

n

pþ 1

� �

�
1

pþ 1

x � ‘KðxÞ

KðxÞ

� �

KðxÞupþ1 dx ¼ 0

by using (2.6) and x � ‘K=K A LyðRnÞ. r

From (2.5), we see that any least-energy solution up to (1.1) is uniformly

bounded in D. We will show an a priori estimate of kuk
y
.

Lemma 2.3. Suppose that (K.0) and (K.1) hold. For any least-energy solu-

tion up to (1.1), there exists C2 > 0 independent of p near pl such that kupkyaC2.

Proof. We regard (1.1) as

Dup þ LðxÞup ¼ 0 in R
n

with LðxÞ ¼ KðxÞup�1
p . Then there exists d > 0 independent of p such that

LðxÞ A L
n=2þd

loc ðRnÞ. Indeed, since KðxÞ A LyðRnÞ by (K.0) and (K.1), we have

only to consider up�1 with p ¼ pl þ e. In view of

ðpl þ e� 1Þ
n

2
¼

ð2� lÞn

n� 2
þ
n

2
e <

2n

n� 2

if e > 0 is su‰ciently small, we can take d > 0 independent of e such that

ðp� 1Þðn=2þ dÞ < 2n=ðn� 2Þ. Moreover, we have

ð

BðQ; rÞ

LðxÞn=2þd
dxaC3jBðQ; rÞjð2n�ðn�2Þðp�1Þðn=2þdÞÞ=2n

with some constant C3 > 0 independent of p since k‘upk2 is bounded, where

BðQ; rÞ denotes the ball centered at Q with radius r.

Then, by Lemma 2.7 of Pan and Wang [18] (see also Lemma 7 of Han [9]),

we have

sup
BðQ; rÞ

upaC4
1

rn

ð

BðQ;2rÞ

u2n=ðn�2Þ
p dx

 !ðn�2Þ=2n

ð2:9Þ

for any Q A R
n and r > 0, and the constant C4 depends only on n, d and

rdkLkLn=2þdðBðQ;2rÞÞ. The deduction of (2.9) is done by the Moser iteration

method. Note that rdkLkLn=2þdðBðQ;2rÞÞ is independent of p as we have seen above.

Moreover, by the Sobolev inequality and by the uniform boundedness of k‘upk2,

Y. Kabeya948



the right-hand side of (2.9) is uniformly bounded. Taking Q as the maximum

point of up, we see that kupky is uniformly bounded. r

Next, we investigate the behavior of Sp.

Lemma 2.4. Sp ! c
�ðn�2Þ=ðn�lÞ
0 SðlÞ as p # pl.

Proof. As in Pan and Wang [18], we prove

lim sup
p#pl

Spa c
�ðn�2Þ=ðn�lÞ
0 SðlÞ and lim inf

p#pl
Spb c

�ðn�2Þ=ðn�lÞ
0 SðlÞ:

First, we show lim supp#pl Spa c
�ðn�2Þ=ðn�lÞ
0 SðlÞ. To this end, let

ûue :¼
1

e
þ jxj2�l

� ��ðn�2Þ=ð2�lÞ

with e ¼ p� pl and calculate the quotient

QeðûueÞ :¼

ð

R
n

j‘ûuej
2
dx

ð

R
n

KðxÞûupþ1
e dx

� �2=ðpþ1Þ
:

Since ûue is radial, we see that

ð

R
n

j‘ûuej
2
dx ¼ on

ð

y

0

rn�1 dûue

dr

� �2

dr

with r ¼ jxj. From

dûue

dr
¼ �ðn� 2Þ

1

e
þ r2�l

� ��ðn�2Þ=ð2�lÞ�1

r1�l;

we have

ð

y

0

rn�1 dûue

dr

� �2

dr ¼ ðn� 2Þ2
ð

y

0

rnþ1�2l 1

e
þ r2�l

� ��2ðn�lÞ=ð2�lÞ

dr:

Letting r ¼ e�1=ð2�lÞr, we get

ð

y

0

rn�1 dûue

dr

� �2

dr ¼ ðn� 2Þ2eðn�2Þ=ð2�lÞ

ð

y

0

rnþ1�2lð1þ r2�lÞ�2ðn�lÞ=ð2�lÞ
dr:

Similarly, we have
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ð

R
n

KðxÞûupþ1
e dx

¼ eðn�lþðn�2ÞeÞ=ð2�lÞ

ð

R
n

e�l=ð2�lÞKðe�1=ð2�lÞyÞð1þ jyj2�lÞ�ð2ðn�lÞþðn�2ÞeÞ=ð2�lÞ
dy

with the change of variables x ¼ e�1=ð2�lÞy. By (K.1), we have

lim
e#0

e�l=ð2�lÞKðe�1=ð2�lÞyÞ ¼
c0

jyjl

locally uniformly in R
nnf0g. Thus we can apply the Lebesgue convergence

theorem to get

QeðûueÞ ¼ ððn� 2Þ2one
ðn�2Þ=ð2�lÞ

ð

y

0

rnþ1�2lð1þ r2�lÞ�2ðn�lÞ=ð2�lÞ
drÞ

��

e2ðn�2Þfn�lþðn�2Þeg=ð2�lÞf2ðn�lÞþðn�2Þeg

�
ð

R
n

e�l=ð2�lÞKðy=e1=ð2�lÞÞ

� ð1þ jyj2�lÞ�f2ðn�lÞþðn�2Þeg=ð2�lÞ
dy

�2ðn�2Þ=f2ðn�lÞþðn�2Þeg�

!

ðn� 2Þ2on

ð

y

0

rnþ1�2rð1þ r2�lÞ�2ðn�lÞ=ðn�2Þ
dr

c0on

ð

y

0

rn�1�lð1þ jrj2�lÞ�2ðn�lÞ=ð2�lÞ
dr

� �ðn�2Þ=ðn�lÞ

¼ c
�ðn�2Þ=ðn�lÞ
0 SðlÞ

as e # 0 since ð1þ jxj2�lÞ�ðn�2Þ=ð2�lÞ attains SðlÞ by (1.5). This implies that

lim sup
e#0

Splþea c
�ðn�2Þ=ðn�lÞ
0 SðlÞ:

Next, we prove lim inf e#0 Splþeb c
�ðn�2Þ=ðn�lÞ
0 SðlÞ. For ue which attains

Splþe with
ð

R
n

KðxÞu2ðn�lÞ=ðn�2Þþe
e dx ¼ 1;

we set

veðyÞ ¼ ueðxÞ with x ¼
y

e
:

Then we have
ð

R
n

j‘xueðxÞj
2
dx ¼

1

en�2

ð

R
n

j‘yveðyÞj
2
dy
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and
ð

R
n

KðxÞu2ðn�lÞ=ðn�2Þþe

e
dx ¼

1

en�l

ð

R
n

1

el
K

y

e

� �

v2ðn�lÞ=ðn�2Þþe

e
dyð2:10Þ

¼ 1:

By (K.1), we have

lim
e#0

e
�lK

y

e

� �

¼
c0

jyjl

locally uniformly in R
nnf0g. Thus we get

lim inf
e#0

ð

R
n

j‘xuej
2
dx

ð

R
n

KðxÞu2ðn�lÞ=ðn�2Þþe

e
dx

� �2ðn�2Þ=ð2ðn�lÞþðn�2ÞeÞ

¼ lim inf
e#0

e
�ðn�2Þ

ð

R
n

j‘yveðyÞj
2
dy

e�2ðn�2Þðn�lÞ=ð2ðn�lÞþðn�2ÞeÞ

ð

R
n

e
�lK

y

e

� �

v2ðn�lÞ=ðn�2Þþe

e
dy

� �2ðn�2Þ=ð2ðn�lÞþðn�2ÞeÞ

b lim inf
e#0

ð

R
n

j‘yvej
2
dy

c0

ð

R
n

jyj�l
v2ðn�lÞ=ðn�2Þ
e

dy

� �ðn�2Þ=ðn�lÞ

max
R

n
ve

� �2ðn�2Þe=ð2ðn�lÞþðn�2ÞeÞ

b c
�ðn�2Þ=ðn�lÞ
0 SðlÞ

noting that lim supe#0ðmaxR n veÞ
e
a 1 by the a priori estimate (2.9) in Lemma

2.3, (2.5) and (2.10). Hence we see that limp#pl Sp ¼ c
�ðn�2Þ=ðn�lÞ
0 SðlÞ. r

Next, we show that kupky ! 0 as p # pl.

Lemma 2.5. Suppose that (K.0) and (K.1) hold. Then, for any least-energy

solution up to (1.1) satisfies kupky ! 0 as p # pl.

Proof. Multiplying (1.4) by 2ðpþ 1Þ and adding 2l
Ð

R
n Kupþ1

p dx to the

both sides, we have

ðn� 2Þðp� plÞ

ð

R
n

KðxÞupþ1
p dxð2:11Þ

¼ 2

ð

R
n

lþ
x � ‘KðxÞ

KðxÞ

� �

KðxÞupþ1
p dx:
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From (2.5), we see that

lim
p#pl

ð

R
n

lþ
x � ‘KðxÞ

KðxÞ

� �

KðxÞupþ1
p dx ¼ 0:

Since lKðxÞ þ x � ‘KðxÞb 0, 20, up ! 0 in any compact set in fx A R
n j lKðxÞ þ

x � ‘KðxÞ > 0g as p # pl. Suppose that there exists a sequence fpjg (pj ! pl as

j ! y) such that upj ! u� ð20Þ locally uniformly as j ! y. Hence u� must

be a solution to Duþ KðxÞupl ¼ 0 in R
n. By the Pohozaev identity, u� 1 0 is

the only nonnegative solution, a contradiction. Thus up ! 0 locally uniformly

in R
n as p # pl.

Suppose that kupkybC5 > 0 for any p ð>plÞ su‰ciently close to pl. Then

the maximum point Qp of up goes to y as p # pl. Let ~uupðxÞ ¼ uðxþQpÞ.

Then ~uup is a solution to

D~uup þ KðxþQpÞ~uu
p
p ¼ 0:

Since ~uup is bounded, choosing a subsequence f~ppjg ( ~ppj ! pl as j ! y), we see

that ~uu~ppj converges locally uniformly to a classical nonnegative solution of

D~uu� ¼ 0. Note that ~uu� A D in view of the boundedness of ~uup in D. However,

since ~uu�ð0Þ > 0, there exists no nonnegative solution to D~uu� ¼ 0 in D. This is

a contradiction. Thus kupky ! 0 as p # pl. r

Lemma 2.6. For a least-energy solution up to (1.1) with x replaced by y, let

vpðxÞ :¼
1

m
ap
p

upðyÞ; ap ¼
2� l

p� 1
; y ¼

x

mp
;ð2:12Þ

with m
ap
p ¼ kupky. Then vp converges uniformly to

UðxÞ :¼ 1þ
c0

ðn� 2Þðn� lÞ
jxj2�l

� ��ðn�2Þ=ð2�lÞ

ð2:13Þ

on any annulus in R
n. Moreover, the maximum point of up converges to 0 as

p # pl.

Proof. We use the scaling (2.12). Since uðyÞ satisfies

DyuðyÞ þ KðyÞup ¼ 0 in R
n;

we have

mapþ2
p DxvpðxÞ þ mapp

p K
x

mp

 !

vpp ¼ 0:

Since ap ¼ ð2� lÞ=ðp� 1Þ, we see that vpðxÞ is a solution to
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Dxvp þ m�l

p K
x

mp

 !

vpp ¼ 0

and kvpky ¼ 1. By (K.1), we get

lim
p# pl

m�l

p K
x

mp

 !

¼
c0

jxjl

locally uniformly in R
nnf0g. Thus, choosing a subsequence fpjg (pj ! pl as

j ! y) such that vpj ! U in locally uniformly in R
nnf0g. Note that U is a

solution to (1.8). As is commented in Remark 1.3, it is known that

UðxÞ ¼ 1þ
c0

ðn� 2Þðn� lÞ
jxj2�l

� ��ðn�2Þ=ð2�lÞ

is the only solution to the limiting equation. Thus we see that vp ! U locally

uniformly in R
nnf0g without choosing a subsequence (by the uniqueness, we

have lim supp# pl vpðxÞ ¼ lim infp#pl vpðxÞ ¼ UðxÞ).

Since the maximum point of U is the origin and since U is a strictly

decreasing function, we see that Qp ! 0 as p # pl. r

Remark 2.2. Note that UðxÞ attains SðlÞ and satisfies

ð

R
n

j‘U j2 dx ¼ c0

ð

R
n

jxj�l
U plþ1 dx

since U is a solution to (1.8). Thus we have

SðlÞ ¼

ð

R
n

j‘U j2 dx

ð

R
n

jxj�l
U plþ1 dx

� �2=ðplþ1Þ
¼ c

ðn�2Þ=ðn�lÞ
0

ð

R
n

j‘U j2 dx

� �ð2�lÞ=ðn�lÞ

i.e.,

ðc
�ðn�2Þ=ðn�lÞ
0 SðlÞÞðn�lÞ=ð2�lÞ ¼

ð

R
n

j‘U j2 dx:

Lemma 2.7. For any least-energy solution up to (1.1), up converges weakly

to 0.

Proof. We will prove

ð

R
n

‘up‘j dx ! 0 as p # pl
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for any j A D. Since up is a classical solution to (1.1) and since up ! 0 locally

uniformly in R
n, we see that j‘upj ! 0 locally uniformly in R

n. For any e > 0,

we can choose R > 0 such that

ð

R
nnBR

j‘jj2 dx

 !1=2

< e:

Decomposing the integral as

ð

R
n

‘up‘j dx ¼

ð

BR

‘up‘j dxþ

ð

R
nnBR

‘up‘j dx;

we see that the first term converges to 0 as p # pl and that

ð

R
nnBR

‘up‘j dx

�

�

�

�

�

�

�

�

�

�

aC6e

with C6 > 0 independent of p since k‘upk2 is uniformly bounded. This implies

that up * 0 weakly in D as p # pl. r

Using the scaling defined in (2.12), we see some properties of the rescaled

function.

