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Abstract. We have developed the theory of KM2O-Langevin equations for sta-

tionary and non-degenerate flow in an inner product space. As its generalization and

refinement of the results in [14], [15], [16], we shall treat in this paper a general flow in an

inner product space without both the stationarity property and the non-degeneracy

property. At first, we shall derive the KM2O-Langevin equation describing the time

evolution of the flow and prove the fluctuation-dissipation theorem which states that there

exists a relation between the fluctuation part and the dissipation part of the above KM2O-

Langevin equation. Next we shall prove the characterization theorem of stationarity

property, the construction theorem of a flow with any given nonnegative definite matrix

function as its two-point covariance matrix function and the extension theorem of a

stationary flow without losing stationarity property.

1. Introduction.

With the aim of understanding the mathematical structure of the fluctuation-

dissipation theorem in non-equilibrium statistical physics and then constructing certain

experimental and mathematical principle in the modeling problem for time series

analysis, we have developed the theory of KM2O-Langevin equations for discrete time

weakly stationary processes [5], [7], [8], [10]. In particular, we have constructed the

fluctuation-dissipation principle based on the mathematical fluctuation-dissipation the-

orem and applied it to propose the tests for stationarity, causality, determinacy and

chaotic property of time series [6], [9], [13], [18].

As a generalization and refinement of the paper [5], we have developed in the series

of papers [14], [15], [16] the theory of KM2O-Langevin equations for non-degenerate

flows in an inner product space and proved three kinds of theorems; one is the

characterization theorem for stationarity property of flows; the second is the construction

theorem of KM2O-Langevin matrices and stationary flows; the third is the extension

theorem of stationary flows and positive definite functions.

However, there are various kinds of non-stationary time series data that are

important to be treated from a practical point of view. Although some non-stationary

flows can be transformed into stationary flows by non-linear transformations, we need

the method to treat non-stationarity property directly. On the other hand, the theory

for degenerate flows are also important in the analysis of deterministic time series such

as those generated by dynamical systems.
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Lev-Ari and Kailath have obtained Schur and Levinson algorithms for non-

degenerate non-stationary processes [1]. These algorithms, however, cannot be applied

to degenerate processes. On the other hand, Sakai treated degenerate (singular) sta-

tionary processes [21]. He first analyzed periodic autoregressive processes [20], [21]

based on Pagano’s work [19]. Then, as its application, he has obtained an estimation

method for the parameters of singular stationary processes by transforming multi-

dimensional stationary processes into one-dimensional periodic stationary processes.

This argument is essentially based on stationary and periodic stationary properties.

As stated in [14], the theory of KM2O-Langevin equations is applicable to the

analysis of not only non-degenerate stationary flows, but also degenerate (or) non-

stationary flows, that is, general flows. In fact, by developping the non-linear infor-

mation analysis for local stochastic processes and then the method of weight trans-

formation by which degenerate flows can be transformed into non-degenerate flows, we

have solved in [4], [17] the non-linear prediction problems for local stochastic processes

which remained to be solved after Masani-Wiener’s work [2]. In particular, we have

proved in [4] the fluctuation-dissipation theorem for degenerate stationary flows and then

given an algorithm for calculating KM2O-Langevin matrix from the covariance matrix

function associated with the degenerate stationary flows.

In this paper, we extend the results on non-degenerate stationary flows to general

flows, that is, degenerate and non-stationary flows. We shall explain the contents of

this paper. In Section 2, we review the fundamental facts about the KM2O-Langevin

equations for any pair ½X ;Y � of two d-dimensional flows X ¼ ðXðnÞ; 0a naNþÞ and

Y ¼ ðY ðlÞ;�N�a la 0Þ in an real inner product space W with an inner product

ð�; ?Þ. In particular, there exist various kinds of coe‰cients of the dissipation term in

KM2O-Langevin equations for degenerate flows. For this reason, we introduce two sets

LMDþðXÞ and LMD�ðYÞ of KM2O-Langevin dissipation matrix functions associated

with the flows X and Y , respectively. The main purpose of this paper is to obtain an

algorithm for constructing all the elements of these sets.

In Section 3, we introduce the covariance matrix functions RðXÞ ¼ ðRðXÞðm; nÞ;

0am; naNþÞ and RðYÞ ¼ ðRðYÞðk; lÞ;�N�a k; la 0Þ of the flows X and Y ,

respectively, by

RðXÞðm; nÞ1 ðXðmÞ; tX ðnÞÞ ð0am; naNþÞ;ð1:1Þ

RðYÞð�m;�nÞ1 ðYð�mÞ; tY ð�nÞÞ ð0am; naN�Þ:ð1:2Þ

These functions also reflect characteristic properties of the pair ½X ;Y � of flows. We

will obtain a certain relation between the sets LMDþðXÞ;LMD�ðYÞ and the

covariance matrix functions RðXÞ;RðYÞ in terms of a Cholesky factorization.

In Section 4, for a given d-dimensional flow X ¼ ðX ðnÞ; 0a naNÞ in the real

inner product space W and any integer s ð0a saNÞ, we define other d-dimensional

flows X
ðsÞ
þ ¼ ðX

ðsÞ
þ ðnÞ; 0a naN � sÞ;X ðsÞ

� ¼ ðX ðsÞ
� ðlÞ;�sa la 0Þ by

X
ðsÞ
þ ðnÞ1Xðnþ sÞ ð0a naN � sÞ;ð1:3Þ

X
ðsÞ
� ðlÞ1Xðl þ sÞ ð�sa la 0Þ:ð1:4Þ

We investigate the relations between LMDþðX
ðsÞ
þ Þ;LMD�ðX

ðsÞ
� Þ and the covariance
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matrix function of the flow X by running s from s ¼ 0 to s ¼ N. As its result, we prove

the fluctuation-dissipation theorem for degenerate and non-stationary flows which can be

regarded as a generalization and a refinement of the fluctuation-dissipation theorem for

non-degenerate stationary flows in [14].

In Section 5, we start with any nonnegative definite matrix function R ¼ ðRðm; nÞ;

0am; naNÞ with its value in Mðd;RÞ. We introduce the system LMðRÞ of KM2O-

Langevin matrix functions associated with the function R and give an algorithm for

obtaining all the elements of the set LMðRÞ by using the fluctuation-dissipation theorem

in Section 4. Moreover, we construct a flow X ¼ ðXðnÞ; 0a naNÞ such that the

matrix function R becomes its covariance matrix function. These results can be

considered as a generalization and a refinement of the construction theorem for non-

degenerate stationary flows in [15].

Section 6 consists of four subsections and is devoted to the analysis of stationary

flows. We shall see that most results about non-degenerate stationary flows in [16] hold

also for degenerate stationary flows.

In Section 7, we treat periodic stationary flows as an example of non-stationary

flows (though any periodic stationary flow of period one is a stationary flow), and then

prove a characterization theorem for periodic stationarity of flows.

Finally in Section 8, we propose the test for the models of covariance matrix

functions for non-stationary time series. This is based on essentially the same

fluctuation-dissipation principle as in the test for stationarity which has been proposed

in [6].

2. Notation and basic facts.

In this section, we shall review the basic facts about the theory of KM2O-Langevin

equations ([14], [15], [18], [4]) and follow the notations and the terminologies in the

papers above.

Let ðW ; ð? ; �ÞÞ be any real inner product space with an inner product ð? ; �Þ. For

a d-dimensional flow Z ¼ ðZðnÞ; la na rÞ and two integers n1; n2 ðla n1a n2a rÞ, we

denote by Mn2
n1
ðZÞ the subspace of W spanned by fZjðmÞ; 1a ja d; n1ama n2g,

where ZjðmÞ is the jth component of ZðmÞ ð1a ja d; n1ama n2Þ.

Given a d-dimensional flow X ¼ ðXðnÞ; 0a naNþÞ in W , we derive a new d-

dimensional flow nþðXÞ ¼ ðnþðXÞðnÞ; 0a naNþÞ, to be called a forward KM2O-

Langevin fluctuation flow associated with the flow X , by projecting each component of

X ðnÞ on the space Mn�1
0 ðXÞ, i.e.,

nþðXÞð0Þ1Xð0Þ;ð2:1Þ

nþðXÞðnÞ1X ðnÞ � PM n�1
0 ðXÞXðnÞ ð1a naNþÞ:ð2:2Þ

The matrix function VþðXÞ ¼ ðVþðXÞðnÞ; 0a naNþÞ obtained by

VþðXÞðnÞ1 ðnþðXÞðnÞ; tnþðXÞðnÞÞ ð0a naNþÞð2:3Þ

is called a forward KM2O-Langevin fluctuation matrix function associated with the flow

X , where ðnþðXÞðnÞ; tnþðXÞðnÞÞ denotes the inner product matrix of the vector nþðXÞðnÞ

and itself.
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Given another d-dimensional flow Y ¼ ðY ðlÞ;�N�a la 0Þ in W , we derive

a backward KM2O-Langevin fluctuation flow n�ðYÞ ¼ ðn�ðYÞðlÞ;�N�a la 0Þ and

a backward KM2O-Langevin fluctuation matrix function V�ðYÞ ¼ ðV�ðYÞðnÞ;

0a naN�Þ in a similar way:

n�ðYÞð0Þ1Y ð0Þ;ð2:4Þ

n�ðYÞðlÞ1Y ðlÞ � PM0
lþ1ðYÞYðlÞ ð�N�a la�1Þ;ð2:5Þ

V�ðYÞðnÞ1 ðn�ðYÞð�nÞ; tn�ðYÞð�nÞÞ ð0a naN�Þ:ð2:6Þ

We have then the following fundamental theorems.

Theorem 2.1 ([14]).

(i) Mn

0 ðXÞ ¼ Mn

0 ðnþðXÞÞ ð0a naNþÞ;

(ii) ðXðmÞ; tnþðXÞðnÞÞ ¼ 0 ð0am < naNþÞ;

(iii) ðnþðXÞðmÞ; tnþðXÞðnÞÞ ¼ dmnVþðXÞðnÞ ð0am; naNþÞ:

Theorem 2.2 ([14]).

(i) M0
�n
ðYÞ ¼ M0

�n
ðn�ðYÞÞ ð0a naN�Þ;

(ii) ðYð�mÞ; tn�ðYÞð�nÞÞ ¼ 0 ð0am < naN�Þ;

(iii) ðn�ðYÞð�mÞ; tn�ðYÞð�nÞÞ ¼ dmnV�ðYÞðnÞ ð0am; naN�Þ:

Let X ¼ ðX ðnÞ; 0a naNþÞ and Y ¼ ðYðlÞ;�N�a la 0Þ be two d-dimensional

flows in W . Then there exist two matrix functions gþ ¼ ðgþðn; kÞ; 0a k < naNþÞ and

g� ¼ ðg�ðn; kÞ; 0a k < naN�Þ that satisfy

PM n�1
0 ðXÞX ðnÞ ¼ �

Xn�1

k¼0

gþðn; kÞXðkÞ ð1a naNþÞ;ð2:7Þ

PM0
�nþ1ðYÞYð�nÞ ¼ �

Xn�1

k¼0

g�ðn; kÞY ð�kÞ ð1a naN�Þ:ð2:8Þ

We call the function gþ (resp. g�) a forward (resp. backward) KM2O-Langevin dis-

sipation matrix function associated with the flow X (resp. Y). In particular, we put

dþðnÞ1 gþðn; 0Þ ð1a naNþÞ;ð2:9Þ

d�ðnÞ1 g�ðn; 0Þ ð1a naN�Þð2:10Þ

and call the function dþ ¼ ðdþðnÞ; 1a naNþÞ (resp. d� ¼ ðd�ðnÞ; 1a naN�Þ) a

forward (resp. backward) KM2O-Langevin partial correlation matrix function associated

with the flow X (resp. Y).
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From (2.1), (2.2), (2.4) and (2.5), we can now derive the following form:

Xð0Þ ¼ nþðXÞð0Þ;ð2:11Þ

XðnÞ ¼ �
Xn�1

k¼0

gþðn; kÞX ðkÞ þ nþðXÞðnÞ ð1a naNþÞ;ð2:12Þ

Yð0Þ ¼ n�ðYÞð0Þ;ð2:13Þ

Y ð�nÞ ¼ �
Xn�1

k¼0

g�ðn; kÞYð�kÞ þ n�ðYÞð�nÞ ð1a naN�Þ:ð2:14Þ

We call equation (2.12) (resp. (2.14)) a forward (resp. backward) KM2O-Langevin

equation with initial condition (2.11) (resp. (2.13)) which describes the time evolution of

the d-dimensional flow X (resp. Y) in W .

In general, KM2O-Langevin dissipation matrix functions gþ and g� are not

uniquely determined. For this reason, we define two kinds of sets LMDþðXÞ;

LMD�ðYÞ by

LMDþðXÞ1 fgþ ¼ ðgþðn; kÞ; 0a k < naNþÞ;ð2:15Þ

gþ is a forward KM2O-Langevin dissipation

matrix function associated with the flow Xg;

LMD�ðYÞ1 fg� ¼ ðg�ðn; kÞ; 0a k < naN�Þ;ð2:16Þ

g� is a backward KM2O-Langevin dissipation

matrix function associated with the flow Yg:

Remark 2.1. By using a weight transformation to be able to transform any

degenerate flow into a non-degenerate flow, we have obtained in [4] a constructive

method for finding the elements g
0
þ; g

0
� of LMDþðXÞ;LMD�ðYÞ which have the

smallest norms in the sets LMDþðXÞ;LMD�ðYÞ, respectively.

Definition 2.1. A flow X ¼ ðXðnÞ; 0a naNþÞ is said to be non-degenerate if X

satisfies the following condition (2.17):

fXjðnÞ; 1a ja d; 0a naNþ � 1g is linearly independent in W :ð2:17Þ

Otherwise, X is said to be degenerate. Similarly, a flow Y ¼ ðYðlÞ;�N�a la 0Þ is

said to be non-degenerate if Y satisfies the following condition (2.18):

fYjðlÞ; 1a ja d;�N� þ 1a la 0g is linearly independent in W :ð2:18Þ

Otherwise, Y is said to be degenerate.

Suppose we are given a single d-dimensional flow X ¼ ðXðnÞ; 0a naNÞ in the real

inner product space W . We introduce a new flow X
ðrevÞ ¼ ðX ðrevÞðlÞ;�Na la 0Þ by

inverting the time evolution of the flow X by

X ðrevÞðlÞ1XðN þ lÞ ð�Na la 0Þ:ð2:19Þ
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By applying the results above to the natural pair [X ;X
ðrevÞ] of flows to any fixed

element gþ of LMDþðXÞ and element g� of LMD�ðX
ðrevÞÞ, we can derive the following

equations:

Xð0Þ ¼ nþðXÞð0Þ;ð2:20Þ

X ðnÞ ¼ �
X

n�1

k¼0

gþðn; kÞX ðkÞ þ nþðXÞðnÞ ð1a naNÞ;ð2:21Þ

XðNÞ ¼ n�ðX
ðrevÞÞð0Þ;ð2:22Þ

XðN � nÞ ¼ �
X

n�1

k¼0

g�ðn; kÞXðN � kÞ þ n�ðX
ðrevÞÞð�nÞ ð1a naNÞ:ð2:23Þ

We call equation (2.21) (resp. (2.23)) a forward (resp. backward) KM2O-Langevin

equation with initial condition (2.20) (resp. (2.22)) which describes the time evolution of

the d-dimensional flow X in W .

