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Abstract. Let u be a l-Hölder continuous function on the closure of a bounded

domain D with fractal boundary qD. We estimate the Besov norm of the restriction of u

to qD by the LpðDÞ-norm of j‘uðyÞj distðy; qDÞl for an adequate l > 0. We apply it to

the boundedness of operators related to the double layer potentials on the Besov spaces

on qD.

1. Introduction.

Let D be a bounded Lipschitz domain in R
d ðdb 3Þ. For some operators on

LpðqDÞ we need to consider singular integrals and some techniques to prove the LpðqDÞ-

boundedness of them. One of them is the following operator K:

Kf ðzÞ :¼ �

ð
f ðyÞh‘yNðz� yÞ; nyi dsðyÞð1:1Þ

for f A LpðqDÞ and z A qD, where h i is the inner product, s is the surface measure on

qD and Nðx� yÞ is the Newton kernel, i.e.,

Nðx� yÞ ¼
1

odðd � 2Þjx� yjd�2

and od stands for the surface area of the unit ball in R
d .

In [CMM] R. Coifman, A. McIntosh and Y. Meyer established the Lp-boundedness

of the Cauchy integral on curves with arbitrary large Lipschitz norms and their theory

played important roles to consider boundary value problems, especially, the Dirichlet

problem and the Neumann problem in a Lipschitz domain (cf. [Ve], [Ke], [DK]).

The function defined by the right-hand side of (1.1) for z A R
dnqD is called the

double layer potential for f and the Lp-boundedness of K is necessary to solve the

Dirichlet problem and the Neumann problem in a Lipschitz domain D by using layer

potentials.

In this paper we consider the boundedness of the operator K on the Besov space on

the fractal boundary. More precisely, let D be a bounded domain in R
d ðdb 2Þ and

assume that qD is a b-set ðd � 1a b < d Þ, i.e., there exist a positive Radon measure m

on qD and positive real numbers b1, b2, r0 such that
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b1r
b
a mðBðx; rÞV qDÞa b2r

bð1:2Þ

for all z A qD and all ra r0, where Bðz; rÞ stands for the open ball in R
d with center z

and radius r. Such a measure m is called a b-measure.

We give examples.

1. If D is a bounded Lipschitz domain in R
d , then qD is a ðd � 1Þ-set and the

surface measure is a ðd � 1Þ-measure.

2. If qD consists of a finite number of self-similar sets, which satisfies the open

set condition, and whose similarity dimensions are b, then qD is a b-set and the b-

dimensional Hausdor¤ measure restricted to qD is a b-measure.

By the same method as in [JW] we constructed an extention operator E in [W3] and

defined the double layer potential Ff for f A LpðmÞ by

Ff ðxÞ ¼

ð

R
dnD

h‘Eð f ÞðyÞ;‘yNðx� yÞi dyð1:3Þ

if x A D and

Ff ðxÞ ¼ �

ð

D

h‘Eð f ÞðyÞ;‘yNðx� yÞi dyð1:4Þ

if x A R
dnD. Here Nðx� yÞ stands for the Newton kernel if db 3 and the logarithmic

kernel if n ¼ 2, respectively.

But the integral of the right-hand side of (1.3) or (1.4) does not always converge for

f A LpðmÞ. So we consider Besov spaces on a b-set qD. In general, let F be a closed

b-set in R
d and m be a b-measure on F. Let 0 < aa 1. We define a Besov space Lp

a ðF Þ

by the Banach space of all functions f A LpðmÞ such that

ðð

j f ðxÞ � f ðzÞjp

jx� zjbþpa
dmðxÞdmðzÞ <y

with norm

k f ka;p ¼

ð

j f ðxÞjp dmðxÞ

� �1= p

þ

ðð

j f ðxÞ � f ðzÞjp

jx� zjbþpa
dmðxÞdmðzÞ

 !1=p

:

If 0a b � ðd � 1Þ < aa 1 and f A Lp
a ðqDÞ, then the integral defined by the right-

hand side of (1.3) (resp. (1.4)) always converges and Ff is harmonic in R
dnqD.

Furthermore Ff converges ‘non-tangentially’ to K1 f ðzÞ (resp. K2 f ðzÞ) for m-a:e: z A qD,

where

K1 f ðzÞ ¼

ð

R
dnD

h‘yEð f ÞðyÞ;‘yNðz� yÞi dyð1:5Þ

if it is well-defined and K1 f ðzÞ ¼ 0 otherwise, and

K2 f ðzÞ ¼ �

ð

D

h‘yEð f ÞðyÞ;‘yNðz� yÞi dyð1:6Þ

if it is well-defined and K2 f ðzÞ ¼ 0 otherwise (cf. [W3]). We also define, for f A Lp
a ðqDÞ,
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Kf ðzÞ ¼
1

2
ðK1 f ðzÞ þ K2 f ðzÞÞ:ð1:7Þ

This operator is a generalization of K defined by (1.1) and we see that, if both of K1 and

K2 are bounded operators from Lp
a ðqDÞ to Lp

a ðqDÞ, so is K.

Hereafter we shall fix a b-measure m on qD and suppose DHBð0;R=2Þ with Rb 1.

To prove that K1 is bounded on Lp
a ðqDÞ, we consider an estimate of the Besov

norm of a function u, which is Hölder continuous on D and a C1-function in D, by the

LpðDÞ-norm of j‘ujdðyÞl for an adequate l > 0. Here dðyÞ stands for the distance

from y to qD.

We now consider a uniform domain by O. Martio and J. Sarvas (cf. [MS]). Recall

that D is called a uniform domain if there exist constants a and b such that each pair of

points x0; y0 A D can be joined by a rectifiable arc gHD for which

lðgÞa ajx0 � y0j;ð1:8Þ

minflðgðx0; xÞÞ; lðgðx; y0ÞÞga b distðx; qDÞ for all x A g:

Here lðgÞ (resp. gðx0; xÞ) stands for the euclidean length of g (resp. the part of g between

x0 and x).

Note that an ðe;yÞ domain, which was introduced by P. W. Jones in [Jo], is a

uniform one (cf. [Vâ]). Therefore a Lipschitz domain is uniform and the snow flake

domain is also uniform.

In §4 we shall prove the following theorem.

Theorem 1. Assume that D is a bounded uniform domain such that qD is a b-set

ðd � 1a b < d Þ. Let 1 < p <y. If 1� ðd � bÞ < a < 1� ðd � bÞ=p, aþ ðd � bÞ=p <

l < 1 and, u is l-Hölder continuous on D and of C1 in D, then

ðð
juðxÞ � uðzÞjp

jx� zjbþpa
dmðxÞdmðzÞa c

ð
D

j‘uðyÞjpdðyÞp�pa�dþb
dy;

where c is a constant independent of u.

To prove Theorem 1, we use a similar covering argument to that in [Ko].

In §5 we shall show that the following theorem on the extension operator E.

Theorem 2. Let 1 < p <y, 1� ðd � bÞ < a < 1� ðd � bÞ=p and f A Lp
a ðqDÞ.

Then

ð
R

d

j‘Eð f ÞðyÞjpdðyÞp�pa�dþb
dya ck f kp

p;a;

where c is a constant independent of f .

