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Abstract. We consider nonnegative solutions to the Cauchy problem for the quasi-

linear parabolic equations ut ¼ Dum þ KðxÞup where x A R
N , 1am < p and KðxÞb 0

has the following properties: KðxÞ@ jxjs ð�ya s < yÞ as jxj ! y in some cone D

and KðxÞ ¼ 0 in the complement of D, where for s ¼ �y we define that KðxÞ has a

compact support. We find a critical exponent p�
m; s ¼ p�

m; sðNÞ such that if pa p�
m; s,

then every nontrivial nonnegative solution is not global in time; whereas if p > p�
m; s then

there exits a global solution. We also find a second critical exponent, which is another

critical exponent on the growth order a of the initial data u0ðxÞ such that u0ðxÞ@ jxj�a

as jxj ! y in some cone D 0 and u0ðxÞ ¼ 0 in the complement of D 0.

1. Introduction.

In this paper we shall consider the Cauchy problem

ut ¼ Dum þ KðxÞup ðx; tÞ A R
N � ð0;TÞ;ð1:1Þ

uðx; 0Þ ¼ u0ðxÞ x A R
N ;ð1:2Þ

where ut ¼ qu=qt, mb 1, p > 1, KðxÞb 0; ALy

loc and u0ðxÞb 0; ACðRNÞ. We

shall only consider nonnegative solutions u. We are interested in the existence

and nonexistence of global solutions.

When KðxÞ1 1, the next results are well known to hold: When u0ðxÞ A

LyðRNÞ a unique nonnegative weak solution of (1.1), (1.2) exists locally in time

and can be extended as the time increases as far as uð� ; tÞ A LyðRNÞ. Further,

(I) Let 1 < pamþ 2=N. Then all nontrivial solutions uðx; tÞ of (1.1),

(1.2) do not exist globally in time. Namely limt"TkuðtÞky ¼ y for some T > 0.
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(II) Let p > mþ 2=N. Then there exists a constant A > 0 such that if

lim inf
jxj!y

jxj2=ðp�mÞ
u0ðxÞbA;ð1:3Þ

then the solution of (1.1), (1.2) does not exist globally in time.

(III) Let p > mþ 2=N. Then, for any a > 2=ðp�mÞ there exists h > 0

such that if

u0ðxÞa hhxi�a in R
Nð1:4Þ

then the problem (1.1), (1.2) has a global solution, where

hxi ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jxj2
q

:ð1:5Þ

In case p0mþ 2=N, (I) is due to Fujita [10] for m ¼ 1 and Galaktionov

et al. [12] for m > 1. In case p ¼ mþ 2=N, (I) is due to Hayakawa [15] for

m ¼ 1, N ¼ 1; 2, Kobayashi et al. [20] for m ¼ 1, Nb 3 and Galaktionov [12]

(see also [19] and [27]) for m > 1. (II) is due to Lee and Ni [23] for m ¼ 1 and

Mukai, Mochizuki and Huang [29] (see also [34]) for m > 1. (III) is due to Lee

and Ni [23] (including the case when a ¼ 2=ðp�mÞ) for m ¼ 1 and Kawanago

[19] (see also [34] and [29]) for m > 1.

Case (I) is called the blow-up case, case (III) is called the global existence

case. The cut o¤ number

p�
m ¼ mþ

2

N
ð1:6Þ

is called the critical exponent. When the critical exponent is in the blow-up

case we say the blow-up is the critical blow-up. Also we see, from (II) and

(III), that under the condition p > mþ 2=N, the number

a
� ¼

2

p�m
ð1:7Þ

is another critical exponent on the growth order of the initial data u0ðxÞ. It is

called the second critical exponent ([23], [25]). Namely, when we assume

lim
jxj!y

jxjau0ðxÞ ¼ Að1:8Þ

for some a A R and A > 0, the following results hold: When a < 2=ðp�mÞ, the

solution of (1.1), (1.2) does not exist globally in time. On the other hand, when

a > 2=ðp�mÞ, there exists a global solution of (1.1), (1.2) with the initial data

eu0 where e > 0 is small enough.

So, we shall study about these critical exponents to more general KðxÞ.

R. Suzuki748



When

KðxÞ ¼ jxjs ðjxjbRÞð1:9Þ

for some s A ½�y;yÞ and R > 0 where we define that KðxÞ ¼ 1 in jxjaR and

KðxÞ ¼ 0 in jxj > R in case s ¼ �y, Andreuichi and DiBenedetto [2] (see Wang

[35] for m ¼ 1) showed that if hxia �
s u0ðxÞ A Ly then a solution exists locally in

time, where

a�
s
¼ max

s

p� 1
;

�2

m� 1

� �

:ð1:10Þ

Moreover, when m ¼ 1, the problems concerning the existence and nonexistence

of global solutions have been studied by many authors ([4], [35], [13], [14]).

Further, Pinsky [32] recently showed the very interesting results about them.

We combine these results as follows: Put

p�
1;s ¼ 1þ

2þmaxfs;�Ng

N
:ð1:11Þ

(I1;s) Let 1 < pa p�
1;s. Then all nontrivial solutions uðx; tÞ of (1.1), (1.2)

do not exist globally in time.

(II1;s) Let p > maxfp�
1;s; 1g. Then there exists a constant A > 0 such that

when

lim inf
jxj!y

jxj½2þs�þ=ðp�1Þ
u0ðxÞ > A;ð1:12Þ

any solution of (1.1), (1.2) does not exist globally in time. Especially, when

N ¼ 2, sa�2 or Nb 3, s ¼ �2 we can take A ¼ 0 in (1.12).

(III1;s) Let p > maxfp�
1;s; 1g. If u0ðxÞa de�kjxj2 for small d > 0 and k > 0

then a global solution of (1.1), (1.2) exists. Further let sb 0 or s < �2,

Nb 3. Then, for any a > ð2þ sÞ=ðp� 1Þ there exists a constant h > 0 such that

if

u0ðxÞa hhxi�½a�þ in R
Nð1:13Þ

then a global solution of (1.1), (1.2) exists.

Namely, when p�
1;s > 1, p�

1;s is the critical exponent. When sb 0 or

s < �2, Nb 3, ½2þ s�þ=ðp� 1Þ is the second critical exponent. (II1;s) with

s > �2 is due to Wang [35], (III1;s) with sb 0 is due to Hamada [14] and the

rest is due to Pinsky [32] (see also Zhang [36] for (III1;s) with Nb 3, s < �2, and

[13] and [4] for (I1;s)). But we do not see yet what is the second critical ex-

ponent when Nb 3, �2a s < 0 or N ¼ 1; 2, s < 0. Since Pinsky’s analyses are

essentially based on the expression of solution by the heat kernel entering in the

semilinear equation, his methods of the proof can not be applied to case m > 1.
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When m > 1 there are a few works studying these problems. In the case

whrere KðxÞ ¼ jxjs ðsb 0Þ, Mukai [28] (see also [25]) showed that when 0a s <

Nðp� 1Þ, mþ ð2þ sÞ=N is the critical exponent and belongs to the blow-up case

(He also obtained the results about the global existence case when sbNðp� 1Þ),

and ð2þ sÞ=ðp�mÞ is the second critical exponent. But it is not established

what is the critical exponent in case sbNðp� 1Þ and what is the second critical

exponent in case s < 0. His methods of the proof in the blow-up case are based

on the Jensen’s inequality for an integration in R
N and can not be applied to

general cases, for example, (1.9) with R > 0 or KðxÞ ¼ KDðxÞ bellow.

Thus, we have the following three questions when KðxÞ satisfies (1.9):

Question 1. In the case m ¼ 1, what is the second critical exponent when

Nb 3, �2a s < 0 or N ¼ 1; 2, s < 0?

Question 2. In the case m > 1, what is the critical exponent when

sbNðp� 1Þ?

Question 3. In the case m > 1, what is the second critical exponent when

s < 0?

Our purpose is to solve these problems Question 1@3 in the case where

p > m and KðxÞ satisfies (1.9), and to extend the above results to more gen-

eral KðxÞ, for example, KðxÞ ¼ KDðxÞ which vanishes in some region of R
N as

follows: For s A ð�y;yÞ

KDðxÞ ¼
jxjs if x A DV fjxj > 1g;

0 otherwise,

�

ð1:14Þ

and for s ¼ �y

KDðxÞ ¼
0 if jxj > 1;

1 if jxja 1;

�

ð1:15Þ

where D ¼ R
N or a cone with vertex at the origin, that is, D ¼

fx A R
Nnf0g; x=jxj A Wg and W ð0qÞHS

N�1 is an open connected subset with

smooth boundary. In this paper, we obtain the following results: Put

p�
m;s ¼ mþ

2þmaxfs;�Ng

N
;ð1:16Þ

a
�
s
¼

2þmaxfs;�Ng

p�m
¼

ðp�
m;s �mÞN

p�m
:ð1:17Þ

Theorem 1. (i) Let m < pa p�
m;s. Then all nontrivial solutions uðx; tÞ of

(1.1), (1.2) do not exist globally in time.
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(ii) Let p > maxfp�
m;s;mg. Then, if there exist an open subset V HS

N�1

with jV j0 0 and a constant A > 0 such that

lim inf
r!y

r½a
�
s �þu0ðrxÞ > A for x A V ;ð1:18Þ

any solution of (1.1), (1.2) does not exist globally in time, where jV j is the

Lebesgue measure of V. Especially, in case a�
s ¼ 0, (adding the assumption

W ¼ S
N�1 when Nb 3) we can replace assumption (1.18) by the following con-

dition:

lim
r!y

inf
jxjbr

u0ðxÞ > 0:ð1:19Þ

(iii) Let p > maxfp�
m;s;mg. Then, for any a > a�

s and A > 0 there exists

a constant e > 0 such that if

u0ðxÞaminfe;Ajxj�½a�þgð1:20Þ

then a global solution of (1.1), (1.2) exists.

Namely, p�
m;s is the critical exponent when p�

m;s > m, and ½a�
s �þ is the second

critical exponent. We note that in Theorem 1 (ii) we do not require the as-

sumption V HW.

Remark 1.1. As in Pinsky [32], in the assumptions of (i), (ii) of Theorem 1

(blow-up case), no growth restrictions as jxj ! y are made on the solution.

Remark 1.2. In this paper, we do not consider the case where 1 < pam,

since it is di‰cult to apply our methods to this case.

Our proof of the blow-up case (i) and (ii) of Theorem 1 is simpler and more

united than that of other papers. The methods of this proof are based on the

Jensen’s inequality for the integration in a bounded domain, the scaling argu-

ment for the equation and the correct asymptotic behavior of a solution of (1.1)

with KðxÞ ¼ 0. In the proof of (iii) of Theorem 1 we must divide it into three

cases. In the case sb 0, the methods of the proof are similar to those of Mukai,

Mochizuki and Huang [29]. Namely, we use a supersolution constructed by the

solution of equation (1.1) with KðxÞ1 0. In the case s < 0, a�
sb 0 we use the

Ly � Ll estimates for solutions due to Kawanago [19]. In the case s < 0,

a�
s < 0, we construct a supersolution by stationary solutions for the proof.

The rest of the paper is organized as follows. In the next Section 2, we

define a weak solution of (1.1) and state main results (Theorem 2.4 and 2.5).

Further we prepare the fundamental propositions and several preliminary lem-

mas. Theorem 2.4 (a) is the generalization of Theorem 1 (i) and proven in

Section 3 (in the case Nb 2 and the case N ¼ 1, sb�1) and Section 4 (in the
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case N ¼ 1, sa�1). Theorem 2.4 (b) is the generalization of Theorem 1 (ii)

and proven in Section 5 (in the general case) and Section 6 (in the special case

a�
s ¼ 0). Theorem 2.5 is the generalization of Theorem 1 (iii) and proven in

Section 7 (in the case sb 0 and the case s < 0, a�
s < 0) and Section 8 (in the case

s < 0, a�
sb 0).

2. Definitions and main results.

Let u0ðxÞ A CðRNÞ, u0b 0 in R
N and KðxÞ A Ly

locðR
NÞ. In this section we

state the definition of a weak solution of (1.1) and the main results.

We begin with the definition of a weak solution of (1.1).

Definition 2.1. Let G be a domain in R
N . By a weak solution of equation

(1.1) in G � ½0;TÞ, we mean a function uðx; tÞ in G � ½0;TÞ such that

(i) uðx; tÞb 0 in G � ½0;TÞ and ACðG � ½0; t�Þ for each 0 < t < T .

(ii) For any bounded domain WHG, 0 < t < T and nonnegative jðx; tÞ A

C 2;1ðW� ½0;TÞÞ which vanishes on the boundary qW,

ð
W

uðx; tÞjðx; tÞ dx�

ð
W

uðx; 0Þjðx; 0Þ dxð2:1Þ

¼

ð t

0

ð
W

fuqtjþ umDjþ KðxÞupjg dxdt�

ð t

0

ð
qW

umqnj dSdt

where n denotes the outer unit normal to the boundary.

A supersolution [or subsolution] is similarly defined with equality of (2.1)

replaced by b [or a].

Here, we note that for each tb 0, any restriction on the growth order of

a weak solution uðx; tÞ in R
N � ½0;TÞ as jxj ! y is not required in the above

definition. Hence, we do not know whether or not the uniqueness of weak

solutions of (1.1), (1.2) holds.