Lemma 2.8. The rescaled solution vpðxÞ defined in (2.12) satisfies vp ! U in

D, k‘vpk
2
2 ! c

�ðn�2Þ=ð2�lÞ
0 SðlÞðn�lÞ=ð2�lÞ,

ð

R
n

m�l

p Kðm�1
p xÞvpþ1

p dx ! c0

ð

R
n

jxj�l
U 2ðn�lÞ=ðn�2Þ dx

and m
2ð2�lÞ=ðp�1Þ�ðn�2Þ
p ! 1 as p # pl.

Proof. First note that vp ! U locally uniformly in R
nnf0g as p # pl as

in the proof of Lemma 2.6.

Moreover, vp also converges to U weakly in D by the local uniform

convergence of vp. This can be proved similarly as in the proof of Lemma

2.7. Thus we can apply the Fatou lemma to vp.

Since

ð

R
n

j‘yupðyÞj
2
dy ¼ m2ð2�lÞ=ðp�1Þ�ðn�2Þ

p

ð

R
n

j‘xvpj
2
dx

and by Remark 2.2, we have
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ðc
�ðn�2Þ=ðn�lÞ
0 SðlÞÞðn�lÞ=ð2�lÞ

¼ k‘Uk22a lim inf
p#pl

ð

R
n

j‘xvpðxÞj
2
dxa lim sup

p#pl

ð

R
n

j‘xvpðxÞj
2
dx

¼ lim sup
p#pl

m�2ð2�lÞ=ðp�1Þþðn�2Þ
p

ð

R
n

j‘yupj
2
dya lim sup

p# pl

ð

R
n

j‘yupj
2
dy

by mp < 1 in view of Lemma 2.5 for p su‰ciently close to pl and ðn� 2Þ �

2ð2� lÞ=ðp� 1Þ > 0. Moreover, since upðyÞ is an unscaled least-energy solution

to

Dyup þ KðyÞup
p ¼ 0 in R

n;

we see that

lim
p#pl

ð

R
n

j‘yupj
2
dy ¼ c

�ðn�2Þ=ð2�lÞ
0 SðlÞðn�lÞ=ð2�lÞ

by (2.5) and Lemma 2.4. Thus we obtain k‘vpk
2
2 ! c

�ðn�2Þ=ð2�lÞ
0 SðlÞðn�lÞ=ð2�lÞ

as p # pl. Thus, we have m
2ð2�lÞ=ðp�1Þ�ðn�2Þ
p ! 1 as p # pl.

Since the weak convergence of vp together with the convergence of the

corresponding norm implies the strong convergence, we see that vp converges

strongly to U in D.

Moreover, since

ð

R
n

j‘vpj
2
dx ¼

ð

R
n

1

mlp
K

x

mp

 !

vpþ1
p dx;

since vp ! U in D, and since

ð

R
n

j‘U j2 dx ¼ c0

ð

R
n

jxj�l
U 2ðn�lÞ=ðn�2Þ dx;

we see that

lim
p#pl

ð

R
n

1

mlp
K

x

mp

 !

vpþ1
p dx ¼ c0

ð

R
n

jxj�l
U 2ðn�lÞ=ðn�2Þ dx: r

Proof of Theorem 1.1. Theorem 1.1 is immediately from Lemmas 2.4, 2.5,

2.7 and 2.8. r

Proof of Theorem 1.2. Theorem 1.2 is readily seen by Lemmas 2.6 and

2.8. r

Proof of Theorem 1.3. As in Lemma 2.6, we use the scaled solution
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vpðxÞ ¼ m�ð2�lÞ=ðp�1Þ
p upðyÞ with y ¼

x

mp

where kupky ¼ m
ð2�lÞ=ðp�1Þ
p .

The identity (2.11)

fðn� 2Þðpþ 1Þ � 2ðn� lÞg

ð

R
n

KðyÞupþ1
p ðyÞ dy

¼ 2

ð

R
n

lþ
y � ‘yKðyÞ

KðyÞ

� �

KðyÞupþ1
p ðyÞ dy

yields

fðn� 2Þðpþ 1Þ � 2ðn� lÞg

ð

R
n

K
x

mp

 !

vpðxÞ
pþ1

dx

¼ 2

ð

R
n

lþ
x � ‘xKðx=mpÞ

Kðx=mpÞ

 !

K
x

mp

 !

vpðxÞ
pþ1

dx:

Under the assumption (K.1), we see that

lim
p#pl

1

mlp
K

x

mp

 !

¼ c0jxj
�l

uniformly in R
nnBr, with any fixed r > 0. By Lemma 2.8, we have

lim
p#pl

ð

R
n

KðyÞuðyÞpþ1
dy

¼ lim
p#pl

mð2�lÞðpþ1Þ=ðp�1Þ�ðn�lÞ
p

ð

R
n

1

mlp
K

x

mp

 !

ðvpðxÞÞ
pþ1

dx

¼ c0

ð

R
n

jxj�l
UðxÞ2ðn�lÞ=ðn�2Þ

dx:

Since the right-hand side tends to 0 as R ! y independent of p, we get

lim
p#pl

1

m
lþq
p

ð

R
n

0

B

B

B

B

B

@

lþ

x � ‘xK
x

mp

 !

K
x

mp

 !

1

C

C

C

C

C

A

K
x

mp

 !

vpþ1
p dx

¼ c2

ð

R
n

jxj�l�q
U 2ðn�lÞ=ðn�2Þ dx
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in view of (K.3). Here we note that if 0 < q < n� l, then jxj�l�q
A L1ðB1Þ and

ð

R
nnBR

jxj�l�q
vpþ1
p dxð2:14Þ

aC7R
fðnþ2Þ�ðn�2Þp�2ðlþqÞg=2

ð

R
nnBR

v2n=ðn�2Þ
p dx

 !ðn�2Þðpþ1Þ=2n

by the Hölder inequality with C7 > 0 independent of R > 0.

Hence we obtain

lim
p#pl

ðn� 2Þðpþ 1Þ � 2ðn� lÞ

m
lþq
p

¼

2c2

ð

R
n

jxj�l�q
U 2ðn�lÞ=ðn�2Þ dx

c0

ð

R
n

jxj�l
U 2ðn�lÞ=ðn�2Þ dx

;

i.e.,

lim
p#pl

ðn� 2Þðpþ 1Þ � 2ðn� lÞ

kupk
ðp�1ÞðlþqÞ=ð2�lÞ
y

¼

2qc2

ð

R
n

jxj�l�q
U 2ðn�lÞ=ðn�2Þ dx

ð

R
n

jxj�l
U 2ðn�lÞ=ðn�2Þ dx

by mp ¼ kupk
ðp�1Þ=ð2�lÞ
y and Lemma 2.8.

If qb n� l, then jxj�l�q
B L1ðB1Þ. We decompose

ð

R
n

0

B

B

B

B

B

@

lþ

x � ‘xK
x

mp

 !

K
x

mp

 !