Further we consider a weaker assumption for D. We say that a set G satisfies the

condition (b) if there exist a constant c and r1 > 0 such that

jBðz; rÞVGjb crd

for each point z A qG and each positive real number ra r1.
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With the aid of Theorem 1 and Theorem 2 we see that, to prove the boundedness of

the operator K1 from Lp
a ðqDÞ to Lp

a ðqDÞ, it su‰ces to show the following theorem, which

will be proved in §6.

Theorem 3. Assume that R
dnD is connected and satisfies the condition (b). Let

p > 1, 1� ðd � bÞ < a < 1� ðd � bÞ=p and f A Lp
a ðqDÞ. Then

ð
D

j‘xFf ðxÞjpdðxÞp�pa�dþb
dxa c

ð
R

dnD

j‘xEð f ÞðxÞj
p
dðxÞp�pa�dþb

dx;

where c is a constant independent of f .

Thus it su‰ces to compare volume integrals over disjoint domains of two functions

instead of considering directly the singular integral.

We introduce three kinds of maximal functions relative to two disjoint spaces to

prove Theorem 1, Theorem 2 and Theorem 3.

Using above theorems, we shall give the proof of our main theorems in §6.

Theorem 4. Assume that D is a bounded uniform domain in Rd ðdb 2Þ and qD is a

b-set ðd � 1a b < d Þ. Further assume that RdnD is connected and satisfies the condition

(b). Let 1 < p <y, 1� ðd � bÞ < a < 1� ðd � bÞ=p. Then operator K1 is bounded

from Lp
a ðqDÞ to Lp

a ðqDÞ.

Theorem 5. Assume that D is a bounded uniform domain in Rd ðdb 2Þ and qD is a

b-set ðd � 1a b < d Þ. Further assume that R
dnD is connected and each pair of points

x0, y0 of the set

FtðR
dnDÞ ¼ fy A R

dnD; dðyÞ < tg

is joined by a rectifiable arc gHR
dnD satisfying (1.8) for every ta t0 for some t0. Let

1 < p <y, 1� ðd � bÞ < a < 1� ðd � bÞ=p. Then the operator K defined by (1.7) is

bounded from Lp
a ðqDÞ to Lp

a ðqDÞ.

It seems that our methods used in this paper are also useful to prove the

boundedness of other operators on Lp
a ðqDÞ for a bounded domain D with fractal

boundary.

2. Properties of a uniform domain.

In this section we prepare the properties of a uniform domain, which are used to

prove Theorem 1.

Let us begin with the following lemma.

Lemma 2.1. Let G be a domain in R
d such that qG is compact. Assume that each

pair of points x0, y0 of FtðGÞ for every ta t0 for some t0 is joined by a rectifiable arc

gHG satisfying (1.8). Then there exist positive real numbers b 0 and r2 such that for each

z A qG and each r ðra r2Þ we can find a point y1 A G satisfying

Bðy1; b
0rÞHBðz; rÞVG:

Therefore G satisfies the condition (b).
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Proof. Choose y0 A G satisfying dðy0Þ ¼ max
y AFt0=2

ðGÞ
dðyÞ and put r2 ¼ dðy0Þ=4.

Let z A qG and 0 < ra r2. Then jz� y0jb dðy0Þ. Pick x1 A G such that jz� x1j < r=8.

Then

jy0 � x1jb jy0 � zj � jz� x1jb 4r�
r

8
¼

31r

8
:

By the assumption there is an arc gHG joining x1 to y0 such that

lðgÞa ajx1 � y0j

and

minflðgðx1; xÞÞ; lðgðx; y0ÞÞga bdðxÞ

for every x A g. We may assume that bb 1. Take the first point y1 A g such that

jx1 � y1j ¼ r=8. Then

dðy1Þb
1

b
minfjx1 � y1j; jy1 � y0jgb

r

8b
:

Hence Bðy1; r=ð16bÞÞHG.

We also get Bðy1; r=ð16bÞÞHBðz; rÞ. Indeed, for x A Bðy1; r=ð16bÞÞ,

jx� zja jx� y1j þ jy1 � x1j þ jx1 � zj < r;

whence

B y1;
r

16b

� �

HBðz; rÞVG:

Thus G satisfies the condition (b). r

Lemma 2.2. Let G be a domain in R
d such that qG is compact. Assume that two

points x0; y0 A G can be joined by a rectifiable arc gHG satisfying (1.8). If c1dðx0Þa

dðy0Þa c2 dðx0Þ and

2 jdðx0Þa jx0 � y0j < 2 jþ1dðx0Þ;

then there exist balls Bk ¼ Bðzk; rkÞ ðk ¼ 0; 1; . . . ;mÞ, B 0
k ¼ Bðz 0k; r

0
kÞ ðk ¼ 0; 1; . . . ; nÞ hav-

ing the following properties:

(i) z0 ¼ x0, r0 ¼ dðx0Þ=ð4bÞ, z
0
0 ¼ y0, r

0
0 ¼ dðy0Þ=ð4bÞ, zm ¼ z 0n and rm ¼ r 0n, rk <

rkþ1a ð1þ 1=ð4bÞÞrk, r 0k < r 0kþ1a ð1þ 1=ð4bÞÞr 0k,

(ii) ma c3 j and na c4 j, where ci ði ¼ 3; 4Þ are constants independent of x0, y0
and j,

(iii) distðBk; qGÞb 3rk and distðB 0
k; qGÞb 3r 0k,

(iv) x0 A Bðzk; 5brkÞ and y0 A Bðz 0k; 5br
0
kÞ,

(v) Bðyk; rk=2ÞHBk VBkþ1, Bðy 0
k; r

0
k=2ÞHB 0

k VB 0
kþ1,

(vi) y A Bðzk; rkÞ implies dðyÞ < ð8bþ 1Þrk and y A Bðz 0k; r
0
kÞ implies dðyÞ <

ð8bþ 1Þr 0k,

(vii) rka ða=ð8bÞÞjx0 � y0j, and r 0ka ða=ð8bÞÞjx0 � y0j.
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Proof. By the assumption there are positive real numbers a, b and a rectifiable arc

g such that

lðgÞa ajx0 � y0jð2:1Þ

and

minflðgðx0; zÞÞ; lðgðz; y0ÞÞga bdðzÞ for all z A g:

We may assume that a; bb 1. Take z 0 A g satisfying lðgðx0; z
0ÞÞ ¼ lðgðz 0; y0ÞÞ. Further

we choose points z0; z1; z2; . . . ; zm on gðx0; z
0Þ inductively as follows.

Put z0 ¼ x0 and let x1 be the point satisfying lðgðz0; x1ÞÞ ¼ dðx0Þ=4b. If

lðgðx0; x1ÞÞb lðgðx0; z
0ÞÞ, we set z1 ¼ z 0 and stop the process. If lðgðx0; x1ÞÞ <

lðgðx0; z
0ÞÞ, we set z1 ¼ x1. Let us now suppose that z1; z2; . . . ; zk�1 have already been

chosen on gðx0; z
0Þ. Choose a point xk A g satisfying lðgðzk�1; xkÞÞ ¼ lðgðx0; zk�1ÞÞ=ð4bÞ.

