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Abstract. Let us consider the following nonlinear singular partial di¤erential

equation ðtq=qtÞmu ¼ F ðt; x; fðtq=qtÞ jðq=qxÞaugjþaam; j<mÞ in the complex domain. When

the equation is of totally characteristic type, the author has proved with H. Chen in [2]

the existence of the unique holomorphic solution provided that the equation satisfies the

Poincaré condition and that no resonances occur. In this paper, he will solve the same

equation in the case where some resonances occur.

§1. Introduction.

Notations: ðt; xÞ A Ct � Cx, N ¼ f0; 1; 2; . . .g, and N
� ¼ f1; 2; . . .g. Let m A N

�,

set N ¼ #fð j; aÞ A N �N ; j þ aam; j < mg (that is, N ¼ mðmþ 3Þ=2), and denote the

complex variables z as z ¼ fzj;agjþaam; j<m A C
N .

In this paper we will consider the following nonlinear singular partial di¤erential

equation:
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where Fðt; x; zÞ is a function of the variables ðt; x; zÞ defined in a neighborhood D of

the origin of Ct � Cx � C
N
z , and u ¼ uðt; xÞ is the unknown function. Set D0 ¼ DV

ft ¼ 0; z ¼ 0g. We impose the following conditions on F ðt; x; zÞ:

A1Þ F ðt; x; zÞ is a holomorphic function on D;

A2Þ F ð0; x; 0Þ1 0 on D0:

Set also Im ¼ fð j; aÞ A N �N ; j þ aam; j < mg and ImðþÞ ¼ fð j; aÞ A Im; a > 0g.

Then the situation is divided into the following three cases:

Case 1:
qF

qzj;a
ð0; x; 0Þ1 0 on D0 for all ð j; aÞ A ImðþÞ;

Case 2:
qF

qzj;a
ð0; 0; 0Þ0 0 for some ð j; aÞ A ImðþÞ;

Case 3: the other case:
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In the case 1, equation (E) is called a nonlinear Fuchsian type partial di¤erential

equation and it was studied quite well in Gérard-Tahara [3] [4]. In the case 2, a kind of

Grousat problem appears: Gérard-Tahara [5] discussed a particular class of the case 2

and proved the existence of holomorphic solutions and also singular solutions of (E).

In the case 3, equation (E) is called a nonlinear totally characteristic type partial

di¤erential equation. The main thema of this paper is to discuss the case 3 under the

following condition:

A3Þ
qF

qzj;a
ð0; x; 0Þ ¼ OðxaÞ ðas x ! 0Þ for all ð j; aÞ A ImðþÞ:

Under this condition, Chen-Tahara [2] has proved the existence of the unique holo-

morphic solution provided that the equation satisfies both non-resonance condition and

the Poincaré condition.

Let us now recall the result in [2]. By the condition A3) we have

qF

qzj;a
ð0; x; 0Þ ¼ xacj;aðxÞ; ð j; aÞ A Imð1:1Þ

for some holomorphic functions cj;aðxÞ. Set

Lðl; rÞ ¼ lm �
X

jþaam
j<m

cj;að0Þl
jrðr� 1Þ � � � ðr� aþ 1Þ;ð1:2Þ

LmðX Þ ¼ X m �
X

jþa¼m
j<m

cj;að0ÞX
j
;

and denote by c1; . . . ; cm the roots of the equation LmðXÞ ¼ 0 in X . Then our non-

resonance condition and the Poincaré condition are stated as follows:

ðNÞ ðnon-resonanceÞ Lðk; lÞ0 0 holds for any ðk; lÞ A N
� �N ;

ðPÞ ðPoincar�ee conditionÞ ci A Cn½0;yÞ for i ¼ 1; . . . ;m:

Note that if we factorize Lðl; lÞ into the form

Lðl; lÞ ¼ ðl� x1ðlÞÞ � � � ðl� xmðlÞÞ; l A N ;ð1:3Þ

by renumbering the subscript i of xiðlÞ suitably we have

lim
l!y

xiðlÞ

l
¼ ci for i ¼ 1; . . . ;m:ð1:4Þ

Theorem 1 (Chen-Tahara [2]). Assume A1), A2) and A3). If the conditions (N)

and (P) are satisfied, equation (E) has a unique holomorphic solution uðt; xÞ in a neigh-

borhood of ð0; 0Þ A Ct � Cx satisfying uð0; xÞ1 0 near x ¼ 0.

The purpose of this paper is to solve equation (E) in the case where the Poincaré

condition (P) is satisfied but the non-resonance condition (N) is not satisfied.
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§2. Main result.

Let Lðl; rÞ be the polynomial in (1.2), and let xiðlÞ (i ¼ 1; . . . ;m) be as in (1.3) and

(1.4). Set

M ¼ fðk; lÞ A N
� �N ;Lðk; lÞ ¼ 0g;

MðiÞ ¼ fðk; lÞ A N
� �N ; k � xiðlÞ ¼ 0g ði ¼ 1; . . . ;mÞ:

We have M ¼ Mð1Þ U � � �UMðmÞ. Note that M ¼ q is equivalent to the non-resonance

condition (N). In the case M0q we note:

Proposition 1. If the Poincaré condition (P) is satisfied, we have the following

properties.

(1) M is a finite set.

(2) There is a s > 0 such that jk � xiðlÞjb sðk þ lÞ holds for any ðk; lÞ A

ðN � �NÞnMðiÞ ði ¼ 1; . . . ;mÞ.

Proof. It is su‰cient to prove the following assertion: ð�Þi there are si > 0, Ki > 0

and Li > 0 such that jk � xiðlÞjb siðk þ lÞ holds for any ðk; lÞ satisfying kbKi or

lbLi. Let us show this now.