We define the set LMðXÞ by

LMðXÞ1 fðgþ; g�;VþðXÞ;V�ðX
ðrevÞÞÞ;ð2:24Þ

gþ ¼ ðgþðn; kÞ; 0a k < naNÞ A LMDþðXÞ;

g� ¼ ðg�ðn; kÞ; 0a k < naNÞ A LMD�ðX
ðrevÞÞg:

and call it the system of KM2O-Langevin matrix functions associated with the flow X .

3. Covariance matrix functions.

Let X ¼ ðX ðnÞ; la na rÞ be any d-dimensional flow in an real inner product space

W . For any integers m; n ðlam; na rÞ, we denote by RðXÞðm; nÞ the inner product

matrix of XðmÞ and X ðnÞ, i.e.,

RðXÞðm; nÞ1 ðX ðmÞ; tXðnÞÞ ðlam; na rÞ:ð3:1Þ

We call the matrix function RðXÞ ¼ ðRðXÞðm; nÞ; lam; na rÞ the covariance matrix

function of the flow X. From definition, RðXÞ satisfies

t
RðXÞðm; nÞ ¼ RðXÞðn;mÞ ðlam; na rÞ:ð3:2Þ

Let X ¼ ðX ðnÞ; 0a naNþÞ and Y ¼ ðYðlÞ;�N�a la 0Þ be two d-dimensional

flows in W . For each natural numbers n;m ð1a naNþ þ 1; 1amaN� þ 1Þ, we

define two kinds of nd � nd symmetric matrix TðXÞðnÞ and md �md symmetric matrix

TðYÞðmÞ by

TðXÞðnÞ1

RðXÞð0; 0Þ RðXÞð0; 1Þ � � � RðXÞð0; n� 1Þ

RðXÞð1; 0Þ RðXÞð1; 1Þ � � � RðXÞð1; n� 1Þ

.

.

.
.
.

.
.
.

.
.
.

.

RðXÞðn� 1; 0Þ RðXÞðn� 1; 1Þ � � � RðXÞðn� 1; n� 1Þ

0

B

B

B

B

@

1

C

C

C

C

A

ð3:3Þ
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and

ð3:4Þ

TðYÞðmÞ1

RðYÞð0; 0Þ RðYÞð0;�1Þ � � � RðYÞð0;�mþ 1Þ

RðYÞð�1; 0Þ RðYÞð�1;�1Þ � � � RðYÞð�1;�mþ 1Þ

.

.

.
.
.

.
.
.

.
.
.

.

RðYÞð�mþ 1; 0Þ RðYÞð�mþ 1;�1Þ � � � RðYÞð�mþ 1;�mþ 1Þ

0

B

B

B

B

@

1

C

C

C

C

A

:

Proposition 3.1.

(i) TðXÞðnÞb 0 ð1a naNþ þ 1Þ;

(ii) TðYÞðnÞb 0 ð1a naN� þ 1Þ:

Proof. Property (i) follows from the fact

TðXÞðnÞ ¼

X ð0Þ

X ð1Þ

.

.

.

X ðn� 1Þ

0

B

B

B

B

@

1

C

C

C

C

A

;
t

Xð0Þ

Xð1Þ

.

.

.

Xðn� 1Þ

0

B

B

B

B

@

1

C

C

C

C

A

0

B

B

B

B

@

1

C

C

C

C

A

:ð3:5Þ

Property (ii) is proved in a similar way. r

Throughout this section, we will fix any elements gþ ¼ ðgþðn; kÞ; 0a k < naNþÞ,

g� ¼ ðg�ðn; kÞ; 0a k < naN�Þ of LMDþðXÞ;LMD�ðYÞ, respectively, except for

Lemma 3.6. We will show some lemmas for later discussion.

Lemma 3.1.

(i) RðXÞðn; lÞ ¼ �
X

n�1

k¼0

gþðn; kÞRðXÞðk; lÞ ð1a naNþ; 0a la n� 1Þ;

(ii) RðYÞð�n;�lÞ ¼ �
X

n�1

k¼0

g�ðn; kÞRðYÞð�k;�lÞ ð1a naN�; 0a la n� 1Þ:

Lemma 3.2.

(i) VþðXÞðnÞ ¼
X

n�1

k¼0

gþðn; kÞRðXÞðk; nÞ þ RðXÞðn; nÞ ð1a naNþÞ;

(ii) V�ðYÞðnÞ ¼
X

n�1

k¼0

g�ðn; kÞRðYÞð�k;�nÞ þ RðYÞð�n;�nÞ ð1a naN�Þ:

Proof. By taking the inner product of both-hand sides in the forward KM2O-

Langevin equation (2.12) and the vector X ðlÞ ð0a la nÞ, we have Lemmas 3.1(i) and

3.2(i). Lemmas 3.1(ii) and 3.2(ii) are similarly proved. r
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For any natural numbers n;m ð1a naNþ þ 1; 1amaN� þ 1Þ, we define other

nd � nd matrix GðXÞðnÞ and md �md matrix GðYÞðmÞ in the following way.

GðXÞðnÞ1

Id

gþð1; 0Þ Id 0

gþð2; 0Þ gþð2; 1Þ Id

.

.

.
.
.

.
.
.

.

gþðn� 1; 0Þ gþðn� 1; 1Þ � � � gþðn� 1; n� 2Þ Id

0

B

B

B

B

B

B

@

1

C

C

C

C

C

C

A

;ð3:6Þ

GðYÞðmÞ1

Id

g�ð1; 0Þ Id 0

g�ð2; 0Þ g�ð2; 1Þ Id

.

.

.
.
.

.
.
.

.

g�ðm� 1; 0Þ g�ðm� 1; 1Þ � � � g�ðm� 1;m� 2Þ Id

0

B

B

B

B

B

B

@

1

C

C

C

C

C

C

A

;ð3:7Þ

where Id stands for the d � d identity matrix. Immediately from Lemmas 3.1 and 3.2,

we have

Lemma 3.3. For each natural numbers n;m ð1a naNþ þ 1; 1amaN� þ 1Þ,

(i) GðXÞðnÞTðXÞðnÞ tGðXÞðnÞ ¼

VþðXÞð0Þ 0

VþðXÞð1Þ

.
.

.

0 VþðXÞðn� 1Þ

0

B

B

B

B

@

1

C

C

C

C

A

;

(ii) GðYÞðmÞTðYÞðmÞ tGðYÞðmÞ ¼

V�ðYÞð0Þ 0

V�ðYÞð1Þ

.
.

.

0 V�ðYÞðm� 1Þ

0

B

B

B

B

@

1

C

C

C

C

A

:

Lemma 3.4. For each natural number n ð1a naNþ þ 1Þ, the following three

conditions are equivalent with each other:

(a-i) TðXÞðnÞ > 0;

(a-ii) VþðXÞðkÞ > 0 ð0a ka n� 1Þ;

(a-iii) fXjðlÞ; 1a ja d; 0a la n� 1g is linearly independent in W :

Similarly, for each natural number n ð1a naN� þ 1Þ, the following three conditions are

equivalent with each other:

(b-i) TðYÞðnÞ > 0;

(b-ii) V�ðYÞðkÞ > 0 ð0a ka n� 1Þ;

(b-iii) fYjðlÞ; 1a ja d;�nþ 1a la 0g is linearly independent in W :
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Proof. By virtue of Lemma 3.3, we see that (a-i) and (a-ii) are equivalent.

Moreover, (a-i) and (a-iii) are equivalent, because of (3.5). The same proof can be

applied to the flow Y . r

By noting that GðXÞðnÞ and GðYÞðmÞ are invertible, we see from Lemma 3.3 that

Lemma 3.5. For each natural numbers n;m ð1a naNþ þ 1; 1amaN� þ 1Þ,

ðiÞ TðXÞðnÞ ¼ G�1ðXÞðnÞ

VþðXÞð0Þ 0

VþðXÞð1Þ

.

.

.

0 VþðXÞðn� 1Þ

0

B

B

B

B

@

1

C

C

C

C

A

tG�1ðXÞðnÞ;

ðiiÞ TðYÞðmÞ ¼ G�1ðYÞðmÞ

V�ðYÞð0Þ 0

V�ðYÞð1Þ

.

.

.

0 V�ðYÞðm� 1Þ

0

B

B

B

B

@

1

C

C

C

C

A

tG�1ðYÞðmÞ:

In Lemma 3.5, both G�1ðXÞðnÞ and G�1ðYÞðnÞ have the form

Id

Id 0

� .

.

.

Id

0

B

B

B

B

@

1

C

C

C

C

A

:

In general, any ld � ld nonnegative definite matrix T can be factorized as follows:

T ¼ LD tL;ð3:8Þ

where L is an ld � ld lower triangular matrix and D is an ld � ld block diagonal matrix

of the form such that

L ¼

Id

Id 0

� .

.

.

Id

0

B

B

B

B

@

1

C

C

C

C

A

and D ¼

V1 0

V2

.

.

.

0 Vn

0

B

B

B

B

@

1

C

C

C

C

A

;

where Vi ð1a ia nÞ are d � d matrices. We call this factorization a d-dimensional

block Cholesky factorization. We should note that this factorization is not unique

when T is singular. Lemma 3.5 gives a d-dimensional block Cholesky factorizations of

TðXÞðnÞ and TðYÞðmÞ. The converse is also true in the following meaning.

Lemma 3.6. Let LþDþ
tLþ and L�D�

tL� be any d-dimensional Cholesky factori-

zations of TðXÞðNþ þ 1Þ and TðYÞðN� þ 1Þ, respectively. We divide L�1
G

and DG into

submatrices as follows:

Non-stationary and degenerate flows 531



L�1
G

¼

Id

gGð1; 0Þ Id 0

gGð2; 0Þ gGð2; 1Þ Id

.

.

.
.
.

.
.
.

.

gGðNG; 0Þ gGðNG; 1Þ � � � gGðNG;NG � 1Þ Id

0

B

B

B

B

B

B

@

1

C

C

C

C

C

C

A

;

DG ¼

VGð0Þ 0

VGð1Þ

.
.

.

0 VGðNGÞ

0

B

B

B

B

@

1

C

C

C

C

A

;

where gþðn; kÞ; g�ðm; lÞ;VþðpÞ;V�ðqÞ ð0a k<naNþ; 0a l < maN�; 0a paNþ; 0a

qaN�Þ are d � d matrices. Then the matrix functions gþ ¼ ðgþðn; kÞ; 0a k < na

NþÞ; g� ¼ ðg�ðm; lÞ; 0a l < maN�Þ belong to the sets LMDþðXÞ; LMD�ðYÞ, re-

spectively. Moreover, the matrix functions Vþ ¼ ðVþðnÞ; 0a naNþÞ (resp. V� ¼

ðV�ðnÞ; 0a naN�Þ) is a forward (resp. backward ) KM2O-Langevin fluctuation matrix

function associated with the flow X (resp. Y).

Proof. First we note

Dþ ¼ L�1
þ TðXÞðNþ þ 1Þ tL�1

þ :ð3:9Þ

We define a d-dimensional flow nþ ¼ ðnþðnÞ; 0a naNþÞ by

nþð0Þ1X ð0Þ;ð3:10Þ

nþðnÞ1X ðnÞ þ
X

n�1

k¼0

gþðn; kÞXðkÞ ð1a naNþÞ:ð3:11Þ

Definitions (3.10), (3.11) can be rewritten as

nþð0Þ

nþð1Þ

.

.

.

nþðNþÞ

0

B

B

B

B

@

1

C

C

C

C

A

¼ L�1
þ

Xð0Þ

Xð1Þ

.

.

.

X ðNþÞ

0

B

B

B

B

@

1

C

C

C

C

A

:ð3:12Þ

Then by virtue of (3.9), we have

nþð0Þ

nþð1Þ

.

.

.

nþðNþÞ

0

B

B

B

B

@

1

C

C

C

C

A

;
t

nþð0Þ

nþð1Þ

.

.

.

nþðNþÞ

0

B

B

B

B

@

1

C

C

C

C

A

0

B

B

B

B

@

1

C

C

C

C

A

¼ Dþ;ð3:13Þ

which shows

ðnþðmÞ; tnþðnÞÞ ¼ 0 ð0am; naNþ;m0 nÞ;ð3:14Þ

ðnþðnÞ;
t
nþðnÞÞ ¼ VþðnÞ ð0a naNþÞ:ð3:15Þ
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Hence, by (3.10), (3.11), and (3.14), the flow nþ ¼ ðnþðnÞ; 0a naNþÞ is a forward

KM2O-Langevin fluctuation flow associated with the flow X and the function gþ ¼

ðgþðn; kÞ; 0a k < naNþÞ is a forward KM2O-Langevin dissipation matrix function

associated with the flow X . Moreover, from (3.15), we see that the matrix func-

tion Vþ ¼ ðVþðnÞ; 0a naNþÞ is a forward KM2O-Langevin fluctuation matrix func-

tion associated with the flow X . The latter part of the lemma is also proved in the

same way. r

4. Relations between the system of KM2O-Langevin matrix functions

and the covariance matrix function.

Let ðW ; ð? ; �ÞÞ be any real inner product space with an inner product ð? ; �Þ and let

X ¼ ðX ðnÞ; 0a naNÞ be any d-dimensional flow in the space W . In the previous

section, we saw that the KM2O-Langevin matrices and the covariance matrix functions

are connected by Cholesky factorizations.

For further insight into their relations, for each integer s ð0a saNÞ, we define

new flows X
ðsÞ
þ ¼ ðX

ðsÞ
þ ðnÞ; 0a naN � sÞ and X

ðsÞ
� ¼ ðX ðsÞ

� ðlÞ;�sa la 0Þ by

X
ðsÞ
þ ðnÞ1Xðnþ sÞ ð0a naN � sÞ;ð4:1Þ

X ðsÞ
� ðlÞ1Xðl þ sÞ ð�sa la 0Þ:ð4:2Þ

We define the set gLMLMðXÞ by

gLMLMðXÞ1 fð~ggþ; ~gg�; ~VVþðXÞ; ~VV�ðXÞÞ;ð4:3Þ

~ggþ ¼ ð~ggþðs; n; kÞ1 g
ðsÞ
þ ðn; kÞ; 0a saN � 1; 1a naN � s; 0a k < nÞ;

~gg� ¼ ð~gg�ðs; n; kÞ1 g
ðsÞ
� ðn; kÞ; 1a saN; 1a na s; 0a k < nÞ;

~VVþðXÞ ¼ ð ~VVþðXÞðs; nÞ1VþðX
ðsÞ
þ ÞðnÞ; 0a saN; 0a naN � sÞ;

~VV�ðXÞ ¼ ð ~VV�ðXÞðs; nÞ1V�ðX
ðsÞ
� ÞðnÞ; 0a saN; 0a na sÞ;

g
ðsÞ
þ 1 ðg

ðsÞ
þ ðn; kÞ; 1a naN � s; 0a k < nÞ A LMDþðX

ðsÞ
þ Þ ð0a saN � 1Þ;

g
ðsÞ
� 1 ðgðsÞ� ðn; kÞ; 1a na s; 0a k < nÞ A LMD�ðX

ðsÞ
� Þ ð1a saNÞg:

The aim of this section is to study the structure of the set gLMLMðXÞ. For that

purpose, we investigate the relations between LMDþðX
ðsÞ
þ Þ;LMD�ðX

ðsÞ
� Þ and the

covariance matrix function of the flow X by running s from s ¼ 0 to s ¼ N and then to

prove the fluctuation-dissipation theorem which can be regarded as a generalization and

a refinement of the fluctuation-dissipation theorem for non-degenerate stationary flows

in [14].