If lðgðx0; xkÞÞb lðgðx0; z
0ÞÞ, set zk ¼ z 0 and stop the process. If lðgðx0; xkÞÞ <

lðgðx0; z
0ÞÞ, we set zk ¼ xk.

Put r ¼ dðx0Þ=ð4bÞ. Then

lðgðz0; z1ÞÞ ¼ r;

lðgðz0; z2ÞÞ ¼ rþ
r

4b
¼ r 1þ

1

4b

� �

;

lðgðz0; z3ÞÞ ¼ lðgðz0; z2ÞÞ þ
lðgðz0; z2ÞÞ

4b
¼ r 1þ

1

4b

� �2

:

Hence we see inductively that

lðgðz0; zkÞÞ ¼ r 1þ
1

4b

� �k�1

for k ¼ 1; 2; . . . ;m� 1:ð2:2Þ

Thus we have, by (2.1) and the assumption,

r 1þ
1

4b

� �m�2

¼ lðgðz0; zm�1ÞÞa
lðgÞ

2
a

a

2
jx0 � y0ja 2 jadðx0Þ;

whence

1þ
1

4b

� �m�2

a 4ab2 j:

This implies

ma 2þ
logð4abÞ

logð1þ 1=ð4bÞÞ
þ

j log 2

logð1þ 1=ð4bÞÞ
;

which leads to the first inequality of (ii).

We next put
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r0 ¼
dðx0Þ

4b
;

rk ¼
lðgðx0; zkÞÞ

4b
ðk ¼ 1; 2; . . . ;mÞ

and

Bk ¼ Bðzk; rkÞ ðk ¼ 0; 1; . . . ;mÞ:

Then

rk < rkþ1a 1þ
1

4b

� �

rk ðk ¼ 0; 1; . . . ;m� 1Þ

and

B yk;
rk

2

� �

HBk VBkþ1 ðk ¼ 0; 1; . . . ;m� 1Þ

for some yk A G. Hence the first parts on fBkg of (i) and (v) hold.

Since

distðBk; qGÞb distðzk; qGÞ � rkb 3rk;

we get the first part of (iii).

Noting that

jx0 � zkja lðgðx0; zkÞÞ ¼ 4brk;

we see that x0 A Bðzk; 5brkÞ, which is the first part of (iv).

For each y A Bðzk; rkÞ we have

dðyÞa dðzkÞ þ rka dðx0Þ þ 4brk þ rka ð8bþ 1Þrk:

Thus we get the first part of (vi).

Noting rk ¼ lðgðz0; zkÞÞ=ð4bÞa ða=ð8bÞÞjx0 � y0j, we have the first part of (vii).

We next consider ð�gÞðy0; z
0Þ instead of gðx0; z

0Þ and can construct B 0
k ðk ¼

0; 1; . . . ; nÞ by the same method. r

3. Maximal functions.

In this section we introduce two kinds of maximal functions, which will play

important roles in later sections. Without loss of generality we may assume that

r1b 3R in the condition (b).

Since qD is a b-set, there exists a positive number s2 such that

ð

fdðyÞ<egVBðz; rÞVD

dya s2r
bed�bð3:1Þ

for all positive real numbers r, e satisfying 0 < ea ra 3R (cf. [W1, Lemma 2.1]).

Moreover, if D satisfies the condition (b), then
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s1r
bed�b

a

ð

fdðyÞ<egVBðz; rÞVD

dyð3:2Þ

for all positive real numbers r, e satisfying 0 < ea ra 3R (cf. [W4, Lemma 2.1]).

We fix positive real numbers s1, s2 satisfying (3.2), (3.1), respectively and define, for

t > 0,

AtðDÞ1At ¼ y A D;
t

2

s1

s2

� �1=ðd�bÞ

a dðyÞ < t

( )

:ð3:3Þ

Let t > 0, 0 < l < d � b. We define a Borel measure nl; t on At by

nl; tðEÞ ¼

ð

EVAt

dðyÞ�l
dy

for each Borel set E. We also define a Borel measure nþl on D by

nþl ðEÞ ¼

ð

EVD

dðyÞ�l
dy:

These two measures have the following properties.

Lemma 3.1. Assume that D satisfies the condition (b). Let 0 < l < d � b, 0 < ta1,

x A AtðDÞ and 2dðxÞa raR. Then

nl; tðBðx; rÞÞa c1r
d�l
a c2n

þ
l ðBðx; rÞÞa c3r

d�l;ð3:4Þ

where c1, c2 and c3 are constants independent of x, t and r.

Proof. Choose x 0 A qD satisfying jx� x 0j ¼ distðx; qDÞ. Since for every

y A Bðx; rÞ,

jx 0 � yja jx 0 � xj þ jx� yja dðxÞ þ r < 2r;

we have, by (3.1),

nl; tðBðx; rÞÞa c1t
�ljBðx 0; 2rÞV fy A D; dðyÞ < tgj

a c2t
�lð2rÞbtd�b ¼ c3r

btd�b�l

a c4r
brd�b�l ¼ c4r

d�l;

which shows the first inequality of (3.4).

We next show the second inequality. Noting that rb 2dðxÞ, we have, by (3.2),

nþl ðBðx; rÞÞb

ð

Bðx 0; r=2ÞVD

dðyÞ�l
dy

¼

ð

y

ðr=2Þ�l

�

�

�

�

B x 0;
r

2

� �

V fy A D; dðyÞ < s�1=lg

�

�

�

�

ds

b s1
r

2

� �bðy

ðr=2Þ�l
sðb�d Þ=l dsb c5r

d�l:
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The third inequality of (3.4) is obtained by the inequality

nþl ðBðx; rÞÞa

ð

Bðx 0;2rÞVD

dðyÞ�l
dy

a

ðy

ð2rÞ�l
jBðx 0; 2rÞV fy A D; dðyÞ < s�1=lgj ds

a s2ð2rÞ
b

ðy

ð2rÞ�l
sðb�d Þ=l dsa c6r

btd�b�l
a c6r

d�l: r

Fix t > 0 and define, for f A L1ðnþl Þ, a maximal function Mðnl; t; n
þ
l Þð f Þ of f

by

Mðnl; t; n
þ
l Þð f ÞðxÞ ¼ sup

1

rd�l

ð

Bðx; rÞ

j f ðyÞj dnþl ðyÞ; 2dðxÞa raR

( )

for each x A AtðDÞ. Then the maximal function has the following properties as usual.

Lemma 3.2. Assume that D satisfies the condition (b). Let 0 < l < d � b.

(i) Let f A L1ðnþl Þ, s > 0 and set

Es ¼ fx A At;Mðnl; t; n
þ
l Þð f ÞðxÞ > sg:

Then

nl; tðEsÞa
c

t

ð

j f j dnþl ;

where c is a constant independent of f , s.

(ii) Let 1 < p <y and f A Lpðnþl Þ. Then

ð

Mðnl; t; n
þ
l Þð f Þ

p
dnl; ta c

ð

j f jp dnþl ;

where c is a constant independent of f .