Denote by lð1;�ciÞ the segment in the complex plane joining the two points 1 and

�ci. Let di be the distance from the origin to lð1;�ciÞ. Since (P) is assumed, we

easily see that di > 0. Since ðk � cilÞ=ðk þ lÞ is a point on the segment lð1;�ciÞ, we

have jðk � cilÞ=ðk þ lÞjb di for any ðk; lÞ A N
� �N . Moreover, by (1.4) we can take

an Li > 0 so that jðxiðlÞ=lÞ � cija di=2 holds for any lbLi.

If k A N
� and lbLi we have

jk � xiðlÞjb jk � cilj � jxiðlÞ � ciljð2:1Þ

b ðjðk � cilÞ=ðk þ lÞj � jðxiðlÞ=lÞ � cijÞðk þ lÞ

b di �
di

2

� �

ðk þ lÞ ¼
di

2
ðk þ lÞ:

If k A N
� and 0a l < Li, we have jk � xiðlÞjb k � jxiðlÞj ¼ ðk þ lÞ=3þ ðk=3� jxiðlÞjÞ þ

ðk � lÞ=3; therefore if we set Ki ¼ maxf3jxið0Þj; . . . ; 3jxiðLi � 1Þj;Li � 1g we obtain

jk � xiðlÞjb
1

3
ðk þ lÞ for kbKi and 0a l < Li:ð2:2Þ

(2.1) and (2.2) complete the proof of the assertion ð�Þi. r

For ðk; lÞ A M we set mðk; lÞ ¼ #fi; xiðlÞ ¼ kg and we say that mðk; lÞ is the mul-

tiplicity of resonance of Lðl; rÞ at ðk; lÞ. We denote by m the total number of the

multiplicities of resonances, that is,

m ¼
X

ðk; lÞ AM

mðk; lÞ:ð2:3Þ

The following is the main theorem of this paper.
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Theorem 2 (when resonances occur). Assume A1), A2), A3), (P) and M0q.

Then, equation (E) has a family of solutions uðt; xÞ of the form

uðt; xÞ ¼ wðt; tðlog tÞ; tðlog tÞ2; . . . ; tðlog tÞm; xÞð2:4Þ

where wðt0; t1; . . . ; tm; xÞ is a holomorphic function in a neighborhood of the origin

ðt0; t1; . . . ; tm; xÞ ¼ ð0; 0; . . . ; 0; 0Þ satisfying wð0; 0; . . . ; 0; xÞ1 0 near x ¼ 0; moreover

wðt0; t1; . . . ; tm; xÞ contains m arbitrary constants.

Now, in order to look for a solution of the form (2.4) we set

t0 ¼ t; t1 ¼ tðlog tÞ; . . . ; tm ¼ tðlog tÞmð2:5Þ

and suppose that uðt; xÞ is expressed in the form (2.4) for some holomorphic function

wðt0; t1; . . . ; tm; xÞ. We have

t
qu

qt
¼ tw

where t is the vector field defined by

t ¼
X

m

i¼0

ti
q

qti
þ
X

m

i¼1

iti�1
q

qti
:ð2:6Þ

If we could find a holomorphic solution wðt0; t1; . . . ; tm; xÞ of the equation

tmw ¼ F t0; x; t j q

qx

� �a

w

� �

ð j;aÞ A Im

( !

;

 

ð2:7Þ

Theorem 2 is straightforward; though, to solve (2.7) is impossible in general. By this

reason, we will consider equation (2.7) in a modulo class as follows.

Denote by C ½t0; t1; . . . ; tm; x� the ring of polynomials in ðt0; t1; . . . ; tm; xÞ with coe‰-

cients in C , and set

R ¼
X

iþ j¼pþq

C ½t0; t1; . . . ; tm; x�ðtitj � tptqÞ:

For f ðt0; t1; . . . ; tm; xÞ and gðt0; t1; . . . ; tm; xÞ, we denote by f 1 g ðmodRÞ if f � g A R

holds. It is clear that if f ðt0; t1; . . . ; tm; xÞ A R we have

f ðt; tðlog tÞ; tðlog tÞ2; . . . ; tðlog tÞm; xÞ1 0

as a function of ðt; xÞ. Therefore, to get a solution uðt; xÞ of the form (2.4) it is su‰-

cient to consider the following equation with respect to w:

tmw1F t0; x; t j q

qx

� �a

w

� �

ð j;aÞ A Im

 !

ðmodRÞ:ð2:8Þ

Thus our target is to prove the following theorem:

Theorem 3 (result on (2.8)). Assume A1), A2), A3), (P) and M0q. Then,

equation (2.8) has a family of solutions wðt0; t1; . . . ; tm; xÞ holomorphic in a neighborhood
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of the origin ðt0; t1; . . . ; tm; xÞ ¼ ð0; 0; . . . ; 0; 0Þ satisfying wð0; 0; . . . ; 0; xÞ1 0 near x ¼ 0

and with m arbitrary constants.

The proof of this theorem will be given in sections 4 and 5; in section 4 we will

construct a formal solution wðt0; t1; . . . ; tm; xÞ and in section 5 we will prove the con-

vergence of the formal solution. In the next section 3 we will present some lemmas

which are needed in the proof of theorem 3.

§3. Some lemmas.