The following comparison theorem is due to Bertsch, Kersner and Peletier [6]

(see Appendix of [6]).

Proposition 2.2 (comparison theorem). Let G be a bounded domain with

smooth boundary in R
N or let G ¼ R

N and KðxÞ A LyðRNÞ. Let u (or v) be a

supersolution (or a subsolution) of (1.1) in G � ½0;TÞ. If ub v on the parabolic

boundary of G � ð0;TÞ and u; v A LyðG � ð0;TÞÞ, then we have ub v in the whole

G � ½0;TÞ.

In order to state our results we shall use the following spaces of functions.

For a A ð�y;yÞ let Ly
a ¼ f f A Ly

loc; k f ky;a 1 supx ARNhxiaj f j < yg, which is

a Banach space with norm k � ky;a. We set for a A ð�y;yÞ,
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I a ¼ Ly
a V f f b 0gð2:2Þ

and for a ¼ y,

I a ¼ f f A Ly
; f 2 0; supp f ðthe support of f Þ is compact in R

Ng:ð2:3Þ

We further set for a A ð�y;yÞ,

Ia;W ¼ f A Ly
locðR

NÞ; f b 0; lim inf
r!y

inf
x AW

raf ðrxÞ > 0

� �

;ð2:4Þ

and for a ¼ y,

Ia;W ¼ f f A Ly
locðR

NÞ; f b 0; f ðxÞ > 0ð2:5Þ

in D for some nonempty open set D in R
Ng;

where WHS
N�1 is a nonempty open connected subset in S

N�1 with smooth

boundary.

Remark 2.3. When KðxÞ A LyðRNÞ satisfies KðxÞ ¼ jxjs ðjxjbRÞ, K A

I�s V I�s;SN�1 . When KðxÞ ¼ KDðxÞ where KDðxÞ is defined by (1.14), KðxÞ A

I�s V I�s;W.

We note that if KðxÞ A I�s and u0ðxÞ A I a
�
s for some s A ½�y;yÞ then a

solution of (1.1), (1.2) exists locally in time (see Theorem 3.1 and 3.2 in [2]),

where a�
s is as in (1.10).

We now state our main results: Let D be R
N or a cone with vertex at the

origin, that is, D ¼ fx A R
Nnf0g; x=jxj A Wg, where W ð0qÞHS

N�1 is an open

connected subset with smooth boundary.

Theorem 2.4. Let p > m and KðxÞ A I�s;W for some s A ½�y;yÞ. Then,

the following results hold:

(a) Let m < pa p�
m;s where p�

m;s is as in (1.15). Then all nontrivial solu-

tions uðx; tÞ of (1.1), (1.2) do not exist globally in time.

(b) Let p > maxfp�
m;s;mg. Then, if there exists an open subset V HS

N�1

with jV j0 0 (jV j is the Lebesgue measure of V ) and a constant A > 0 such that

lim inf
r!y

r½a
�
s �þu0ðrxÞ > A for x A V ;ð2:6Þ

any solution of (1.1), (1.2) does not exist globally in time, where a�
s is as in (1.17).

Especially, when a�
s ¼ 0 (namely, sa�2 when N ¼ 2 and s ¼ �2 when Nb 3),

adding the condition KðxÞ A I�s;SN�1 ð¼I2;SN�1Þ in case Nb 3, we can replace the

assumption (2.6) by

lim
r!y

inf
jxjbr

u0ðxÞ > 0:ð2:7Þ
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Theorem 2.5. Let p > maxfm; p�
m;sg and KðxÞ A I�s. Then, for any a > a

�
s

and A > 0, there exits a constant e > 0 such that if

u0ðxÞaminfe;Ajxj�½a�þgð2:8Þ

then a global solution u of (1.1), (1.2) in R
N � ð0;yÞ exists.

Remark 2.6. When N ¼ 1,

p�
m;s ¼

mþ 2þ s for s A ð�1;yÞ

mþ 1 for s A ½�y;�1�;

�

ð2:9Þ

when N ¼ 2,

p�
m;s ¼

mþ ð2þ sÞ=2 for s A ð�2;yÞ

m for s A ½�y;�2�;

�

ð2:10Þ

and when Nb 3

p�
m;s ¼

mþ ð2þ sÞ=N ð>mÞ for s A ð�2;yÞ

m for s ¼ �2

mþ ð2þmaxfs;�NgÞ=N ð<mÞ for s A ½�y;�2Þ:

8

<

:

ð2:11Þ

When N ¼ 1

a
�
s
¼

ð2þ sÞ=ðp�mÞ for s A ð�1;yÞ

1=ðp�mÞ for s A ½�y;�1�;

�

ð2:12Þ

when N ¼ 2

a
�
s
¼

ð2þ sÞ=ðp�mÞ for s A ð�2;yÞ

0 for s A ½�y;�2�;

�

ð2:13Þ

and when Nb 3

a
�
s
¼

ð2þ sÞ=ðp�mÞ ð>0Þ for s A ð�2;yÞ

0 for s ¼ �2

ð2þmaxfs;�NgÞ=ðp�mÞ ð<0Þ for s A ½�y;�2Þ:

8

<

:

ð2:14Þ

Remark 2.7. Let p > maxfm; p�
m;sg and KðxÞ A I�s. Assume a

�
s
b 0 and

let uðx; tÞ be a global solution of (1.1), (1.2) constructed in Theorem 2.5, where

the initial value u0ðxÞ satisfies (2.8) with a A ða�
s
;NÞ, A > 0, e > 0 and e > 0 is

small enough. Then, we can see, from the proof of Theorem 2.5, that in case

sb 0,

kuðtÞk
y
aCt�a=ðaðm�1Þþ2Þ for t > 1ð2:15Þ
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for some C > 0. Also, in case s < 0 we can see that for a�
s < a 0 <

minf2=ðp�mÞ; ag there exits a small e > 0 such that

kuðtÞk
y
aCt�a 0=ða 0ðm�1Þþ2Þ for t > 0:ð2:16Þ

In the rest of this section we state the fundamental tools and lemmas which

are used later.

By the next proposition, in Theorem 2.4 we shall not need the restriction

on the growth order of the initial data, except for condition (2.6).

Proposition 2.8 (construction of solutions). Let vðx; tÞ be a supersolution

of (1.1) in R
N � ð0;TÞ. If u0ðxÞa vðx; 0Þ then there exists a weak solution of

(1.1), (1.2) in R
N � ð0;TÞ such that

uðx; tÞa vðx; tÞ in R
N � ð0;TÞ:ð2:17Þ

Proof. Put Bn ¼ fjxj < ng. Let u0;n A Cy
0 ðBnÞ satisfy that 0a u0;na u0 in

Bn and u0;n " u0 locally uniformly in R
N as n ! y and let unðx; tÞ be a unique

solution of the initial boundary value problem

ut ¼ Dum þ KðxÞup in Bn � ð0;TÞ;

uðx:tÞ ¼ 0 on jxj ¼ n;

uðx; 0Þ ¼ u0;nðxÞ in Bn:

8

<

:

ð2:18Þ

Then we see from the comparison theorem (Proposition 2.2),

una unþ1a v in Bn � ð0;TÞ;ð2:19Þ

and hence there exits u A Ly

locðR
NÞ such that unðx; tÞ " uðx; tÞ as n ! y for each

ðx; tÞ A R
N � ð0;TÞ. It follows from DiBenedetto [8] that unðx; tÞ is equicontin-

uous in each compact set of R
N � ½0;TÞ. Noting that unðx; tÞ satisfies the in-

tegral equality like (2.1) we see that uðx; tÞ A CðRN � ½0;TÞÞ and unðx; tÞ " uðx; tÞ

locally uniformly in R
N � ½0;TÞ as n ! y, and so u is a weak solution of (1.1),

(1.2) in R
N � ½0;TÞ. r

Next, we shall construct a supersolution of (1.1) by the methods of Mukai,

Mochizuki and Huang [29]. Let wðx; tÞ A LyðRN � ½0;TÞÞ be the classical so-

lution of the problem

wt � Dwm ¼ 0 ðx; tÞ A R
N � ð0;yÞ;ð2:20Þ

wðx; 0Þ ¼ jðxÞ x A R
N ;ð2:21Þ

where jðxÞ > 0 in x A R
N . Let kðtÞ > 0 be a continuous decreasing function

satisfying

kKð�Þwð� ; tÞp�1k
y
a kðtÞ for all tb 0:ð2:22Þ
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Let aðtÞ be the solution of the ordinary equation a 0ðtÞ ¼ kðtÞaðtÞp�mþ1 ðt > 0Þ

with the initial data að0Þ ¼ 1, that is

aðtÞ ¼ 1� ðp�mÞ

ð t

0

kðtÞ dt

� ��1=ðp�mÞ

:ð2:23Þ

Let bðtÞ be the solution of the ordinary equation

b 0ðtÞ ¼ faðbðtÞÞgm�1;

bð0Þ ¼ 0;

(

ð2:24Þ

and put

~wwðx; tÞ ¼ aðbðtÞÞwðx; bðtÞÞ:ð2:25Þ

Proposition 2.9 (construction of supersolution). If

ðp�mÞ

ð

y

0

kðtÞ dta
1

2
for t A ð0;yÞ;ð2:26Þ

then the problem (2.24) has a unique solution bðtÞ in ½0;yÞ and ~ww is a supersolution

of (1.1) in R
N � ð0;yÞ.

Proof. The methods of the proof are the same as those of [29] (see the

proof of Lemma 5 in [29]). By (2.26) we see that 1 < aðtÞa 21=ðp�mÞ for

t A ½0;yÞ. Hence, since aðxÞ is a C1-function in x A ½0;yÞ, the problem (2.24)

has a unique solution bðtÞ in ½0;yÞ, which is increasing in ½0;yÞ. Further, we

see

~wwt � D~wwm ¼ kðbðtÞÞaðbðtÞÞpwðx; bðtÞÞbKðxÞwðx; bðtÞÞpaðbðtÞÞp ¼ KðxÞ~wwðx; tÞ

and so ~ww is a supersolution of (1.1) in R
N � ð0;yÞ. r

Next, we give several concrete solutions of (2.20). Let Emðx; t;LÞ ðL > 0Þ

be the weak solution of (2.20) with Emðx; 0;LÞ ¼ LdðxÞ (d is Dirac’s d-function).

Then, it is well known that

Emðx; t;LÞ ¼ LðLm�1tÞ�N=ððm�1ÞNþ2Þ
gðhÞð2:27Þ

where h ¼ x=ðLm�1tÞ1=½Nðm�1Þþ2�, and when m > 1

gðhÞ ¼ ½A� Bjhj2�1=ðm�1Þ
þð2:28Þ

with ½y�þ ¼ maxf0; yg, B ¼ ðm� 1Þ=2mfðm� 1ÞN þ 2g and A chosen to satisfy
ð

R
N

½A� Bjxj�1=ðm�1Þ
þ dx ¼ 1;ð2:29Þ

and when m ¼ 1
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gðhÞ ¼ ð4pÞ�N=2
e�jhj2=4:ð2:30Þ

That is, Emðx; t;LÞ is the Barenblatt solution in case m > 1 (see [31]) and the

usual heat kernel in case m ¼ 1.

Proposition 2.10. Let j A LyðRNÞVL1ðRNÞ and let wðx; tÞ be a weak solu-

tion of (2.20), (2.21). If we put for kb 1

wkðx; tÞ ¼ kNwðkx; k2þNðm�1ÞtÞð2:31Þ

then

wkðx; tÞ ! Emðx; t;LÞð2:32Þ

locally uniformly in R
N � ð0;yÞ as k ! y where

L ¼

ð

R
N

jðxÞ dx:ð2:33Þ

Proof. See Theorem 1.1 in [9]. r

The following lemma follows immediately from a simple calculation.

Lemma 2.11. Let Nb 2, s > �2 or N ¼ 1, s > �1. Then if p ¼ p�
m;s ¼

mþ ð2þ sÞ=N and L > 0,

ð t

0

ð

R
N

fEmðx; t;LÞg
pjxjs dxdt ¼ y for t > 0:ð2:34Þ

The next solutions of (2.20) have the initial data decaying more slowly.