Proof. (i) For each x A Es there is a positive real number rx such that rxaR

and

1

rd�l
x

ð

Bðx; rxÞ

j f ðyÞj dnþl ðyÞ > s:

Using the Besicovitch covering theorem, we can find a subcovering fBðxj ; rjÞg of

fBðx; rxÞgx AEs
such that

Es H 6
j

Bðxj; rjÞ

and each point x A Es is contained in at most N numbers of Bðxj ; rjÞ. Lemma 3.1

yields
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nl; tðEsÞa
X

j

nl; tðBðxj; rjÞÞa c1
X

j

rd�l
j

a c1
1

s

X

j

ð

Bðxj ; rjÞ

j f ðyÞj dnþl ðyÞa
c1N

s

ð

D

j f ðyÞj dnþl ðyÞ:

This shows (i).

(ii) The assertion (ii) is deduced from (i) by the usual method. r

We next consider another maximal function. To do so, let 0 < l < d � b and

define, for a Borel set E,

n�l ðEÞ ¼

ð

ðBð0;2RÞnDÞVE

dðyÞ�l
dy:

We can easily show the following lemma as the proof of Lemma 3.1.

Lemma 3.3. Assume that R
dnD satisfies the condition (b). Let 0 < l < d � b.

Further let x A D and ð4=3ÞdðxÞa ra 3R. Then

nþl ðBðx; rÞÞa c1r
d�l
a c2n

�
l ðBðx; rÞÞa c3r

d�l;ð3:5Þ

where c1, c2 and c3 are constants independent of x and r.

Let u A L1ðn�l Þ. We define a maximal function Mðnþl ; n
�
l ÞðuÞ of u by

Mðnþl ; n
�
l ÞðuÞðxÞð3:6Þ

¼ sup

Ð

Bðx; rÞVðBð0;2RÞnDÞ juj dn
�
l

n�l ðBðx; rÞÞ
;
4

3
dðxÞa ra 3R

( )

for x A D.

Using Lemma 3.3, we can prove the following lemma by the same method as in the

proof of Lemma 3.2.

Lemma 3.4. Assume that R
dnD satisfies the condition (b). Let 0 < l < d � b.

(i) Let u A L1ðn�l Þ, s > 0 and set

Fs ¼ fx A D;Mðnþl ; n
�
l ÞðuÞðxÞ > sg:

Then

nþl ðFsÞa
c

s

ð

juj dn�l ;

where c is a constant independent of u, s.

(ii) Let 1 < p <y and u A Lpðn�l Þ. Then

ð

Mðnþl ; n
�
l ÞðuÞ

p
dnþl a c

ð

jujp dn�l ;

where c is a constant independent of u.
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Remark 3.1. For t > 0 and 0 < l < d � b we define

n 0l; tðEÞ ¼

ð
EVAtðR

dnDÞ

dðyÞ�l
dy

for each Borel set E. Lemma 3.1 remains valid if we replace D, nl; t, n
þ
l with R

dnD,

n 0l; t, n
�
l , respectively. We also see that Lemma 3.3 is valid even if we exchange D and

nþl for R
dnD and n�l , respectively. Therefore the maximal functions Mðn 0l; t; n

�
l Þð f Þ and

Mðn�l ; n
þ
l ÞðuÞ are defined and assertions corresponding to Lemmas 3.2 and 3.4 hold.

4. Proof of Theorem 1.

In this section we assume that D is a bounded domain such that qD is a b-set. We

prepare some lemmas.

The estimate for the Besov norm in the product of two balls is as follows.

Lemma 4.1. Let 1a p <y, p� pa� d þ b > 0 and x0 A R
d . Further let r > 0

and u A C1ðBðx0; rÞÞ. Then

ð
Bðx0; rÞ

dy

ð
Bðx0; rÞ

juðxÞ � uðyÞjp

jx� yjdþpaþd�b
dxa crp�pa�dþb

ð
Bðx0; rÞ

j‘uðyÞjp dy;

where c is a constant independent of u, x0 and r.

Proof. Let x; y A Bðx0; rÞ. From

uðxÞ � uðyÞ ¼

ð1

0

d

dt
uðyþ tðx� yÞÞ dt

¼ ðx� yÞ �

ð1

0

‘uðyþ tðx� yÞÞ dt;

we deduce

juðxÞ � uðyÞjp

jx� yjdþpaþd�b
a jx� yjp�d�pa�dþb

ð1

0

j‘uðyþ tðy� xÞÞjp dt:

Let 0 < s < 2r. Then

I 1

ð
qBðy; sÞVBðx0; rÞ

juðxÞ � uðyÞjp

jx� yjdþpaþd�b
dHd�1ðxÞ

a sp�d�pa�dþb

ð1

0

dt

ð
qBðy; sÞVBðx0; rÞ

j‘uðyþ tðx� yÞÞjp dHd�1ðxÞ

a sp�d�pa�dþb

ð1

0

dt

td�1

ð
qBðy; stÞVBðx0; rÞ

j‘uðwÞjp dHd�1ðwÞ

a sp�d�paþb�2

ð s

0

dt 0

t 0d�1

ð
qBð y; t 0ÞVBðx0; rÞ

j‘uðwÞjp dHd�1ðwÞ:
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Since p� d � paþ b > 0, we choose a positive number e < 1 such that p� d � paþ

b � 1þ e > 0. Then we have

Ia sp�d�paþb�2þe

ð s

0

1

t 0d�1þe
dt 0

ð
qBð y; t 0ÞVBðx0; rÞ

j‘uðwÞjp dHd�1ðwÞ

a sp�d�paþb�2þe

ð2r

0

dt 0
ð
qBðy; t 0ÞVBðx0; rÞ

j‘uðwÞjp

jy� wjd�1þe
dHd�1ðwÞ

¼ sp�d�paþb�2þe

ð
Bðx0; rÞ

j‘uðwÞjp

jy� wjd�1þe
dw:

Hence

ð
Bðx0; rÞ

juðxÞ � uðyÞjp

jx� yjdþpaþd�b
dx

¼

ð2r

0

I dsa c1r
p�d�paþb�1þe

ð
Bðx0; rÞ

j‘uðwÞjp

jy� wjd�1þe
dw:

Noting that d � 1þ e < d and integrating over Bðx0; rÞ with respect to y, we have the

conclusion. r

In [W6, Theorem 2] we gave the following theorem.

Lemma A. Suppose that G is a domain in R
d such that qG is compact and a b-set

ðd � 1a b < d Þ and satisfies the condition (b). Let 1a p <y and aþ ðd � bÞ=p <

l < 1. If f is l-Hölder continuous on G, then

ð
qG

ð
qG

j f ðxÞ � f ðyÞjp

jx� yjbþpa
dmðxÞdmðyÞ

a c lim inf
t!0

ð
AtðGÞ

ð
AtðGÞ

j f ðxÞ � f ðyÞjp

jx� yjdþpaþd�b
dxdy;

where c is a constant independent of f and AtðGÞ is the set defined by (3.3).

Note that we assumed in [W6, Theorem 2] that G is bounded. But the theorem is

valid under our assumption with a small change in the proof.

Lemma 4.2. Let p� pa� d þ b > 0 and u A C1ðDÞ. Set

hx; r ¼

Ð
Bðx; rÞ u dy

jBðx; rÞj
and rx ¼

dðxÞ

4b

for x A D and r > 0 satisfying Bðx; rÞHD and b is the constant in (1.8). If 0 < c1a 1

and c2b 1, then
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X

y

j¼�1

ð

At

dx

ð

c12 jdðxÞajx�yj<c22 jþ1dðxÞ

juðxÞ � hx; rx j
p

jx� yjdþpaþd�b
dy

a c

ð

D

j‘uðyÞjpdðyÞp�pa�dþb
dy;

where c is a constant independent of u and t.