1

C

C

C

C

C

A

K
x

mp

 !

vpðxÞ
pþ1

dx

¼

ð

BmpR2

þ

ð

R
nnBmpR2

 !

0

B

B

B

B

B

@

lþ

x � ‘xK
x

mp

 !

K
x

mp

 !

1

C

C

C

C

C

A

K
x

mp

 !

vpðxÞ
pþ1

dx:

The first term yields

C8m
n
pa

ð

BmpR2

0

B

B

B

B

B

@

lþ

x � ‘xK
x

mp

 !

K
x

mp

 !

1

C

C

C

C

C

A

K
x

mp

 !

vpðxÞ
pþ1

dxaC9m
n
p
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with 0 < C8 < C9 since the integrand is bounded and never converges to 0 as

p # pl in BmpR3
HBmpR2

by (K.4). Moreover, we have

lim
p#pl

m�n
p

ð

BmpR2

0

B

B

B

B

B

@

lþ

x � ‘xK
x

mp

 !

K
x

mp

 !

1

C

C

C

C

C

A

K
x

mp

 !

vpðxÞ
pþ1

dx ¼ C10 > 0:

As for the second term, we have

ð

R
nnBmpR2

0

B

B

B

B

B

@

lþ

x � ‘xK
x

mp

 !

K
x

mp

 !

1

C

C

C

C

C

A

K
x

mp

 !

ðvpðxÞÞ
pþ1

dxð2:15Þ

¼ c3m
lþq
p

ð

R
nnBmpR2

jxj�l�qðvpðxÞÞ
pþ1

dx;

by the order assumption in (K.4). We note that
ð

B1nBmpR2

jxj�l�q
dx ¼

on

lþ q� n
fðmpR2Þ

n�l�q � 1g

if lþ q > n and that
ð

B1nBmpR2

jxj�l�q
dx ¼ onf�logðmpR2Þg

if lþ q ¼ n.

Since vpðxÞa 1 in R
n, vp A D and since (2.14), we see that

lim
p#pl

m�n
p

ð

R
nnBmpR2

0

B

B

B

B

B

@

lþ

x � ‘xK
x

mp

 !

K
x

mp

 !

1

C

C

C

C

C

A

K
x

mp

 !

vpþ1
p dx

exists and so does

lim
p#pl

m�n
p

ð

R
n

0

B

B

B

B

B

@

lþ

x � ‘xK
x

mp

 !

K
x

mp

 !

1

C

C

C

C

C

A

K
x

mp

 !

vpþ1
p dx ¼ Iq > 0
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if q > n� l. Similarly, we also see that

lim
p#pl

m�n
p jlog mpj

�1

ð

R
nnBmpR2

0

B

B

B

B

B

@

lþ

x � ‘xK
x

mp

 !

K
x

mp

 !

1

C

C

C

C

C

A

K
x

mp

 !

vpþ1
p dx

exists and so does

lim
p# pl

m�n
p jlog mpj

�1

ð

R
n

0

B

B

B

B

B

@

lþ

x � ‘xK
x

mp

 !

K
x

mp

 !

1

C

C

C

C

C

A

K
x

mp

 !

vpþ1
p dx ¼: I > 0

if q ¼ n� l.

Hence, if q > n� l, we get

lim
p#pl

ðn� 2Þðpþ 1Þ � 2ðn� lÞ

kupk
ðp�1Þn=ð2�lÞ
y

¼
Iq

c0

ð

R
n

jxj�l
U 2ðn�lÞ=ðn�2Þ dx

and if q ¼ n� l, we have

lim
p#pl

ð2� lÞfðn� 2Þðpþ 1Þ � 2ðn� lÞg

ðp� 1Þkupk
ðp�1Þn=ð2�lÞ
y

jlogkupkyj
¼

~II

c0

ð

R
n

jxj�l
U 2ðn�lÞ=ðn�2Þ dx

: r

Remark 2.3. The di¤erence of convergence rate is due to the integrability

of jxj�l�qðvpðxÞÞ
pþ1 in the right-hand side of (2.15) in R

n.

3. Proofs of Theorems 1.4, 1.5 and 1.6.

In the spirit of Section 2, we consider the behavior of a least-energy solution

as p " ðnþ 2Þ=ðn� 2Þ. By Lemma 2.1, there exists a minimizer of (1.2) for any

p su‰ciently close to ðnþ 2Þ=ðn� 2Þ. First we show the behavior of Sp as

p " ðnþ 2Þ=ðn� 2Þ.

Lemma 3.1. Sp ! Kð0Þ�ðn�2Þ=n
S as p " ðnþ 2Þ=ðn� 2Þ.

Proof. First of all, note that kKk
y

¼ Kð0Þ by x � ‘KðxÞa 0 in R
n. As

in Lemma 2.4, we are going to prove

lim sup
p"ðnþ2Þ=ðn�2Þ

SpaKð0Þ�ðn�2Þ=n
S and lim inf

p"ðnþ2Þ=ðn�2Þ
SpbKð0Þ�ðn�2Þ=n

S:
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We show lim supp"ðnþ2Þ=ðn�2Þ SpaKð0Þ�ðn�2Þ=n
S first. Let e :¼ ðnþ 2Þ=ðn� 2Þ � p

and ŵweðxÞ :¼ jðjxjÞðeþ jxj2Þ�ðn�2Þ=2 with j A Cy

0 ðRnÞ, jð0Þ ¼ 1, maxR n j ¼ 1,

supp jHB1 and supp jr HB1nB1=2. As in the proof of Lemma 2.5 of Pan and

Wang [18] or Lemma 1.1 of Brezis and Nirenberg [3], we have

k‘ŵwek22 ¼ M1e
�ðn�2Þ=2 þOð1Þ with M1 :¼ ðn� 2Þ2

ð

R
n

jxj2

ð1þ jxj2Þn
dx

as e # 0.

As for
Ð

R
n KðxÞŵw2n=ðn�2Þ�e

e dx, we get

ð

R
n

KðxÞŵw2n=ðn�2Þ�e
e dx

¼
ð

R
n

KðxÞj2n=ðn�2Þ�eðeþ jxj2Þ�nþðn�2Þe=2
dx

¼
ð

R
n

KðxÞðeþ jxj2Þ�nþðn�2Þe=2
dx

þ
ð

R
n

KðxÞðj2n=ðn�2Þ�e � 1Þðeþ jxj2Þ�nþðn�2Þe=2
dx

¼ e�n=2þðn�2Þe=2
ð

R
n

Kð
ffiffi

e
p

yÞð1þ jyj2Þ�nþðn�2Þe=2
dyþOð1Þ

with x ¼ ffiffi

e
p

y as e # 0. Since maxR n KðxÞ ¼ Kð0Þ and since ð1þ jyj2Þ�n
A L1ðRnÞ,

we see that

ð

R
n

Kð0Þŵw2n=ðn�2Þ�e
e dx ¼ M2Kð0Þe�n=2 þOð1Þ

as e # 0 in view of the Lebesgue dominant convergence theorem, where M2 ¼
Ð

R
nð1þ jyj2Þ�n

dy. Thus we have

~QQeðŵweÞ ¼

ð

R
n

j‘ŵwej2 dx
ð

R
n

KðxÞŵw2n=ðn�2Þ�e
e dx

� �2ðn�2Þ=f2n�ðn�2Þeg

¼ M1e
�ðn�2Þ=2 þOð1Þ

ðM2Kð0Þe�n=2 þOð1ÞÞ2ðn�2Þ=f2n�ðn�2Þeg

¼ M1

Kð0Þðn�2Þ=n
M

ðn�2Þ=n
2

þ oð1Þ:
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Hence we obtain

lim sup
p"ðnþ2Þ=ðn�2Þ

SpaKð0Þ�ðn�2Þ=n
S

by M1M
�ðn�2Þ=n
2 ¼ S since the function ð1þ jyj2Þ�ðn�2Þ=2 attains the best Sobolev

constant S.