For k A N and 0a da m, we denote by Hk½t0; t1; . . . ; td � the set of all the homo-

geneous polynomials of degree k in ðt0; t1; . . . ; tdÞ. It is easy to see:

Lemma 1. If kb 1, the set Hk½t0; t1; . . . ; td � is decomposed into

Hk½t0; t1; . . . ; td � ¼
X

0aiad

Hk�1½t0; t1; . . . ; ti�ti:

For ~kk ¼ ðk0; k1; . . . ; kdÞ A N
dþ1 we write j~kkj ¼ k0 þ k1 þ � � � þ kd and h~kki ¼ k1 þ

2k2 þ � � � þ dkd . Let c > 0 and let us define the norm jwjc of

w ¼
X

j~kkj¼k

w~kk
tk00 tk11 � � � tkdd A Hk½t0; t1; . . . ; td �ð3:1Þ

by

jwjc ¼
X

j~kkj¼k

jw~kk
j

ch
~kki

:ð3:2Þ

Lemma 2. For the vector field t in (2.6) and w A Hk½t0; t1; . . . ; td � we have

jtwjca ð1þ cdÞkjwjc:ð3:3Þ

Proof. If w is expressed in the form (3.1) we have

tw ¼
X

j~kkj¼k

ðk0 þ k1 þ � � � þ kdÞw~kk
tk00 tk11 � � � tkddð3:4Þ

þ
X

j~kkj¼k

w~kk

X

1aiad

ikit
k0
0 � � � tki�1þ1

i�1 tki�1
i � � � tkdd

 !" #

and therefore by the definition of the norm we see

jtwjca kjwjc þ
X

j~kkj¼k

jw~kk
j
X

1aiad

iki

ch
~kki�1

a kjwjc þ
X

j~kkj¼k

jw~kk
j
dðk1 þ � � � þ kdÞ

ch
~kki�1

a kjwjc þ cdkjwjc

which completes the proof of Lemma 2. r
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Next, let t be the vector field in (2.6) and let us consider the following equation

ðt� xÞw ¼ g A Hk½t0; t1; . . . ; td �ð3:5Þ

with x A C . The non-resonant case corresponds to the case x0 k, and the resonant

case corresponds to the case x ¼ k. We have

Lemma 3 (when x0 k). Let kb 1, 0a da m and g A Hk½t0; t1; . . . ; td �. If x0 k,

equation (3.5) has a unique solution w A Hk½t0; t1; . . . ; td �; moreover we have the estimate

jwjca
ð2=sÞ

ðk þ lÞ
jgjc

for any s and c with jk � xjb sðk þ lÞ and 0 < ca s=2d.

Proof. Since x0 k is assumed, the former part is verified by a simple calculation.

Moreover by the same argument as in the proof of Lemma 2 we have

jgjc ¼ jtw� xwjb jk � xj jwjc � cdkjwjc

b sðk þ lÞjwjc � ðs=2dÞdkjwjcb ðs=2Þðk þ lÞjwjc;

this proves the latter part. r

Let Lðl; rÞ be the polynomial in (1.2), let xiðlÞ ði ¼ 1; . . . ;mÞ be as in (1.3), and let

us consider the following equation

Lðt; lÞw ¼ g A Hk½t0; t1; . . . ; td �:ð3:6Þ

Since (3.6) is decomposed into

ðt� x1ðlÞÞ � � � ðt� xmðlÞÞw ¼ g;

applying Lemma 3 m-times we obtain

Corollary 1. Let ðk; lÞ A N
� �N , 0a da m and g A Hk½t0; t1; . . . ; td �. Assume

the Poincaré condition (P) and let s be the constant in Proposition 1. If ðk; lÞ B M,

equation (3.6) has a unique solution w A Hk½t0; t1; . . . ; td �; moreover we have the estimate

jwjca
ð2=sÞm

ðk þ lÞm
jgjc

for any c with 0 < ca s=2d.

Now let us consider equation (3.5) in the resonant case (that is, x ¼ k). In this

case, to solve (3.5) exactly in Hk½t0; t1; . . . ; td � is impossible in general and so we will

employ the following idea: we introduce a new variable tdþ1 and find a solution w A

Hk½t0; t1; . . . ; td ; tdþ1� in the following modulo class:

ðt� xÞw1 g ðmodR0
kÞ(3.7)

where R
0
0 ¼ f0g, R

0
1 ¼ f0g and R

0
k (for kb 2) is defined by

R
0
k ¼

X

iþ j¼pþq

Hk�2½t0; t1; . . . ; tm�ðtitj � tptqÞ:
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Lemma 4 (when x ¼ k). Let kb 1, 0a da m� 1 and g A Hk½t0; t1; . . . ; td �. If

x ¼ k, equation (3.7) has a family of solutions w A Hk½t0; t1; . . . ; td ; tdþ1� of the form

w ¼ Atk0 þ
X

0aiad

X

j~hhj¼k�1

w
i;~hh
th00 th11 � � � thii

2

4

3

5tiþ1ð3:8Þ

with an arbitrary constant A A C (where ~hh ¼ ðh0; h1; . . . ; hiÞ and j~hhj ¼ h0 þ h1 þ � � � þ hi);

moreover we have the following estimate for any c > 0:

jwjca jAj þ
1

c
jgjc:ð3:9Þ

Proof. If w is expressed in the form (3.8) and if x ¼ k, we have

ðt� xÞw¼
X

0aiad

X

j~hhj¼k�1

w
i;~hh

X

1a jai

jhjt
h0
0 � � � t

hj�1þ1
j�1 t

hj�1
j � � � thii tiþ1 þ ði þ 1Þth0

0 th11 � � � thiþ1
i

 !