Proof. Since At H6
x AAt

Bðx; dðxÞ=ð20bÞÞ, we can find fxkgHAt such that

At H 6
y

k¼1

B xk;
dðxkÞ

4b

� �

ð4:1Þ

and fBðxk; dðxkÞ=ð20bÞÞg is mutually disjoint.

Fix a natural number k and let x A Bðxk; dðxkÞ=ð4bÞÞVAt. Then

juðxÞ � hx; rx j
p
a

1

r
dp
x

ð

Bðx; rxÞ

juðxÞ � uðzÞj dz

 !p

a c3
1

rdx

ð

Bðx; rxÞ

juðxÞ � uðzÞjp dz:

By the same method as in the proof of Lemma 4.1 we have

1

rdx

ð

Bðx; rxÞ

juðxÞ � uðzÞjp dza c4
1

rdx

ð

Bðx; rxÞ

j‘uðwÞjp

jx� wjd�e
dw

ð2rx

0

spþd�1�e ds

a c5dðxÞ
p�e

ð

Bðx; rxÞ

j‘uðwÞjp

jx� wjd�e
dw;

where e is a positive number satisfying p� pa� d þ b � e > 0. Hence

ð

c12 jdðxÞajx�yj<c22 jþ1dðxÞ

juðxÞ � hx; rx j
p

jx� yjdþpaþd�b
dy

a c6ð2
jÞ�pa�dþb

dðxÞp�pa�dþb�e

ð

Bðx; rxÞ

j‘uðwÞjp

jx� wjd�e
dw:

Take zk A qD satisfying dðxkÞ ¼ jxk � zkj. Since

jzk � xja jzk � xkj þ jxk � xj < 1þ
1

4b

� �

dðxkÞ;

we see that dðxÞ < ð1þ 1=ð4bÞÞdðxkÞ. Similarly dðxÞb ð1� 1=ð4bÞÞdðxkÞ.

From these we deduce, for every w A Bðx; rxÞ,

jx� wj <
1

4b
dðxÞa

1

4b
1þ

1

4b

� �

dðxkÞ

and

dðwÞb dðxÞ � rx ¼ 1�
1

4b

� �

dðxÞb 1�
1

4b

� �2

dðxkÞ:

Setting rk ¼ dðxkÞ=ð4bÞ, we have

Estimates of the Besov norms 577



ð
Bðxk ; rkÞ

dx

ð
c12 jdðxÞajx�yj<c22 jþ1dðxÞ

juðxÞ � hx; rj
p

jx� yjdþpaþd�b
dy

a c7ð2
jÞ�pa�dþb

ð
Bðxk ;4rkÞVD

j‘uðwÞjpdðwÞp�pa�dþb�e
dw

ð
jx�wjac8dðwÞ

dx

jw� xjd�e

a c9ð2
jÞ�pa�dþb

ð
Bðxk ;4rkÞVD

j‘uðwÞjpdðwÞp�pa�dþb
dw:

Since fBðxk; rk=5Þg are mutually disjoint and ðs1=s2Þ
1=ðd�bÞ

t=ð8bÞa rk < t=ð4bÞ, we have

ð
At

dx

ð
c12 jdðxÞajx�yj<c22 jþ1dðxÞ

juðxÞ � hx; rj
p

jx� yjdþpaþd�b
dy

a c10ð2
jÞ�pa�dþb

ð
D

j‘uðwÞjpdðwÞp�pa�dþb
dw;

whence

Xy
j¼�1

ð
At

dx

ð
c12 jdðxÞajx�yj<c22 jþ1dðxÞ

juðxÞ � hx; rj
p

jx� yjdþpaþd�b
dy

a c11

ð
D

j‘uðwÞjpdðwÞp�pa�dþb
dw:

Thus we have the conclusion. r

Lemma 4.3. Suppose that for each ta t0 each pair of points x0; y0 A FtðDÞ is

joined by a rectifiable arc g satisfying (1.8) in D. Let 1 < p <y, 1� ðd � bÞ <

a < 1� ðd � bÞ=p and u A C 1ðDÞ. Then

lim inf
t!0

ð
At

ð
At

juðxÞ � uðyÞjp

jx� yjdþpaþd�b
dxdya c

ð
D

j‘uðyÞjpdðyÞp�pa�dþb
dy;

where c is a constant independent of u.

Proof. We may assume that
ð
D

j‘uðyÞjpdðyÞp�pa�dþb
dy <y:

Let x A At and write

ð
At

juðxÞ � uðyÞjp

jx� yjdþpaþd�b
dy

¼

ð
AtVfjx�yj<dðxÞ=2g

juðxÞ � uðyÞjp

jx� yjdþpaþd�b
dyþ

ð
AtVfjx�yjbdðxÞ=2g

juðxÞ � uðyÞjp

jx� yjdþpaþd�b
dy

1 I1 þ I2:

Take the covering fBðxk; dðxkÞ=ð4bÞÞg of (4.1) and assume that x A Bðxk; dðxkÞ=ð4bÞÞ

and jx� yj < dðxÞ=2. We note that bb 1. From
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jxk � yja jxk � xj þ jx� yja
dðxkÞ

4
þ
dðxÞ

2

a
dðxkÞ

4
þ
5dðxkÞ

8
¼

7dðxkÞ

8

we deduce that y A Bðxk; 7dðxkÞ=8Þ. Hence, by Lemma 4.1,

ð
AtVBðxk ; dðxkÞ=ð4bÞÞ

I1 dx

a

ð
AtVBðxk ; dðxkÞ=ð4bÞÞ

dx

ð
AtVBðxk ;7dðxkÞ=8Þ

juðxÞ � uðyÞjp

jx� yjdþpaþd�b
dy

a

ð
Bðxk ;7dðxkÞ=8Þ

dx

ð
Bðxk ;7dðxkÞ=8Þ

juðxÞ � uðyÞjp

jx� yjdþpaþd�b
dy

a c1dðxkÞ
p�pa�dþb

ð
Bðxk ;7dðxkÞ=8Þ

j‘uðyÞjp dy:

On the other hand, if y A Bðxk; 7dðxkÞ=8Þ, then

dðxkÞa dðyÞ þ jxk � yja dðyÞ þ
7dðxkÞ

8

and hence dðxkÞ=8a dðyÞ. Consequently

ð
AtVBðxk ; dðxkÞ=ð4bÞÞ

I1 dxa c2

ð
Bðxk ;7dðxkÞ=8Þ

j‘uðyÞjpdðyÞp�pa�dþb
dy:

Noting that Bðxk; dðxkÞ=ð20bÞÞ are mutually disjoint, we have

ð
At

I1 dxa
X
k

ð
Bðxk ;7dðxkÞ=8Þ

j‘uðyÞjpdðyÞp�pa�dþb
dyð4:2Þ

a c3

ð
D

j‘uðyÞjpdðyÞp�pa�dþb
dy:

We next estimate I2. Let y be a point in At such that 2 jdðxÞa jx� yj < 2 jþ1dðxÞ.