Throughout this section, for each integer s ð0a saNÞ, we will fix any elements

g
ðsÞ
þ ¼ ðg

ðsÞ
þ ðn; kÞ; 0a k < naN � sÞ; gðsÞ� ¼ ðgðsÞ� ðn; kÞ; 0a k < na sÞ of LMDþðX

ðsÞ
þ Þ;

LMD�ðX
ðsÞ
� Þ, respectively. First of all, we have from (3.1) that

Non-stationary and degenerate flows 533



Proposition 4.1. For each integer s ð0a saNÞ,

(i) RðX
ðsÞ
þ Þðm; nÞ ¼ RðXÞðsþm; sþ nÞ ð0am; naN � sÞ;

(ii) RðX ðsÞ
� Þð�m;�nÞ ¼ RðXÞðs�m; s� nÞ ð0am; na sÞ:

Putting n ¼ m ¼ 0 in Proposition 4.1, we have

Proposition 4.2. For each integer s ð0a saNÞ,

VGðX
ðsÞ
G Þð0Þ ¼ RðXÞðs; sÞ:

Furthermore, by virtue of Lemmas 3.1, 3.2, and Proposition 4.1, we have the

following Lemma 4.1, Corollary 4.1 and Lemma 4.2.

Lemma 4.1. For each integer s ð0a saNÞ,

(i) RðXÞðsþ n; sþ lÞ ¼ �
Xn�1

k¼0

g
ðsÞ
þ ðn; kÞRðXÞðsþ k; sþ lÞ ð0a l < naN � sÞ;

(ii) RðXÞðs� n; s� lÞ ¼ �
Xn�1

k¼0

gðsÞ� ðn; kÞRðXÞðs� k; s� lÞ ð0a l < na sÞ:

Corollary 4.1.

(i) RðXÞðsþ 1; sÞ ¼ �d
ðsÞ
þ ð1ÞV�ðX

ðsÞ
� Þð0Þ ð0a saN � 1Þ;

(ii) RðXÞðs� 1; sÞ ¼ �dðsÞ� ð1ÞVþðX
ðsÞ
þ Þð0Þ ð1a saNÞ:

Lemma 4.2. For each integer s ð0a saNÞ,

(i) VþðX
ðsÞ
þ ÞðnÞ ¼

Xn�1

k¼0

g
ðsÞ
þ ðn; kÞRðXÞðsþ k; sþ nÞ þ RðXÞðsþ n; sþ nÞ

ð1a naN � sÞ;

(ii) V�ðX
ðsÞ
� ÞðnÞ ¼

Xn�1

k¼0

gðsÞ� ðn; kÞRðXÞðs� k; s� nÞ þ RðXÞðs� n; s� nÞ ð1a na sÞ:

Lemma 4.3.

(i) For any integers n; s ð2a naN; 0a saN � nÞ,

Xn�1

k¼1

g
ðsÞ
þ ðn; kÞX

ðsÞ
þ ðkÞ ¼

Xn�1

k¼1

ðg
ðsþ1Þ
þ ðn� 1; k � 1Þ þ d

ðsÞ
þ ðnÞgðsþn�1Þ

� ðn� 1; n� k � 1ÞÞX
ðsÞ
þ ðkÞ:

(ii) For any integers n; s ð2a naN; na saNÞ,

Xn�1

k¼1

gðsÞ� ðn; kÞX ðsÞ
� ð�kÞ ¼

Xn�1

k¼1

ðgðs�1Þ
� ðn� 1; k �1Þ þ dðsÞ� ðnÞg

ðs�nþ1Þ
þ ðn�1; n� k �1ÞÞX ðsÞ

� ð�kÞ:

Proof. Let l; n and s be integers such that 1a l < naN, 0a saN � n. From

Lemma 4.1(i), we have
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RðXÞðsþ n; sþ lÞ ¼ �d
ðsÞ
þ ðnÞRðXÞðs; sþ lÞ �

Xn�1

k¼1

g
ðsÞ
þ ðn; kÞRðXÞðsþ k; sþ lÞ:ð4:4Þ

Replacing l; n and s in Lemma 4.1(i) by l � 1; n� 1; and sþ 1, respectively, we

have

RðXÞðsþ n; sþ lÞ ¼ �
Xn�2

k¼0

g
ðsþ1Þ
þ ðn� 1; kÞRðXÞðsþ k þ 1; sþ lÞ:ð4:5Þ

Furthermore, replacing l; n and s in Lemma 4.1(ii) by n� l � 1; n� 1; and sþ n� 1,

respectively, we have

RðXÞðs; sþ lÞ ¼ �
Xn�2

k¼0

gðsþn�1Þ
� ðn� 1; kÞRðXÞðsþ n� k � 1; sþ lÞ:ð4:6Þ

Hence, by substituting (4.5) and (4.6) into the left-hand side of (4.4) and the term

RðXÞðs; sþ lÞ in the right-hand side of (4.4), respectively, we obtain

Xn�1

k¼1

C s
kRðXÞðsþ k; sþ lÞ ¼ 0;ð4:7Þ

where C s
k ð1a ka n� 1; 0a saN � nÞ are d � d matrices defined by

C s
k 1 g

ðsÞ
þ ðn; kÞ � g

ðsþ1Þ
þ ðn� 1; k � 1Þ � d

ðsÞ
þ ðnÞgðsþn�1Þ

� ðn� 1; n� k � 1Þ:ð4:8Þ

Here we define an element Z ¼ tðZ1;Z2; . . . ;ZdÞ of W d by Z1
Pn�1

k¼1 C
s
kX

ðsÞ
þ ðkÞ, which

implies that Zi A Mn�1
1 ðX

ðsÞ
þ Þ ð1a ia dÞ. On the other hand, by (4.7), we see that

ðZ; tX
ðsÞ
þ ðlÞÞ ¼ 0 ð1a la n� 1Þ. Hence we find that Zi A ðMn�1

1 ðX
ðsÞ
þ ÞÞ? ð1a ia dÞ,

which shows Z ¼ 0, as required. r

We shall prove the following dissipation-dissipation theorem.

Theorem 4.1 (Dissipation-Dissipation Theorem). For any given elements g
ðsÞ
þ of

LMDþðX
ðsÞ
þ Þ and gðsÞ� of LMD�ðX

ðsÞ
� Þ ð0a saNÞ, we can transform other matrices

besides d
ðsÞ
þ ðnÞ ð1a naN; 0a saN � nÞ, dðsÞ� ðmÞ ð1amaN;ma saNÞ among them

to construct other elements g
0ðsÞ
þ of LMDþðX

ðsÞ
þ Þ and g 0ðsÞ� of LMD�ðX

ðsÞ
� Þ such that the

following Dissipation-Dissipation Theorem ((DDT)) holds:

(i) For any integers n; k; s ð1a k < naN; 0a saN � nÞ,

g
0ðsÞ
þ ðn; kÞ ¼ g

0ðsþ1Þ
þ ðn� 1; k � 1Þ þ d

0ðsÞ
þ ðnÞg 0ðsþn�1Þ

� ðn� 1; n� k � 1Þ:

(ii) For any integers n; k; s ð1a k < naN; na saNÞ,

g 0ðsÞ� ðn; kÞ ¼ g 0ðs�1Þ
� ðn� 1; k � 1Þ þ d 0ðsÞ� ðnÞg

0ðs�nþ1Þ
þ ðn� 1; n� k � 1Þ:

Proof. DDT demands nothing for n ¼ 1. Assume that we do not change

matrices d
ðsÞ
þ ðnÞ ð1a na n0 � 1; 0a saN � nÞ, dðsÞ� ðmÞ ð1ama n0 � 1;ma saNÞ

and can construct two systems of fg
0ðsÞ
þ ðn; kÞ; 0a k < na n0 � 1; 0a saN � ng and
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fg 0ðsÞ� ðn; kÞ; 0a k < na n0 � 1; na saNg that satisfy DDT. Then we define d � d

matrices g
0ðsÞ
þ ðn0; kÞ; g

0ðsÞ
� ðn0; kÞ by

g
0ðsÞ
þ ðn0; kÞ1 g

0ðsþ1Þ
þ ðn0 � 1; k � 1Þ þ d

ðsÞ
þ ðn0Þg

0ðsþn0�1Þ
� ðn0 � 1; n0 � k � 1Þð4:9Þ

ð1a ka n0 � 1; 0a saN � n0Þ;

g 0ðsÞ� ðn0; kÞ1 g 0ðs�1Þ
� ðn0 � 1; k � 1Þ þ dðsÞ� ðn0Þg

0ðs�n0þ1Þ
þ ðn0 � 1; n0 � k � 1Þð4:10Þ

ð1a ka n0 � 1; n0a saNÞ;

d
0ðsÞ
þ ðn0Þ1 d

ðsÞ
þ ðn0Þ ð0a saN � n0Þ;ð4:11Þ

d 0ðsÞ� ðn0Þ1 dðsÞ� ðn0Þ ðn0a saNÞ:ð4:12Þ

Then from (4.9), (4.11) we obtain

�
Xn0�1

k¼0

g
0ðsÞ
þ ðn0; kÞX

ðsÞ
þ ðkÞ ¼ �d

ðsÞ
þ ðn0ÞX

ðsÞ
þ ð0Þ �

Xn0�1

k¼1

fg
0ðsþ1Þ
þ ðn0 � 1; k � 1Þ

þ d
ðsÞ
þ ðn0Þg

0ðsþn0�1Þ
� ðn0 � 1; n0 � k � 1ÞgX

ðsÞ
þ ðkÞ:

Applying Lemma 4.3(i) to the second term of the right-hand side above, we have

�
Xn0�1

k¼0

g
0ðsÞ
þ ðn0; kÞX

ðsÞ
þ ðkÞ ¼ �d

ðsÞ
þ ðn0ÞX

ðsÞ
þ ð0Þ �

Xn0�1

k¼1

g
ðsÞ
þ ðn0; kÞX

ðsÞ
þ ðkÞ

¼ �
Xn0�1

k¼0

g
ðsÞ
þ ðn0; kÞX

ðsÞ
þ ðkÞ;

which gives

�
Xn0�1

k¼0

g
0ðsÞ
þ ðn0; kÞX

ðsÞ
þ ðkÞ ¼ P

M
n0�1

0
ðX

ðsÞ
þ Þ
X

ðsÞ
þ ðn0Þ:

Similary we have

�
Xn0�1

k¼0

g 0ðsÞ� ðn0; kÞX
ðsÞ
� ð�kÞ ¼ PM0

�n0þ1ðX
ðsÞ
� ÞX

ðsÞ
� ð�n0Þ:

Therefore, we see from (4.9), (4.10), and the assumption of the induction that two

systems of fg
0ðsÞ
þ ðn; kÞ; g

0ðuÞ
þ ðn0; jÞ; 0a k < na n0 � 1; 0a ja n0 � 1; 0a saN � n; 0a

uaN � n0g, and fg 0ðsÞ� ðn; kÞ; g 0ðuÞ� ðn0; jÞ; 0a k < na n0 � 1; 0a ja n0 � 1; na saN;

n0a uaNg become KM2O-Langevin dissipation matrix functions that satisfy DDT for

na n0.

Therefore, we have proved Theorem 4.1. r

Remark 4.1. By using the weight transformation, we can show from Lemma 4.3

that DDT holds for the minimum KM2O-Langevin dissipation matrix function g0þðX
ðsÞ
þ Þ

of the flow X
ðsÞ
þ ð0a saNÞ and the minimum KM2O-Langevin dissipation matrix

function g0�ðX
ðsÞ
� Þ of the flow X

ðsÞ
� ð0a saNÞ.
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Next, we shall prove the fluctuation-dissipation theorem. For that purpose, we

shall prepare some lemmas.

Lemma 4.4.

(i) For any integers n; l; s ð2a naN; 0a laN; 0a saN � nÞ,

X

n�1

k¼1

g
ðsÞ
þ ðn; kÞRðXÞðsþ k; lÞ

¼
X

n�1

k¼1

ðg
ðsþ1Þ
þ ðn� 1; k � 1Þ þ d

ðsÞ
þ ðnÞgðsþn�1Þ

� ðn� 1; n� k � 1ÞÞRðXÞðsþ k; lÞ:

(ii) For any integers n; l; s ð2a naN; 0a laN; na saNÞ,

X

n�1

k¼1

gðsÞ� ðn; kÞRðXÞðs� k; lÞ

¼
X

n�1

k¼1

ðgðs�1Þ
� ðn� 1; k � 1Þ þ dðsÞ� ðnÞg

ðs�nþ1Þ
þ ðn� 1; n� k � 1ÞÞRðXÞðs� k; lÞ:

Proof. By taking the inner product of the both-hand sides in Lemma 4.3(i) and

the vector XðlÞ, we have (i). Statement (ii) is similarly proved. r

Lemma 4.5.

(i) For any integers n; s ð1a naN � 1; 0a saN � n� 1Þ,

RðXÞðsþ nþ 1; sÞ ¼ �
X

n�1

k¼0

g
ðsþ1Þ
þ ðn; kÞRðXÞðsþ k þ 1; sÞ � d

ðsÞ
þ ðnþ 1ÞV�ðX

ðsþnÞ
� ÞðnÞ:

(ii) For any integers n; s ð1a naN � 1; nþ 1a saNÞ,

RðXÞðs� n� 1; sÞ ¼ �
X

n�1

k¼0

gðs�1Þ
� ðn; kÞRðXÞðs� k � 1; sÞ � dðsÞ� ðnþ 1ÞVþðX

ðs�nÞ
þ ÞðnÞ:

Proof. Replacing n and l in Lemma 4.1(i) by nþ 1 and 0, we have

RðXÞðsþ nþ 1; sÞ ¼ �
X

n

k¼1

g
ðsÞ
þ ðnþ 1; kÞRðXÞðsþ k; sÞ � d

ðsÞ
þ ðnþ 1ÞRðXÞðs; sÞ:

Furthermore, by replacing n and l in Lemma 4.4(i) by nþ 1 and s, and substituting it

into the first term of the right-hand side in the above equation, we have

RðXÞðsþ nþ 1; sÞ ¼ �
X

n

k¼1

g
ðsþ1Þ
þ ðn; k � 1ÞRðXÞðsþ k; sÞ

� d
ðsÞ
þ ðnþ 1Þ

X

n

k¼1

gðsþnÞ
� ðn; n� kÞRðXÞðsþ k; sÞ þ RðXÞðs; sÞ

( )

:
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By Lemma 4.2(ii), the second term of the right-hand side in the above equation is equal

to �d
ðsÞ
þ ðnþ 1ÞV�ðX

ðsþnÞ
� ÞðnÞ, which shows that Lemma 4.5(i) holds. We can prove (ii)

in a similar fashion. r

Theorem 4.2 (Fluctuation-Dissipation Theorem I).