:

Since tj�1tiþ1 1 tjti ðmodR0
2Þ, we see that

ðt� xÞw1
X

0aiad

X

j~hhj¼k�1

w
i;~hh

X

1a jai

jhj þ ði þ 1Þ

 !

th00 th11 � � � thii

2

4

3

5ti:

Hence if we express g A Hk½t0; t1; . . . ; td � in the form (by Lemma 1)

g ¼
X

0aiad

X

j~hhj¼k�1

g
i;~hh
th00 th11 � � � thii

2

4

3

5tið3:10Þ

(where ~hh ¼ ðh0; h1; . . . ; hiÞ), by taking A arbitrarily and by setting

w
i;~hh

¼
g
i;~hh

h~hhiþ ði þ 1Þ
ð0a ia d; j~hhj ¼ k � 1Þ

we get a solution of the form (3.8). The estimate (3.9) is verified as follows:

jwjc ¼ jAj þ
X

0aiad

X

j~hhj¼k�1

jw
i;~hh
j

ch
~hhiþðiþ1Þ

a jAj þ
X

0aiad

X

j~hhj¼k�1

jg
i;~hh
j

ch
~hhiþðiþ1Þ

¼ jAj þ
1

c
jgjc: r

In the resonant case, our equation (3.6) should be considered in the modulo class as

follows:

Lðt; lÞw1 g ðmodR0
kÞ:ð3:11Þ

Corollary 2. Assume the Poincaré condition (P) and ðk; lÞ A M. Let s be the

constant in Proposition 1, mðk; lÞ be the multiplicity of resonance at ðk; lÞ, 0a da

m� mðk; lÞ and g A Hk½t0; t1; . . . ; td �. Then, equation (3.11) has a family of solutions w A

Hk½t0; t1; . . . ; td ; tdþ1; . . . ; tdþmðk; lÞ� of the form
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w ¼
X

mðk; lÞ�1

n¼0

Ant
k�1
0 tn þ

X

0aiad

X

j~hhj¼k�1

w
i;~hht

h0

0 th11 � � � thii

2

4

3

5tiþmðk; lÞð3:12Þ

with mðk; lÞ arbitrary constants A0; . . . ;Amðk; lÞ�1. Moreover we have the estimate

jwjca
X

mðk; lÞ�1

n¼0

jAnj

cn
þ

1

cmðk; lÞmðk; lÞ!

ð2=sÞm�mðk; lÞ

ðk þ lÞm�mðk; lÞ
jgjcð3:13Þ

for any c with 0 < ca s=2d.

Proof. (3.11) is written in the form

ðt� xmðlÞÞ � � � ðt� xmðk; lÞðlÞÞ � � � ðt� x1ðlÞÞw1 g;ð3:14Þ

and without loss of generality we may assume that

xiðlÞ ¼ k; for i ¼ 1; . . . ; mðk; lÞ;

xiðlÞ0 k; for i ¼ mðk; lÞ þ 1; . . . ;m:

�

By Lemma 3 we have a unique solution W A Hk½t0; t1; . . . ; td � of the equation

ðt� xmðlÞÞ � � � ðt� xmðk; lÞþ1ðlÞÞW ¼ g

and have the estimate

jW jca
ð2=sÞm�mðk; lÞ

ðk þ lÞm�mðk; lÞ
jgjc

for any c with 0 < ca s=2d.

Then, to get a solution w of (3.11) we have to solve the equation

ðt� xmðk; lÞðlÞÞ � � � ðt� x1ðlÞÞw1W ðmodR0
kÞ:ð3:15Þ

Since xiðlÞ ¼ k for i ¼ 1; . . . ; mðk; lÞ we can apply Lemma 4 to (3.15): if W is expressed

in the form (3.10) with g replaced by W , then by taking A0; . . . ;Amðk; lÞ�1 arbitrarily and

by setting

w
i;~hh ¼

W
i;~hh

ðh~hhiþ i þ 1Þ � � � ðh~hhiþ i þ mðk; lÞÞ

we get a solution of (3.15) of the form (3.12). Since jw
i;~hhja jW

i;~hhj=mðk; lÞ! holds we

have the estimate

jwjca
X

mðk; lÞ�1

n¼0

jAnj

cn
þ

1

cmðk; lÞmðk; lÞ!
jW jc

for any c > 0. This completes the proof of Corollary 2. r

Lastly, let us give a lemma which will play an important role in the proof of

Theorem 3. For k A N we denote by Hk½t0; t1; . . . ; td �½½x�� the set of all the formal power

series in x with coe‰cients in Hk½t0; t1; . . . ; td �. For c > 0, r > 0 and a function
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f ¼
X

lb0

fk; lðt0; t1; . . . ; tdÞx
l
A Hk½t0; t1; . . . ; td �½½x��

we define the norm k f kc;r (or the formal norm k f kc;r) by

k f kc;r ¼
X

lb0

j fk; l jcr
l :ð3:16Þ

Similarly, for r > 0 and f ðxÞ ¼
P

lb0 flx
l
A C ½½x�� (the ring of formal power series in x)

we define the norm k f kr (or the formal norm k f kr) by

k f kr ¼
X

lb0

j fl jr
l :ð3:17Þ

Note that we can regard (3.17) as a particular case k ¼ 0 of (3.16).

Lemma 5. Let c > 0 and R > 0 be fixed. If the estimate

k f kc;ra
C

ðR� rÞa
for any 0 < r < R

holds for some C > 0 and ab 0, we have

qf

qx

�

�

�

�

�

�

�

�

c;r

a
ðaþ 1ÞeC

ðR� rÞaþ1
for any 0 < r < R:

Proof. Since

lr l�1 ¼
lr l�1h

h
a

ðrþ hÞ l

h

holds for any lb 1, r > 0 and h > 0, we have

qf

qx

�

�

�

�

�

�

�

�

c;r

¼
X

lb1

j fk; l jclr
l�1
a

X

lb1

j fk; l jc
ðrþ hÞ l

h
a

1

h
k f kc;rþh;

therefore, by the assumption we have

qf

qx

�

�

�

�

�

�

�

�

c;r

a
1

h

C

ðR� r� hÞa
ð3:18Þ

for any 0 < h < R� r.