Let A > 0, 0a a < N and V HS
N�1 be an open subset with jV j0 0 and

let Wðx; t;A; a;VÞ be the weak solution of (2.20) with Wmðx; 0;A; a;VÞ ¼

AV ðx=jxjÞjxj
�a, where

AV ðxÞ ¼
A x A V

0 x B V :

�

ð2:35Þ

Then, it is well known (see [5], [7], [17] and [18]) that

Wmðx; t;A; a;VÞ ¼ t�a=ðaðm�1Þþ2Þhðh;A; a;VÞ with h ¼ x=t1=ðaðm�1Þþ2Þ;ð2:36Þ

where hðhÞ ¼ hðh;A; a;VÞ A CðRNÞ is a weak solution of the problem

Dhm þ
1

ðm� 1Þaþ 2
h � ‘hþ

a

ðm� 1Þaþ 2
h ¼ 0 in h A R

N ;

limr!y rahðrxÞ ¼ AV ðxÞ for x A S
N�1;

hð0Þ > 0; suph ARNhhiahðhÞ < y:

8

>

>

>

>

<

>

>

>

>

:

ð2:37Þ
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Here, we note that when V ¼ S
N�1, hðhÞ is radially symmetric and hðhÞ > 0 in

R
N . Further, the uniqueness theorem ([5], [7]) implies

Wmðx; t;AB; a;VÞ ¼ AWmðx;A
m�1t;B; a;VÞ for A;B > 0;ð2:38Þ

Wmðx; t;A; a;VÞ ¼ k aWmðkx; k
2þaðm�1Þt;A; a;VÞ:ð2:39Þ

Hence

Wmðx; t;A; a;VÞ ¼ AWmðx;A
m�1t; 1; a;VÞð2:40Þ

¼ AðAm�1tÞ�a=ðaðm�1Þþ2Þ
hðh; 1; a;VÞ

where h ¼ x=ðAm�1tÞ1=ðaðm�1Þþ2Þ. Then, we can see the asymptotic behavior of

solutions of (2.20) with the initial data decaying slowly. Let jðxÞ A LyðRN ÞV

CðRNÞ satisfy that for some 0a a < N,

sup
x ARN

jxjajðxÞ < yð2:41Þ

and

lim
r!y

rajðrxÞ ¼ AV ðxÞ for x A S
N�1:ð2:42Þ

Proposition 2.12. Assume (2.41) and (2.42). Let wðx; tÞ be the weak solu-

tion of (2.20), (2.21). If we put for each kb 0,

wkðx; tÞ ¼ k awðkx; k2þaðm�1ÞtÞ;ð2:43Þ

then

wkðx; tÞ ! Wmðx; t;A; a;VÞð2:44Þ

locally uniformly in R
N � ð0;yÞ as k ! y.

Proof. See Theorem 2 in [18] and Theorem B in [1]. r

Next, we give the Ly � Ll estimate for solutions of (1.1) due to Kawanago

[19], which is used in the proof of Theorem 2.5 in the case where sa 0 and

a�
sb 0. Let W be a domain in R

N and let uðx; tÞ be a weak solution of the

initial boundary value problem

ut � Dum ¼ KðxÞup in W� ð0;TÞ;

uðx; 0Þ ¼ u0ðxÞ in W;

uðx; tÞ ¼ 0 on qW� ð0;TÞ:

8

<

:

ð2:45Þ

Proposition 2.13. Assume uðx; tÞ A LyðW� ð0;TÞÞ. Let 1a q; r; s;ay.

Then for any d > 0 and t > 0,
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kuðtÞk
y
a 2dþ Bðdm�1tÞ�N=2qku0kL qðWÞð2:46Þ

þ Bðdm�1tÞ�N=2r

ð t=2

0

kKðxÞupðtÞkL rðWÞ dt

þ Bd�Nðm�1Þ=2s

ð t=2

0

t
�N=2skKðxÞupðt� tÞkL sðWÞ dt;

where B ¼ Bðm;N; q; r; sÞ is a constant independent of W.

Proof. See Proposition 2.4 in [19]. r

Finally, we give the well known blow-up theorem. Let GHR
N be a

bounded nonempty domain with the smooth boundary. Let l ¼ lG be the first

eigenvalue of �D in G with Dirichlet boundary condition and sðxÞ ¼ sGðxÞ the

corresponding eigenfunction (sðxÞ is normalized:
Ð

G
sðxÞ dx ¼ 1). Further, Let

nonnegative ~KKðxÞ A Ly
locðR

NÞ satisfy that for some c0 > 0,

~KKðxÞb c0 for x A G:ð2:47Þ

Proposition 2.14. Let p > m and let uðx; tÞ be a weak solution of (1.1),

(1.2) with KðxÞ ¼ ~KKðxÞ. Then, if

ð

G

sðxÞu0ðxÞ dx >
l

c0

� �1=ðp�mÞ

;ð2:48Þ

uðx; tÞ is not global in R
N � ð0;yÞ.

Proof. See Theorem 1.1 and Example 1.2 in [16] and references of

[24]. r

3. Proof of Theorem 2.4(a) in the case Nb 2 and the case N ¼ 1,

sb�1.

In this section we shall show Theorem 2.4(a) in the case Nb 2 and the case

N ¼ 1, sb�1. In these cases, if m < pa p�
m;s then s > �2 when Nb 2 and

p�
m;s ¼ mþ

2þ s

N
:ð3:1Þ

The next proposition is a key proposition.

Proposition 3.1. Assume Nb 2 or N ¼ 1, sb�1. Let KðxÞ A I�s;W

ð�ya s < yÞ and uðx; tÞ be a global weak solution of (1.1), (1.2).

(a) If m < p < p�
m;s then

uðx; tÞ ¼ 0 for ðx; tÞ A R
N � ½0;yÞ:ð3:2Þ
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(b) If p ¼ p�
m;s ð>mÞ then there exists a constant M > 0 depending only on

s;W such that

ð

R
N

uðx; tÞ dxaM for tb 0:ð3:3Þ

In order to prove this proposition we need the next lemma.

Lemma 3.2. Let p > m. Let KðxÞ A I�s;W ðs > �2Þ and uðx; tÞ be a global

weak solution of (1.1), (1.2). Let G be a bounded nonempty domain in R
N with

the smooth boundary satisfying

GH x A R
N ;

x

jxj
A W; 1a jxja 2

� �

:ð3:4Þ

Then, for large k

ð

G

sðxÞkð2þsÞ=ðp�mÞuðkx; tÞ dxa
l

c0

� �1=ð p�mÞ

for tb 0;ð3:5Þ

where l ¼ lG, sðxÞ ¼ sGðxÞ (lG and sG are as in §2) and c0 is a positive constant

depending only on KðxÞ.

Proof. Since KðxÞ A I�s;W there exist R1b 1 and k0 > 0 such that

KðxÞb k0jxj
s for jxjbR1;

x

jxj
A W:ð3:6Þ

Put

ukðx; tÞ ¼ kð2þsÞ=ðp�mÞuðkx; kltÞ ðkb 1Þ with l ¼
2ðp� 1Þ þ sðm� 1Þ

p�m
:ð3:7Þ

Then uk is a global solution of equation

ut � Dum ¼ ~KKðxÞup in R
N � ð0;yÞ;ð3:8Þ

where ~KKðxÞ ¼ k�sKðkxÞ. Note by (3.6) that for large k

~KKðxÞ ¼ ksKðkxÞb k0jxj
s
b c0 for x A G;ð3:9Þ

where c0 ¼ k0 min1ajxja2jxj
s. Hence, applying Proposition 2.14 to uk we have

ð

G

sðxÞkð2þsÞ=ðp�mÞuðkx; kltÞ dxa
l

c0

� �1=ð p�mÞ

for tb 0;ð3:10Þ

which implies (3.5). r
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Proof of Proposition 3.1. Let uðx; tÞ be a global weak solution of (1.1),

(1.2). Assume u0ðxÞ2 0. Let vRðx; tÞ be the weak solution of the problem

vt � Dvm ¼ 0 in R
N � ð0;yÞ;

vðx; 0Þ ¼ u0;RðxÞ in R
N ;

�

ð3:11Þ

where

u0;R ¼
u0ðxÞ for jxjaR

0 for jxj > R:

�

ð3:12Þ

We take R large enough to satisfy u0;RðxÞ2 0. By the proof of Proposition

2.8 and the uniqueness of solutions of (3.11) (see Theorem 2 in [7]) we have

vRðx; tÞa uðx; tÞ for ðx; tÞ A R
N � ð0;yÞ:ð3:13Þ

Putting vR;kðx; tÞ ¼ kNvRðkx; k
ðm�1ÞNþ2tÞ we obtain by Lemma 3.2,

ð

G

sðxÞvR;kðx; tÞ dxa kN�ð2þsÞ=ðp�mÞ

ð

G

sðxÞkð2þsÞ=ðp�mÞuðkx; kðm�1ÞNþ2tÞ dxð3:14Þ

a kN�ð2þsÞ=ðp�mÞ l

c0

� �1=ðp�mÞ

for large kb 1;

where G is as in Lemma 3.2. Therefore, it follows from Proposition 2.10 that

if k ! y then in case m < p < p�
m;s (namely, N � ð2þ sÞ=ðp�mÞ < 0),

ð

G

sðxÞEmðx; t;LRÞ dxa 0 for tb 0ð3:15Þ

and in case p ¼ p�
m;s (namely, N � ð2þ sÞ=ðp�mÞ ¼ 0),

ð

G

sðxÞEmðx; t;LRÞ dxa
l

c0

� �1=ðp�mÞ

for tb 0;ð3:16Þ

where Emðx; t;LÞ is defined by (2.27) and

LR ¼

ð

jxjaR

u0ðxÞ dx:ð3:17Þ

We note that for some r1 > 0 and g0 > 0,

gðhÞb g0 > 0 for jhja r1ð3:18Þ

and if we choose tR to satisfy

ðLm�1
R tRÞ

1=ððm�1ÞNþ2Þ ¼
2

r1
;ð3:19Þ
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that is,

tR ¼
2

r1

� �ðm�1ÞNþ2

L1�m
R ;ð3:20Þ

then we see

Emðx; tR;LRÞ ¼ LR

2

r1

� ��N

gðr1x=2ÞbLR

2

r1

� ��N

g0 for jxja 2:ð3:21Þ

Put t ¼ tR in (3.15) and (3.16) respectively. Then, when p < p�
m;s, we get

LR ¼ 0, namely u0;R 1 0 in R
N . This is a contradiction to the assumption and

so u0ðxÞ1 0. When p ¼ p�
m;s we obtain by letting R ! y,

ð

R
N

u0ðxÞ dxa
l

c0

� �1=ðp�mÞ 2

r1

� �N

g�1
0 :ð3:22Þ

Thus, considering uðx; tÞ as the initial data for each t > 0 we have (3.3). The

proof is complete. r

Thus, when Nb 2 or N ¼ 1, sb�1, Theorem 2.4 (a) is shown by Propo-

sition 3.1(a) in case m < p < p�
m;s. In case p ¼ p�

m;s ð>mÞ we further need the

next proposition to prove the theorem. As is seen in the proof of Lemma 3.2,

when KðxÞ A I�s;W there exist R1 > 1 and k0 > 0 satisfying (3.6). Let a A W and

put

Eða; 2rÞ ¼ fx A S
N�1

; jx� aj < 2rg:

We choose r > 0 small to satisfy

Eða; 2rÞHW:ð3:23Þ

Further put

DEða; rÞ ¼ x A R
N
; x0 0;

x

jxj
A Eða; rÞ

� �

;ð3:24Þ

let v0ðxÞ A C0ðDEða; rÞÞ satisfy

0a v0ðxÞa u0ðxÞ in R
Nð3:25Þ

and let vðx; tÞ be a weak solution of the problem

ut � Dum ¼ K0ðxÞu
p in R

N � ð0;TÞ;

uðx; 0Þ ¼ v0ðxÞ in R
N ;

�

ð3:26Þ

where
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K0ðxÞ ¼
k0jxj

s for jxjbR1; x=jxj A Eða; 2rÞ;

0 otherwise.

�

ð3:27Þ

Here we note

K0ðxÞaKðxÞ in R
N :ð3:28Þ

Proposition 3.3. Let uðx; tÞ be a global weak solution of (1.1), (1.2) as in

Proposition 3.1. Let KðxÞ satisfy (3.6) for some R1b 1 and k0 > 0. Then there

exists a global weak solution vðx; tÞ ð20Þ of (3.26) such that

vðx; tÞa uðx; tÞ in R
N � ð0;yÞ;ð3:29Þ

ð

DEða; 2rÞ

jðjxjÞvpðx; tÞ dxb c1

ð

R
N

jðjxjÞvpðx; tÞ dx for tb 0;ð3:30Þ

where c1 ¼ c1ðrÞ is a constant and jðxÞb 0 in x A R.

Proof of Proposition 3.3. The methods of the proof are similar to those

of Proposition 2.8. Let vnðx; tÞ be the solution of the problem

ut � Dum ¼ K0ðxÞu
p in Bn � ð0;TÞ;

uðx; tÞ ¼ 0 on qBn � ð0;TÞ;

uðx; 0Þ ¼ v0ðxÞ in Bn;

8

<

:

ð3:31Þ

with Bn ¼ fjxj < ng ðn > 1Þ. Noting (3.28) we have by Proposition 2.2, T ¼ y

and

vnðx; tÞa uðx; tÞ in Bn � ð0;TÞ:ð3:32Þ

Now, we need several definitions and Lemmas concerning the ‘reflection’.

For n A S
N�1 (i.e. jnj ¼ 1), we put

A ¼ AðnÞ ¼ fx A R
N j n � x ¼ 0g;ð3:33Þ

where ‘‘�’’ means the inner product in R
N . A forms a hyperplane in R

N . The

upper [or lower] half space of Bn with respect to A is defined as

Bþ
n;A ¼ fx A Bn j n � x > 0g ½or B�

n;A ¼ fx A Bn j n � x < 0g�:ð3:34Þ

For any x B A, the reflection of x in A is denoted by sAx. Thus, we have for

each z A A,

z � ðsAx� xÞ ¼
1

2
ðsAxþ xÞ � ðsAx� xÞ:ð3:35Þ

For any set KHR
N , we define the reflection of K in A as

sAK ¼ fsAx j x A Kg;ð3:36Þ
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and for any function v in Bn, we define the reflection of v in A as

sAvðxÞ ¼ vðsAxÞ x A Bn:ð3:37Þ

We note sABn ¼ Bn.