(i) For any integers n; s ð1a naN; 0a saN � sÞ,

VþðX
ðsÞ
þ ÞðnÞ ¼ ðI � d

ðsÞ
þ ðnÞdðsþnÞ

� ðnÞÞVþðX
ðsþ1Þ
þ Þðn� 1Þ:

(ii) For any integers n; s ð1a naN; na saNÞ,

V�ðX
ðsÞ
� ÞðnÞ ¼ ðI � dðsÞ� ðnÞd

ðs�nÞ
þ ðnÞÞV�ðX

ðs�1Þ
� Þðn� 1Þ:

Proof. Applying Proposition 4.2 and Corollary 4.1(ii) to the right-hand side in

Lemma 4.2(i), we see that Theorem 4.2(i) holds for n ¼ 1. For each n ð2a naNÞ, by

virtue of Lemma 4.2(i), we have

VþðX
ðsÞ
þ ÞðnÞ ¼

X

n�1

k¼1

g
ðsÞ
þ ðn; kÞRðXÞðsþ k; sþ nÞ þ d

ðsÞ
þ ðnÞRðXÞðs; sþ nÞ þ RðXÞðsþ n; sþ nÞ:

Replacing l in Lemma 4.4(i) by sþ n, and substituting it into the first term of the right-

hand side above, we obtain

VþðX
ðsÞ
þ ÞðnÞ ¼

X

n�2

k¼0

g
ðsþ1Þ
þ ðn� 1; kÞRðXÞðsþ 1þ k; sþ nÞ þ RðXÞðsþ n; sþ nÞ

þ d
ðsÞ
þ ðnÞ RðXÞðs; sþ nÞ þ

X

n�2

k¼0

gðsþn�1Þ
� ðn� 1; kÞRðXÞðsþ n� k � 1; sþ nÞ

( )

:

By Lemma 4.2(i), the sum of the first and second term of the right-hand side above is

equal to VþðX
ðsþ1Þ
þ Þðn� 1Þ. By Lemma 4.5(ii), the third term of the right-hand side

above equals �d
ðsÞ
þ ðnÞdðsþnÞ

� ðnÞVþðX
ðsþ1Þ
þ Þðn� 1Þ. Thus we have (i). Statement (ii) is

similarly proved. r

Theorem 4.3 (Burg’s relation). For any integers n; s ð1a naN � 1;

1a saN � nÞ,

X

n�1

k¼0

RðXÞðsþ n; sþ n� 1� kÞ tgðsþn�1Þ
� ðn; kÞ ¼

X

n�1

k¼0

g
ðsÞ
þ ðn; kÞRðXÞðsþ k; s� 1Þ:

Proof. Let n and s be integers such that 1a naN � 1, 1a saN � n. We

define a 2d � ðnþ 2Þd matrix F ðnþ 2Þ by

Fðnþ 2Þ1
0 g

ðsÞ
þ ðn; 0Þ g

ðsÞ
þ ðn; 1Þ � � � g

ðsÞ
þ ðn; n� 1Þ I

I gðsþn�1Þ
� ðn; n� 1Þ gðsþn�1Þ

� ðn; n� 2Þ � � � gðsþn�1Þ
� ðn; 0Þ 0

 !

:

We recall
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TðX
ðs�1Þ
þ Þðnþ 2Þ ¼

RðXÞðs� 1; s� 1Þ RðXÞðs� 1; sÞ � � � RðXÞðs� 1; sþ nÞ

RðXÞðs; s� 1Þ RðXÞðs; sÞ � � � RðXÞðs; sþ nÞ

.

.

.
.
.

.
.
.

.
.
.

.

RðXÞðsþ n; s� 1Þ RðXÞðsþ n; sÞ � � � RðXÞðsþ n; sþ nÞ

0

B

B

B

B

@

1

C

C

C

C

A

:

By Lemmas 4.1 and 4.2, we obtain

F ðnþ 2ÞTðX
ðs�1Þ
þ Þðnþ 2Þ ¼

Aðn; sÞ 0 � � � 0 VþðX
ðsÞ
þ ÞðnÞ

V�ðX
ðsþn�1Þ
� ÞðnÞ 0 � � � 0 Bðn; sÞ

 !

;ð4:13Þ

where Aðn; sÞ and Bðn; sÞ are d � d matrices defined by

Aðn; sÞ1RðXÞðsþ n; s� 1Þ þ
X

n�1

k¼0

g
ðsÞ
þ ðn; kÞRðXÞðsþ k; s� 1Þ;ð4:14Þ

Bðn; sÞ1RðXÞðs� 1; sþ nÞ þ
X

n�1

k¼0

gðsþn�1Þ
� ðn; kÞRðXÞðsþ n� 1� k; sþ nÞ:ð4:15Þ

Hence we have

Fðnþ 2ÞTðX
ðs�1Þ
þ Þðnþ 2Þ tF ðnþ 2Þ ¼

VþðX
ðsÞ
þ ÞðnÞ Aðn; sÞ

Bðn; sÞ V�ðX
ðsþn�1Þ
� ÞðnÞ

 !

:ð4:16Þ

By noting that F ðnþ 2ÞTðX
ðs�1Þ
þ Þðnþ 2Þ tF ðnþ 2Þ is a symmetric matrix, we find

tBðn; sÞ ¼ Aðn; sÞ;ð4:17Þ

which gives the proof of the theorem. r

Immediately from (4.16), we have

Corollary 4.2. For two integers n; s ð1a naN � 1; 1a saN � nÞ,

VþðX
ðsÞ
þ ÞðnÞ Aðn; sÞ

Bðn; sÞ V�ðX
ðsþn�1Þ
� ÞðnÞ

 !

b 0;

where Aðn; sÞ and Bðn; sÞ are defined by (4.14) and (4.15), respectively.

Theorem 4.4 (Fluctuation-Dissipation Theorem II). For two integers n; s

ð1a naN; 0a saN � nÞ,

d
ðsÞ
þ ðnÞV�ðX

ðsþn�1Þ
� Þðn� 1Þ ¼ VþðX

ðsþ1Þ
þ Þðn� 1Þ tdðsþnÞ

� ðnÞ:

Proof. By Corollary 4.1, the statement is true for n ¼ 1. Further, by Lemma 4.5

and Theorem 4.3, we have the proof for nb 2. r

5. Construction theorem for general flows.

Let us given any Mðd;RÞ-valued nonnegative definite function R ¼ ðRðm; nÞ; 0am;

naNÞ of two variables. The aim of this section is to investigate the structure of the

set of all the systems of KM2O-Langevin matrices associated with the matrix function R
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and then to obtain an algorithm of constructing all d-dimensional flows X ¼ ðXðnÞ;

0a naNÞ whose covariance matrix function are equal to the matrix function R. Our

result here can be regarded as a generalization of the construction theorem for non-

degenerate stationary flows, which was obtained in [15]. We follow the same notation

in [15].

For any natural number n ð1a naNÞ, we define the set gLMLMðR; nÞ of four kinds

of matrix functions ~ggþ; ~gg�;
~VVþ;

~VV� by

gLMLMðR; nÞ1 fð~ggþ; ~gg�; ~VVþ;
~VV�Þ;ð5:1Þ

~ggþ ¼ ð~ggþðs;m; kÞ1 g
ðsÞ
þ ðm; kÞ; 0a saN � 1;

1ama n;maN � s; 0a k < mÞ;

~gg� ¼ ð~gg�ðs;m; kÞ1 gðsÞ� ðm; kÞ; 1a saN; 1ama n;ma s; 0a k < mÞ;

~VVþ ¼ ð ~VVþðs;mÞ1V
ðsÞ
þ ðmÞ; 0a saN; 0ama n;maN � sÞ;

~VV� ¼ ð ~VV�ðs;mÞ1V
ðsÞ
� ðmÞ; 0a saN; 0ama n;ma sÞ satisfy

the following (PAC), (DDT), (FDT).

d
ðsÞ
þ ðmÞV ðsþm�1Þ

� ðm� 1Þ ¼ � Rðsþm; sÞ þ
Xm�2

k¼0

g
ðsþ1Þ
þ ðm� 1; kÞRðsþ k þ 1; sÞ

( )

ð1ama n; 0a saN �mÞ;

dðsÞ� ðmÞV
ðs�mþ1Þ
þ ðm� 1Þ ¼ � Rðs�m; sÞ þ

Xm�2

k¼0

gðs�1Þ
� ðm� 1; kÞRðs� k � 1; sÞ

( )

ð1ama n;ma saNÞ;

g
ðsÞ
þ ðm; kÞ ¼ g

ðsþ1Þ
þ ðm� 1; k � 1Þ þ d

ðsÞ
þ ðmÞgðsþm�1Þ

� ðm� 1;m� k � 1Þ

ð1a k < ma n; 0a saN �mÞ;

gðsÞ� ðm; kÞ ¼ gðs�1Þ
� ðm� 1; k � 1Þ þ dðsÞ� ðmÞg

ðs�mþ1Þ
þ ðm� 1;m� k � 1Þ

ð1a k < ma n;ma saNÞ;

V
ðsÞ
þ ð0Þ ¼ V

ðsÞ
� ð0Þ ¼ Rðs; sÞ ð0a saNÞ;

V
ðsÞ
þ ðmÞ ¼ ðI � d

ðsÞ
þ ðmÞdðsþmÞ

� ðmÞÞV
ðsþ1Þ
þ ðm� 1Þ ð1ama n; 0a saN �mÞ;

V
ðsÞ
� ðmÞ ¼ ðI � dðsÞ� ðmÞd

ðs�mÞ
þ ðmÞÞV ðs�1Þ

� ðm� 1Þ ð1ama n;ma saNÞg;

where d
ðsÞ
þ ðmÞ1 g

ðsÞ
þ ðm; 0Þ ð1ama n;maN � sÞ, dðsÞ� ðmÞ1 gðsÞ� ðm; 0Þ ð1ama n;

ma sÞ.

The aim of this section is to give an algorithm for obtaining all the elements of the

set gLMLMðR;NÞ by running n from n ¼ 1 to n ¼ N. We note from (DDT) and (FDT)

that all the elements of the set gLMLMðR; nÞ can be determined by two kinds of matrix

functions ~ddþ; ~dd� defined by
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~ddþ ¼ ð~ddþðs;mÞ1 d
ðsÞ
þ ðmÞ; 0a saN � 1; 1ama n;maN � sÞ;ð5:2Þ

~dd� ¼ ð~dd�ðs;mÞ1 d
ðsÞ
� ðmÞ; 1a saN; 1ama n;ma sÞ:ð5:3Þ

Therefore, for our purpose, we have only to give an algorithm for obtaining all the

matrix functions ~ddþ; ~dd�. We shall give it in the following.

Algorithm 5.1.

[Step 0] We define d � d matrices V
ðsÞ
G ð0Þ by

V
ðsÞ
G ð0Þ1Rðs; sÞ ð0a saNÞ:ð5:4Þ

[Step 1] We shall prove

Lemma 5.1.

(i) For any s ð0a saN � 1Þ, the set of solutions Yþ ðAMðd;RÞÞ of the following

equation

YþV
ðsÞ
� ð0Þ ¼ �Rðsþ 1; sÞðpþ1 Þ

is equal to the set of all d � d matrices d
ðsÞ
þ ð1Þ defined by

d
ðsÞ
þ ð1Þ ¼ �Rðsþ 1; sÞV ðsÞ

� ð0Þþ þ Aþð1ÞðI � V ðsÞ
� ð0ÞV ðsÞ

� ð0ÞþÞ;ð5:5Þ

with an element Aþð1Þ of Mðd;RÞ, where the matrix V ðsÞ
� ð0Þþ is the Moore-

Penrose generalized inverse of the matrix V ðsÞ
� ð0Þ.

(ii) For any s ð1a saNÞ, the set of solutions Y� ðAMðd;RÞÞ of the following

equation

Y�V
ðsÞ
þ ð0Þ ¼ �Rðs� 1; sÞðp�1 Þ

is equal to the set of all d
ðsÞ
� ð1Þ defined by

d
ðsÞ
� ð1Þ ¼ �Rðs� 1; sÞV

ðsÞ
þ ð0Þþ þ A�ð1ÞðI � V

ðsÞ
þ ð0ÞV

ðsÞ
þ ð0ÞþÞ;ð5:6Þ

with an element Aþð1Þ of Mðd;RÞ, where the matrix V
ðsÞ
þ ð0Þþ is the Moore-

Penrose generalized inverse of the matrix V
ðsÞ
þ ð0Þ.

Proof. Since the matrix function R has a nonnegative definite property, we obtain

Rðs; sÞ Rðs; sþ 1Þ

Rðsþ 1; sÞ Rðsþ 1; sþ 1Þ

 !

b 0:

With the help of (5.4), we rewrite the above relation as

V ðsÞ
� ð0Þ Rðs; sþ 1Þ

Rðsþ 1; sÞ Rðsþ 1; sþ 1Þ

 !

b 0;

which shows by Lemma A.1 in Appendix that there exists a d � d matrix Yþ such that

YþV
ðsÞ
� ð0Þ ¼ �Rðsþ 1; sÞ. Hence, there exists a solution of the equation to be solved.

Thus, it follows from the theory of generalized inverse matrix that (i) holds. Statement

(ii) is similarly proved. r
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Therefore, we see that

gLMLMðR; 1Þ ¼ fð~ggþ; ~gg�; ~VVþ;
~VV�Þ;ð5:7Þ

~ggþ ¼ ð~ggþðs; 1; 0Þ ¼ g
ðsÞ
þ ð1; 0Þ; 0a saN � 1Þ;

~gg� ¼ ð~gg�ðs; 1; 0Þ ¼ gðsÞ� ð1; 0Þ; 1a saNÞ;

~VVþ ¼ ð ~VVþðs; nÞ ¼ V
ðsÞ
þ ðnÞ; 0a saN; 0a naN � s; na 1Þ;

~VV� ¼ ð ~VV�ðs; nÞ ¼ V ðsÞ
� ðnÞ; 0a saN; 0a na s; na 1Þ;

g
ðsÞ
þ ð1; 0Þ ¼ d

ðsÞ
þ ð1Þ;

gðsÞ� ð1; 0Þ ¼ dðsÞ� ð1Þ;

V
ðsÞ
þ ð0Þ ¼ V ðsÞ

� ð0Þ ¼ Rðs; sÞ ð0a saNÞ;

V
ðsÞ
þ ð1Þ ¼ ðI � d

ðsÞ
þ ð1Þdðsþ1Þ

� ð1ÞÞV
ðsþ1Þ
þ ð0Þ ð0a saN � 1Þ;

V ðsÞ
� ð1Þ ¼ ðI � dðsÞ� ð1Þd

ðs�1Þ
þ ð1ÞÞV ðs�1Þ

� ð0Þ ð1a saNÞ;

d
ðsÞ
þ ð1Þ; dðsÞ� ð1Þ are given by ð5:5Þ and ð5:6Þ; respectivelyg:

Moreover, by Lemma 5.1 and a direct calculation, we can prove

Lemma 5.2.