For x0 ¼ x and y0 ¼ y we choose families fBkg ðBk ¼ Bðzk; rkÞÞ and fB 0
kg ðB 0

k ¼

Bðz 0k; r
0
kÞÞ satisfying (i)–(vii) of Lemma 2.2. Noting that Bðzm; rmÞ ¼ Bðz 0n; r

0
nÞ, we write

juðxÞ � uðyÞja juðxÞ � hx; r0 j þ
Xm�1

k¼0

jhzk ; rk � hzkþ1; rkþ1
j

þ juðyÞ � hy; r 0
0
j þ

Xn�1

k¼0

jhz 0
k
; r 0
k
� hz 0

kþ1
; r 0
kþ1

j

1 JðxÞ þ
Xm�1

k¼0

Jk þ J 0ðyÞ þ
Xn�1

k¼0

J 0
k:
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Lemma 4.2 yields

X

y

j¼�1

ð

At

dx

ð

f2 jdðxÞajx�yj<2 jþ1dðxÞgVAt

JðxÞp

jx� yjdþpaþd�b
dyð4:3Þ

a c4

ð

D

j‘uðyÞjpdðyÞp�pa�dþb
dy

and

X

y

j¼�1

ð

At

dx

ð

f2 jdðxÞajx�yj<2 jþ1dðxÞgVAt

J 0ðyÞp

jx� yjdþpaþd�b
dyð4:4Þ

a

X

y

j¼�1

ð

At

dy

ð

fd12 jdðyÞajx�yj<d22 jþ1dðyÞgVAt

J 0ðxÞp

jx� yjdþpaþd�b
dx

a c5

ð

D

j‘uðyÞjpdðyÞp�pa�dþb
dy:

We next consider
Pm�1

k¼0 Jk. Noting that

Bðyk; rk=2ÞHBðzk; rkÞVBðzkþ1; rkþ1Þ

for some yk, we have, by Poincaré’s inequality and Lemma 2.2, (iii),

ð

Bðyk ; rk=2Þ

Jk dy

a

ð

Bðzk ; rkÞ

juðyÞ � hzk ; rk j dyþ

ð

Bðzkþ1; rkþ1Þ

juðyÞ � hzkþ1; rkþ1
j dy

a c6 rk

ð

Bðzk ; rkÞ

j‘uðyÞj dyþ rkþ1

ð

Bðzkþ1; rkþ1Þ

j‘uðyÞj dy

 !

a c7

ð

Bðzk ; rkÞ

j‘uðyÞjdðyÞ dyþ

ð

Bðzkþ1; rkþ1Þ

j‘uðyÞjdðyÞ dy

 !

:

Hence

Jka c8
1

ðrkÞ
d

ð

Bðzk ; rkÞ

j‘uðyÞjdðyÞ dy

þ c8
1

ðrkþ1Þ
d

ð

Bðzkþ1; rkþ1Þ

j‘uðyÞjdðyÞ dy:

Set

Ik ¼
1

ðrkÞ
d

ð

Bðzk ; rkÞ

j‘uðyÞjdðyÞ dy:
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Choose e > 0 satisfying 0 < d � b � pe and set l ¼ d � b � pe. With the aid of Lemma

2.2, (iii), (vi), (vii) we have

Ika c9
raþe
k

Ð

Bðx;10brkÞVD
j‘uðyÞjdðyÞ1�a�e

dðyÞ�l
dy

rd�l
k

a c10jx� yjaþe
Mðnl; t; n

þ
l Þð f ÞðxÞ;

where f ðyÞ ¼ j‘uðyÞjdðyÞ1�a�e. Here we note that

10brkb 10br1 ¼
5

2
dðxÞ:

Therefore we have, by Lemma 2.2, (ii),

X

m�1

k¼0

Jka c11jx� yjaþe
jMðnl; t; n

þ
l Þð f ÞðxÞ;

whence

ð

2 jdðxÞajx�yj<2 jþ1dðxÞ

ð
Pm�1

k¼0 JkÞ
p

jx� yjdþpaþd�b
dy

a c12

ð

2 jdðxÞajx�yj<2 jþ1dðxÞ

j pMðnl; t; n
þ
l Þð f ÞðxÞ

p

jx� yjdþd�b�pe
dy

a c13ð2
jÞ�dþbþpe

j pdðxÞ�dþbþpe
Mðnl; t; n

þ
l Þð f ÞðxÞ

p:

Using Lemma 2.2 and Lemma 3.2, we have

ð

At

dx
X

y

j¼�1

ð

2 jdðxÞajx�yj<2 jþ1dðxÞ

ð
Pm�1

k¼0 JkÞ
p

jx� yjdþpaþd�b
dyð4:5Þ

a c14

ð

At

Mðnl; t; n
þ
l Þð f ÞðxÞ

p
dðxÞ�dþbþpe

dx ¼ c14

ð

At

Mðnl; t; n
þ
l Þð f ÞðxÞ

p
dnl; tðxÞ

a c15

ð

D

j‘uðyÞjpdðyÞp�pa�pe
dnþl ðyÞ ¼ c15

ð

D

j‘uðyÞjpdðyÞp�pa�dþb
dy:

On the other hand, if y A At and 2 jdðxÞa jx� yj < 2 jþ1dðxÞ, then

2 j�1 s1

s2

� �1=ðd�bÞ

dðyÞa jx� yj < 2 jþ2 s2

s1

� �1=ðd�bÞ

dðyÞ:

So, for
Pn�1

k¼0 J
0
k, we also obtain the same estimate as

Pm�1
k¼0 Jk.

Combining the above facts with (4.2), (4.3), (4.4), (4.5) we have the conclusion.

r

Let us prove Theorem 1.
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Proof of Theorem 1. Let u be l-Hölder continuous on D and a C1-function in D.

Lemmas A and 4.3 yield

ðð juðxÞ � uðyÞjp

jx� yjbþpa
dmðxÞdmðyÞa c1 lim inf

t!0

ð

At

ð

At

juðxÞ � uðyÞjp

jx� yjdþpaþd�b
dxdy

a c2

ð

D

j‘uðyÞjpdðyÞp�pa�dþb
dy:

This completes the proof. r

Remark 4.1. We note that Lemmas 4.2 and 4.3 are valid if we replace D with

R
dnD.

5. Extention operator E.

In this section we consider the relation of the Lp-norm of j‘Eð f ÞjdðxÞl and the

norm k f ka;p. To do so, we first mention the property of E (cf. [JW], [W3], [W4]).

Recall that VðRdnqDÞ stands for a Whitney decomposition of R
dnqD.

Proposition B. Assume that DHBð0;R=2Þ. Then there exists a linear operator E

from LpðmÞ to LpðRdÞ having the properties (i)–(vi):

(i) Eð f Þ is a Cy-function in R
dnqD,

(ii) Eð f Þ ¼ f on qD,

(iii) suppEð f ÞHBð0; 2RÞ,
(iv) Eð1Þ ¼ 1 on Bð0;RÞ,
(v)

ð

jEð f Þjp dya c

ð

j f jp dm;

where c is a constant independent f ,

(vi) Let Q A VðRdnqDÞ be a cube with common side-length l. Then, for each

y A Q,

j‘Eð f ÞðyÞja cl�b�1

ð

Bða;b 00lÞ
j f ðzÞj dmðzÞ;

where a is a boundary point satisfying distðqD;QÞ ¼ distða;QÞ and b 00 ¼ 6
ffiffiffi

d
p

, and c is a

constant independent of l, y and f .