Since a A W, we can choose r > 0 small enough to satisfy

fx A R
N ; jx� aj < 2rgHR

Nnf0g. Then, we give two lemmas. r

Lemma 3.4. For any b A S
N�1nEða; 2rÞ there exists a hyperplain A ¼ AðnbÞ

such that Eða; rÞHBþ
n;A and sAEða; rÞ ¼ Eðb; rÞ ðHB�

n;AÞ. Further, we obtain

sAv0ðxÞb v0ðxÞ in B�
n;A;ð3:38Þ

sAK0ðxÞbK0 in B�
n;A:ð3:39Þ

Proof. This lemma follows immediately from the definitions of v0ðxÞ and

K0ðxÞ. r

Lemma 3.5. Put ~vvnðx; tÞ ¼ sAvnðx; tÞ ð¼vnðsAx; tÞÞ in Bn, where A ¼ AðnbÞ.

Then

vnðx; tÞa ~vvnðx; tÞ in B�
n;A � ð0;yÞ:ð3:40Þ

Hence

vnðx; tÞa ~vvnðx; tÞ in DEðb; rÞ VBn � ð0;yÞ:ð3:41Þ

Proof. We can easily see that ~vvnðx; tÞ is a weak solution of the equation

ut � Dum ¼ sAK0ðxÞu
p
:ð3:42Þ

Since vnðx; 0Þ ¼ v0ðxÞa sAv0ðxÞ ¼ ~vvnðx; 0Þ in B�
n;A, Lemma 3.4 and the com-

parison theorem (Proposition 2.2) imply (3.40). r

Proof of Proposition 3.3 (continue). Similarly, as in the proof of Propo-

sition 2.8, we see that vðx; tÞ ¼ limn!y vnðx; tÞ is a weak solution of (3.26), and

(3.32) is reduced to (3.29). Let b A S
N�1nEða; 2rÞ. Let Ab ¼ AðnbÞ be as in

Lemma 3.4 and put ~vvbðx; tÞ ¼ sAb
vðx; tÞ. Then, we have by Lemma 3.5,

vðx; tÞa ~vvbðx; tÞ in DEðb; rÞ � ð0;yÞ:ð3:43Þ

Since

S
N�1nEða; 2rÞH 6

b ASN�1nEða;2rÞ

Eðb; rÞ

and S
N�1nEða; 2rÞ is a compact set in S

N�1, there exist b1; b2; . . . ; bl A

S
N�1nEða; 2rÞ such that
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S
N�1nEða; 2rÞH 6

l

i¼1

Eðbi; rÞ:

Hence, by putting ~vvi ¼ ~vvbi ,

ð

R
N

jðjxjÞvpðx; tÞ dxa

ð

DEða; 2rÞ

jðjxjÞvp dxþ
X

l

i¼1

ð

DEðbi ; rÞ

jðjxjÞ~vvpi dxð3:44Þ

a ðlþ 1Þ

ð

DEða; 2rÞ

jðjxjÞvp dx;

where jðxÞb 0 in R. Here we used jðjsAxjÞ ¼ jðjxjÞ and sAb
DEða; rÞ ¼ DEðb; rÞ.

Thus, putting c1 ¼ 1=ðlþ 1Þ we obtain (3.30). The proof is complete. r

Proposition 3.6. Assume p ¼ p�
m;s. Let v be as in Proposition 3.3 and put

vkðx; tÞ ¼ kNvðkx; kðm�1ÞNþ2tÞ. Then there exists C > 0 such that

ð t

0

ð

fjxjbR1=kg

jxjsvpkðx; tÞ dxdtaC for all kb 1:ð3:45Þ

Proof. When p ¼ p�
m;s ¼ mþ ð2þ sÞ=N, for large k vk is a global weak

solution of the problem

ut � Dum ¼ K0;kðxÞu
p in R

N � ð0;yÞ;

uðx; 0Þ ¼ kNv0ðkxÞ in R
N ;

�

ð3:46Þ

where

K0;kðxÞ ¼
k0jxj

s for jxjbR1=k; x=jxj A Eða; 2rÞ;

0 otherwise.

�

ð3:47Þ

Since K0;kðxÞ A I�s;Eða;2rÞ, Proposition 3.1 implies that for some M > 0

ð

R
N

vkðx; tÞaM for kb 1; tb 0:ð3:48Þ

Let consider jðx; tÞ ¼ reðxÞ ¼ x1ðejxjÞ as a test function in the integral

equality satisfied by vk (see (2.1)), where x1ðrÞ A C2ð½0; 2�Þ is a nonnegative non-

increasing function satisfying

x1ðrÞ ¼
0 on r ¼ 2

1 in 0a ra 1

�

ð3:49Þ

and for some l1 > 0

x1; rr þ
N � 1

r
x1; r

b�l1x1 for 1a ra 2

¼ 0 for 0a ra 1:

�

ð3:50Þ
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We note that

DreðxÞ
b�l1e

2reðxÞ for 1=ea jxja 2=e

¼ 0 for 0a jxja 1=e

�

ð3:51Þ

and by (3.30)

ð

jxja2=e

K0;kðxÞv
p
kre dxb c1

ð

2=ebjxjbR1=k

k0jxj
s
v
p
kre dx for kb 1; tb 0:ð3:52Þ

Hence

Mb

ð

jxja2=e

vkðx; tÞreðxÞ dxb

ð t

0

ð

jxja2=e

fvmk Dre þ K0;kv
p
kreg dxdtð3:53Þ

b

ð t

0

ð

1=eajxja2=e

f�l1e
2vmk þ c1k0jxj

s
v
p
kgre dxdt

þ c1k0

ð t

0

ð

R1=kajxja1=e

jxjsvpk dxdt:

By using the inequality am
a caþ ap ðc ¼ cðm; pÞ > 0Þ and s > �2, the first

term of the right side of the above inequality is estimated as follows:

ð

1=eajxja2=e

f�l1e
2vmk þ c1k0jxj

s
v
p
kgre dxð3:54Þ

b

ð

1=eajxja2=e

f�l1e
2ðcvk þ v

p
kÞ þ c1k0jxj

s
v
p
kgre dx

b�l1ce
2

ð

1=eajxja2=e

vk dx

þ

ð

1=eajxja2=e

f�l1 � 4jxj�2
v
p
k þ c1k0jxj

s
v
p
kgre dx

b�l1ce
2M þ

ð

1=eajxja2=e

jxjsvpkrefc1k0 � 4l1jxj
�ð2þsÞg dx ðby ð3:48ÞÞ

b�l1ce
2M for small e > 0:

Thus, combining this and (3.53) we have

Mb�l1ce
2Mtþ c1k0

ð t

0

ð

R1=kajxja1=e

jxjsvpk dxdt;ð3:55Þ

and therefore by letting e # 0 we obtain (3.45). The proof is complete. r
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Proof of Theorem 2.4 (a) in the case Nb 2 and the case N ¼ 1, sb�1.

We shall prove this theorem only in case p ¼ p�
m;s. Let KðxÞ A I�s;W satisfy (3.6)

with R1b 1 and k0 > 0. Let uðx; tÞ be a global solution of (1.1), (1.2). Assume

contrary u0ðxÞ2 0 in R
N . Then, without loss of generality we can assume

u0 2 0 in DEða; rÞ where DEða; rÞ is as in Proposition 3.3. In fact, let vRðx; tÞ be as

in the proof of Proposition 3.1. Then, since vRðx; 0Þ ¼ u0;RðxÞ2 0 and vRðx; tÞ

is a weak solution of (3.11), supp vRð� ; tÞ (the support of vRðx; tÞ in R
N ) spreads

out to whole R
N as t ! y. Hence, by (3.13) we see that for some t1 > 0

uðx; t1Þ2 0 in DEða; rÞ, and we can consider this uðx; t1Þ as the initial data.

So, let v0ðxÞ A C0ðDEða; rÞÞ satisfy that v0 2 0 in DEða; rÞ and 0a v0a u0 in

R
N . Then, when p ¼ pm;s, by Proposition 3.6 we see that there exists a global

weak solution vðx; tÞ of (3.26) satisfying

ð
t

0

ð
fjxjbR1=kg

jxjsvpkðx; tÞ dxdtaC for kb 1; t > 0;ð3:56Þ

where vkðx; tÞ ¼ kNvðkx; kðm�1ÞNþ2tÞ. Further, similarly, as in the proof of Prop-

osition 3.1, there is a weak solution wðx; tÞ of (3.11) with wðx; 0Þ ¼ v0ðxÞ satisfying

wðx; tÞa vðx; tÞ in R
N � ð0;yÞ. Hence, if we put wkðx; tÞ ¼ kNwðkx; kðm�1ÞNþ2tÞ

then wka vk and

ð
t

0

ð
fjxjbR1=kg

jxjswp
kðx; tÞ dxdtaC for kb 1; t > 0:ð3:57Þ

Letting k ! y we have by Proposition 2.10,

ð
t

0

ð
R

N

jxjsE p
mðx; t;LÞ dxdtaC for t > 0;ð3:58Þ

where L ¼
Ð
R

N v0ðxÞ dx > 0, however, this contradicts (2.34). Therefore, we

obtain u0 1 0 in R
N and, hence if we consider uðx; tÞ as the initial data for each

t > 0 then we see uðx; tÞ1 0 in R
N � ð0;yÞ. The proof is complete. r

4. Proof of Theorem 2.4(a) in the case N ¼ 1, sa�1.

In this section we shall show Theorem 2.4(a) in the case N ¼ 1, sa�1. In

this case

p�
m;s ¼ mþ 1:ð4:1Þ

Let KðxÞ A I�s;W. Then, without loss of generality we can assume

KðxÞbK1ðxÞ in R;ð4:2Þ

where
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K1ðxÞ ¼
d in jxja d

0 in jxj > d

�

ð4:3Þ

for small d > 0. Let v0ðxÞ A C0ðRÞ satisfy that v0ðxÞ ¼ v0ðjxjÞ is a radially sym-

metric function in R and a nonincreasing function in r ¼ jxj, and

0a v0ðxÞa u0ðxÞ in R:ð4:4Þ

Let vðx; tÞ be a weak solution of the problem

ut � Dum ¼ K1ðxÞu
p in R� ð0;yÞ;

uðx; 0Þ ¼ v0ðxÞ in R:

�

ð4:5Þ

As in §3, in order to prove the theorem we need several propositions.

Proposition 4.1. Let uðx; tÞ be a global weak solution of (1.1), (1.2) with

KðxÞ satisfying (4.2). Then there exists a global weak solution vðx; tÞ of (4.5)

such that for each t > 0 vðx; tÞ ¼ vðjxj; tÞ is a radially symmetric function in x A R

and a nonincreasing function in r ¼ jxj, and

vðx; tÞa uðx; tÞ in R� ð0;yÞ:ð4:6Þ

Proof. The methods of the proof are the same as those of Proposition 3.3

and so we omit the proof. r

Proposition 4.2. Let N ¼ 1, sa�1 and let vðx; tÞ be as in Proposition 4.1.

(a) If m < p < p�
m;s

¼ mþ 1 then

vðx; tÞ ¼ 0 for ðx; tÞ A R� ½0;yÞ:ð4:7Þ

(b) If p ¼ p�
m;s

¼ mþ 1 then there exists a constant M > 0 depending only

on s and d such that

ð

R

vðx; tÞ dxaM for tb 0:ð4:8Þ

Hence

ð

y

0

ð

BðdÞ

vmþ1ðx; tÞa
M

d
for tb 0;ð4:9Þ

where BðdÞ ¼ fjxj < dg.

We need the next lemma to prove this proposition.

Lemma 4.3. Let N ¼ 1 and sa�1. Let v be as in Proposition 4.1. Then,

when p > m,
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ð

BðdÞ

sðxÞk1=ð p�mÞvðkx; tÞ dxa
l

d

� �1=ðp�mÞ

for tb 0; kb 1;ð4:10Þ

where l ¼ lBðdÞ and sðxÞ ¼ sBðdÞðxÞ are defined in §2.