(i) Rðsþ 1; sÞ ¼ �d
ðsÞ
þ ð1ÞRðs; sÞ ð0a saN � 1Þ;

(ii) Rðs� 1; sÞ ¼ �dðsÞ� ð1ÞRðs; sÞ ð1a saNÞ;

(iii) V
ðsÞ
þ ð1Þ ¼ d

ðsÞ
þ ð1ÞRðs; sþ 1Þ þ Rðsþ 1; sþ 1Þ ð0a saN � 1Þ;

(iv) V ðsÞ
� ð1Þ ¼ dðsÞ� ð1ÞRðs; s� 1Þ þ Rðs� 1; s� 1Þ ð1a saNÞ:

½Step 2� Let us fix any natural number n ð1a naNÞ and any element

ð~ggþ; ~gg�; ~VVþ;
~VV�Þ of the set gLMLMðR; nÞ. Then we shall consider the following equations

ðpGn Þ for YGðl; sÞ ðAMðd;RÞÞ:

(pþn ) Rðsþ l; sÞ ¼ �
P l�2

k¼0 g
ðsþ1Þ
þ ðl � 1; kÞRðsþ k þ 1; sÞ � Yþðl; sÞV

ðsþl�1Þ
� ðl � 1Þ

ð2a Ela n; 0a EsaN � lÞ;

(p�n ) Rðs� l; sÞ ¼ �
P l�2

k¼0 g
ðs�1Þ
� ðl � 1; kÞRðs� k � 1; sÞ � Y�ðl; sÞV

ðs�lþ1Þ
þ ðl � 1Þ

ð2a Ela n; la EsaNÞ:

Concerning these equations, we shall consider the following statements ðbGn Þ:

(bþn ) The set of solutions Yþðl; sÞ of equation ðpþn Þ is equal to the set of all d � d

matrices d
ðsÞ
þ ðlÞ defined by

d
ðsÞ
þ ðlÞ ¼ � Rðsþ l; sÞ þ

Xl�2

k¼0

g
ðsþ1Þ
þ ðl � 1; kÞRðsþ k þ 1; sÞ

( )
V ðsþl�1Þ
� ðl � 1Þþð5:8Þ

þ AþðlÞðI � V ðsþl�1Þ
� ðl � 1ÞV ðsþl�1Þ

� ðl � 1ÞþÞ ð0a saN � lÞ
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with a certain element AþðlÞ of Mðd;RÞ, where V ðsþl�1Þ
� ðl � 1Þþ is the Moore-Penrose

generalized inverse of the matrix V ðsþl�1Þ
� ðl � 1Þ.

(b�n ) The set of solutions Y�ðl; sÞ of equation ðp�n Þ is equal to the set of all d � d

matrices dðsÞ� ðlÞ defined by

dðsÞ� ðlÞ ¼ � Rðs� l; sÞ þ
X

l�2

k¼0

gðs�1Þ
� ðl � 1; kÞRðs� k � 1; sÞ

( )

V
ðs�lþ1Þ
þ ðl � 1Þþð5:9Þ

þ A�ðlÞðI � V
ðs�lþ1Þ
þ ðl � 1ÞV

ðs�lþ1Þ
þ ðl � 1ÞþÞ ðla saNÞ

with a certain element A�ðlÞ of Mðd;RÞ, where V
ðs�lþ1Þ
þ ðl � 1Þþ is the Moore-Penrose

generalized inverse of the matrix V
ðs�lþ1Þ
þ ðl � 1Þ.

Moreover, for proving the statements ðbGn Þ, we shall consider the following

statements ðeGn Þ and ð fGn Þ:

(eþn ) V
ðsÞ
þ ðmÞ ¼

X

m�1

k¼0

g
ðsÞ
þ ðm; kÞRðsþ k; sþmÞ þ Rðsþm; sþmÞ

ð1ama n; 0a saN �mÞ;

(e�n ) V ðsÞ
� ðmÞ ¼

X

m�1

k¼0

gðsÞ� ðm; kÞRðs� k; s�mÞ þ Rðs�m; s�mÞ

ð1ama n;ma saNÞ;

( f þn ) Rðsþm; sþ lÞ ¼ �
X

m�1

k¼0

g
ðsÞ
þ ðm; kÞRðsþ k; sþ lÞ ð0a l < ma n; 0a saN �mÞ;

( f �n ) Rðs�m; s� lÞ ¼ �
X

m�1

k¼0

gðsÞ� ðm; kÞRðs� k; s� lÞ ð0a l < ma n;ma saNÞ:

Theorem 5.1. The statements ðbGN Þ; ðeGN Þ; ð fGN Þ hold.

Proof. We shall prove the statements ðbGn Þ; ðeGn Þ; ð fGn Þ by induction with respect

to n. It follows from Lemmas 5.1 and 5.2 that the statements ðbG1 Þ; ðeG1 Þ; ð fG1 Þ

hold. Let us fix any natural number n0 ð2a n0aNÞ and assume that the statements

ðbGn Þ; ðeGn Þ; ð fGn Þ hold for any n ð1a na n0 � 1Þ.

First, we shall prove ðbþn0Þ. By using ðeGn0�1Þ and ð fGn0�1Þ, we can see from the same

calculation as we had in the proof of Theorem 4.3 (Corollary 4.2) that

V
ðsþ1Þ
þ ðn0 � 1Þ AðRÞðn0 � 1; sþ 1Þ

BðRÞðn0 � 1; sþ 1Þ V ðsþn0�1Þ
� ðn0 � 1Þ

 !

b 0;

where

AðRÞðn0 � 1; sþ 1Þ1Rðsþ n0; sÞ þ
X

n0�2

k¼0

g
ðsþ1Þ
þ ðn0 � 1; kÞRðsþ k þ 1; sÞ;

BðRÞðn0 � 1; sþ 1Þ1Rðs; sþ n0Þ þ
X

n0�2

k¼0

gðsþn0�1Þ
� ðn0 � 1; kÞRðsþ n0 � 1� k; sþ n0Þ:
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So by Lemma A.1 in Appendix, we see that there exists a d � d matrix Y such that

YV ðsþn0�1Þ
� ðn0 � 1Þ ¼ �Rðsþ n0; sÞ �

X

n0�2

k¼0

g
ðsþ1Þ
þ ðn0 � 1; kÞRðsþ k þ 1; sÞ:

Hence, we see from the theory of generalized inverse matrix that ðbþn0Þ is true. In a

similar way, we can prove ðb�n0Þ.

Next, we shall prove ðeþn0Þ. By (DDT), we have

X

n0�1

k¼0

g
ðsÞ
þ ðn0; kÞRðsþ k; sþ n0Þ þ Rðsþ n0; sþ n0Þ

¼
X

n0�1

k¼1

g
ðsþ1Þ
þ ðn0 � 1; k � 1ÞRðsþ k; sþ n0Þ þ Rðsþ n0; sþ n0Þ

þ d
ðsÞ
þ ðn0Þ Rðs; sþ n0Þ þ

X

n0�1

k¼1

gðsþn0�1Þ
� ðn0 � 1; n0 � k � 1ÞRðsþ k; sþ n0Þ

( )

:

Since ðeþn0�1Þ holds, we see that the sum of the first term and the second term of the

right-hand side in the above equation is equal to V
ðsþ1Þ
þ ðn0 � 1Þ. Moreover, the third

term of the right-hand side above equals �d
ðsÞ
þ ðn0Þd

ðsþn0Þ
� ðn0ÞV

ðsþ1Þ
þ ðn0 � 1Þ, because ðb�n0Þ

holds. Thus we obtain

X

n0�1

k¼0

g
ðsÞ
þ ðn0; kÞRðsþ k; sþ n0Þ þ Rðsþ n0; sþ n0Þ ¼ ðI � d

ðsÞ
þ ðn0Þd

ðsþn0Þ
� ðn0ÞÞV

ðsþ1Þ
þ ðn0 � 1Þ:

It follows from (FDT) that the right-hand side above is equal to V
ðsÞ
þ ðn0Þ. Thus ðeþn0Þ is

proved. In a similar way, we can prove ðe�n0Þ.

Finally, we shall prove that ð f þn0 Þ holds for 1a la n0 � 1, m ¼ n0. Let l be any

integer such that 1a la n0 � 1. From (DDT), we have

�
X

n0�1

k¼0

g
ðsÞ
þ ðn0; kÞRðsþ k; sþ lÞ

¼ �
X

n0�1

k¼1

g
ðsþ1Þ
þ ðn0 � 1; k � 1ÞRðsþ k; sþ lÞ

� d
ðsÞ
þ ðn0Þ Rðs; sþ lÞ þ

X

n0�1

k¼1

gðsþn0�1Þ
� ðn0 � 1; n0 � k � 1ÞRðsþ k; sþ lÞ

( )

:

By the assumption that ð f þn0�1Þ holds, we see that the first term of the right-hand side in

the above equation is equal to Rðsþ n0; sþ lÞ. Furthermore, the second term vanishes,

because ð f �n0�1Þ holds. Thus, ð f þn0 Þ holds for 1a la n0 � 1, m ¼ n0.
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We shall now prove that ð f þn0 Þ is true for l ¼ 0, m ¼ n0. It follows from (DDT)

that

�
Xn0�1

k¼0

g
ðsÞ
þ ðn0; kÞRðsþ k; sÞ

¼ �
Xn0�1

k¼1

g
ðsþ1Þ
þ ðn0 � 1; k � 1ÞRðsþ k; sÞ

� d
ðsÞ
þ ðn0Þ

Xn0�1

k¼1

gðsþn0�1Þ
� ðn0 � 1; n0 � k � 1ÞRðsþ k; sÞ þ Rðs; sÞ

( )
:

By ðe�n0�1Þ, the second term of the right-hand side above is equal to

�d
ðsÞ
þ ðn0ÞV

ðsþn0�1Þ
� ðn0 � 1Þ. Hence, we have

�
Xn0�1

k¼0

g
ðsÞ
þ ðn0; kÞRðsþ k; sÞ ¼ �

Xn0�2

k¼0

g
ðsþ1Þ
þ ðn0 � 1; kÞRðsþ k þ 1; sÞ

� d
ðsÞ
þ ðn0ÞV

ðsþn0�1Þ
� ðn0 � 1Þ:

The right-hand side above equals Rðsþ n0; sÞ because ðbþn0Þ holds. Thus ð f þn0 Þ holds for

l ¼ 0, n ¼ n0. It can be seen in a similar way that ð f �n0 Þ holds.

Consequently, we have completed the proof of Theorem 5.1 by mathematical

induction. r

[Last step] For any element ð~ggþ; ~gg�; ~VVþ;
~VV�Þ of the set gLMLMðR;NÞ, we can define

d � d matrices dGðnÞ; gGðn; kÞ;VGðnÞ by

dþðnÞ1 d
ð0Þ
þ ðnÞ ð0a naNÞ;ð5:10Þ

d�ðnÞ1 dðNÞ
� ðnÞ ð0a naNÞ;ð5:11Þ

gþðn; kÞ1 g
ð0Þ
þ ðn; kÞ ð0a k < naNÞ;ð5:12Þ

g�ðn; kÞ1 gðNÞ
� ðn; kÞ ð0a k < naNÞ;ð5:13Þ

VþðnÞ1V
ð0Þ
þ ðnÞ ð0a naNÞ;ð5:14Þ

V�ðnÞ1V ðNÞ
� ðnÞ ð0a naNÞ:ð5:15Þ

We shall prove

Theorem 5.2. For each integer n ð0a naNÞ, VGðnÞb 0.

Proof. We define ðN þ 1Þd � ðN þ 1Þd matrices TðRÞðN þ 1Þ and GðN þ 1Þ by

TðRÞðN þ 1Þ1

Rð0; 0Þ Rð0; 1Þ � � � Rð0;NÞ

Rð1; 0Þ Rð1; 1Þ � � � Rð1;NÞ

..

. ..
. . .

. ..
.

RðN; 0Þ RðN; 1Þ � � � RðN;NÞ

0
BBBB@

1
CCCCA
;
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GðN þ 1Þ1

Id

gþð1; 0Þ Id 0

gþð2; 0Þ gþð2; 1Þ Id

..

. ..
. . .

.

gþðN; 0Þ gþðN; 1Þ � � � gþðN;N � 1Þ Id

0
BBBBBB@

1
CCCCCCA
:

From ðeþNÞ; ð f
þ
N Þ in Theorem 5.1, we have

GðN þ 1ÞTðRÞðN þ 1Þ tGðN þ 1Þ ¼

Vþð0Þ 0

Vþð1Þ

. .
.

0 VþðNÞ

0
BBBB@

1
CCCCA
:ð5:16Þ

Since TðRÞðN þ 1Þ is nonnegative definite, so is GðN þ 1ÞTðRÞðN þ 1Þ tGðN þ 1Þ.

Hence, VþðnÞb 0 ð0a naNÞ. In the same way, we can prove V�ðnÞb 0

ð0a naNÞ. r

Thus, by using four kinds of matrix functions gþ; g�;Vþ;V� defined in [Last step] of

Algorithm 5.1, we define the set LMðRÞ by

LMðRÞ1 fðgþ; g�;Vþ;V�Þ; there exists an element ð~ggþ; ~gg�; ~VVþ;
~VV�Þð5:17Þ

of gLMLMðR;NÞ such that gG ¼ ðgGðn; kÞ; 0a k < naNÞ and

VG ¼ ðVGðnÞ; 0a naNÞ are defined by ð5:12Þ; ð5:13Þ;

ð5:14Þ; ð5:15Þ; respectivelyg:

Definition 5.1. For a given Mðd;RÞ-valued non-negative definite function

R ¼ ðRðm; nÞ; 0am; naNÞ, we call the set LMðRÞ defined by (5.17) the system of

KM2O-Langevin matrix functions associated with the function R.

It is to be noted that any component Vþ (resp. V�) of elements of the set LMðRÞ is

the same matrix function which is uniquely determined by the matrix function R.

Let W be any real inner product space the dimension of which is equal to or

greater than ðN þ 1Þd. For a given Mðd;RÞ-valued nonnegative definite function R ¼

ðRðm; nÞ; 0am; naNÞ, we construct a d-dimensional flow in W as follows.

Algorithm 5.2.

[Step 1] Let ðgþ; g�;Vþ;V�Þ be any element of the set LMðRÞ defined by (5.17).

Let fxjn; 1a ja d; 0a naNg be any orthonormal system of W. We construct d-

dimensional vectors xþðnÞ ð0a naNÞ by

xþðnÞ1
tðx1n; x2n; . . . ; xdnÞ ð0a naNÞ:ð5:18Þ

[Step 2] Let WþðnÞ ð0a naNÞ be any d � d matrices such that

VþðnÞ ¼ WþðnÞ
tWþðnÞ:ð5:19Þ

We define a d-dimensional flow nþ ¼ ðnþðnÞ; 0a naNÞ in W by

nþðnÞ1WþðnÞxþðnÞ ð0a naNÞ:ð5:20Þ
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Then we have

ðnþðmÞ; tnþðnÞÞ ¼ dmnVþðnÞ ð0a naNÞ:ð5:21Þ

[Step 3] We shall inductively construct a d-dimensional flow X ¼ ðX ðnÞ; 0a naNÞ in

W by

Xð0Þ1 nþð0Þ;ð5:22Þ

X ðnÞ1�
Xn�1

k¼0

gþðn; kÞX ðkÞ þ nþðnÞ ð1a naNÞ:ð5:23Þ

For a d-dimensional flow X ¼ ðX ðnÞ; 0a naNÞ defined by Algorithm 5.2, we

obtain the following construction theorem.

Theorem 5.3 (Construction Theorem for general flows). The d-dimensional flow X

does not depend upon the choice of an element ðgþ; g�;Vþ;V�Þ of the set LMðRÞ and R is

the covariance matrix function of the flow X , i.e., RðXÞ ¼ R.