Next, we show Kð0Þ�ðn�2Þ=n
Sa lim infp"ðnþ2Þ=ðn�2Þ Sp. Take ~wwp A D which

attains Sp. Then we have

ð

R
n

KðxÞ~wwpþ1
p dx

a

ð

R
n

KðxÞ2n=ð2n�ðn�2Þðpþ1ÞÞ
dx

� �ð2n�ðn�2Þðpþ1ÞÞ=2n ð

R
n

~ww2n=ðn�2Þ
p dx

� �ðn�2Þðpþ1Þ=2n

by the Hölder inequality for p A ðmaxf1; ðnþ 2� 2sÞ=ðn� 2Þg; ðnþ 2Þ=ðn� 2ÞÞ

(see the proof of Lemma 2.1). Hence we see that

Sa

ð

R
n

j‘~wwpj
2
dx

ð

R
n

~ww2n=ðn�2Þ
p dx

� �ðn�2Þ=n
ð3:1Þ

a

ð

R
n

j‘~wwpj
2
dx

� �
ð

R
n

KðxÞ2n=ð2n�ðn�2Þðpþ1ÞÞ
dx

� �ð2n�ðn�2Þðpþ1ÞÞ=nðpþ1Þ

ð

R
n

KðxÞ~wwpþ1
p dx

� �2=ðpþ1Þ

¼

ð

R
n

KðxÞ2n=ð2n�ðn�2Þðpþ1ÞÞ
dx

� �ð2n�ðn�2Þðpþ1ÞÞ=nðpþ1Þ

Sp:

Fix R > 0 su‰ciently large so that KðxÞa c1jxj
�s on R

nnBR. Then we get

ð

R
n

KðxÞ2n=f2n�ðn�2Þðpþ1Þg
dx

¼

ð

BR

þ

ð

R
nnBR

 !

KðxÞ2n=f2n�ðn�2Þðpþ1Þg
dx

a
1

n
ðKð0ÞÞ2n=ð2n�ðn�2Þðpþ1ÞÞ

onR
n

þ
onf2n� ðn� 2Þðpþ 1Þg

nfðn� 2Þðpþ 1Þ � 2ðn� sÞg

c21
Rðn�2Þðpþ1Þ�2ðn�sÞ

� �n=ð2n�ðn�2Þðpþ1ÞÞ
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since Kð0Þ is the maximum of KðxÞ. Thus we have

ð

R
n

KðxÞ2n=f2n�ðn�2Þðpþ1Þg
dx

� �f2n�ðn�2Þðpþ1Þg=nðpþ1Þ

a

(

1

n
ðKð0ÞÞ2n=f2n�ðn�2Þðpþ1Þg

onR
n þ

onf2n� ðn� 2Þðpþ 1Þg

nfðn� 2Þðpþ 1Þ � 2ðn� sÞg

�
c21

Rðn�2Þðpþ1Þ�2ðn�sÞ

� �n=f2n�ðn�2Þðpþ1Þg
)f2n�ðn�2Þðpþ1Þg=nðpþ1Þ

! Kð0Þðn�2Þ=n as p " ðnþ 2Þ=ðn� 2Þ

since R can be taken large enough so that c21 < Rðn�2Þðpþ1Þ�2ðn�sÞ for any p near

ðnþ 2Þ=ðn� 2Þ. Taking the limit in (3.1), we get

Kð0Þ�ðn�2Þ=n
Sa lim inf

p"ðnþ2Þ=ðn�2Þ
Sp:

Thus we obtain the desired equality. r

Next, we consider the behavior of kupky as p " ðnþ 2Þ=ðn� 2Þ. Unlike

p # pl, we have kupky ! y as p " ðnþ 2Þ=ðn� 2Þ.

Lemma 3.2. Let up be a least-energy solution to (1.1). Then kupky ! y

and up ! 0 locally uniformly in R
nnf0g as p " ðnþ 2Þ=ðn� 2Þ.

Proof. Suppose to the contrary that we can choose a subsequence fpjg

(pj " ðnþ 2Þ=ðn� 2Þ as j ! y) so that kupjky is uniformly bounded. Since

k‘upjk2 is uniformly bounded, we can choose further a subsequence (still denoted

by fpjg) such that upj * uy weakly in D and upj ! uy locally uniformly in

C 2ðRnÞ. By the Pohozaev identity (1.4), we have

ðn� 2Þðpj þ 1Þ � 2n

2ðpj þ 1Þ

ð

R
n

j‘upj j
2
dx ¼

1

pj þ 1

ð

R
n

ðx � ‘KÞupjþ1
pj

dxð3:2Þ

in view of
ð

R
n

j‘upj j
2
dx ¼

ð

R
n

KðxÞupjþ1
pj

dx:

Since k‘upjk2 is uniformly bounded, we can take the limit as j ! y in (3.2) to

get

lim
j!y

ð

R
n

ðx � ‘KÞupjþ1
pj

dx ¼ 0:ð3:3Þ
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In view of x � ‘K < 0 in R
nnf0g, we see that uy 1 0. Thus upj ! 0 locally

uniformly in R
n.

By the Hölder inequality, we have

ð

R
nnBR

KðxÞupjþ1
pj

dx

a

ð

R
nnBR

KðxÞ2n=ð2n�ðn�2Þðpjþ1ÞÞ
dx

 !ð2n�ðn�2Þðpjþ1ÞÞ=2n

�

ð

R
nnBR

u2n=ðn�2Þ
pj

dx

 !ðn�2Þðpjþ1Þ=2n

a
onf2n� ðn� 2Þðpj þ 1Þg

nfðn� 2Þðpj þ 1Þ � 2ðn� sÞg

� 	ð2n�ðn�2Þðpjþ1ÞÞ=2n
c21

Rðn�2Þðpjþ1Þ�2ðn�sÞ

� �1=2

�

ð

R
n

u2n=ðn�2Þ
pj

dx

� �ðn�2Þðpjþ1Þ=2n

a 2c1R
�s

ð

R
n

u2n=ðn�2Þ
pj

dx

� �ðn�2Þðpjþ1Þ=2n

for any su‰ciently large j. Since the right-hand side of the above inequality is

uniformly bounded by the Sobolev inequality, we can take R > 0 su‰ciently large

and j0 > 0 for any given e > 0 so that
Ð

R
nnBR

KðxÞu
pjþ1
pj dx < e holds for any

j > j0. As in (2.5), we get

Sðpjþ1Þ=ðpj�1Þ
pj

¼

ð

R
n

KðxÞupjþ1
pj

dx ¼

ð

BR

þ

ð

R
nnBR

 !