When a ¼ 0, by (3.18) we have kqf =qxkc;raC=h and by letting h ! R� r we

obtain

qf

qx

�

�

�

�

�

�

�

�

c;r

a
C

R� r
a

eC

R� r
:

When a > 0, we take h ¼ ðR� rÞ=ðaþ 1Þ; then by (3.18) we have
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qf

qx

�

�

�

�

�

�

�

�

c;r

a
1

h

C

ðR� r� hÞa
¼

aþ 1

R� r
�

C

ðR� rÞ �
ðR� rÞ

aþ 1

� �a

¼
ðaþ 1ÞC

ðR� rÞaþ1
� 1þ

1

a

� �a

a
ðaþ 1ÞeC

ðR� rÞaþ1
: r

§4. Construction of a formal solution.

In this section we will construct a formal solution of equation (2.8).

Set S ¼ fk A N
�
;Lðk; lÞ ¼ 0 for some l A Ng, and SðkÞ ¼ fl A N ;Lðk; lÞ ¼ 0g for

k A S. Since (P) is assumed, S and SðkÞ are finite sets and so we can write S ¼

fk1; k2; . . . ; kqg where 1a k1 < k2 < � � � < kq < y, and for k ¼ ki (i ¼ 1; . . . ; q) we can

write SðkiÞ ¼ fli;1; li;2; . . . ; li;JðiÞg where 0a li;1 < li;2 < � � � < li;JðiÞ < y. For simplicity

we denote by mi; j the multiplicity of resonance of Lðl; rÞ at ðki; li; jÞ and set mi ¼

mi;1 þ � � � þ mi;JðiÞ for i ¼ 1; . . . ; q. Note that the number m in (2.3) is given by m ¼

m1 þ � � � þ mq.

Let us define a sequence fNðkÞ; k A Ng by the following:

NðkÞ ¼

0; if 0a k < k1;

m1; if k1a k < k2;

m1 þ m2; if k2a k < k3;

� � � � � �

m1 þ � � � þ mq�1; if kq�1a k < kq;

m1 þ � � � þ mq�1 þ mq; if kqa k <y:

8

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

:

Note that NðkÞ ¼ m holds for all kb kq. Similarly let us define a sequence fdðk; lÞ;

ðk; lÞ A N
� � ðf�1gUNÞg by the following (i) and (ii): (i) if k0 k1; . . . ; kq we set

dðk; lÞ ¼ Nðk � 1Þ for all l A f�1gUN ; (ii) if k ¼ ki we set

dðk; lÞ ¼

Nðk � 1Þ; if �1a l < li;1;

Nðk � 1Þ þ mi;1; if li;1a l < li;2;

Nðk � 1Þ þ mi;1 þ mi;2; if li;2a l < li;3;

� � � � � � � � � � � �

Nðk � 1Þ þ mi;1 þ � � � þ mi;JðiÞ�1; if li;JðiÞ�1a l < li;JðiÞ;

Nðk � 1Þ þ mi;1 þ � � � þ mi;JðiÞ�1 þ mi;JðiÞ; if li;JðiÞa l < y:

8

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

:

It is easy to see

Lemma 6. (1) dðk; lÞaNðkÞ holds for all l A N .

(2) dðk; lÞ ¼ NðkÞ holds for su‰ciently large l A N .

(3) If ðk; lÞ B M we have dðk; lÞ ¼ dðk; l � 1Þ.

(4) If ðk; lÞ A M we have dðk; lÞ ¼ dðk; l � 1Þ þ mðk; lÞ.

Now, let us prove

Proposition 2. Equation (2.8) has a formal solution w of the form
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w ¼
X

kb1; lb0

wk; lx
lð4:1Þ

with

wk; l ¼ wk; lðt0; . . . ; tdðk; lÞÞ A Hk½t0; . . . ; tdðk; lÞ� ððk; lÞ A N
� �NÞ;ð4:2Þ

moreover we may assume that if ðk; lÞ A M the polynomial wk; lðt0; . . . ; tdðk; lÞÞ contains

mðk; lÞ arbitrary constants.

Proof. By the Taylor expansion of Fðt; x; zÞ in ðt; zÞ and by the conditions A1),

A2), A3) we see that F ðt; x; zÞ is expressed in the form

F ðt; x; zÞ ¼ aðxÞtþ
X

ð j;aÞ A Im

xacj;aðxÞzj;a þ
X

pþjnjb2

gp; nðxÞt
pzn;

where n ¼ fnj;agð j;aÞ A Im A N
N , jnj ¼

P

ð j;aÞ A Im
nj;a, zn ¼

Q

ð j;aÞ A Im
ðzj;aÞ

nj; a and all the

coe‰cients aðxÞ; cj;aðxÞ; gp; nðxÞ are holomorphic functions on D0.

For simplicity, we write

Cðx; l; rÞ ¼ lm �
X

ð j;aÞ A Im

cj;aðxÞl
jrðr� 1Þ � � � ðr� aþ 1Þ;

Dw ¼ fDj;awgð j;aÞ A Im ; and Dj;aw ¼ t j q

qx

� �a

w:

Then equation (2.8) is written in the form

C x; t; x
q

qx

� �

w1 aðxÞt0 þ
X

pþjnjb2

gp; nðxÞt
p
0 ðDwÞn ðmodRÞ:ð4:3Þ

Let w be a formal solution of the form (4.1) with (4.2), and set

wk ¼
X

lb0

wk; lðt0; . . . ; tdðk; lÞÞx
l
A Hk½t0; . . . ; tNðkÞ�½½x�� ðkb 1Þ;ð4:4Þ

then we have w ¼
P

kb1 wk. By substituting this into (4.3) and by comparing the

homogeneous part of degree k with respect to t0; t1; . . . ; tNðkÞ in both sides of (4.3) we

see that equation (4.3) is decomposed into the following recursive family:

C x; t; x
q

qx

� �

wk 1 fk ðmodRÞð4:5Þk

for kb 1, where f1 ¼ aðxÞt0 and fk (for kb 2) is a polynomial of fDj;awp; 1a pa

k � 1; ð j; aÞ A Img; precisely, it is given by

fk ¼
X

2apþjnjak

gp; nðxÞt
p
0

X

jk �j¼k�p

Y

ð j;aÞ A Im

ðDj;awkj; að1ÞÞ � � � � � ðDj;awkj; aðnj; aÞÞ

0

@

1

A

2

4

3

5ð4:6Þ

where jk �j ¼
P

ð j;aÞ A Im
ðkj;að1Þ þ � � � þ kj;aðnj;aÞÞ.
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Moreover, by (4.4) we see also that equation (4.5)k is decomposed into the fol-

lowing recursive family:

Lðt; lÞwk; l 1 gk; l ðmodR0
kÞð4:7Þk; l

with

gk; l ¼
X

ð j;aÞ A Im

Xl�1

h¼0

cj;a; l�ht
j½h�awk;h þ fk; l ;ð4:8Þ

where cj;a; l are the coe‰cients of the Taylor expansion cj;aðxÞ ¼
P

lb0 cj;a; lx
l , ½l�0 ¼ 1,

½l�a ¼ lðl� 1Þ � � � ðl� aþ 1Þ for ab 1, and fk; l are the coe‰cients of

fk ¼
X

lb0

fk; lðt0; t1; . . . ; tNðk�1ÞÞx
l A Hk½t0; t1; . . . ; tNðk�1Þ�½½x��ð4:9Þ

which is determined by w1; . . . ;wk�1 provided that w1; . . . ;wk�1 are of the form (4.4).

Note the following proposition.

Proposition 3. Let s be the constant in Proposition 1, and let m be as in (2.3).

Then, in the above context we have:

(1) If w1; . . . ;wk�1 are of the form (4.4), then fk is expressed in the form (4.9).

(2) If w1; . . . ;wk�1 are of the form (4.4) and if wk;q A Hk½t0; . . . ; tdðk; l�1Þ� for all

q < l, we have gk; l A Hk½t0; . . . ; tdðk; l�1Þ�.

(3) If ðk; lÞ B M and if gk; l A Hk½t0; . . . ; tdðk; l�1Þ�, equation (4.7)k; l has a unique exact

solution wk; l A Hk½t0; . . . ; tdðk; lÞ� and it satisfies

jwk; l jca
ð2=sÞm

ðk þ lÞm
jgk; l jcð4:10Þ

for any c with 0 < ca s=2m. Here an ‘‘exact solution’’ means that wk; l satisfies

Lðt; lÞwk; l ¼ gk; l exactly.

(4) If ðk; lÞ A M and if gk; l A Hk½t0; . . . ; tdðk; l�1Þ�, equation (4.7)k; l has a solution

wk; l A Hk½t0; . . . ; tdðk; lÞ� with mðk; lÞ arbitrary constants Aðk; l; nÞ (n ¼ 0; 1; . . . ; mðk; lÞ � 1).

Moreover, we have

jwk; l jca
Xmðk; lÞ�1

n¼0

jAðk; l; nÞj

cn
þ

1

cmðk; lÞmðk; lÞ!

ð2=sÞm�mðk; lÞ

ðk þ lÞm�mðk; lÞ
jgk; l jcð4:11Þ

for any c with 0 < ca s=2m.

Proof. (1) and (2) are clear from the definition of the sequences NðkÞ and dðk; lÞ.

By Lemma 6 we see: if ðk; lÞ B M we have dðk; lÞ ¼ dðk; l � 1Þ; if ðk; lÞ A M we have

dðk; lÞ ¼ dðk; l � 1Þ þ mðk; lÞ. Therefore, (3) and (4) are consequences of Corollaries 1

and 2. r

Thus, to get a formal solution w in the form (4.1) with (4.2), we have only to

apply Proposition 3 to (4.7)k; l inductively on ðk; lÞ in the following way. i) First we
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solve (4.7)1;0, then we solve (4.7)1; l inductively on l, and by (4.4) we obtain w1. ii) If

w1; . . . ;wk�1 are already constructed, we solve (4.7)k;0, then we solve (4.7)k; l inductively

on l, and we obtain wk. iii) Repeating the same procedure, we can obtain a formal

solution of (2.8) with m arbitrary constants.

This completes the proof of Proposition 2. r

§5. Convergence of the formal solution.

In this section we will prove the convergence of the formal solution constructed in

section 4.

Let

w ¼
X

kb1; lb0

wk; lx
lð5:1Þ

be the formal solution in Proposition 2, and let wk; fk; gk; l and fk; l be as in (4.4), (4.6),

(4.8) and (4.9), respectively.

Set c ¼ s=2m, and take C > 0 so that Cb ð2=sÞm and

Cb
ðk þ lÞmðk; lÞð2=sÞm�mðk; lÞ

cmðk; lÞmðk; lÞ!
for any ðk; lÞ A Mð5:2Þ

(recall that M is a finite set). From (4.10) and (4.11) we have the estimate

jwk; l jca

C

ðk þ lÞm
jgk; l jc; when ðk; lÞ B M;

X

mðk; lÞ�1

n¼0

jAðk; l; nÞj

cn
þ

C

ðk þ lÞm
jgk; l jc; when ðk; lÞ A M:

8

>

>

>

>

<

>

>

>

>

:

ð5:3Þ

Take an R > 0 su‰ciently small so that 0 < Ra 1 and

Cð1þ cmÞm�1
R

X

ð j;aÞ A Im

kSðcj;aÞkRa
1

2
;ð5:4Þ

where S is the shift operator defined by the following: for aðxÞ ¼
P

lb0 alx
l we write

SðaÞðxÞ ¼
P

lb0 alþ1x
l . Set also

Ai ¼ 2km
i

X

JðiÞ

j¼1

X

mi; j�1

n¼0

jAðki; li; j; nÞj

cn
R li; j ; i ¼ 1; . . . ; q:ð5:5Þ

Then we have the following estimates:

Proposition 4. In the above context, we have:

(1) If k0 k1; k2; . . . ; kq, we have

kwkkc;ra
2C

km
k fkkc;r for any 0 < raR:
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(2) If k ¼ ki for some i, we have

kwkkc;ra
Ai

km
þ
2C

km
k fkkc;r for any 0 < raR:

Proof. We first note the following: by (4.8) and Lemma 2 we have

jgk; l jca
X

ð j;aÞ A Im

Xl�1

h¼0

jcj;a; l�hjð1þ cmÞ jk j l ajwk;hjc þ jfk; l jc

and therefore

C

ðk þ lÞm
jgk; l jcaCð1þ cmÞm�1

X

ð j;aÞ A Im

Xl�1

h¼0

jcj;a; l�hj jwk;hjc þ
C

km
jfk; l jc:ð5:6Þ

When k0 k1; k2; . . . ; kq, we have ðk; lÞ B M for all lb 0: then, by combining (5.6)

with (5.3) and (5.4) we have

kwkkc;r ¼
X

lb0

jwk; l jcr
l
a

X

lb0

C

ðk þ lÞm
jgk; l jcr

lð5:7Þ

aCð1þ cmÞm�1
r

X

ð j;aÞ A Im

kSðcj;aÞkrkwkkc;r þ
C

km
k fkkc;r

a
1

2
kwkkc;r þ

C

km
k fkkc;r

which yields the result (1).

When k ¼ ki holds for some i, we have ðk; li; jÞ A M for j ¼ 1; . . . ; JðiÞ, and also

ðk; lÞ B M for l0 li;1; . . . ; li;JðiÞ. Therefore by (5.3)–(5.6) we obtain

kwkkc;ra
XJðiÞ

j¼1

Xmðki ; li; jÞ�1

n¼0

jAðki; li; j; nÞj

cn
r li; j

þ Cð1þ cmÞm�1
r

X

ð j;aÞ A Im

kSðcj;aÞkrkwkkc;r þ
C

km
k fkkc;r

a
1

2

Ai

km
þ
1

2
kwkkc;r þ

C

km
k fkkc;r

which yields the result (2). r

Now, set

B ¼ max
ð j;aÞ A Im

ðð1þ cmÞ jðemÞaÞ;

choose an H > 0 su‰ciently large so that

Hb kDj;aw1kc;R for any ð j; aÞ A Imð5:8Þ
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(where c ¼ s=2m), and let us consider the following equation with respect to Y :

Y ¼ Htþ
X

q

i¼1

Ai

ðR� rÞmðki�1Þ
tkið5:9Þ

þ
2C

ðR� rÞm
X

pþjnjb2

kgp; nkR

ðR� rÞmðpþjnj�2Þ
tpðBY Þn

where r is a parameter with 0 < r < R.

Since (5.9) is an analytic functional equation, by the implicit function theorem we

see that (5.9) has a unique holomorphic solution Y ¼ Y ðtÞ in a neighborhood of t ¼ 0

satisfying Yð0Þ ¼ 0. If we expand this into

Y ¼
X

kb1

Ykt
k;

the coe‰cients Yk (k ¼ 1; 2; . . .) are determined uniquely by the following recursive

family:

Y1 ¼
H; when k1 > 1;

H þ A1; when k1 ¼ 1

�

ð5:10Þ

and for kb 2

Yk ¼
X

q

i¼1

dki ;k
Ai

ðR� rÞmðki�1Þ
ð5:11Þ

þ
2C

ðR� rÞm
X

2apþjnjak

kgp; nkR

ðR� rÞmðpþjnj�2Þ

�
X

jk �j¼k�p

Y

ð j;aÞ A Im

ðBYkj; að1ÞÞ � � � � � ðBYkj; aðnj; aÞÞ

0

@

1

A

2

4

3

5

where dk; j denotes the Kronecker’s delta. Moreover we can easily see by induction on

k that Yk has the form

Yk ¼
Ck

ðR� rÞmðk�1Þ
for kb 1

where Ckb 0 is a constant independent of the parameter r.

We have:

Lemma 7. The following estimates hold for all k ¼ 1; 2; . . . :

kDj;awkkc;raBYk for any 0 < r < R and ð j; aÞ A Im:ð5:12Þk

Let us admit this lemma for a while; then the convergence of the formal solution

(5.1) is proved as follows. Let jt0ja e; jt1ja e=c; jt2ja e=c2; . . . ; jtmja e=cm, and jxja r.

Then we have jgkja jgkjce
k for any gk A Hk½t0; t1; . . . ; tm�. Therefore
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X

kb1; lb0

jwk; l j jxj
l
a

X

kb1; lb0

jwk; l jce
kr l ¼

X

kb1

kwkkc;re
k

a

X

kb1

BYke
k ¼ BYðeÞ:

This implies that if e > 0 is su‰ciently small, our formal solution (5.1) converges

on fðt0; t1; . . . ; tm; xÞ; jt0ja e; jt1ja e=c; . . . ; jtmja e=cm; jxja rg. Summing up, we obtain

Theorem 3.

Thus, to complete the proof of Theorem 3 it is su‰ent to prove Lemma 7 above.

Proof of Lemma 7. Note that the case k ¼ 1 is clear from (5.8), (5.10) and the

fact Bb 1. The general case is proved by induction on k.