Set

H ¼ fy; dðyÞaRg

and denote by n0 the positive measure on Bð0; 2RÞnqD defined by

n0ðEÞ ¼
ð

EVðBð0;2RÞnqDÞVH
dðyÞ2b�d

dy

for a Borel set E.
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We begin with estimates for two measures m� m and n0.

Lemma 5.1.

n0ðBðy; rÞÞa c1r
2b
a c2

ð

Bðy; rÞVqD

ð

Bðy; rÞVqD

dmðxÞdmðzÞ

for every y A H and every r satisfying ð11=10ÞdðyÞa ra ð3=2ÞR.

Proof. Let y A H and ð11=10ÞdðyÞa ra ð3=2ÞR. Since db 2 and d � 1a b < d,

2b � db 0,

ð

Bðy; rÞVH

dðxÞ2b�d
dxa c1

10

11
r

� �2b�d

rda c2r
2b;

which is the first inequality.

Denote by y 0 a boundary point such that dðyÞ ¼ jy� y 0j. Since Bðy 0; ð1=11ÞrÞH

Bðy; rÞ and qD is a b-set, we also get the second inequality. r

We introduce the following maximal function on qD� qD. We define, for h A

Lpðm� mÞ and y A H,

Mðn0; m� mÞðhÞðyÞ

¼ sup

(

1

mðBðy; rÞV qDÞ2

ð

Bðy; rÞVqD

ð

Bðy; rÞVqD

jhðx; zÞj dmðxÞdmðzÞ;

11

10
dðyÞa ra

R

4

)

:

Using Vitali’s covering lemma and Lemma 5.1, we can prove the following lemma

by the same method as the proof of Lemma 3.2.

Lemma 5.2. (i) Let t > 0, h A L1ðm� mÞ and set

Et ¼ fy A H;Mðn0; m� mÞðhÞðyÞ > tg:

Then

n0ðEtÞa ct�1

ðð

jhðx; zÞj dmðxÞdmðzÞ;

where c is a constant independent of f and t.

(ii) Let p > 1 and h A Lpðm� mÞ. Then

ð

Mðn0; m� mÞðhÞðyÞp dn0ðyÞa c

ðð

jhðx; zÞjp dmðxÞdmðzÞ:

Proof of Theorem 2. Let fQjg be a Whitney decomposition of R
dnqD (cf. [S]).

Denote by lj and aj the common side-length of Qj and a boundary point satisfying

distðqD;QjÞ ¼ distðaj;QjÞ, respectively. Put
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bj ¼
1

mðBðaj ; hljÞÞ

ð

Bðaj ;hljÞ
f ðwÞ dmðwÞ;

where h is a fixed positive real number satisfying 0 < h < 1=4 and used in the definition

Eð f Þ in [W3].

With the aid of Proposition B we have, for each y A Qj

j‘Eð f � bjÞðyÞj

a c1
1

l
bþ1
j l

b
j

ð

Bðaj ;b 00ljÞ
dmðzÞ

ð

Bðaj ;hljÞ
j f ðzÞ � f ðwÞj dmðwÞ

a c2l
b=pþa�2b�1
j

ð

Bðaj ;b 00ljÞ
dmðzÞ

ð

Bðaj ;hljÞ

j f ðzÞ � f ðwÞj
jz� wjb=pþa

dmðwÞ:

Further, let y A Qj and xj be a point in Qj satisfying jaj � xjj ¼ distðaj;QjÞ. If

z A Bðaj ; b 00ljÞV qD, then

jy� zja jy� xjj þ jxj � ajj þ jaj � zj

a

ffiffiffi

d
p

lj þ 4
ffiffiffi

d
p

lj þ b 00lj ¼ 11
ffiffiffi

d
p

lj:

Putting s 0 ¼ 11
ffiffiffi

d
p

, we have

j‘Eð f � bjÞðyÞjdðyÞ1�a�b=pð5:1Þ

a c3
1

l
2b
j

ð

Bðy; s 0ljÞVqD
dmðzÞ

ð

Bðy; s 0ljÞVqD
jhðz;wÞj dmðwÞ;

where hðz;wÞ ¼ j f ðzÞ � f ðwÞj=jz� wjb=pþa.

Put s 00 ¼ R=ðs 05
ffiffiffi

d
p

Þ. First, let lja s 00 and y A Qj. Then

s 0lja s 0
R

s 05
ffiffiffi

d
p <

R

5

and

s 0ljb s 0
dðyÞ
5

ffiffiffi

d
p ¼ 11dðyÞ

5
:

Noting that

mðBðy; s 0ljÞV qDÞa mðBðaj ; 2s 0ljÞV qDÞa c4l
b
j ;

we have, by (5.1),

j‘Eð f � bjÞðyÞjdðyÞ1�a�b=p
a c5Mðn0; m� mÞðhÞðyÞ:

Since the interiors of Qj are mutually disjoint, we obtain, by Lemma 5.2,
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X

ljas 00

ð

Qj

j‘Eð f ÞðyÞjpdðyÞp�pa�dþb
dyð5:2Þ

a

X

ljas 00

ð

Qj

j‘Eð f � bjÞðyÞjpdðyÞp�pa�b
dðyÞ2b�d

dy

a c6
X

ljas 00

ð

Qj

Mðn0; m� mÞðhÞp dn0a c7

ðð

hðz;wÞp dmðzÞmðwÞ:

We next assume that ljb s 00. Then, by y A Qj , (vi) in Proposition B implies

j‘Eð f ÞðyÞja c8l
�b�1
j

ð

Bðaj ;b 00ljÞ
j f ðzÞj dmðzÞa c9ðs 00Þ�b=p�1k f kp:

Noting that suppEð f ÞHBð0; 2RÞ, we have

X

ljbs 00

ð

Qj

j‘Eð f ÞðyÞjpdðyÞp�pa�dþb
dyð5:3Þ

a c10ðs 00Þ�b�pk f kp
p

ð

Bð0;2RÞ
ð2RÞp�pa�dþb

dya c11k f kp
p :

Thus we have, by (5.2) and (5.3),

ð

R
d

j‘Eð f ÞðyÞjpdðyÞp�pa�dþb
dya c12k f kp

a;p;

which completes the proof. r

6. Boundedness of operators.

In this section we shall prove the boundedness of operators K1. To do so, we first

prove Theorem 3.