Proof. From (5.21)–(5.23), it is easily verified that the function gþ is a forward

KM2O-Langevin dissipation matrix associated with the flow X . Hence, comparing

(5.16) with Lemma 3.5(i), we see that R is the covariance matrix function of the

flow X . r

6. Stationary flows.

In this section, we shall treat degenerate stationary flows and extend the results on

non-degenerate stationary flows in [14], [15], [16]. To begin with, we recall the def-

inition of stationarity property. Let W be any real inner product space.

Definition 6.1. Let X ¼ ðXðnÞ; la na rÞ be any d-dimensional flow in the space

W . We say that X has stationarity property if there exists an Mðd;RÞ-valued function

R ¼ ðRðnÞ; jnja r� lÞ such that

RðXÞðm; nÞ ¼ Rðm� nÞ ðlam; na rÞ:ð6:1Þ

The matrix function R is called the covariance matrix function of the stationary

flow X.

Definition 6.2. Let ½X ;Y � be any pair of two d-dimensional flows X ¼ ðXðnÞ;

0a naNÞ and Y ¼ ðY ðlÞ;�Na la 0Þ in the space W . We say that the pair ½X ;Y �

has stationarity property if there exists an Mðd;RÞ-valued function R ¼ ðRðnÞ; jnjaNÞ

such that

RðXÞðm; nÞ ¼ Rðm� nÞ ð0am; naNÞ;ð6:2Þ

RðYÞð�m;�nÞ ¼ Rð�mþ nÞ ð0am; naNÞ:ð6:3Þ

The matrix function R is called the covariance matrix function of the stationary pair

½X ;Y � of flows.
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6.1. Fluctuation-Dissipation Theorem.

Througout this subsection, we assume that the pair ½X ;Y � of two d-dimensional

flows X ¼ ðX ðnÞ; 0a naNÞ and Y ¼ ðY ðlÞ;�Na la 0Þ in the space W has statio-

narity property. Let R be its covariance matrix function.

We shall fix any element gþ ¼ ðgþðn; kÞ; 0a k < naNÞ of LMDþðXÞ and any

element g� ¼ ðg�ðn; kÞ; 0a k < naNÞ of LMD�ðYÞ.

Since the pair [X
ð0Þ
þ ;X

ðNÞ
� ] of flows is a stationary pair of flows whose covariance

matrix function is R, we can see from the proof of Lemmas 4.1–4.5 that the following

Lemmas 6.1–6.5 hold.

Lemma 6.1. For any integers n; l ð1a naN; 0a la n� 1Þ,

(i) Rðn� lÞ ¼ �
Xn�1

k¼0

gþðn; kÞRðk � lÞ;

(ii) tRðn� lÞ ¼ �
Xn�1

k¼0

g�ðn; kÞ
tRðk � lÞ:

Lemma 6.2. For each natural number n ð1a naNÞ,

(i) VþðXÞðnÞ ¼
Xn�1

k¼0

gþðn; kÞ
tRðn� kÞ þ Rð0Þ;

(ii) V�ðYÞðnÞ ¼
Xn�1

k¼0

g�ðn; kÞRðn� kÞ þ Rð0Þ:

Lemma 6.3. For each natural number n ð2a naNÞ,

(i)
Xn�1

k¼1

gþðn; kÞX ðkÞ ¼
Xn�1

k¼1

ðgþðn� 1; k � 1Þ þ dþðnÞg�ðn� 1; n� k � 1ÞÞXðkÞ;

(ii)
Xn�1

k¼1

g�ðn; kÞY ð�kÞ ¼
Xn�1

k¼1

ðg�ðn� 1; k � 1Þ þ d�ðnÞgþðn� 1; n� k � 1ÞÞYð�kÞ:

Lemma 6.4. For any integers n; l ð2a naN; 0a laNÞ,

(i)
Xn�1

k¼1

gþðn; kÞRðk � lÞ

¼
Xn�1

k¼1

ðgþðn� 1; k � 1Þ þ dþðnÞg�ðn� 1; n� k � 1ÞÞRðk � lÞ;

(ii)
Xn�1

k¼1

g�ðn; kÞ
tRðk � lÞ

¼
Xn�1

k¼1

ðg�ðn� 1; k � 1Þ þ d�ðnÞgþðn� 1; n� k � 1ÞÞ tRðk � lÞ:
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Lemma 6.5. For each natural number n ð1a naN � 1Þ,

(i) Rðnþ 1Þ ¼ �
X

n�1

k¼0

gþðn; kÞRðk þ 1Þ � dþðnþ 1ÞV�ðYÞðnÞ;

(ii) tRðnþ 1Þ ¼ �
X

n�1

k¼0

g�ðn; kÞ
tRðk þ 1Þ � d�ðnþ 1ÞVþðXÞðnÞ:

By virtue of Lemma 6.3, we can apply the same method as in Theorem 4.1 to show

the following Theorem 6.1.

Theorem 6.1 (Dissipation-Dissipation Theorem). For any elements gþ of

LMDþðXÞ and g� of LMD�ðYÞ, we can transform them to construct other elements g 0þ
of LMDþðXÞ and g 0� of LMD�ðYÞ such that the following Dissipation-Dissipation

Theorem holds:

(i) For any integers n; k ð1a k < naNÞ,

g 0þðn; kÞ ¼ g 0þðn� 1; k � 1Þ þ d 0þðnÞg
0
�ðn� 1; n� k � 1Þ:

(ii) For any integers n; k ð1a k < naNÞ,

g 0�ðn; kÞ ¼ g 0�ðn� 1; k � 1Þ þ d 0�ðnÞg
0
þðn� 1; n� k � 1Þ:

Remark 6.1. By using the weight transformation, we can show that DDT holds

for the minimum KM2O-Langevin dissipation matrix function g0þ of the flow X and the

minimum KM2O-Langevin dissipation matrix function g0� of the flow Y .

By virtue of Lemmas 6.2, 6.4 and 6.5, we can apply the same method as in

Theorem 4.2 to show the following Theorem 6.2.

Theorem 6.2 (Fluctuation-Dissipation Theorem I). For each natural number

n ð1a naNÞ,

(i) VþðXÞðnÞ ¼ ðI � dþðnÞd�ðnÞÞVþðXÞðn� 1Þ;

(ii) V�ðYÞðnÞ ¼ ðI � d�ðnÞdþðnÞÞV�ðYÞðn� 1Þ:

By using Lemmas 6.1 and 6.2, we can apply the same method as in Theorem 4.3 to

show the following Theorem 6.3 which is stronger than Theorem 4.3.

Theorem 6.3 (Burg’s relation). For each integer n ð1a naNÞ,

X

n�1

k¼0

Rðk þ 1Þ tg�ðn; kÞ ¼
X

n�1

k¼0

gþðn; kÞRðk þ 1Þ:

Proof. We have only to show the case for n ¼ N. For that purpose, we define

2d � ðN þ 2Þd matrix FðN þ 2Þ and ðN þ 2Þd � ðN þ 2Þd matrix ~TTðnþ 2Þ by

FðN þ 2Þ1
0 gþðN; 0Þ gþðN; 1Þ � � � gþðN;N � 1Þ I

I g�ðN;N � 1Þ g�ðN;N � 2Þ � � � g�ðN; 0Þ 0

� �

;
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~TTðnþ 2Þ1

Rð0Þ tRð1Þ � � � tRðNÞ 0

Rð1Þ Rð0Þ � � � tRðN � 1Þ tRðNÞ

..

. ..
. . .

. ..
. ..

.

RðNÞ RðN � 1Þ � � � Rð0Þ tRð1Þ

0 RðNÞ � � � Rð1Þ Rð0Þ

0

B

B

B

B

B

B

@

1

C

C

C

C

C

C

A

:

Then, by Lemmas 6.1 and 6.2, we have

F ðN þ 2Þ ~TTðN þ 2Þ tFðN þ 2Þ ¼
VþðXÞðNÞ

PN�1
k¼0 gþðN; kÞRðk þ 1Þ

PN�1
k¼0 g�ðN; kÞ tRðk þ 1Þ V�ðYÞðNÞ

 !

:

Since F ðN þ 2Þ ~TTðN þ 2Þ tFðN þ 2Þ is symmetric, we find that Theorem 6.3 holds for

n ¼ N. r

By using Lemma 6.5 and Theorem 6.3, we can apply the same method as in

Theorem 4.4 to show the following Theorem 6.4.

Theorem 6.4 (Fluctuation-Dissipation Theorem II). For each natural number

n ð1a naNÞ

dþðnÞV�ðYÞðn� 1Þ ¼ VþðXÞðn� 1Þ td�ðnÞ:

6.2. Characterization Theorem.

Let ½X ;Y � be any pair of two d-dimensional flows X ¼ ðXðnÞ; 0a naNÞ and

Y ¼ ðY ðlÞ;�Na la 0Þ in the inner product space W . Then we have the following

theorem, that characterizes stationarity property in terms of KM2O-Langevin matrices.

This theorem has been proved in [14] for non-degenerate stationary pair of flows.

Theorem 6.5 (Characterization Theorem). The pair ½X ;Y � of flows has stationary

property if and only if there exist a KM2O-Langevin dissipation matrix function gþ of the

flow X and a KM2O-Langevin dissipation matrix function g� of the flow Y such that

(DDT) For any integers k; n ð1a k < naNÞ,

(i) gþðn; kÞ ¼ gþðn� 1; k � 1Þ þ dþðnÞg�ðn� 1; n� k � 1Þ;

(ii) g�ðn; kÞ ¼ g�ðn� 1; k � 1Þ þ d�ðnÞgþðn� 1; n� k � 1Þ:

(FDT) For each integer n ð1a naNÞ,

(i) VþðXÞðnÞ ¼ ðI � dþðnÞd�ðnÞÞVþðXÞðn� 1Þ;

(ii) V�ðYÞðnÞ ¼ ðI � d�ðnÞdþðnÞÞV�ðYÞðn� 1Þ;

(iii) dþðnÞV�ðYÞðn� 1Þ ¼ VþðXÞðn� 1Þ td�ðnÞ;

(iv) VþðXÞð0Þ ¼ V�ðYÞð0Þ:

Proof. If ½X ;Y � has stationarity property, we have already seen that (DDT) and

(FDD) hold. Therefore it su‰ces to show that (DDT) and (FDT) imply stationarity

property of the pair ½X ;Y �. First, we note that the pair ½X ;Y � has stationarity property

if the following [Claim-p] is true for p ¼ N.
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Claim-p. There exists a matrix function R ¼ ðRðnÞ; jnja pÞ such that

RðXÞðm; nÞ ¼ Rðm� nÞ ð0am; na pÞ;ð6:4Þ

RðYÞð�m;�nÞ ¼ Rð�mþ nÞ ð0am; na pÞ:ð6:5Þ

We will now show two lemmas under the condition that (DDT) and (FDT) hold.

Step 1. [Claim-1] holds.

Proof of Step 1. We put

Rð0Þ1VþðXÞð0Þ:ð6:6Þ

It follows from (2.1), (2.3) and (FDT)(iv) that

RðXÞð0; 0Þ ¼ RðYÞð0; 0Þ ¼ V�ðYÞð0Þ ¼ Rð0Þ:ð6:7Þ

Next we put

Rð1Þ1�dþð1ÞV�ðYÞð0Þ;

Rð�1Þ1 tRð1Þ:

�

ð6:8Þ

We see from Lemma 3.1(i) and (6.7) that

RðXÞð1; 0Þ ¼ �dþð1ÞV�ðYÞð0Þ;ð6:9Þ

RðYÞð�1; 0Þ ¼ �d�ð1ÞVþðXÞð0Þð6:10Þ

and so by (FDT)(iii), we obtain

RðXÞð1; 0Þ ¼ RðYÞð0;�1Þ ¼ Rð1Þ;

RðXÞð0; 1Þ ¼ RðYÞð�1; 0Þ ¼ Rð�1Þ:

�

ð6:11Þ

Furthermore, Lemma 3.2(i) implies that RðXÞð1; 1Þ ¼ VþðXÞð1Þ � dþð1ÞRðXÞð0; 1Þ.

Applying (6.11) and (6.10) to the second term of the right-hand side above, we see that

RðXÞð1; 1Þ ¼ VþðXÞð1Þ � dþð1ÞRðYÞð�1; 0Þ ¼ VþðXÞð1Þ þ dþð1Þd�ð1ÞVþðXÞð0Þ. There-

fore, by (FDT)(i) and (6.6), RðXÞð1; 1Þ ¼ VþðXÞð0Þ ¼ Rð0Þ. Similarly, RðYÞð�1;�1Þ ¼

Rð0Þ. Thus, by noting (6.7) and (6.11), we can prove Step 1. (Step 1) r

Step 2. Let p0 be an arbitrary natural number such that 1a p0aN � 1. We

assume that [Claim-p0] holds. Then, [Claim-ðp0 þ 1Þ] also holds.

Proof of Step 2. From assumption, there exists a matrix function R ¼ ðRðnÞ;

jnja p0Þ such that

RðXÞðm; nÞ ¼ Rðm� nÞ ð0am; na p0Þ;ð6:12Þ

RðYÞð�m;�nÞ ¼ Rð�mþ nÞ ð0am; na p0Þ:ð6:13Þ

Therefore we have the following relations as in Lemmas 6.1, 6.2 and Theorem 6.3.

Rðp0 � lÞ ¼ �
X

p0�1

k¼0

gþðp0; kÞRðk � lÞ ð0a la p0 � 1Þ;ð6:14Þ

tRðp0 � lÞ ¼ �
X

p0�1

k¼0

g�ðp0; kÞ
tRðk � lÞ ð0a la p0 � 1Þ;ð6:15Þ
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VþðXÞðp0Þ ¼
X

p0�1

k¼0

gþðp0; kÞ
tRðp0 � kÞ þ Rð0Þ;ð6:16Þ

V�ðYÞðp0Þ ¼
X

p0�1

k¼0

g�ðp0; kÞRðp0 � kÞ þ Rð0Þ;ð6:17Þ

X

p0�1

k¼0

Rðk þ 1Þ tg�ðp0; kÞ ¼
X

p0�1

k¼0

gþðp0; kÞRðk þ 1Þ:ð6:18Þ

To prove Step 2, it su‰ces to show that

RðXÞðp0 þ 1; lÞ ¼ Rðp0 þ 1� lÞ ð1a la p0Þ;ð6:19Þ

RðYÞð�p0 � 1;�lÞ ¼ Rð�p0 � 1þ lÞ ð1a la p0Þ;ð6:20Þ

RðXÞðp0 þ 1; 0Þ ¼ tRðYÞð�p0 � 1; 0Þ;ð6:21Þ

RðXÞðp0 þ 1; p0 þ 1Þ ¼ Rð0Þ;ð6:22Þ

RðYÞð�p0 � 1;�p0 � 1Þ ¼ Rð0Þ:ð6:23Þ

Let 1a la p0. By Lemma 3.1 and (6.12), we have

RðXÞðp0 þ 1; lÞ ¼ �
X

p0

k¼0

gþðp0 þ 1; kÞRðk � lÞ:

Applying (DDT)(i) into the first term of the right-hand side above, we obtain

RðXÞðp0 þ 1; lÞ ¼ �
X

p0�1

k¼0

gþðp0; kÞRðk þ 1� lÞð6:24Þ

� dþðp0 þ 1Þ tRðlÞ þ
X

p0�1

k¼0

g�ðp0; kÞ
tRðk � p0 þ lÞ

( )

:

From (6.14), we see that the first term in the right-hand side above is equal to

Rðp0 þ 1� lÞ. Furthermore, replacing l by p0 � l in (6.15), we know that the second

term of the right-hand side in (6.24) vanishes. This gives (6.19). Relation (6.20) is

similarly proved.