Proof. If we put vkðx; tÞ ¼ k1=ðp�mÞvðkx; kð2p�m�1Þ=ðp�mÞtÞ then vk is a global

weak solution of the equation

ut � Dum ¼ kK1ðkxÞu
p:ð4:11Þ

Hence, considering sðxÞ ¼ sBðdÞðxÞ as a test function jðx; tÞ in the integral equa-

tion satisfied by vk (see (2.1)) we have

ð

BðdÞ

vksðxÞ dx

�

�

�

�

t

0

b

ð t

0

ð

BðdÞ

�lvmk sðxÞ dxdtþ k

ð t

0

ð

jxjad=k

dv
p
ksðxÞ dxdt:ð4:12Þ

Here, we note that

k

ð t

0

ð

jxjad=k

dv
p
k sðxÞ dxdtb

ð t

0

ð

jxjad

dv
p
ksðxÞ dxdt;ð4:13Þ

since for each t > 0 sðxÞvkðx; tÞ is a nonincreasing function in x > 0. Therefore,

we have

ð

BðdÞ

vksðxÞ dx

�

�

�

�

t

0

b

ð t

0

ð

jxjad

f�lvmk þ dv
p
kgsðxÞ dxdt for each t A ½0;yÞð4:14Þ

to obtain by the similar methods to those of the proof of Proposition 2.14,

ð

BðdÞ

vkðx; 0ÞsðxÞ dxa
l

d

� �1=ðp�mÞ

for kb 1:ð4:15Þ

Thus, considering vkðx; tÞ as the initial data for each t > 0 we get

ð

BðdÞ

vkðx; tÞsðxÞ dxa
l

d

� �1=ðp�mÞ

for kb 1 and t > 0:ð4:16Þ

The proof is complete. r

Proof of Proposition 4.2. The methods of the proof are the same as those

of the proof of Proposition 3.1. Let vðx; tÞ be as in Proposition 4.1. Put for

each R > 0

v0;RðxÞ ¼
v0ðxÞ for jxjaR;

0 for jxj > R;

�

ð4:17Þ
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and let wRðx; tÞ be a weak solution of (2.20) with wðx; 0Þ ¼ v0;RðxÞ. Then we

have wRðx; tÞa vðx; tÞ for ðx; tÞ A R� ð0;yÞ, and hence putting wR;kðx; tÞ ¼

kwRðkx; k
mþ1tÞ and using Lemma 4.3 we obtain

ð

BðdÞ

sðxÞwR;kðx; tÞ dxa k

ð

BðdÞ

sðxÞvðkx; kmþ1tÞ dxa k1�1=ð p�mÞ l

d

� �1=ðp�mÞ

:ð4:18Þ

If k ! y, then it follows from Proposition 2.10 that when p < mþ 1

ð

BðdÞ

sðxÞEmðx; t;LRÞ dx ¼ 0 for tb 0ð4:19Þ

and when p ¼ mþ 1

ð

BðdÞ

sðxÞEmðx; t;LRÞ dxa
l

d

� �1=ðp�mÞ

for tb 0;ð4:20Þ

where LR ¼
Ð

jxj<R
v0ðxÞ dx. Therefore, similarly, as in the proof of Proposition

3.1, we conclude (4.7) and (4.8).

Finally, in case p ¼ mþ 1 we shall show (4.9). Since vðx; tÞ A

LyðR� ð0; tÞÞVL1ðR� ð0; tÞÞ for t > 0 by (4.8) and the monotonicity of vð� ; tÞ,

we can consider jðx; tÞ1 1 as a test function j in the integral equation satisfied

by v (see (2.1)). Hence, we have

Mb

ð

R

vðx; tÞ dxb

ð t

0

ð

BðdÞ

dvmþ1 dxdt for tb 0:ð4:21Þ r

Proof of Theorem 2.4 (a) in the case N ¼ 1, sa�1. Let KðxÞ satisfy

(4.2). Let uðx; tÞ be a global weak solution of (1.1), (1.2). Assume contrary

u0ðxÞ2 0 in R. Then, without loss of generality we can assume

u0ðxÞ > 0 in Bð2dÞ:ð4:22Þ

Let v0ðxÞ A C0ðRÞ satisfy that v0ðxÞ ¼ v0ðjxjÞ is a radially symmetric function in

x A R and a nonincreasing function in x > 0, and

0a v0ðxÞa u0ðxÞ in R and 0 < v0ðxÞ in BðdÞ:ð4:23Þ

Then, there exists a global solution vðx; tÞ of (4.5) satisfying (4.7) (when p < p�
m;s)

and (4.9) (when p ¼ p�
m;s) because of Proposition 4.2. So this is a contradiction

to u0 2 0 when m < p < p�
m;s ¼ mþ 1.

When p ¼ p�
m;s ¼ mþ 1, we can also drive a contradiction. In fact, as is

seen in the proof of Lemma 3.4 of Mochizuki and Suzuki [27], the following

results hold: When m ¼ 1, for any t0 > 0 there exists a constant cðt0Þ > 0 such

that vðx; tÞb cðt0ÞE1ðx; t=2; 1Þ in R� ½t0;yÞ, and when m > 1 there exist con-
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stants t1 > 0 and L1 > 0 such that vðx; tÞbEmðx; tþ t1;L1Þ in R� ½t0;yÞ.

Hence, when m ¼ 1

ð

y

0

ð

BðdÞ

v2ðx; tÞ dxdtb cðt0Þ
2

ð

y

t0

ð

BðdÞ

t

2

� ��1

g2ðhÞ dxdt ½h ¼ x=ðt=2Þ1=2�ð4:24Þ

b cðt0Þ
2

ð

y

t0

t

2

� ��1

dt

ð

BðdÞ

g2ðx=ðt0=2Þ
1=2Þ dx ¼ y;

and when m > 1
ð

y

0

ð

BðdÞ

vmþ1ðx; tÞ dxdtð4:25Þ

b

ð

y

0

ð

BðdÞ

Lmþ1
1 ðLm�1

1 ðtþ t1ÞÞ
�ðmþ1Þ=ðmþ1Þ

gmþ1ðhÞ dxdt

½h ¼ x=ðLm�1
1 ðtþ t1ÞÞ

1=ðmþ1Þ�

bL2
1

ð

y

0

ðtþ t1Þ
�1

dt

ð

BðdÞ

gmþ1ðx=ðLm�1
1 t1Þ

1=ðmþ1ÞÞ dx ¼ y;

where gðhÞ is defined by (2.28) and (2.30). In any case, these results contradict

(4.9).

Thus we obtain u0ðxÞ1 0, and hence uðx; tÞ1 0 in R� ð0;yÞ if we consider

uðx; tÞ as the initial data for each t > 0. The proof is complete. r

5. Proof of Theorem 2.4(b) in general case.

In this section, we assume (2.6) and we shall show the first part of Theorem

2.4(b). The methods of the proof are similar to those of Theorem 2.4 (a).

First, we consider the case Nb 2, s > �2 and the case N ¼ 1, s > �1.

Then

a�
s ¼

2þ s

p�m
ð>0Þ:ð5:1Þ

Proof of Theorem 2.4 (b) in the case Nb 2, s > �2 and the case N ¼ 1,

s > �1. Let K A I�s;W and let V HS
N�1 with jV j0 0. Let uðx; tÞ be a global

weak solution of (1.1), (1.2). Assume (2.6) for some A > 0. Then, there exists

a function j A CðRN Þ such that

0a jðxÞa u0ðxÞ in R
N ;

supx ARN jxja
�
sjðxÞ < y;

limr!y ra
�
sjðroÞ ¼ AV ðoÞ for each o A S

N�1;

8

>

<

>

:

ð5:2Þ
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where AV ðoÞ is defined by (2.35). Let wðx; tÞ be a unique weak solution (2.20),

(2.21). Then, it follows from the proof of Proposition 2.8 and the uniqueness

of the solution of (2.20) that

wðx; tÞa uðx; tÞ in R
N � ð0;yÞ:ð5:3Þ

Putting ukðx; tÞ ¼ k a �
s uðkx; k2þa �

s ðm�1ÞtÞ and wkðx; tÞ ¼ k a �
swðkx; k2þa �

s ðm�1ÞtÞ, and

noting a�
s ¼ ð2þ sÞ=ðp�mÞ, we have by Lemma 3.2,

ð

G

sðxÞwkðx; tÞ dxa

ð

G

sðxÞukðx; tÞ dta
l

c0

� �1=ðp�mÞ

for large k;ð5:4Þ

where G; sðxÞ; l and c0 are as in Lemma 3.2. Therefore, since 0 < a�
s ¼

ð2þ sÞ=ðp�mÞ < N in case p > p�
m;s, letting k ! y and using Proposition 2.12

we obtain

ð

G

sðxÞWmðx; t;A; a
�
s ;VÞ dxa

l

c0

� �1=ðp�mÞ

:ð5:5Þ

Hence, because of (2.40),

A

ð

G

ðAm�1tÞ�a�
s =ða

�
s ðm�1Þþ2Þ

h1ðhÞsðxÞ dxa
l

c0

� �1=ðp�mÞ

for tb 0;ð5:6Þ

where h1ðhÞ ¼ hðh; 1; a�
s ;VÞ and h ¼ x=ðAm�1tÞ1=½a

�
s ðm�1Þþ2�. We note by hð0Þ > 0

that for some r1 > 0 and e0 > 0,

h1ðhÞb e0 for jhja r1:ð5:7Þ

Further, we choose t1 to satisfy ðAm�1t1Þ
1=½a �

s ðm�1Þþ2� ¼ 2=r1, namely, t1 ¼

A1�mð2=r1Þ
a�
s ðm�1Þþ2 and put t ¼ t1 in (5.6). Since jhj ¼ ðr1=2Þjxja r1 in G, we

get

l

c0

� �1=ðp�mÞ

bA

ð

G

2

r1

� ��a �
s

� e0sðxÞ dx ¼ A
2

r1

� ��a �
s

e0:ð5:8Þ

That is,

Aa
l

c0

� �1=ðp�mÞ
2

r1

� �a �
s

e�1
0 :ð5:9Þ

So, if A > ðl=c0Þ
1=ðp�mÞð2=r1Þ

a �
s e�1

0 then there is no global solutions. The proof is

complete. r

Next, we consider the case where N ¼ 1 and sa�1. In this case,
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a�
s ¼

1

p�m
:ð5:10Þ

Similarly, as in §4, we can assume (4.2) with K1ðxÞ defined by (4.3). Further,

since V ð0qÞHS
0, we can also assume (2.6) with V ¼ f1g. Then, there exists

a function j A CðRN Þ such that

0a jðxÞa u0ðxÞ in R;

supx ARjxj
a �
sjðxÞ < y;

limr!y ra
�
sjðrÞ ¼ A;

jðxÞ ¼ 0 in xa 0;

8

>

>

>

<

>

>

>

:

ð5:11Þ

and we have the following

Proposition 5.1. Let uðx; tÞ be a global weak solution (1.1), (1.2). Then,

there exists a global weak solution v of (4.5) with vðx; 0Þ ¼ jðxÞ such that for

each t > 0 vðx; tÞ is a nondecreasing function in x < 0 and

vðx; tÞa uðx; tÞ in x A R
N � ð0;yÞ:ð5:12Þ

Further, if we put vkðx; tÞ ¼ k1=ðp�mÞvðkx; kð2p�m�1Þ=ðp�mÞtÞ then we have

ð0

�d

sðxÞvk dxa
1

2

l

d

� �1=ðp�mÞ

for tb 0;ð5:13Þ

where l ¼ lð�d; dÞ and sðxÞ ¼ sð�d; dÞðxÞ are defined in §2.

Proof. The methods of the proof are the same as those of Proposition

4.1 and Lemma 4.3. So, we only prove (5.13). As is seen in the proof of

Lemma 4.3, vkðx; tÞ ¼ k1=ðp�mÞvðkx; kð2p�m�1Þ=ðp�mÞtÞ is a global weak solution of

(4.11). Hence, we have

ð0

�d

vksðxÞ dx

�

�

�

�

t

0

b�

ð t

0

ð0

�d

lvmk sðxÞ dxdtþ k

ð t

0

ð 0

�d=k

dv
p
k sðxÞ dxdt;ð5:14Þ

where l ¼ lð�d; dÞ and sðxÞ ¼ sð�d; dÞðxÞ. In fact, since vkðx; tÞ is a nondecreasing

function in x < 0 for each tb 0, we see that the above inequality holds for the

classical approximate solutions of (4.11) if we multiply (4.11) by sðxÞ and in-

tegrate by parts in ð�d; 0Þ. Hence, we also see that (5.14) holds for a weak

solution vk. Thus, as in the proof of Lemma 4.3, we obtain (5.13). r

Proof of Theorem 2.4 (b) in the case N ¼ 1, sa�1. We shall drive

the proof when V ¼ f1g and KðxÞ satisfy (4.2) with (4.3). Let vðx; tÞ be a

global solution as in Proposition 5.1. Let wðx; tÞ be a unique solution of (2.20)

with wðx; 0Þ ¼ jðxÞ and put wkðx; tÞ ¼ k a �
swðkx; k2þa �

s ðm�1ÞÞ with a�
s ¼ 1=ðp�mÞ.

Then, it is not di‰cult to show that
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wkðx; tÞa vkðx; tÞ in R� ð0;yÞ:ð5:15Þ

Further, it follows from Proposition 5.1

ð0

�d

sðxÞwkðx; tÞ dxa

ð0

�d

sðxÞvkðx; tÞ dxa
1

2

l

d

� �1=ðp�mÞ

for tb 0;ð5:16Þ

where sðxÞ and l are as in Proposition 5.1. We note that a�
s ¼ 1=ðp�mÞ < 1 by

p > p�
m;s ¼ mþ 1. Therefore, if k ! y, Proposition 2.12 implies that

ð0

�d

sðxÞWmðx; t;A; a
�
s ;VÞ dxa

1

2

l

d

� �1=ðp�mÞ

:ð5:17Þ

Hence, because of (2.36),

A

ð0

�d

ðAm�1tÞ�a �
s =ða

�
s ðm�1Þþ2Þ

h1ðhÞsðxÞ dxa
1

2

l

d

� �1=ðp�mÞ

for tb 0;ð5:18Þ

where h1ðhÞ ¼ hðh; 1; a�
s ;VÞ and h ¼ x=ðAm�1tÞ1=½a

�
s ðm�1Þþ2�. Let 0 < d < 2.