KðxÞupjþ1
pj

dx:ð3:4Þ

Since uj ! 0 uniformly on BR, letting j ! y in (3.4), we obtain

Kð0Þ�ðn�2Þ=2
S n=2 < e;

a contradiction. Thus kupky ! y as j ! y. r

In view of x � ‘K < 0 in R
nnf0g and (2.2), up blows up only at the origin.

Next, as in the proof of Theorem 1.2, we rescale up.

Lemma 3.3. Let up be a least-energy solution and define

n
�2=ðp�1Þ
p :¼ kupky; wpðxÞ ¼ n

2=ðp�1Þ
p upðyÞ; y :¼ npx:

Then wpðxÞ converges to
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WðxÞ ¼ 1þ
Kð0Þ

nðn� 2Þ
jxj2

� ��ðn�2Þ=2

locally uniformly in R
n as p " ðnþ 2Þ=ðn� 2Þ. Moreover, the maximum point of

up converges to 0 as p " ðnþ 2Þ=ðn� 2Þ.

Remark 3.1. As commented in Remark 1.3 (with l ¼ 0), WðxÞ is a unique

solution to

DW þ Kð0ÞW ðnþ2Þ=ðn�2Þ ¼ 0 in R
n;

W > 0 in R
n;W ! 0 ðjxj ! yÞ;

Wð0Þ ¼ 1:

8

>

<

>

:

ð3:5Þ

As in Remark 2.2 (with l ¼ 0), we have k‘Wk22 ¼ Kð0Þ�ðn�2Þ=2
S n=2. Note that

np ! 0 as p " ðnþ 2Þ=ðn� 2Þ by Lemma 3.2.

Proof. First note that up can blow up only at the origin. Thus the max-

imum point Pp tends to 0 as p " ðnþ 2Þ=ðn� 2Þ. Since uðyÞ with y ¼ npx is a

solution to

DyuðyÞ þ KðyÞuðyÞp ¼ 0;

we have

n
�2�2=ðp�1Þ
p DxwpðxÞ þ n

�2p=ðp�1Þ
p KðnpxÞw

p
p ¼ 0;

i.e.,

Dxwþ KðnpxÞw
p ¼ 0:ð3:6Þ

Since kwpð0Þky is bounded, there exists a subsequence fpjg ðpj " ðnþ 2Þ=ðn� 2Þ

as j ! y) such that wpj converges locally uniformly to WðxÞ, which is a solution

to (3.5). However, as mentioned in the proof of Lemma 2.6, the uniqueness of

solutions to (3.5) implies that wp converges to W without extracting a sub-

sequence. r

How does kupky blow up? We answer this question.

Lemma 3.4. Let wp and np be defined as in Lemma 3.3. Then wp satisfies

wp ! W in D, k‘wpk
2
2 ! ðKð0ÞÞ�ðn�2Þ=2

S n=2, n
�ðn�2Þþ4=ðp�1Þ
p ! 1 and

ð

R
n

KðnpxÞw
pþ1
p dx ! Kð0Þ

ð

R
n

W 2n=ðn�2Þ dx

as p " ðnþ 2Þ=ðn� 2Þ.

Proof. As before, let y ¼ npx. Then we have
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ð
R

n

j‘yupðyÞj
2
dy ¼ n

n�2�4=ðp�1Þ
p

ð
R

n

j‘xwpðxÞj
2
dx:

As in the proof of Lemma 2.8, we get

ðKð0ÞÞ�ðn�2Þ=2
S n=2

¼ k‘Wk22a lim inf
p"ðnþ2Þ=ðn�2Þ

ð
R

n

j‘xwpðxÞj
2
dx

a lim sup
p"ðnþ2Þ=ðn�2Þ

ð
R

n

j‘xwpðxÞj
2
dx

¼ lim sup
p"ðnþ2Þ=ðn�2Þ

n
�ðn�2Þþ4=ðp�1Þ
p

ð
R

n

j‘yupj
2
dya lim sup

p"ðnþ2Þ=ðn�2Þ

ð
R

n

j‘yupj
2
dy

by noting Remark 2.2, np ! 0 as p " ðnþ 2Þ=ðn� 2Þ and �ðn� 2Þ þ

4=ðp� 1Þ > 0. Since upðyÞ is an unscaled least-energy solution to

DyupðyÞ þ KðyÞup
p ðyÞ ¼ 0 in R

n;

Lemma 3.1 implies that

lim
p"ðnþ2Þ=ðn�2Þ

ð
R

n

j‘ywpðyÞj
2
dy ¼ ðKð0ÞÞ�ðn�2Þ=2

S n=2:

Thus, we have

k‘wpk
2
2 ! ðKð0ÞÞ�ðn�2Þ=2

S n=2; n
�ðn�2Þþ4=ðp�1Þ
p ! 1 as p " ðnþ 2Þ=ðn� 2Þ:

In view of Lemma 3.3, wp converges to W locally uniformly in R
n, thus we see

that wp converges weakly to W in D. Since the weak convergence together with

the convergence of the corresponding norm implies the strong convergence, we

see that wp converges strongly to W.

Moreover, since

ð
R

n

j‘wpj
2
dx ¼

ð
R

n

KðnpxÞw
pþ1
p dx;

since wp ! W in D and since

ð
R

n

j‘W j2 dx ¼ Kð0Þ

ð
R

n

W 2n=ðn�2Þ dx;

we see that

lim
p"ðnþ2Þ=ðn�2Þ

ð
R

n

KðnpxÞw
pþ1
p dx ¼ Kð0Þ

ð
R

n

W 2n=ðn�2Þ dx: r
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Proof of Theorem 1.4. Theorem 1.4 is obtained by Lemmas 3.1, 3.2 and

3.4. r

Proof of Theorem 1.5. Theorem 1.5 is readily seen from Lemmas 3.3 and

3.4. r

To prove Theorem 1.6, we need to know the decay order of up.

Lemma 3.5. Suppose that up A D is a positive solution to (1.1) with (K.0),

(K.2) and p is su‰ciently close to ðnþ 2Þ=ðn� 2Þ. If s > 2ðn� 2Þ=ðnþ 2Þ, then

up decays at the rate jxj�ðn�2Þ
at infinity.

Proof. First we consider the case s > 2. Then by Theorem 2.9 of Li and

Ni [14], we see that up decays at the rate jxj�ðn�2Þ at infinity.