By Lemma 3.1, (6.12) and (DDT)(i), we have as in (6.24),

RðXÞðp0 þ 1; 0Þ

¼ �
X

p0�1

k¼0

gþðp0; kÞRðk þ 1Þ � dþðp0 þ 1Þ Rð0Þ þ
X

p0�1

k¼0

g�ðp0; kÞRðp0 � kÞ

( )

:

Substituting (6.17) into the above equation, we see that

RðXÞðp0 þ 1; 0Þ ¼ �
X

p0�1

k¼0

gþðp0; kÞRðk þ 1Þ � dþðp0 þ 1ÞV�ðYÞðp0Þ:ð6:25Þ
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Similarly,

RðYÞð�p0 � 1; 0Þ ¼ �
X

p0�1

k¼0

g�ðp0; kÞRð�k � 1Þ � d�ðp0 þ 1ÞVþðXÞðp0Þ:ð6:26Þ

Therefore, by (FDT)(iii) and (6.18), we have (6.21).

By using Lemma 3.2,

RðXÞðp0 þ 1; p0 þ 1Þ ¼ �
X

p0

k¼0

gþðp0 þ 1; kÞRðXÞðk; p0 þ 1Þ þ VþðXÞðp0 þ 1Þ:

Applying (DDT)(i) and (6.19) into the first term of the right-hand side above, we

observe

RðXÞðp0 þ 1; p0 þ 1Þ ¼ �
X

p0�1

k¼0

gþðp0; kÞ
tRðp0 � kÞ þ VþðXÞðp0 þ 1Þ

� dþðp0 þ 1Þ RðXÞð0; p0 þ 1Þ þ
X

p0�1

k¼0

g�ðp0; kÞRð�k � 1Þ

( )

:

From (6.16), the first term of the right-hand side above equals Rð0Þ � VþðXÞðp0Þ.

Moreover, (6.26) and (6.21) imply that the third term of the right-hand side above is

equal to dþðp0 þ 1Þd�ðp0 þ 1ÞVþðXÞðp0Þ, so that

RðXÞðp0 þ 1; p0 þ 1Þ ¼ Rð0Þ þ VþðXÞðp0 þ 1Þ � ðI � dþðp0 þ 1Þd�ðp0 þ 1ÞÞVþðXÞðp0Þ:

Substituting (FDT)(i) into the above equation, we have (6.22). We can prove (6.23) in

the same fashion. Thus we have completed the proof. (Step 2) r

Therefore Theorem 6.5 follows from Steps 1 and 2. r

Remark 6.2. We can show that the necessary part of Theorem 6.5 holds for the

minimum KM2O-Langevin dissipation matrix functions g0þ; g
0
�.

6.3. Construction Theorem.

Let R ¼ ðRðnÞ; jnjaNÞ be any Mðd;RÞ-valued nonnegative definite function of one

variable. Then R is regarded as a nonnegative definite function of two variables by

putting

Rðm; nÞ1Rðm� nÞ ð0am; naNÞ:ð6:27Þ

Therefore we can construct a d-dimensional stationary flow X ¼ ðX ðnÞ; 0a naNÞ such

that

RðXÞ ¼ R;ð6:28Þ

by using Algorithms 5.1 and 5.2. But because of stationarity property, the system

LMðRÞ of KM2O-Langevin matrix functions associated with the function R can be

obtained more e¤ectively by the following algorithm.
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Algorithm 6.1.

[Step 0] We define d � d matrices VGð0Þ by

VGð0Þ1Rð0Þ:ð6:29Þ

[Step 1] We define d � d matrices dGð1Þ; gGð1; 0Þ;VGð1Þ by

dþð1Þ1�Rð1ÞV�ð0Þ
þ þ Aþð1ÞðI � V�ð0ÞV�ð0Þ

þÞ;ð6:30Þ

d�ð1Þ1� tRð1ÞVþð0Þ
þ þ A�ð1ÞðI � Vþð0ÞVþð0Þ

þÞ;ð6:31Þ

gþð1; 0Þ1 dþð1Þ;ð6:32Þ

g�ð1; 0Þ1 d�ð1Þ;ð6:33Þ

Vþð1Þ1 ðI � dþð1Þd�ð1ÞÞVþð0Þ;ð6:34Þ

V�ð1Þ1 ðI � d�ð1Þdþð1ÞÞV�ð0Þ;ð6:35Þ

where AGð1Þ are any elements of Mðd;RÞ.

[Step m] Inductively as in Algorithm 5.1, we define d � d matrix functions dG ¼

ðdGðnÞ; 0a naNÞ; gG ¼ ðgGðn; kÞ; 0a k < naNÞ;VG ¼ ðVGðnÞ; 0a naNÞ as follows:

for any 2amaN,

dþðmÞ1� RðmÞ þ
X

m�2

k¼0

gþðm� 1; kÞRðk þ 1Þ

( )

V�ðm� 1Þþð6:36Þ

þ AþðmÞðI � V�ðm� 1ÞV�ðm� 1ÞþÞ;

d�ðmÞ1� tRðmÞ þ
X

m�2

k¼0

g�ðm� 1; kÞ tRðk þ 1Þ

( )

Vþðm� 1Þ�ð6:37Þ

þ A�ðmÞðI � Vþðm� 1ÞVþðm� 1ÞþÞ;

gþðm; kÞ1 gþðm� 1; k � 1Þ þ dþðmÞg�ðm� 1;m� k � 1Þ ð1a kam� 1Þ;ð6:38Þ

g�ðm; kÞ1 g�ðm� 1; k � 1Þ þ d�ðmÞgþðm� 1;m� k � 1Þ ð1a kam� 1Þ;ð6:39Þ

gþðm; 0Þ1 dþðmÞ;ð6:40Þ

g�ðm; 0Þ1 d�ðmÞ;ð6:41Þ

VþðmÞ1 ðI � dþðmÞd�ðmÞÞVþðm� 1Þ;ð6:42Þ

V�ðmÞ1 ðI � d�ðmÞdþðmÞÞV�ðm� 1Þ;ð6:43Þ

where AGðmÞ are any elements of Mðd;RÞ.

As a generalization of the construction theorem proved in [15] for non-degenerate

case to degenerate case, we have

Theorem 6.6. The set of all quadruplets ðgþ; g�;Vþ;V�Þ of d � d matrix functions

constructed by Algorithm 6.1 is equal to the system LMðRÞ of KM2O-Langevin matrix

functions associated with the matrix function R.
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Proof. Since Rðs; sÞ ¼ Rð0Þ ð0a saNÞ; we see at [Step 0] in Algorithm 5.1 that

V
ðsÞ
G ð0Þ are independent of s, i.e.,

V
ðsÞ
G ð0Þ ¼ VGðRÞð0Þ ð0a saNÞ:ð6:44Þ

Moreover, at [Step 1] in Algorithm 5.1, we can choose d
ðsÞ
G ð1Þ; g

ðsÞ
G ð1; 0Þ;V

ðsÞ
G ð1Þ

independently of s, because of (6.44) and the relations

Rðsþ 1; sÞ ¼ Rð1Þ ð0a saN � 1Þ;ð6:45Þ

Rðs� 1; sÞ ¼ Rð�1Þ ð1a saNÞ:ð6:46Þ

In general, at [Step 2], we can choose d
ðsÞ
G ðmÞ; g

ðsÞ
G ðm; kÞ;V

ðsÞ
G ðmÞ independently of s.

Thus we have the proof. r

6.4. Extension Theorem.

As a generalization of the extension theorem proved in [16] for non-degenerate case

to degenerate case, for an arbitrarily given stationary flow, we would like to extend it

without losing stationarity property.

Let X ¼ ðX ðnÞ; 0a naNÞ be any stationary flow in W with covariance matrix

function R ¼ ðRðnÞ; jnjaNÞ. We take an arbitrary element XðN þ 1Þ A W d and

extend the flow X to the flow X
ðNþ1Þ ¼ ðXðnÞ; 0a naN þ 1Þ. To find a necessary and

su‰cient condition for the extended flow X
ðNþ1Þ to have stationarity property, we define

a d-dimensional flow ~XX ¼ ð ~XX ðnÞ; 0a naNÞ by

~XXðnÞ1X ðnþ 1Þ ð0a naNÞ:ð6:47Þ

The following lemma can be easily verified.

Lemma 6.6. The flow X
ðNþ1Þ ¼ ðXðnÞ; 0a naN þ 1Þ has stationarity property if

and only if X ¼ ðX ðnÞ; 0a naNÞ and ~XX ¼ ð ~XX ðnÞ; 0a naNÞ has the same covariance

matrix function, i.e., RðXÞ ¼ Rð ~XXÞ.

Let us fix any KM2O-Langevin dissipation matrix function gþ of the flow X . By

using Lemma 6.6 and the fact that MN
1 ðXÞ ¼ MN�1

0 ð ~XXÞ, we have

Lemma 6.7. The extended flow X
ðNþ1Þ has stationarity property if and only if

PMN
1 ðXÞ

~XXðNÞ ¼ �
XN�1

k¼0

gþðN; kÞX ðk þ 1Þ;ð6:48Þ

ð ~XX ðNÞ � PMN
1 ðXÞ

~XX ðNÞ; tð ~XX ðNÞ � PMN
1 ðXÞ

~XX ðNÞÞÞ ¼ VþðXÞðNÞ:ð6:49Þ

Thus, we have the following extension theorem, which has been proved in [16] for

non-degenerate and stationary flows.

Theorem 6.7. Let X ¼ ðXðnÞ; 0a naNÞ be any stationary flow in W. We define

X ðN þ 1Þ A W d by

XðN þ 1Þ1�
XN�1

k¼0

gþðN; kÞXðk þ 1Þ þ hþ;ð6:50Þ
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where hþ is some element of W d . Then the extended flow X
ðNþ1Þ ¼ ðXðnÞ;

0a naN þ 1Þ has stationarity property if and only if

ðXðnÞ; thþÞ ¼ 0 ð1a naNÞ;ð6:51Þ

ðhþ;
t
hþÞ ¼ VþðXÞðNÞ:ð6:52Þ

More generally, let X ðN1;N2Þ ¼ ðXðnÞ;N1a naN2Þ be any d-dimensional stationary

flow in the space W . Let RðN2�N1Þ ¼ ðRðnÞ; jnjaN2 �N1Þ be the covariance matrix

function of the flow X
ðN1;N2Þ. We fix any element ðgþ; g�;Vþ;V�Þ of the system

LMðRðN2�N1ÞÞ of KM2O-Langevin matrix functions associated with the matrix function

RðN2�N1Þ.

Theorem 6.7 can be restated as follows.

Theorem 6.8. We define a d-dimensional vector XðN2 þ 1Þ by

X ðN2 þ 1Þ1�
X

N2�N1�1

k¼0

gþðN2 �N1; kÞX ðN1 þ k þ 1Þ þ hþ;ð6:53Þ

where hþ is some d-dimensional vector in W d .

Then the flow X
ðN1;N2þ1Þ ¼ ðX ðnÞ;N1a naN2 þ 1Þ has stationarity property if and

only if hþ satisfies

ðXðnÞ; thþÞ ¼ 0 ðN1 þ 1a naN2Þ;

ðhþ;
t
hþÞ ¼ VþðRÞðN2 �N1Þ:

�

ð6:54Þ

In a similar way, we have the following theorem for the backward extension.

Theorem 6.9. We define a d-dimensional vector XðN1 � 1Þ by

X ðN1 � 1Þ1�
X

N2�N1�1

k¼0

g�ðN2 �N1; kÞX ðN2 � k � 1Þ þ h�;ð6:55Þ

where h� is some d-dimensional vector in W d .

Then the flow X ðN1�1;N2Þ ¼ ðXðnÞ;N1 � 1a naN2Þ has stationarity property if and

only if h� satisfies

ðXðnÞ; th�Þ ¼ 0 ðN1a naN2 � 1Þ;

ðh�;
t
h�Þ ¼ V�ðRÞðN2 �N1Þ:

�

ð6:56Þ

By a repeated use of Theorems 6.8 and 6.9, we have the following.

Theorem 6.10. Let M1 and M2 be two integers such that M1aN1 and N2aM2.

Then, the stationary flow X
ðN1;N2Þ ¼ ðXðnÞ;N1a naN2Þ can be extended to a stationary

flow defined on the set fM1;M1 þ 1; . . . ;M2 � 1;M2g, i.e., there exists a stationary flow

X
ðM1;M2Þ ¼ ðXðnÞ;M1a naM2Þ.

Any non-negative definite function of one variable can be extended by extending

a corresponding stationary flow. Thus we have the following theorem, which can be

proved just in the same way as in Theorem 4.1 in [16].
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Theorem 6.11. Let RðNÞ ¼ ðRðnÞ; jnjaNÞ be any Mðd;RÞ-valued nonnegative

definite function such that

tRðnÞ ¼ Rð�nÞ ð0a naNÞ:ð6:57Þ

For any fixed element ðgþ; g�;Vþ;V�Þ of the system LMðRðNÞÞ of KM2O-Langevin

matrix functions associated with the matrix function RðNÞ, we define RðGðN þ 1ÞÞ A

Mðd;RÞ by

RðN þ 1Þ1�
X

N�1

k¼0

gþðN; kÞRðk þ 1Þ þQ;ð6:58Þ

Rð�N � 1Þ1 tRðN þ 1Þ;ð6:59Þ

where Q is some d � d matrix.

Then RðNþ1Þ ¼ ðRðnÞ; jnjaN þ 1Þ has nonnegative definite property if and only

if there exist two d-dimensional vectors z and h in some real inner product space W such

that

ðz; thÞ ¼ Q;

ðz; tzÞ ¼ VþðNÞ;

ðh; thÞ ¼ V�ðNÞ:

8

>

<

>

:

ð6:60Þ

7. Periodic stationary flows.

In [19], [20], [21], periodic autoregressive models are discussed and some algorithms

to estimate the parameters of the models are proposed. In this section, we introduce

the notion of periodic stationarity property for the pair of flows and characterize it in

terms of KM2O-Langevin matrix functions. Let X ¼ ðX ðnÞ; 0a na ðN þ 1Þp� 1Þ be

any d-dimensional flow in an real inner product space W .

Definition 7.1. We say that the flow X has periodic stationarity property of

period p if its covariance matrix function satisfies

RðXÞðmþ p; nþ pÞ ¼ RðXÞðm; nÞ ð0am; naNp� 1Þ:ð7:1Þ

Furthermore, we introduce the notion of periodic stationarity property for a pair

of flows. Let ½X ;Y � be any pair of two d-dimensional flows X ¼ ðXðnÞ; 0a na

ðN þ 1Þp� 1Þ, and Y ¼ ðY ðlÞ;�ðN þ 1Þpþ 1a la 0Þ in W .