Similarly, as in the proof when Nb 2, s > �2 or N ¼ 1, s > �1, we have

Aa
1

2

l

d

� �1=ðp�mÞ
2

r1

� �a �
s

e�1
0 ;ð5:19Þ

where r1 and e0 are as in (5.7). The proof is complete. r

Finally, we show the theorem in the case Nb 2, sa�2. Then

a�
sa 0:ð5:20Þ

Proof of Theorem 2.4 (b) in the case Nb 2, sa�2. The proof is also

the same as that in the case Nb 2, s > �2. Let KðxÞ A I�s;W and let uðx; tÞ be

a global weak solution of (1.1), (1.2). Assume (2.6) with ½a�
s �þ ¼ 0 for some

A > 0. Choose jðxÞ A CðRNÞ to satisfy (5.2) with a�
s ¼ 0. Let wðx; tÞ be a

unique weak solution of (2.20), (2.21). Then, we can see wðx; tÞa uðx; tÞ in

R
N � ð0;yÞ. Put wkðx; tÞ ¼ wðkx; k2tÞ. It follows from Proposition 2.12 that

wkðx; tÞ ! Wmðx; t;A; 0;VÞð5:21Þ

locally uniformly in R
N � ð0;yÞ as k ! y. Further, in virtue of the same

methods as those of Friedman and Kamin [9],

jwðx; tÞ �Wmðx; t;A; 0;VÞj ! 0ð5:22Þ

locally uniformly in R
N as t ! y. Therefore, if we note that

Wmðx; t;A; 0;VÞ ! Ah0ð5:23Þ
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locally uniformly in R
N as t ! y where h0 ¼ hð0; 1; 0;VÞ > 0, then we obtain

wðx; tÞ ! Ah0ð5:24Þ

locally uniformly in R
N as t ! y.

On the other hand, by KðxÞ A I�s;W there exist a domain G ð0qÞHR
N

and a constant m0 > 0 such that

KðxÞbm0 in G:ð5:25Þ

It follows form Proposition 2.14 that

ð

G

sðxÞwðx; tÞ dxa

ð

G

sðxÞuðx; tÞ dxa
l

m0

� �1=ðp�mÞ

ð5:26Þ

where sðxÞ ¼ sGðxÞ and l ¼ lG. So, since
Ð

G
sðxÞ dx ¼ 1, if t ! y then Ah0a

ðl=m0Þ
1=ðp�mÞ, that is,

Aa
l

m0

� �1=ðp�mÞ

h�1
0 :ð5:27Þ

The proof is complete. r

6. Proof of Theorem 2.4(b) in the case a�
s ¼ 0.

In this section, in the case a�
s ¼ 0 we shall show the last part of Theorem

2.4(b) under assumption (2.7), where we add assumption KðxÞ A I�s;SN�1 ¼ I2;SN�1

when Nb 3. Then, we note that s ¼ �2 when Nb 3. We need several prop-

ositions and lemmas for the proof.

Lemma 6.1. Let uðx; tÞ be a weak global solution of (1.1), (1.2) with the

initial data u0 satisfying (2.7). Then, there exist constants h > 0 and t0 > 0 such

that

uðx; t0Þb h for x A R
N :ð6:1Þ

Proof. Assume (2.7). Let uðx; tÞ be a global weak solution of (1.1), (1.2).

Then, for some R1 > 0 and a > 0,

u0ðxÞb a in jxjbR1:ð6:2Þ

First, we consider the case where m ¼ 1. Let jðxÞ satisfy

jðxÞ ¼
a in jxj > R1;

0 in jxjaR1;

�

ð6:3Þ

and let wðx; tÞ be a weak solution of (2.20), (2.21) with m ¼ 1. Then, as in the

proof of Proposition 2.8, we have
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wðx; tÞa uðx; tÞ in R
N � ð0;yÞ:ð6:4Þ

Hence,

uðx; tÞbwðx; tÞ ¼ að4ptÞ�N=2

ð
jyjbR1

e�jx�yj2=4t dy:ð6:5Þ

Therefore, when jxjbR1 þ 1,

uðx; tÞb að4ptÞ�N=2

ð
jx�yja1

e�jx�yj2=4t dy ¼ að4ptÞ�N=2

ð
jzja1

e�jzj2=4t dzð6:6Þ

and when jxj < R1 þ 1,

uðx; tÞb að4ptÞ�N=2
e�jxj2=2t

ð
jyjbR1

e�jyj2=2t dyð6:7Þ

b að4ptÞ�N=2
e�ðR1þ1Þ2=2t

ð
jyjbR1

e�jyj2=4t dy:

Thus, we obtain (6.1) in case m ¼ 1.

Next, we consider the case where m > 1. Then, it is not di‰cult to see

that for some t1 > 0 and L1 > 0,

Emðx; t1;L1Þ < a in R
N and suppEmðx; t1;L1ÞHBð1Þ ¼ fjxj < 1g;ð6:8Þ

where Emðx; t1;L1Þ is defined by (2.27). For each x0 A R
N , put wx0ðx; tÞ ¼

Emðx� x0; tþ t1;L1Þ. It follows from (6.2) and the comparison theorem that

if jx0jbR1 þ 1 then

wx0ðx; tÞa uðx; tÞ in R
N � ð0;yÞ:ð6:9Þ

Hence,

0 < Emð0; tþ t1;L1Þa uðx0; tÞ for t > 0:ð6:10Þ

On the other hand, since suppwx0ð� ; tÞ spreads out to whole R
N as t ! y, there

exist t0 > 0 and e0 > 0 such that

uðx; t0Þb e0 for jxj < R1 þ 1:ð6:11Þ

Thus, putting h ¼ minfe0;Emð0; t1 þ t0;L1Þg we obtain (6.1). r

Hence, if we assume (2.7), then we can assume for some h > 0

u0ðxÞb h in R
N :ð6:12Þ

And, if we assume a
�
s
¼ 0, and when Nb 3 we further assume KðxÞ A

I�s;SN�1 ¼ I2;SN�1 , then, without loss of generality we can assume

KðxÞbK3ðxÞ in R
N ;ð6:13Þ
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where K3ðxÞ ¼ K3ðjxjÞ A Cy is a radially symmetric function satisfying the fol-

lowing properties: When N ¼ 2, K3ðrÞ A Cy
0 ½0;yÞ, K3ðrÞ is nonincreasing in

r > 0, 0aK3ðxÞa d in R
N for some d > 0 and

K3ðxÞ ¼
d jxja d

0 jxj > 2d;

�

ð6:14Þ

When Nb 3, K3ðxÞb 0 in R
N and for some r0 > 1 and k0 > 0,

K3ðxÞ ¼ k0jxj
�2 in jxjb r0:ð6:15Þ

Let vðx; tÞ be a weak solution of the problem

ut � Dum ¼ K3ðxÞu
p in R

N � ð0;yÞ;

uðx; 0Þ ¼ h in R
N
:

�

ð6:16Þ

Proposition 6.2. Assume (6.12) and (6.13). Let uðx; tÞ be a global weak

solution of (1.1), (1.2). Then, there exists a classical global weak solution vðx; tÞ

of (6.16) such that for each t > 0 vðx; tÞ ¼ vðjxj; tÞ is a radially symmetric function

in x A R
N (and is nonincreasing in r ¼ jxj when N ¼ 2) and

ð0<Þ ha vðx; tÞa uðx; tÞ in R
N � ð0;yÞ;ð6:17Þ

vtb 0 in R
N � ð0;yÞ:ð6:18Þ

Proof. Noting that h is a solution of (2.20), we have by the comparison

theorem,

ha uðx; tÞ in R
N � ð0;yÞ:ð6:19Þ

Let vnðx; tÞ be a classical solution of the initial boundary value problem

ut � Dum ¼ K3ðxÞu
p in BðnÞ � ð0;TÞ;

u ¼ h on qBðnÞ � ð0;TÞ;

uðx; 0Þ ¼ h in BðnÞ;

8

<

:

ð6:20Þ

where BðnÞ ¼ fjxj < ng. Then, as in the proof of Proposition 2.8, we see that

vðx; tÞ ¼ limn!y vn is a classical solution of (6.20) satisfying (6.17), and for each

t > 0 vðx; tÞ ¼ vðjxj; tÞ is radially symmetric in R
N (and is nonincreasing in r ¼ jxj

when N ¼ 2). Noting that vtðx; 0Þ ¼ Dvmðx; 0Þ þ K3ðxÞv
pðx; 0Þ ¼ K3ðxÞh

p
b 0 in

R
N , we obtain (6.18) by virtue of the comparison theorem for the equation

satisfied by vt. The proof is complete. r

Proposition 6.3. Let p > m. Put G ¼ R
Nnf0g if N ¼ 2 and G ¼

R
NnBðr0 þ 1Þ if Nb 3. Let vðx; tÞ be as in Proposition 6.2 and put ~vvðxÞ ¼

limt!y vðx; tÞ. Then, ~vv A Ly
locðGÞVC2ðGÞ, ~vvðxÞ ¼ ~vvðjxjÞ is a radially symmetric

function in x A R
N (and is nonincreasing in r ¼ jxj when N ¼ 2) and
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ð0<Þ ha ~vvðxÞ in R
N ;ð6:21Þ

�D~vv ¼ K3ðxÞ~vv
p in G:ð6:22Þ

In order to prove this proposition we need the following

Lemma 6.4. Let p > m and let vðx; tÞ be as in Proposition 6.2. Then, the

next results hold:

(i) When N ¼ 2, if rb d then

vðx; tÞa
ld

d

� �1=ðp�mÞ

on jxj ¼ r; t > 0ð6:23Þ

and if 0 < r < d then

vðx; tÞa
lr

d

� �1=ðp�mÞ

on jxj ¼ r; t > 0;ð6:24Þ

where lr ¼ lBðrÞ is defined in §2.

(ii) When Nb 3

vðx; tÞa 2
ðr0 þ 1Þ2~llr0

k0

 !1=ðp�mÞ

for jxjb r0 þ 1;ð6:25Þ

where ~llr0 ¼ lD and D ¼ Bðr0 þ 1ÞnBðr0Þ.

Proof. (i) Put srðxÞ ¼ sBðrÞðxÞ. Since vðx; tÞ is a global solution of (6.16),

Proposition 2.14 implies that for 0 < ra d,

ð

BðrÞ

srðxÞvðx; tÞ dxa
lr

d

� �1=ðp�mÞ

for t > 0:ð6:26Þ

Hence, noting that vðx; tÞb vðr; tÞ in BðrÞ we have

vðr; tÞa
lr

d

� �1=ðp�mÞ

ð6:27Þ

and so (6.24). (6.23) is clear, because vðr; tÞ is nonincreasing in rb 0.

(ii) Let r1b r0 þ 1. Then, there exists t0 > 0 such that

vðx; t0Þb
1

2
vðr1; 0Þ in jxja r1:ð6:28Þ

In fact, let wðx; tÞ be a weak solution of the problem
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wt � Dwm ¼ 0 in Bðr1Þ � ð0;yÞ;

wðx; 0Þ ¼ 0 in Bðr1Þ;

wðx; tÞ ¼ vðr1; 0Þ on qBðr1Þ � ð0;yÞ:

8

<

:

ð6:29Þ

Then, since vðx; tÞb vðx; 0Þ ¼ vðr1; 0Þ on qBðr1Þ � ð0;yÞ, it follows from the

comparison theorem that vðx; tÞbwðx; tÞ in Bðr1Þ � ð0;yÞ. Further, noting that

wðx; tÞ ! vðr1; 0Þ uniformly in Bðr1Þ as t ! y, we have (6.28).

Put ~ssr0ðxÞ ¼ SDðxÞ with D ¼ Bðr0 þ 1ÞnBðr0Þ. By virtue of Proposition 2.14

and the condition on K3ðxÞ we get

ð

Bðr0þ1ÞnBðr0Þ

~ssr0vðx; tÞ dxa
~llr0

k0ðr0 þ 1Þ�2

 !1=ðp�mÞ

for tb 0ð6:30Þ

to obtain

1

2
vðr1; 0Þa

~llr0ðr0 þ 1Þ2

k0

 !1=ðp�mÞ

:ð6:31Þ
r

Proof of Proposition 6.3. It is clear that ~vvðxÞ ¼ limt!y vðx; tÞ < y in

x A G, ~vv A Ly

locðGÞ, ~vvðxÞ ¼ ~vvðjxjÞ is a radially symmetric function in x A R
N (and

is nonincreasing in r ¼ jxj when N ¼ 2) and (6.21) holds. Further, ~vv A C2ðGÞ

and (6.22) immediately follow from the methods of Kröner and Rodrigues [21].

In fact, let cðtÞ A Cy
0 ð0; 1Þ satisfying

Ð

y

0 cðtÞ dt ¼ 1 and let xðxÞ A Cy
0 ðGÞ. Put

jðx; tÞ ¼ cðtÞxðxÞ. Then, if we consider jðx; tÞ as a test function in the integral

equation satisfied by vðx; tÞ, for each t > 0

ð6:32Þ

ð1

0

ð

G

fvðx; tþ tÞc 0ðtÞxðxÞ þ vmðx; tþ tÞcDxþ K3ðxÞv
pðx; tþ tÞcxg dxdt ¼ 0:

Letting t ! y we have

ð1

0

c 0 dt

ð

G

~vvðxÞxðxÞ dxþ

ð1

0

c dt

ð

G

f~vvmðxÞDxþ K3ðxÞ~vv
pðxÞxg dx ¼ 0;ð6:33Þ

that is,

ð

G

f~vvmDxþ K3~vv
pxg dx ¼ 0 for x A Cy

0 ðGÞ:ð6:34Þ

Hence,

D~vvm þ K3ðxÞ~vv
p ¼ 0 in D 0ðGÞ:ð6:35Þ
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Noting ~vv A Ly

locðGÞ and (6.21) we obtain ~vv A C2ðGÞ by the regularity theorem

and so we get (6.22). The proof is complete. r

Proof of Theorem 2.4 (b) in the case a
�
s
¼ 0. As above-mentioned, it is

enough to show this theorem when u0ðxÞ and KðxÞ satisfy (6.12) and (6.13)

respectively.