In the following, we consider the case 2ðn� 2Þ=ðnþ 2Þ < sa 2. In this

proof, various constants independent of x are denoted only by C. We use a

modification of Lemma 2.3 of Li and Ni [14] (see also Theorem 2.25 of [14],

Theorems 2.4, 2.8, 2.16 and 3.2 of Li and Ni [15], [16]). Using the Green

function of �D on R
n, we have

upðxÞ ¼ C

ð

R
n

KðyÞupðyÞ
p

jx� yjn�2
dy:

By the Hölder inequality, we see that
ð

R
n

KðyÞupðyÞ
p

jx� yjn�2
dy

a

ð

jx�yja1

KðyÞupðyÞ
p

jx� yjn�2
dy

þ

ð

jx�yjb1

KðyÞ

jx� yjn�2

 !2n=ð2n�ðn�2ÞpÞ

dy

8

<

:

9

=

;

ð2n�ðn�2ÞpÞ=2n

�

ð

R
n

u2n=ðn�2Þ
p dy

� �ðn�2Þp=2n

< y

in view of 2nðn� 2Þ=f2n� ðn� 2Þpg > n for p su‰ciently close to ðnþ 2Þ=

ðn� 2Þ. Since k‘upk2 is finite in view of up A D, so is kupk2n=ðn�2Þ due to the

Sobolev inequality. Using this inequality, we derive the decay order of up using

the technique in the proof of Lemma 2.3 of [14].

For su‰ciently large jxj, since up is uniformly bounded for large jxj by the

elliptic regularity estimate, we see that
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ð

jx�yja1

KðyÞupðyÞ
p

jx� yjn�2
dyaCjxj�s

by assumption (K.2). As for the second term, we decompose as

ð

jx�yjb1

KðyÞ

jx� yjn�2

 !2n=ð2n�ðn�2ÞpÞ

dy

¼

ð

1ajx�yjajxj=2

þ

ð

jxj=2ajx�yja2jxj

þ

ð

jx�yjb2jxj

 !

KðyÞ

jx� yjn�2

 !2n=ð2n�ðn�2ÞpÞ

dy

¼ I1 þ I2 þ I3:

The first term yields

I1aCjxj�2ns=ð2n�ðn�2ÞpÞ

ð

1ajx�yjajxj=2

jx� yj�2nðn�2Þ=ð2n�ðn�2Þ pÞ
dy

aCjxj�2ns=ð2n�ðn�2ÞpÞ

ðjxj=2

1

rn�1�2nðn�2Þ=ð2n�ðn�2ÞpÞ dr

aCðjxjnf2ð2�sÞ�ðn�2Þpg=ð2n�ðn�2ÞpÞ þ jxj�2ns=ð2n�ðn�2ÞpÞÞ

in view of jxj � jyja jx� yja jxj=2 and the decay rate of KðxÞ.

In the similar fashion, we have

I3aCjxj�2ns=ð2n�ðn�2ÞpÞ

ð

jx�yjb2jxj

1

jx� yj2nðn�2Þ=ð2n�ðn�2ÞpÞ
dy

aCjxj�2ns=ð2n�ðn�2ÞpÞ

ð

y

2jxj

rn�1�2nðn�2Þ=ð2n�ðn�2ÞpÞ dr

¼ Cjxjnf2ð2�sÞ�ðn�2Þpg=ð2n�ðn�2ÞpÞ

since the integrand is integrable at infinity as commented in the above.

Finally as for I2, noting that KðxÞ A LyðRnÞ by (K.2), we have

I2aCjxj�2ns=ð2n�ðn�2ÞpÞ

ð

jyja1

þ

ð

1ajyja3jxj

 !

ðKðyÞÞ2n=ð2n�ðn�2ÞpÞ
dy

aCjxj�2nðn�2Þ=ð2n�ðn�2ÞpÞð1þ jxjn�2ns=ð2n�ðn�2ÞpÞÞ:

Combining these estimates, we obtain

upðxÞaCjxj�s þ CðI1 þ I2 þ I3Þ
ð2n�ðn�2ÞpÞ=2n
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i.e.,

upðxÞaCðjxj�s þ jxj�sþ2�ðn�2Þp=2 þ jxj�ðn�2ÞÞ;

for su‰ciently large jxj. Since we are concerned with the process p " ðnþ 2Þ=

ðn� 2Þ, we see that 2� ðn� 2Þp=2 < 0. If s > ðn� 2Þ (this is possible for

n ¼ 3), we are done. Thus we assume s < n� 2. Then we have

upðxÞaCjxj�sð3:7Þ

for su‰ciently large jxj.

Again decomposing as

uðxÞ ¼ C

ð

R
n

KðyÞuðyÞp

jx� yjn�2
dy

¼ C

ð

jx�yjajxj=2

þ

ð

jxj=2ajx�yja2jxj

þ

ð

jx�yjb2jxj

 !

KðyÞuðyÞp

jx� yjn�2
dy;

and using (3.7), we have

ð

jx�yjajxj=2

KðyÞuðyÞp

jx� yjn�2
dyaCjxj2�ðpþ1Þs

and

ð

jxj=2ajx�yja2jxj

KðyÞuðyÞp

jx� yjn�2
dyaCðjxj�ðn�2Þ þ jxj2�ðpþ1ÞsÞ

in the similar way as above.

Since jx� yj�ðn�2Þ is not integrable at infinity, the previous method is not

applicable directly to the rest integral. We decompose

ð

jx�yjb2jxj

KðyÞupðyÞ
p

jx� yjn�2
dy ¼

ð

jx�yjb2jxj
2jxjbjyjbjxj

þ

ð

jx�yjb2jxj
jyjb2jxj

0

@

1

A

KðyÞupðyÞ
p

jx� yjn�2
dy ¼ I4 þ I5:

Note that jx� yjb 2jxj implies jyjb jxj. For su‰ciently large jxj, KðyÞupðyÞ
p
a

Cjyj�ðpþ1Þs on jxja jyja 2jxj by (3.7) and (K.2). Thus we have

I4aC

ð

jx�yjb2jxj
2jxjbjyjbjxj

KðyÞupðyÞ
p

jx� yjn�2
dy

aCjxj�ðn�2Þ�ð pþ1Þs

ð

jxjajyja2jxj

dyaCjxj2�ðpþ1Þs:
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For I5, we use the elementary inequality jx� yjb j jyj � jxj j. For jyjb 2jxj,

we have jx� yjb jyj=2. Thus we have

I5aC

ð

jx�yjb2jxj
jyjb2jxj

jyj�ðpþ1Þs

jyjn�2
dyaCjxj2�ðpþ1Þs;

in view of 1� ðpþ 1Þs < �1 if p is su‰ciently close to ðnþ 2Þ=ðn� 2Þ with

2ðn� 2Þ=ðnþ 2Þ < s. Hence we obtain

upðxÞaCðjxj�ðn�2Þ þ jxj2�ðpþ1ÞsÞ

for su‰ciently large jxj.

If 2� ðpþ 1Þsa�ðn� 2Þ, then we are done. If 2� ðpþ 1Þs > �ðn� 2Þ,

then we need to check that this process gains the decay rate. If

2� ðpþ 1Þs < �s i.e., 2=p < s, then we obtain a better decay rate. Since our

assumption is 2ðn� 2Þ=ðnþ 2Þ < s, 2=p < s is assured for any p su‰ciently close

to ðnþ 2Þ=ðn� 2Þ. Thus we obtain

upðxÞaCjxj2�ðpþ1Þs:

Repeating this arguments in finitely many times, we have the desired decay

rate. Indeed, let a1 ¼ 2� ðpþ 1Þs and anþ1 ¼ pan þ 2� s (this relation repre-

sents the decay order by this deduction). Then we get

an ¼ pn�1 a1 þ
2� s

p� 1

� �

�
2� s

p� 1
:

Since a1 þ ð2� sÞ=ðp� 1Þ ¼ pð2� psÞ=ðp� 1Þ < 0 by 2=p < s, we see an ! �y

as n ! y. Thus the repeat of this process is ensured. r

Now we are in a position to prove Theorem 1.6.