Proof of Theorem 3. Denote by VnðDÞ the set of all n-cubes in D. If x A Q A

VnðDÞ, then
ffiffiffi

d
p

2�n
a dðxÞa 5

ffiffiffi

d
p

2�n:

Consider Q A VnðDÞ and denote by x0 the center of Q. For each x A Q we write

I 1

�

�

�

�

qFf

qxi
ðxÞ

�

�

�

�

¼
�

�

�

�

q

qxi
ðFf �Ff ðx0ÞÞðxÞ

�

�

�

�

¼
�

�

�

�

ð

R
dnD

h‘Eð f ÞðyÞ;‘y
q

qxi
ðNðx� yÞ �Nðx0 � yÞÞi dy

�

�

�

�

a c1jx� x0j
ð

Bð0;2RÞnD
j‘Eð f ÞðyÞjðjx� yj�d�1 þ jy� x0j�d�1Þ dy:

Since
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jx0 � yjb jx� yj � jx0 � xjb jx� yj �
ffiffiffi

d
p

2
2�n

b jx� yj � dðxÞ
2
b

1

2
jx� yj

for y A Bð0; 2RÞnD, we write

Ia c2dðxÞ
ð

ðBð0;2RÞnDÞVfdðyÞaR=2g
j‘Eð f ÞðyÞj jx� yj�d�1

dy

þ c2dðxÞ
ð

ðBð0;2RÞnDÞVfdðyÞ>R=2g
j‘Eð f ÞðyÞj jx� yj�d�1

dy1 I1 þ I2:

Then

I1a c2 dðxÞ
X

mx

k¼1

ð

ðBð0;2RÞnDÞVf2k�1dðxÞ<jx�yja2kdðxÞg
j‘Eð f ÞðyÞj jx� yj�d�1

dy

a c3dðxÞ
X

mx

k¼1

ð2k�1dðxÞÞ�d�1

ð

ðBð0;2RÞnDÞVf2k�1dðxÞ<jx�yja2kdðxÞg
j‘Eð f ÞðyÞj dy;

where mx stands for the natural number satisfying 2mx�1dðxÞ < 3R=2a 2mxdðxÞ.
Set q ¼ p=ðp� 1Þ and l ¼ qð1� a� ðd � bÞ=pÞ > 0. Then d � b � l ¼ qðd � bþ

a� 1Þ > 0. Hence, by Lemma 3.3,

I1dðxÞla c4
X

mx

k¼1

ð2kÞ�1�l

Ð

ðBð0;2RÞnDÞVfjx�yja2kdðxÞg j‘Eð f ÞðyÞjdðyÞ
l
dn�l ðyÞ

ð2kdðxÞÞd�l

a c5
X

y

k¼1

ð2kÞ�1�l
Mðnþl ; n�l Þððj‘Eð f ÞjdðyÞ

lÞÞðxÞ

a c6Mðnþl ; n�l Þððj‘Eð f ÞjdðyÞ
lÞÞðxÞ:

Lemma 3.4 yields

ð

D

I
p
1 dðxÞ

pl
dðxÞ�l

dxa c7

ð

D

Mðnþl ; n�l Þððj‘Eð f ÞjdðyÞ
lÞÞðxÞpdðxÞ�l

dy

a c8

ð

Bð0;2RÞnD
j‘Eð f ÞðyÞjpdðyÞpldðyÞ�l

dy:

Since pl� l ¼ p� pa� d þ b, we have

ð

D

I
p
1 dðxÞ

p�pa�dþb
dxa c9

ð

Bð0;2RÞnD
j‘Eð f ÞðyÞjpdðyÞp�pa�dþb

dy:ð6:1Þ

We next estimate I2. Since
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I2a c2

ð

ðBð0;2RÞnDÞVfdðyÞ>R=2g

jx� yj j‘Eð f ÞðyÞj jx� yj�d�1
dy

a c10
R

2

� ��dð

ðBð0;2RÞnDÞVfdðyÞ>R=2g

j‘Eð f ÞðyÞj dy

a c11

ð

ðBð0;2RÞnDÞVfdðyÞ>R=2g

j‘Eð f ÞðyÞj dy;

we have

ð

D

I
p
2 dxa c12

ð

D

dx

ð

Bð0;2RÞnD

j‘Eð f ÞðyÞjpdðyÞp�pa�dþb
dyð6:2Þ

a c13

ð

Bð0;2RÞnD

j‘Eð f ÞðyÞjpdðyÞp�pa�dþb
dy:

The inequalities (6.1) and (6.2) lead to the conclusion. r

We next prove Theorem 4.

Proof of Theorem 4. We show that K1 is bounded from Lp
a ðqDÞ to Lp

a ðqDÞ. In

[W3, Proof of Theorem] we saw that K1 is bounded from Lp
a ðqDÞ to LpðmÞ. So it

su‰ces to prove that

ðð

jK1 f ðxÞ � K1 f ðzÞj
p

jx� zjbþpa
dmðxÞdmðzÞa c1k f k

p
a;p;ð6:3Þ

for every f A Lp
a ðqDÞ.

For this purpose let f be a Lipschitz function on qD. Define

uðxÞ ¼

ð

R
dnD

h‘Eð f ÞðyÞ;‘yNðx� yÞi dy

for x A D. Then uðxÞ ¼ Ff ðxÞ for x A D and uðxÞ ¼ K1 f ðxÞ for x A qD.

We choose a real number l satisfying aþ ðd � bÞ=p < l < 1. Then we see by

[W2, Lemma 3.2] that u is l-Hölder continuous on D and a C1-function in D.

Theorem 1, Theorem 3 and Theorem 2 yield

ðð

jK1 f ðxÞ � K1 f ðzÞj
p

jx� zjbþpa
dmðxÞdmðzÞa c6

ð

D

j‘Ff ðxÞjpdðxÞp�pa�dþb
dxð6:4Þ

a c7

ð

R
dnD

j‘Eð f ÞðyÞjdðyÞp�pa�dþb
dya c8k f k

p
a;p

for every Lipschitz function f on qD.

We next consider f A Lp
a ðqDÞ. We have known that the set of all Lipschitz func-

tions on qD is dense in Lp
a ðqDÞ (cf. [W5, Lemma 3.1]). So we take a sequence f fng of

Lipschitz functions on qD such that k fn � f ka;p ! 0. By (6.4) we have
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ðð
jK1 fnðxÞ � K1 fnðzÞj

p

jx� zjbþpa
dmðxÞdmðzÞa c9k fnk

p
a;p:

Noting that kK1 fn � K1 f kp ! 0 and k fn � f kp ! 0, we can find a subsequence f fnjg of

f fng such that fnj ðzÞ ! f ðzÞ m-a:e: z A qD and K1 fnj ðzÞ ! K1 f ðzÞ m-a:e: z A qD. We

also use fgjg instead of f fnjg. With the aid of Fatou’s lemma we obtain

ðð
jK1 f ðxÞ � K1 f ðzÞj

p

jx� zjbþpa
dmðxÞdmðzÞ

a lim inf
j!y

ðð
jK1gjðxÞ � K1gjðzÞj

p

jx� zjbþpa
dmðxÞdmðzÞ

a c10 lim inf
j!y

k fnk
p
a;p ¼ c10k f k

p
a;p:

Thus we have (6.3) and we see that K1 is bounded from Lp
a ðqDÞ from Lp

a ðqDÞ. r

Proof of Theorem 5. By Lemma 2.1 the domain R
dnD satisfies the condition (b).

Hence, by Theorem 4, the operator K1 is bounded on Lp
a ðqDÞ. Noting Remarks 3.1

and 4.1, we can prove by the same method as in the proof of Theorem 4 that K2 is also

bounded. Since

K ¼
K1 þ K2

2
;

we also see that K is bounded on Lp
a ðqDÞ. r
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