Assume contrary that there exists a global weak solution uðx; tÞ of (1.1),

(1.2). Then, there exists ~vv such as in Proposition 6.3. If we put ~vvðrÞ ¼ ~vvðxÞ

ðr ¼ jxjÞ then (6.22) is reduced to

~vvrr þ
N � 1

r
~vvr ¼ �K3ðrÞ~vv

p;ð6:36Þ

where K3ðrÞ ¼ K3ðxÞ ðr ¼ jxjÞ.

Hence,

ðrN�1
~vvrÞr ¼ �rN�1K3ðrÞ~vv

p:ð6:37Þ

Therefore, when N ¼ 2, for each r > d and r1 A ð0; d=2Þ

r~vvr ¼ r1~vvrðr1Þ �

ð r

r1

rK3ðrÞ~vv
p dra�hp

ð r

r1

rK3ðrÞ dr;ð6:38Þ

from which,

r~vvra�hp

ð
d

d=2

rK3ðrÞ dr ¼ �hp
d

ð
d

d=2

r dr1�c ð<0Þ;ð6:39Þ

and so

~vvra�
c

r
for r > d:ð6:40Þ

Hence, if r > d then

~vvðrÞa ~vvðdÞ � c

ð r

d

1

r
dr ¼ ~vvðdÞ � cflog r� logðdÞg ! �y as r ! y:ð6:41Þ

When Nb 3, if rb r1b r0 þ 1 then we have by (6.37) and (6.15),

rN�1
~vvra�k0h

p

ð r

r1

rN�3 drþ rN�1
1 ~vvrðr1Þð6:42Þ

¼ �
k0h

p

N � 2
ðrN�2 � rN�2

1 Þ þ rN�1
1 ~vvrðr1Þ:

Hence,
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~vvra�
k0h

p

N � 2
r�1 þ

C

rN�1
for rb r1;ð6:43Þ

which implies

~vvðrÞa ~vvðr1Þ �
k0h

p

N � 2
flog r� log r1gð6:44Þ

þ
C

�N þ 2
fr�Nþ2 � r�Nþ2

1 g ! �y as r ! y:

Thus, (6.41) and (6.44) are contradictions to (6.21), and so global solutions

of (1.1), (1.2) never exist. The proof is complete. r

7. Proof of Theorem 2.5 in the case sb 0 and the case s < 0, a
�
s
< 0.

In this section we shall show Theorem 2.5 in the case sb 0 and the case

s < 0, a�
s
< 0. We first show the theorem in the case sb 0. The methods of

the proof are the same as those of Mukai, Mochizuki and Huang [29] (see the

proof of Lemma 5 in [29]). We need the next lemma. Let Wmðx; t;L; a;VÞ and

hðh;L; a;VÞ be as in §2.

Lemma 7.1. Let sb 0, ð2þ sÞ=ðp�mÞ < a < N and KðxÞ A I�s. Put

Wmðx; tÞ ¼ Wmðx; t;L; a;S
N�1Þ. Then, for some c1 > 0

KðxÞW p�1
m ðx; tÞa c1t

�ððp�1Þa�sÞ=ð2þaðm�1ÞÞ for tb 1:ð7:1Þ

Further, for some t1b 1

c1ðp�mÞ

ðy
t1

t�ððp�1Þa�sÞ=ð2þaðm�1ÞÞ dta
1

2
:ð7:2Þ

Proof. Since KðxÞ A I�s, there is a constant C > 0 such that

KðxÞ1=ð p�1Þ
aCð1þ jxjs=ðp�1ÞÞ in R

N :ð7:3Þ

Putting hðhÞ ¼ hðh;L; a;SN�1Þ we have for tb 1,

KðxÞ1=ðp�1Þ
Wmðx; tÞð7:4Þ

aCt�fðp�1Þa�sg=ðp�1Þfaðm�1Þþ2gð1þ jhjs=ðp�1ÞÞhðhÞ ðh ¼ x=t1=ðaðm�1Þþ2ÞÞ:

Further, noting that by s=ðp� 1Þ < ð2þ sÞ=ðp�mÞ < a

1þ jhjs=ðp�1Þ
aC 0hhia and hhiahðhÞaC 00 for h A R

N ;ð7:5Þ

we obtain
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KðxÞ1=ðp�1Þ
Wmðx; tÞaCC 0C 00t�fðp�1Þa�sg=ðp�1Þfaðm�1Þþ2g for tb 1;ð7:6Þ

which is reduced to (7.1). (7.2) is obvious, since �ððp� 1Þa� sÞ=

ðaðm� 1Þ þ 2Þ < �1 by the assumptions on a. r

Proof of Theorem 2.5 in the case sb 0. Let sb 0 and p > maxfm; p�
m;sg.

Then, we note p�
m;s ¼ mþ ð2þ sÞ=N, a

�
s
¼ ð2þ sÞ=ðp�mÞ and a

�
s
< N.

Further, let a
�
s
< a < N and assume

u0ðxÞaminfe;Ajxj�ag for x A R
N ;ð7:7Þ

where e > 0 will be chosen later. Put wðx; tÞ ¼ Wmðx; tþ t1;L; a;S
N�1Þ ðL > AÞ

and kðtÞ ¼ c1ðtþ t1Þ
�ðð p�1Þa�sÞ=ðaðm�1Þþ2Þ where t1b 1 and c1 > 0 are as in (7.1)

and (7.2). Further, we put ~wwðx; tÞ ¼ aðtÞwðx; bðtÞÞ where aðtÞ and bðtÞ are

defined by (2.23) and (2.24) respectively. Noting that kðtÞ satisfies (2.22)

and (2.26), we see by Proposition 2.9, that ~ww is a supersolution of (1.1) in

R
N � ð0;yÞ.

On the other hand, we have

~wwðx; 0Þ ¼ wðx; 0Þ ¼ Wmðx; t1;L; a;S
N�1Þ ¼ t

�a=ð2þaðm�1ÞÞ
1 hðhÞ ¼ jxj�ajhjahðhÞð7:8Þ

with hðhÞ ¼ hðh;L; a;SN�1Þ and h ¼ x=t
1=½aðm�1Þþ2�
1 , and there exists R > 0 such

that

jhjahðhÞbA for jxjbR;ð7:9Þ

since jhjahðhÞ ! L as jhj ! y. Hence,

~wwðx; 0ÞbAjxj�a
b u0ðxÞ for jxjbR;ð7:10Þ

and if e is small enough then

~wwðx; 0Þ ¼ t
�a=ð2þaðm�1ÞÞ
1 hðhÞb eb u0ðxÞ for jxj < R:ð7:11Þ

Namely,

~wwðx; 0Þb u0ðxÞ in R
N :ð7:12Þ

Therefore, it follows form Proposition 2.8 that there is a global weak so-

lution of (1.1), (1.2) satisfying

uðx; tÞa ~wwðx; tÞaCt�a=ð2þaðm�1ÞÞ for tb 0:ð7:13Þ

The proof is complete. r

Next, we consider the case where s < 0 and a
�
s
< 0. Then, we see Nb 3,

s < �2 and p�
m;s < m. If KðxÞ A I�s then there exists k0 > 0 such that

KðxÞa k0hxi
s in R

N ; where hxi ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jxj2
q

:ð7:14Þ
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We consider the following problem for each e > 0:

ut � Dum ¼ k0hxi
sup in R

N � ð0;TÞ;

uðx; 0Þ ¼ e in R
N :

�

ð7:15Þ

Then, by virtue of the usual existence and uniqueness theorem we see that a

unique weak solution of (7.15) exists locally in time and can be extended uniquely

as the time increases as far as uð� ; tÞ A LyðRNÞ.

Lemma 7.2. Let Nb 3 and s < �2. Then, if e > 0 is small enough, there

exists a global weak solution uðx; tÞ of (7.15) such that

sup
R

N�ð0;yÞ

uðx; tÞ < y:ð7:16Þ

Proof. First, it follows from the uniqueness of solutions that for each t > 0

the solution uðx; tÞ of (7.15) is a radially symmetric function in x A R
N and

uðx; tÞ ¼ uðjxj; tÞ is nonincreasing in r ¼ jxj as far as uð� ; tÞ A LyðRNÞ.

Let a0 0 ða A R
NÞ. Then, there exists A > 0 such that

k0hxi
s
aAjx� ajs:ð7:17Þ

Further, let e > 0 and

maxf2�N; sþ 2g < q < 0;ð7:18Þ

and put

vaðxÞ ¼ eðjx� ajq þ 1Þ1=m:ð7:19Þ

Then, we see that for small e > 0,

Dvma þ k0hxi
svpaa 0 in jx� ajb

jaj

2
:ð7:20Þ

In fact, from the inequality ðaþ bÞq
0

aCðq 0Þðaq 0
þ bq 0

Þ for q 0 > 1,

Dvma þ k0hxi
svpaa

q
2

qr2
þ
N � 1

r

q

qr

 !

vma þ Ajx� ajsvpa ðr ¼ jx� ajÞð7:21Þ

a e
mqðN þ q� 2Þrq�2 þ ArsepCðrpq=m þ 1Þ

¼ e
mrq�2fqðN þ q� 2Þ þ ACe

p�mðrqðp=m�1Þþsþ2 þ rs�qþ2Þg:

Here, we note from (7.18), that qðN þ q� 2Þ < 0, q p=m� 1ð Þ þ sþ 2 < 0 and

s� qþ 2 < 0. Hence, there exists a small e > 0 such that for any r ¼ jx� ajb

jaj=2,
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Dvma þ k0hxi
svpað7:22Þ

a e
mrq�1½qðN þ q� 2Þ

þ ACe
p�mfðjaj=2Þqðp=m�1Þþsþ2 þ ðjaj=2Þs�qþ2g�a 0:

So, (7.20) is obtained.

Now, we shall show

uð0; tÞa vað0Þ for tb 0:ð7:23Þ

Put

~TT ¼ supfT j uð0; tÞa vað0Þ for t A ½0;T �g:ð7:24Þ

We note ~TT > 0. Assume contrary ~TT < y. Then,

uðx; tÞa uð0; tÞa vað0Þ < vaða=2Þ for t A ½0; ~TT �; x A R
N :ð7:25Þ

Further, as above-mentioned, for some T1 > 0 uðx; tÞ is extended uniquely in

R
N � ½0;T1 þ ~TTÞ, and for each t A ½0;T1 þ ~TTÞ uðx; tÞ ¼ uðjxj; tÞ is radially sym-

metric in x A R
N and nonincreasing in r ¼ jxj. Hence, there exists T2 A ð0;T1Þ

such that uð0; tÞ < vaða=2Þ in t A ½0; ~TT þ T2� since uðx; tÞ is continuous in

R
N � ½0;T1 þ ~TTÞ, and so

uðx; tÞa uð0; tÞ < vaða=2Þ ¼ vaðxÞ for jx� aj ¼
jaj

2
; t A ½0; ~TT þ T2�:ð7:26Þ

We see also that uðx; 0Þ ¼ ea vaðxÞ in R
N and vaðxÞ is supersolution of (7.15)

in jx� aj > jaj=2, t A ð0; ~TT þ T2� by (7.20). Therefore, applying the usual com-

parison theorem to u and va we have

uðx; tÞa vaðxÞ in jx� ajb
jaj

2
; t A ½0; ~TT þ T2�;ð7:27Þ

namely,

uð0; tÞa vað0Þ for t A ½0; ~TT þ T2�:ð7:28Þ

This is a contradiction to the definition of ~TT and so we obtain ~TT ¼ y, that is,

(7.23).

Thus

uðx; tÞa uð0; tÞa vað0Þ < y in R
N � ½0;yÞ:ð7:29Þ

The proof is complete. r

Proof of Theorem 2.5 in the case where s < 0 and a
�
s
< 0. In this case,

the theorem follows from Lemma 7.2 and Theorem 2.8. r
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8. Proof of Theorem 2.5 in the case s < 0, a�
sb 0.

In this section we shall show Theorem 2.5 in the case where s < 0 and

a�
sb 0. Then, N ¼ 1; 2, s < 0 or Nb 3, �2a s < 0. We first show the next

key proposition. Let LqðRNÞ ð1a qayÞ be the usual space of Lq-functions

in R
N with norm k f kq 1 k f kLqðRN Þ. When KðxÞ A I�s, there exists k0 > 0 such

that

KðxÞa k0hxi
s in R

N :ð8:1Þ

Proposition 8.1. Let s < 0, a�
sb 0, p > p�

m;s and KðxÞ A I�s. Further,

assume u0 A CðRNÞVLyðRNÞVLqðRNÞ for some q A ðp0;N=a�
sÞ with p0 ¼

maxf1;Nðp�mÞ=2g. Then, there exists d0 ¼ d0ðm; p;N; q; s; k0Þ such that if

ku0kq < d0 then there exists a global weak solution uðx; tÞ satisfying

kuðtÞkyaC1t
�N=ðNðm�1Þþ2qÞ for t > 0;ð8:2Þ

where C1 ¼ C1ðm; p;N; q; s; k0Þ.