Proof of Theorem 1.6. Let np, wp and y be defined in Lemma 3.3. Since

upðyÞ is a least-energy solution to (1.1), we have

ð

R
n

j‘upj
2
dy ¼

ð

R
n

KðyÞupþ1
p dy:

Thus, the Pohozaev identity (1.4) yields

fðn� 2Þðpþ 1Þ � 2ng

ð

R
n

KðyÞupþ1
p dy ¼ 2

ð

R
n

ðy � ‘yKðyÞÞupþ1
p dy:

Expressing the equality in terms of wp, we get
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fðn� 2Þðpþ 1Þ � 2ngnn�2ðpþ1Þ=ðp�1Þ
p

ð
R

n

KðnpxÞw
pþ1
p dx

¼ 2nn�2ð pþ1Þ=ðp�1Þ
p

ð
R

n

ðx � ‘xKðnpxÞÞw
pþ1
p dx:

i.e.,

fðn� 2Þðpþ 1Þ � 2ng

ð
R

n

KðnpxÞw
pþ1
p dxð3:8Þ

¼ 2

ð
R

n

ðx � ‘xKðnpxÞÞw
pþ1
p dx:

As we have seen in the proof of Lemma 3.4, we have

lim
p"ðnþ2Þ=ðn�2Þ

ð
R

n

KðnpxÞw
pþ1
p dx ¼ Kð0Þ

ð
R

n

W 2n=ðn�2Þ dx:

We also note that

lim
p"ðnþ2Þ=ðn�2Þ

x � ‘xKðnpxÞ

nmp

¼ �c4jxj
m

locally uniformly in R
n by (K.5).

If 0 < m < n, then jxjmW 2n=ðn�2Þ
A L1ðRnÞ. Thus we can take an L1ðRnÞ

function (decaying at the rate jxjm�2nþe with e > 0 su‰ciently small so that

m� 2nþ e < �n) which is uniformly bigger than n
�m
p x � ‘KðnpxÞw

pþ1
p , since wp

decays like jxj�ðn�2Þ at infinity by applying Lemma 3.5 to (3.6) and the con-

vergence of wp to W in D by Lemma 3.4. Thus, from the Lebesgue dominant

convergence theorem, we see that

lim
p"ðnþ2Þ=ðn�2Þ

1

nmp

ð
R

n

ðx � ‘KðnpxÞÞw
pþ1
p dx ¼ �c4

ð
R

n

jxjmW 2n=ðn�2Þ dx:

Hence, by (3.8), we get

lim
p"ðnþ2Þ=ðn�2Þ

fðn� 2Þðpþ 1Þ � 2ng n�m
p ¼ �

2c4

ð
R

n

jxjmW 2n=ðn�2Þ dx

Kð0Þ

ð
R

n

W 2n=ðn�2Þ dx

:

Since np ¼ kupk
�ðp�1Þ=2
y

, we obtain

lim
p"ðnþ2Þ=ðn�2Þ

fðn� 2Þðpþ 1Þ � 2ngkupk
ðp�1Þm=2
y

¼ �

2c4

ð
R

n

jxjmW 2n=ðn�2Þ dx

Kð0Þ

ð
R

n

W 2n=ðn�2Þ dx

:
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If mb n, then we see jxjmW 2n=ðn�2Þ B L1ðRnÞ. So we decompose
ð

R
n

ðx � ‘xKðnpxÞÞw
pþ1
p dxð3:9Þ

¼

ð

B
n�1
p r1

þ

ð

R
nnB

n�1
p r1

0

@

1

Aðx � ‘xKðnpxÞÞw
pþ1
p dx

as in the proof of Theorem 1.3. As for the first term of (3.9), we have
ð

B
n�1
p r1

ðx � ‘xKðnpxÞÞwpðxÞ
pþ1

dx ¼ �c5n
m
p

ð

B
n�1
p r1

jxjmwpðxÞ
pþ1

dx;

by (K.6). Note that

ð

B
n�1
p r1

jxjmwpðxÞ
pþ1

dx ¼ n
�m�n
p

ð

Br1

jyjmwp

y

np

� �pþ1

dy

with y ¼ npx. In view of the decay order of wp (@jxj�ðn�2Þ at infinity by Lemma

3.5) and the convergence property of wp to W, we see that

lim
p"ðnþ2Þ=ðn�2Þ

n
�ðn�2Þðpþ1Þ
p

ð

Br1

jyjmwp

y

np

� �pþ1

dy > 0

exists. Thus

lim
p"ðnþ2Þ=ðn�2Þ

n
mþ2�ðn�2Þp
p

ð

B
n�1
p r1

jxjmwpðxÞ
pþ1

dx

exists, i.e.,

lim
p"ðnþ2Þ=ðn�2Þ

n
2�ðn�2Þp
p

ð

B
n�1
p r1

ðx � ‘xKðnpxÞÞwpðxÞ
pþ1

dxð3:10Þ

exists.

For the second term of (3.9), we again set y ¼ npx. Hence we get

ð

R
nnB

n�1
p r1

ðx � ‘xKðnpxÞÞwpðxÞ
pþ1

dx ¼ n
�n
p

ð

R
nnBr1

ðy � ‘yKðyÞÞ wp

y

np

� �� �pþ1

dy:

As in the same reasoning in the above (the decay property of wp), in view of

y ð¼npxÞ A R
nnBr1 , we see

lim
p"ðnþ2Þ=ðn�2Þ

n
�ðn�2Þðpþ1Þ
p

ð

R
nnBr1

ðy � ‘yKðyÞÞwpþ1
p

y

np

� �

dy
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exists, i.e.,

lim
p"ðnþ2Þ=ðn�2Þ

n
2�ðn�2Þp
p

ð
R

nnB
n�1
p r1

ðx � ‘xKðnpxÞÞwpðxÞ
pþ1

dxð3:11Þ

exists.

By Lemma 3.4, n
�ðn�2Þpþðnþ2Þ
p ! 1 as p " ðnþ 2Þ=ðn� 2Þ. Hence, combining

(3.10) and (3.11), we see that

I1 :¼ 2 lim
p"ðnþ2Þ=ðn�2Þ

n
�n
p

ð
R

n

ðx � ‘xKðnpxÞÞw
pþ1
p dx

exists and negative. Thus we obtain

lim
p"ðnþ2Þ=ðn�2Þ

fðn� 2Þðpþ 1Þ � 2ngkupk
ðp�1Þn=2
y

¼
I1

Kð0Þ

ð
R

n

W 2n=ðn�2Þ dx

by (3.8). r
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