Definition 7.2. We say that the pair ½X ;Y � has periodic stationarity property of

period p if its covariance matrix functions satisfy

RðXÞðmþ p; nþ pÞ ¼ RðXÞðm; nÞ ð0am; naNp� 1Þ;ð7:2Þ

RðYÞðk � p; l � pÞ ¼ RðYÞðk; lÞ ð�Npþ 1a k; la 0Þ;ð7:3Þ

RðXÞðm; nÞ ¼ RðYÞðm� ðN þ 1Þpþ 1; n� ðN þ 1Þpþ 1Þð7:4Þ

ð0ama ðN þ 1Þp� 1; 0a na p� 1Þ:

Let us given any pair ½X ;Y � of two d-dimensional flows X ¼ ðXðnÞ; 0a na
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ðN þ 1Þp� 1Þ, and Y ¼ ðY ðlÞ;�ðN þ 1Þpþ 1a la 0Þ in W . For any element gþ ¼

ðgþðn; kÞ; 0a k < na ðN þ 1Þp� 1Þ of LMDþðXÞ and any element g� ¼ ðg�ðn; kÞ;

0a k < na ðN þ 1Þp� 1Þ of LMD�ðYÞ, we define pd � pd matrices Gþðn; kÞ;G�ðn; kÞ

ð0a ka naNÞ, LþðXÞðnÞ;L�ðYÞðnÞ ð0a naNÞ formed by elements of a KM2O-

Langevin matrix as follows.

Gþðn; kÞ1

gþðnp; kpÞ � � � gþðnp; ðk þ 1Þp� 1Þ

.

.

.
.
.

.
.
.

.

gþððnþ 1Þp� 1; kpÞ � � � gþððnþ 1Þp� 1; ðk þ 1Þp� 1Þ

0

B

B

@

1

C

C

A

ð7:5Þ

ð0a k < naNÞ;

Gþðn; nÞ1

Id 0

gþðnpþ 1; npÞ Id

.

.

.
.
.

.
.
.

.

gþððnþ 1Þp� 1; npÞ gþððnþ 1Þp� 1; npþ 1Þ � � � Id

0

B

B

B

B

@

1

C

C

C

C

A

ð7:6Þ

ð0a naNÞ;

LþðXÞðnÞ1

VþðXÞðnpÞ 0
.
.

.

0 VþðXÞððnþ 1Þp� 1Þ

0

@

1

A ð0a naNÞ;ð7:7Þ

G�ðn; kÞ1

g�ððnþ 1Þp� 1; ðk þ 1Þp� 1Þ � � � g�ððnþ 1Þp� 1; kpÞ

.

.

.
.
.

.
.
.

.

g�ðnp; ðk þ 1Þp� 1Þ � � � g�ðnp; kpÞ

0

B

B

@

1

C

C

A

ð7:8Þ

ð0a k < naNÞ;

G�ðn; nÞ1

Id g�ððnþ 1Þp� 1; ðnþ 1Þp� 2Þ � � � g�ððnþ 1Þp� 1; npÞ

Id g�ððnþ 1Þp� 2; npÞ

.
.

.
.
.

.

0 Id

0

B

B

B

B

@

1

C

C

C

C

A

ð7:9Þ

ð0a naNÞ;

L�ðYÞðnÞ1

V�ðYÞððnþ 1Þp� 1Þ 0
.
.

.

0 V�ðYÞðnpÞ

0

@

1

A ð0a naNÞ:ð7:10Þ

Furthermore, we define pd � pd matrices DþþðnÞ;D��ðnÞ;Dþ�ðnÞ;D�þðnÞ ð1a naNÞ

by

DþþðnÞ1Gþðn; nÞG
�1
þ ðn� 1; n� 1Þ;ð7:11Þ

D��ðnÞ1G�ðn; nÞG
�1
� ðn� 1; n� 1Þ;ð7:12Þ
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Dþ�ðnÞ1Gþðn; 0ÞG
�1
� ðn� 1; n� 1Þ;ð7:13Þ

D�þðnÞ1G�ðn; 0ÞG
�1
þ ðn� 1; n� 1Þ:ð7:14Þ

Then the following theorem characterizes the periodic stationarity property.

Theorem 7.1 (Characterization Theorem). The pair ½X ;Y � of flows has periodic

stationarity property of period p if and only if there exist a KM2O-Langevin dissipation

matrix function gþ of the flow X and a KM2O-Langevin dissipation matrix function g� of

the flow Y such that

(DDTp) For two integers k; n ð1a k < naNÞ,

(i) Gþðn; kÞ ¼ DþþðnÞGþðn� 1; k � 1Þ þ Dþ�ðnÞG�ðn� 1; n� k � 1Þ;

(ii) G�ðn; kÞ ¼ D��ðnÞG�ðn� 1; k � 1Þ þ D�þðnÞGþðn� 1; n� k � 1Þ;

(FDTp) For each integer n ð1a naNÞ,

(i) LþðXÞðnÞ ¼ DþþðnÞLþðXÞðn� 1Þ tDþþðnÞ

� Dþ�ðnÞL�ðYÞðn� 1Þ tDþ�ðnÞ;

(ii) L�ðYÞðnÞ ¼ D��ðnÞL�ðYÞðn� 1Þ tD��ðnÞ

� D�þðnÞLþðXÞðn� 1Þ tD�þðnÞ;

(iii) D�1
þþðnÞDþ�ðnÞL�ðYÞðn� 1Þ ¼ LþðXÞðn� 1Þ tD�þðnÞ

tD�1
��ðnÞ;

(iv) G�1
þ ð0; 0ÞLþðXÞð0Þ tG�1

þ ð0; 0Þ ¼ G�1
� ð0; 0ÞL�ðYÞð0Þ tG�1

� ð0; 0Þ:

To prove Theorem 7.1, we need some preparations. For the pair ½X ;Y � of d-

dimensional flows, we define pd-dimensional flows X
p ¼ ðX pðnÞ; 0a naNÞ;Y p ¼

ðY pðlÞ;�Na la 0Þ by

X pðnÞ1

X ðnpÞ

X ðnpþ 1Þ

.

.

.

X ððnþ 1Þp� 1Þ

0

B

B

B

B

@

1

C

C

C

C

A

ð0a naNÞ;ð7:15Þ

Y pðlÞ1

Y ððl � 1Þpþ 1Þ

Y ððl � 1Þpþ 2Þ

.

.

.

Y ðlpÞ

0

B

B

B

B

@

1

C

C

C

C

A

ð�Na la 0Þ:ð7:16Þ

Then the following lemma is easily verified.

Lemma 7.1. The pair ½X ;Y � of flows has periodic stationarity property of period p if

and only if the pair ½X p
;Y

p� of flows has stationarity property.

Lemma 7.2.

(i) For any element gþ of LMDþðXÞ and any element g� of LMD�ðYÞ, there

exist an element g
p
þ of LMDþðX

pÞ and an element g p
� of LMD�ðY

pÞ such that (7.17)–

(7.20) hold.
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(ii) Conversely, for any element g
p
þ of LMDþðX

pÞ and an element g p
� of

LMD�ðY
pÞ, there exist an element gþ of LMDþðXÞ and an element g� of LMD�ðYÞ

such that (7.17)–(7.20) hold:

g
p
þðn; kÞ ¼ G�1

þ ðn; nÞGþðn; kÞ ð0a k < naNÞ;ð7:17Þ

g p
�ðn; kÞ ¼ G�1

� ðn; nÞG�ðn; kÞ ð0a k < naNÞ;ð7:18Þ

VþðX
pÞðnÞ ¼ G�1

þ ðn; nÞLþðXÞðnÞ tG�1
þ ðn; nÞ ð0a naNÞ;ð7:19Þ

V�ðY
pÞðnÞ ¼ G�1

� ðn; nÞL�ðYÞðnÞ tG�1
� ðn; nÞ ð0a naNÞ:ð7:20Þ

Proof. Let gþ; g� be any elements of LMDþðXÞ;LMD�ðYÞ, respectively. It

follows from definition that

GððN þ 1ÞpÞ ¼

Gþð0; 0Þ 0

Gþð1; 0Þ Gþð1; 1Þ

.

.

.

.

.

.

.

.

.

GþðN; 0Þ GþðN; 1Þ � � � GþðN;NÞ

0

B

B

B

B

@

1

C

C

C

C

A

;ð7:21Þ

GððN þ 1ÞpÞTðXÞððN þ 1ÞpÞ tGððN þ 1ÞpÞ ¼

LþðXÞð0Þ 0

.

.

.

0 LþðXÞðNÞ

0

B

@

1

C

A
;ð7:22Þ

where Gð?Þ is defined by (3.6). Thus applying Lemma 3.6 to the flow X
p, we see

from (7.22) that there exist an element g
p
þ of LMDþðX

pÞ which satisfies (7.17) and

(7.19). The same is true for the flow Y
p. The converse is also proved in a similar

way. r

We now prove Theorem 7.1.

Proof of Theorem 7.1. We assume that ½X ;Y � has periodic stationarity property

of period p. Then from Lemma 7.1, ½X p
;Y

p� has stationarity property. So, by

Theorem 6.5, there exist an element g
p
þ of LMDþðX

pÞ and an element g p
� of

LMD�ðY
pÞ such that for any integers k; n ð1a k < naNÞ

g
p
þðn; kÞ ¼ g

p
þðn� 1; k � 1Þ þ dpþðnÞg

p
�ðn� 1; n� k � 1Þ:ð7:23Þ

Substituting (7.17), (7.18) into the above equation, we have

G�1
þ ðn; nÞGþðn; kÞ ¼ G�1

þ ðn� 1; n� 1ÞGþðn� 1; k � 1Þð7:24Þ

þ G�1
þ ðn; nÞGþðn; 0ÞG

�1
� ðn� 1; n� 1ÞG�ðn� 1; n� k � 1Þ:

Multiplying both-hand sides by Gþðn; nÞ from the left-hand side in the above equation,

we obtain

Gþðn; kÞ ¼ Gþðn; nÞG
�1
þ ðn� 1; n� 1ÞGþðn� 1; k � 1Þð7:25Þ

þ Gþðn; 0ÞG
�1
� ðn� 1; n� 1ÞG�ðn� 1; n� k � 1Þ:

Applying (7.11) and (7.13) to the above equation, we have (DDTp)(i). Relations

(DDTp)(ii) and (FDTp)(i)–(iv) can be obtained in the same way. Conversely, we assume
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that there exist an element gþ of LMDþðXÞ and an element g� of LMD�ðYÞ which

satisfies (DDTp) and (FDTp). Then, it follows from (7.11)–(7.14) and (7.17)–(7.20) that

there exist an element g
p
þ of LMDþðX

pÞ and an element g p
� of LMD�ðY

pÞ which

satisfies (DDT) and (FDT). Thus ½X p;Y p� has stationarity property, so that ½X ;Y � has

periodic stationarity property of period p. The proof is now complete. r

8. The test for models of covariance matrix functions.

In the present section, we shall propose a test for models of covariance matrix

functions as an application of the theoretical results obtained in the previous sections.

This is based on the same technique as in the test for stationarity in [6]. Let

Z ¼ ðZðnÞ; 0a naNÞ be a d-dimensional time series. We assume that this time series

is a realization of an unknown d-dimensional stochastic process. We regard this

stochastic process as a flow X ¼ ðXðnÞ; 0a naNÞ in an real inner product space.

Although we would like to identify this flow explicitly, here we consider an easier but

important problem. Let R ¼ ðRðm; nÞ; 0am; naNÞ be the covariance matrix function

of the flow X . Here R is also unknown. And let RZ ¼ ðRZðm; nÞ; 0am; naNÞ be a

model of the covariance matrix function presumed by the time series Z. RZ must be at

least nonnegative definite.

For example, when we can obtain the same kinds of d-dimensional data Z
ðpÞ ¼

ðZðpÞðnÞ; 0a naNÞ ð1a paMÞ as the data Z by doing M times observations, we

can estimate a sample covariance matrix function RZ by

RZðm; nÞ1
1

M

X

M

p¼1

ðZðpÞðmÞ � mZðmÞÞ tðZðpÞðnÞ � mZðnÞÞ;

where mZðnÞ1 ð1=MÞ
PM

p¼1 Z
ðpÞðnÞ.

For simplicity, we assume that RZ has strictly positive definite property. We will

now propose a method to examine whether RZ is appropriate or not as a model of the

covariance matrix function R.

Algorithm 8.1.

[Step 1] We calculate a forward KM2O-Langevin matrix

LMþðR
ZÞ ¼ fgþðR

ZÞðn; kÞ; dþðR
ZÞðnÞ;VþðR

ZÞðmÞ; 0a k < naN; 0amaNgð8:1Þ

associated with the matrix function RZ by Algorithm 5.1.

[Step 2] We derive from the time series Z a sample forward KM2O-Langevin

fluctuation flow nþðZÞ ¼ ðnþðZÞðnÞ; 0a naNÞ as follows:

nþðZÞð0Þ1Zð0Þ;

nþðZÞðnÞ1ZðnÞ þ
Pn�1

k¼0 gþðR
ZÞðn; kÞZðkÞ ð1a naNÞ:

�

ð8:2Þ

[Step 3] Let WþðnÞ ð0a naNÞ be d � d matrices such that

VþðR
ZÞðnÞ ¼ WþðnÞ

tWþðnÞ ð0a naNÞ:ð8:3Þ
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By standardizing the sample forward KM2O-Langevin fluctuation flow nþðZÞ, we define a

d-dimensional time series xþ ¼ ðxþðnÞ; 0a naNÞ, i.e.,

xþðnÞ ¼
tðxþ1ðnÞ; xþ2ðnÞ; . . . ; xþdðnÞÞ1WþðnÞ

�1
nþðZÞðnÞ ð0a naNÞ:ð8:4Þ

Furthermore we define a one-dimensional time series x ¼ ðxðnÞ; 0a na ðN þ 1Þd � 1Þ by

xðnÞ1 xþjðmÞ n ¼ md þ j � 1 ð1a ja d; 0amaNÞ:ð8:5Þ

[Step 4] It is easily verified that the following are equivalent:

(i) The time series Z is a realization of some d-dimensional flow whose covariance

matrix function is RZ.

(ii) The time series x is a realization of a white noise flow in a weak sense.

Thus we verify the white noise property of the time series x.

We will not go into details of the white noise test. An important conclusion here is

that the problem of examining whether RZ is appropriate or not has now been reduced

to the test of white noise property.

A. Appendix.

We shall show the lemma which is used in the proof of Lemma 5.1 and Theorem 5.1.

Lemma A.1. Let A and C be any d � d symmetric matrices, and B be any d � d

matrices. We define a 2d � 2d matrix M by

M1
A tB

B C

� �

:ðA:1Þ

If M is nonnegative definite, then the following statements hold:

(i) There exists a d � d matrix X such that XAþ B ¼ 0;

(ii) There exists a d � d matrix Y such that YC þ tB ¼ 0.

Proof. Since M is nonnegative definite, M can be factorized as follows (d-

dimensional block Cholesky factorization):

M ¼
I 0

�X I

� �

F 0

0 �

� �

I � tX

0 I

� �

;ðA:2Þ

where X and F denote some d � d matrices. By direct calcultion, we see that the right-

hand side above has the form

F �

�XF �

� �

:ðA:3Þ

Therefore comparing (A.3) with (A.1), we have XAþ B ¼ 0; which implies (i). We

shall prove (ii). Since

0 I

I 0

� �

A tB

B C

� �

0 I

I 0

� �

¼
C B
tB A

� �

;ðA:4Þ

we see that

C B
tB A

� �

b 0:ðA:5Þ

Therefore (ii) follows from (i). r
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