The methods of the proof of this proposition are similar to those of Ka-

wanago [19]. Namely, we use several energy estimates for solutions and use

Proposition 2.13. But, in our case, it is not easy to obtain such energy estimates.

So, we need the next lemma.

Lemma 8.2. Let p > mb 1. For any u A Cy
0 ðRNÞV fub 0g, the following

two inequalities hold:

(i)

kuðtÞk
l
aC2kuðtÞk

b½Nðm�1Þþ2l�=l½bð2�NÞþNðmþl�1Þ�
bð8:3Þ

� k‘uðmþl�1Þ=2k
2Nðl�bÞ=l½bð2�NÞþNðmþl�1Þ�
2

where C2 ¼ C2ðm;N; b; lÞ > 0 is a constant and 0 < ba l.

(ii) Let KðxÞ A I�s ðs < 0Þ, a�
s ¼ ð2þmaxfs;�NgÞ=ðp�mÞb 0 and q A

ðNðp�mÞ=2;N=a�
sÞ. Then,

ð
R

N

KðxÞupþl�1 dxaAlkuk
p�m
q k‘uðmþl�1Þ=2k22 ;ð8:4Þ

where Al ¼ Alðm;N; p; q; s; k0Þ > 0 is a constant, l > maxf0; 1�mþ

q½N � 2�þ=Ng and k0 is as in (8.1).

Proof. (8.4) is some version of the Gagliardo-Nirenberg inequality (see [19]

and Lemma 2.8 of [33]). We shall show (8.4).

Let 0 < s1 < minfN; 2;�sg. Then, by the Hölder inequality
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ð

R
N

KðxÞupþl�1 dxa k0

ð

R
N

hxisupþl�1 dxð8:5Þ

a k0

ð

R
N

hxiNs=s1 dx

� �s1=N ð

R
N

uðpþl�1ÞN=ðN�s1Þ dx

� �ðN�s1Þ=N

aC

ð

R
N

uðpþl�1ÞN=ðN�s1Þ dx

� �ðN�s1Þ=N

:

Here, we shall use another version of the Gagliardo-Nirenberg inequality: Let

1 < s < N=½N � 2�þ.

ð

R
N

usðpþl�1Þ dx

� �1=s

aC

ð

R
N

usNðp�mÞ=½N�sðN�2Þ� dx

� �½N�sðN�2Þ�=sN

ð8:6Þ

� k‘u½mþl�1�=2k22 ;

where l > 0 must satisfy

s <
N

½N � 2�þ
�
lþm� 1

pþ l� 1
:ð8:7Þ

The above inequality is obtained if we put f ¼ uðmþl�1Þ=2, r ¼

½2ðp�mÞ=ðmþ l� 1Þ� � ½sN=ðN � sðN � 2ÞÞ� and ~rr ¼ 2sðpþ l� 1Þ=ðmþ l� 1Þ

in the Gagliardo-Nirenberg inequality

k f k
~rraC~rrk f k1�y

r k‘f ky

2 where y ¼
r�1 � ~rr�1

N�1 � 2�1 þ r�1
ð8:8Þ

where 0 < ramaxf1; rg < ~rr < 2N=½N � 2�þ.

Put

s ¼
N

N � s1
:ð8:9Þ

Then, 1 < s < N=½N � 2�þ by the assumption of s1. Further, putting q ¼

sNðp�mÞ=½N � sðN � 2Þ�, by (8.5) and (8.6) we have

ð

R
N

KðxÞupþl�1 dxaC

ð

R
N

usNðp�mÞ=½N�sðN�2Þ� dx

� �½N�sðN�2Þ�=sN

ð8:10Þ

� k‘u½mþl�1�=2k22

¼ Ckukp�m
q k‘uðmþl�1Þ=2k22 ;

where l > 0 must satisfy (8.7).
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Note q ¼ Nðp�mÞ=ð2� s1Þ by a simple calculation. Then we can easily see

by a�
s
b 0, that 0 < s1 < minfN; 2;�sg if and only if Nðp�mÞ=2 < q < N=a�

s
.

Also, it is not di‰cult to see that inequality l > maxf0; 1�mþ q½N � 2�þ=Ng

implies (8.7). The proof is complete. r

Proof of Proposition 8.1. Let p > p�
m;s, s < 0, a�

s
b 0 and KðxÞ A I�s.

Further, let k0 be as in (8.1). Then, we note N=a�
s
> 1 since p > p�

m;s ¼

mþ a�
s
ðp�mÞ=N. Hence, we see p0 < N=a�

s
with p0 ¼ maxf1;Nðp�mÞ=2g.

First, we construct a approximate solution unðx; tÞ as follows: Let fu0;ngH

C0ðBðnÞÞ with BðnÞ ¼ fjxj < ng satisfy that 0a u0;na u0;nþ1a u0 in R
N and

u0;nðxÞ ¼ u0ðxÞ in Bðn� 1Þ. Let unðx; tÞ be the weak solution of the initial

boundary problem

ut � Dum ¼ KðxÞup in BðnÞ � ð0;TnÞ;

uðx; 0Þ ¼ u0;nðxÞ in BðnÞ;

uðx; tÞ ¼ 0 on qBðnÞ � ð0;TnÞ:

8

<

:

ð8:11Þ

Then, similarly, as in the proof of Lemma 4.1 of [19], we obtain the next estimate

for un: Put

Bl ¼
1

2

4mðl� 1Þ

Alðmþ l� 1Þ2

" #1=ðp�mÞ

;ð8:12Þ

where Al is as in (8.4). We define unðx; tÞ ¼ 0 in x A R
NnBðnÞ. r

Lemma 8.3. Let q A ðp0;N=a�
s
Þ with p0 ¼ maxf1;Nðp�mÞ=2g and lb q.

Then, if ku0;nkq < minfBq;Blg=2,

kunðtÞklaClt
�Nð1�q=lÞ=fNðm�1Þþ2qg in 0 < t < Tn;ð8:13Þ

where Cl ¼ Clðm; p;N; q; s; k0Þ.

Proof. Put u ¼ un. By the similar methods to those of Suzuki [33] (see

(5.9) of [33]), we have for l > 1 and 0a ta saTn,

ð

R
N

ul dx

�

�

�

�

s

t

þ
4mlðl� 1Þ

ðmþ l� 1Þ2

ð s

t

k‘uðmþl�1Þ=2k22 dtð8:14Þ

a l

ð s

t

ð

R
N

KðxÞupþl�1 dxds:

Hence, by (8.4)

ð

R
N

ul dx

�

�

�

�

s

t

þ

ð s

t

4mlðl� 1Þ

ðmþ l� 1Þ2
� lAlkuk

p�m
q

 !

k‘uðmþl�1Þ=2k22 dta 0ð8:15Þ
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for l > maxf1; 1�mþ q½N � 2�þ=Ng. Put l ¼ q in the above inequality.

Since kuðtÞkq is continuous in ½0;TnÞ, if ku0;nkq < Bq then kuðtÞkq is nonincreasing

in tb 0 and so kuðtÞkq < Bq in tb 0. Therefore, if ku0;nkq < minfBq;Blg and

l > maxf1; 1�mþ q½N � 2�þ=Ng, then

ð

R
N

ul dx

�

�

�

�

s

t

þ C

ð s

t

k‘uðmþl�1Þ=2k22 dta 0ð8:16Þ

for some C > 0, and we see that kuðtÞk
l
is nonincreasing in tb 0. Hence, using

(8.3) with b ¼ q we have for lb q and 0a ta saTn,

kuðsÞkl
l
þ C

ð s

t

fkuðtÞkl
l
g1þðNðm�1Þþ2qÞ=Nðl�qÞ

dta kuðtÞkl
l
:ð8:17Þ

Thus, by Lemma 5.2 of [33] we get

kuðsÞkl
l
a C �

Nðm� 1Þ þ 2q

Nðl� qÞ
s

� ��Nðl�qÞ=fNðm�1Þþ2qg

for 0 < s < Tnð8:18Þ

to obtain (8.13). The proof is complete. r

The next lemma is useful.

Lemma 8.4. Let s < 0 and KðxÞ A I�s. Further, let r > 1 and 0 < h <

minfN;�rsg. Then, for any u A Cy
0 V fub 0g the following inequality holds: for

some C3 > 0

kKðxÞupkraC3kuk
p

Nrp=ðN�hÞ:ð8:19Þ

Proof. By the Hölder inequality we have

ð

R
N

fKðxÞupgr
dxa k r

0

ð

R
N

hxirsurp dxð8:20Þ

a k r
0

ð

R
N

hxiNrs=h dx

� �h=N ð

R
N

uNrp=ðN�hÞ dx

� �ðN�hÞ=N

;

where k0 is as in (8.1). Hence, we obtain (8.19) since rsþ h < 0. r

Proof of Proposition 8.1 (continue). Let q A ðp0;N=a�
sÞ. We shall show

the next results: There exists a constant d0 ¼ d0ðm; p;N; q; s; k0Þ such that if

ku0;nkq < d0 then

kunðtÞkyaC4t
�N=½Nðm�1Þþ2q� for 0 < t < Tn;ð8:21Þ

where C4 ¼ C4ðm; p;N; q; s; k0Þ.
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For this aim we apply Proposition 2.13 to u ¼ un. Choose real numbers r and s

to satisfy

ð8:22Þ

max 1;
qN

Nmþ 2q

� �

< r < min
N

s1
; q

� �

and max
N

2
;

qN

Nmþ 2q

� �

< s <
N

s1
;

where s1 satisfies equation

q ¼ Nðp�mÞ=ð2� s1Þ:ð8:23Þ

Here, we note that q A ðp0;N=a�
s
Þ implies 0 < s1 < minfN; 2;�sg as in the

proof of Lemma 8.2, and hence maxf1; qN=ðNmþ 2qÞg < minfN=s1; qg and

maxfN=2; qN=ðNmþ 2qÞg < N=s1. Furthermore, put d ¼ t�N=½Nðm�1Þþ2q� in

(2.46), set

d0 ¼
1

2
�minfBq;BNrp=ðN�rs1Þ;BNsp=ðN�ss1Þgð8:24Þ

and let ku0;nkq < d0. Here, we note maxfrs1; ss1g < N and qa

minfNrp=ðN � rs1Þ;Nsp=ðN � ss1Þg by the relation

qs1 ¼ 2q�Nðp�mÞ:ð8:25Þ

Therefore, by means of Lemma 8.3 and Lemma 8.4 we have for some C > 0

and C 0 > 0,

kunðtÞkya 2t�N=ðNðm�1Þþ2qÞ þ Bðt�Nðm�1Þ=ðNðm�1Þþ2qÞþ1Þ�N=2qku0;nkqð8:26Þ

þ Bðt�Nðm�1Þ=ðNðm�1Þþ2qÞþ1Þ�N=2r

ð t=2

0

C3kunðtÞk
p

Nrp=ðN�rs1Þ
dt

þ Bðt�N=ðNðm�1Þþ2qÞÞ�Nðm�1Þ=2s �

�

ð t=2

0

C3kunðt� tÞkp

Nsp=ðN�ss1Þ
t
�N=2s dt

a ð2þ Bd0Þt
�N=ðNðm�1Þþ2qÞ

þ BCC3t
ð�Nq=rÞ=ðNðm�1Þþ2qÞ

ð t=2

0

t
ð�Nm�2qþqN=rÞ=ðNðm�1Þþ2qÞ dt

þ BCC3t
N 2ðm�1Þ=2sðNðm�1Þþ2qÞ �

�

ð t=2

0

ðt� tÞð�Nm�2qþqN=sÞ=ðNðm�1Þþ2qÞ
t
�N=2s dt

aC 0t�N=½Nðm�1Þþ2q� for t > 0:

Quasilinear parabolic equations 789



Here, we used (8.25) and inequalities ð�Nm� 2qþ qN=rÞ=ðNðm� 1Þ þ 2qÞ > �1,

�N=2s > �1 and �Nm� 2qþ qN=s < 0. Thus, we have proven (8.21).

So, let ku0kq < d0. Then, we get (8.21) because of ku0;nkqa ku0kq < d0.

Hence, it follows from the uniqueness and existence theorem for solutions of

(8.11) that Tn ¼ y and (8.21) holds with Tn ¼ y. Thus, by the same methods

as those of [19] (see also the proof of Theorem 2 in [33]) we see that uðx; tÞ ¼

limn!y unðx; tÞ is a global weak solution of (1.1), (1.2) satisfying (8.2). r

Proof of Theorem 2.5 in the case s < 0, a�
s
b 0. Let a > a

�
s
and A > 0.

For e > 0 we assume

u0ðxÞaminfe;Ajxj�ag in R
N :ð8:27Þ

Then, if e is small enough,

u0ðxÞaminfe; ðAþ 1Þhxi�ag1 heðxÞ in R
N :ð8:28Þ

We choose q to satisfy maxfp0;N=ag < q < N=a�
s
, where p0 is as in Proposition

8.1. Then, by inequality �aqþN � 1 < �1 we have

ð
R

N

ðAþ 1Þqhxi�aq dx < y:ð8:29Þ

Hence, the Lebesgue dominated theorem implies that khekq ! 0 as e ! 0.

Therefore, if e is small enough further, then ku0kq < d0 where d0 is as in

Proposition 8.1. So, applying Proposition 8.1 we get the existence of a global

weak solution uðx; tÞ of (1.1), (1.2) satisfying (8.2). The proof is complete.

r
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