Let kb 2 and suppose that (5.12)p is already proved for p ¼ 1; . . . ; k � 1. Then,

by Proposition 4, (4.6) and the induction hypothesis we have

kwkkc;ra
X

q

i¼1

dki ;k
Ai

km
þ
2C

km
k fkkc;r

a
1

km

X

q

i¼1

dki ;kAi þ
2C

km

X

2apþjnjak

kgp; nkR

�
X

jk �j¼k�p

Y

ð j;aÞ A Im

ðBYkj; að1ÞÞ � � � � � ðBYkj; aðnj; aÞÞ

0

@

1

A

2

4

3

5

for any 0 < r < R. Since 0 < Ra 1 is assumed, by comparing this with (5.11) we

obtain

kwkkc;ra
ðR� rÞm

km
Yk ¼

1

km

Ck

ðR� rÞmðk�2Þ
for any 0 < r < R:ð5:13Þ

By using this, (5.12)k is verified in the following way. Let ð j; aÞ A Im. By Lemma

2 we see that kt jwkkc;ra ð1þ cmÞ jk jkwkkc;r and therefore by (5.13) we have

kt jwkkc;ra
ð1þ cmÞ jk j

km

Ck

ðR� rÞmðk�2Þ
for any 0 < r < R:

Applying Lemma 5 a-times we obtain

kDj;awkkc;r ¼
q

qx

� �a

t jwk

�

�

�

�

�

�

�

�

c;r

a
ð1þ cmÞ jk j

km

ðmðk � 2Þ þ 1Þ � � � ðmðk � 2Þ þ aÞeaCk

ðR� rÞmðk�2Þþa

a ð1þ cmÞ jðemÞa
Ck

ðR� rÞmðk�1Þ
aBYk

for any 0 < r < R, which proves (5.12)k. r
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§6. Supplementary remark.

In this last section, let us show that we can also get a good result in the first order

equations with ðnþ 1Þ independent variables ðt; x1; . . . ; xnÞ A C � C
n.

Consider the following nonlinear partial di¤erential equation:

t
qu

qt
¼ F t; x; u;

qu

qx

� �

ð6:1Þ

where t A C , x ¼ ðx1; . . . ; xnÞ A C
n, qu=qx ¼ ðqu=qx1; . . . ; qu=qxnÞ, F ðt; x; u; vÞ with v ¼

ðv1; . . . ; vnÞ is a function of the variables ðt; x; u; vÞ defined in a neighborhood D of the

origin of Ct � C
n
x � Cu � C

n
v , and u ¼ uðt; xÞ is the unknown function. Set D0 ¼ DV

ft ¼ 0; u ¼ 0; v ¼ 0g. We assume the following conditions:

B1Þ Fðt; x; u; vÞ is a holomorphic function on D;

B2Þ Fð0; x; 0; 0Þ1 0 on D0;

B3Þ
qF

qvi
ð0; 0; 0; 0Þ ¼ 0 for i ¼ 1; . . . ; n:

These conditions correspond to the conditions A1), A2) and A3) in section 1, respec-

tively.

Set aðxÞ ¼ ðqF=qtÞð0; x; 0; 0Þ, gðxÞ ¼ ðqF=quÞð0; x; 0; 0Þ, and biðxÞ ¼ ðqF=qviÞ

ð0; x; 0; 0Þ ði ¼ 1; . . . ; nÞ. By B3) we see that bið0Þ ¼ 0 holds for i ¼ 1; . . . ; n. We

denote by ðqb=qxÞðxÞ ¼ ½qbi=qxj�ðxÞ the Jacobi matrix of bðxÞ ¼ ðb1ðxÞ; . . . ; bnðxÞÞ, and

by c1; . . . ; cn the eigenvalues of the matrix ðqb=qxÞð0Þ. Set

L1ðl; rÞ ¼ l� c1r1 � � � � � cnrn � gð0Þ for r ¼ ðr1; . . . ; rnÞ A R
n:

Then the non-resonance condition and the Poincaré condition for (6.1) are stated as

follows:

ðN1Þ ðnon-resonanceÞ L1ðk; lÞ0 0 holds for any ðk; lÞ A N
� �N

n;

ðP1Þ ðPoincar�ee conditionÞ the convex hull of the set f1;�c1; . . . ;�cng

in C does not contain the origin of C :

By Chen-Luo [1], Shirai [6] we have:

Theorem 4. Assume B1), B2) and B3). If the conditions (N1) and (P1) are satisfied,

equation (6.1) has a unique holomorphic solution uðt; xÞ in a neighborhood of ð0; 0Þ A

Ct � C
n
x satisfying uð0; xÞ1 0 near x ¼ 0.

Now, let us consider the case where the Poincaré condition (P1) is satisfied but the

non-resonance condition (N1) is not satisfied.

Set M1 ¼ fðk; lÞ A N
� �N

n;L1ðk; lÞ ¼ 0g and assume that M1 0q. Since (P1) is

assumed, it is easy to see that M1 is a finite set. Denote by m1 the cardinal of M1.

Then by the same argument as in Theorem 2 we have:

Theorem 5. Assume B1), B2), B3), (P1), and M1 0q. Then, equation (6.1) has a

family of solutions uðt; xÞ of the form
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uðt; xÞ ¼ wðt; tðlog tÞ; . . . ; tðlog tÞm1 ; xÞð6:2Þ

where wðt0; t1; . . . ; tm1 ; xÞ is a holomorphic function in a neighborhood of the origin

ðt0; t1; . . . ; tm1 ; xÞ ¼ ð0; 0; . . . ; 0; 0Þ satisfying wð0; 0; . . . ; 0; xÞ1 0 near x ¼ 0; moreover

wðt0; t1; . . . ; tm1 ; xÞ contains m1 arbitrary constants.

In order to prove this, we expand Fðt; x; u; vÞ into the Taylor series in ðt; u; vÞ:

Fðt; x; u; vÞ ¼ aðxÞtþ gðxÞuþ
X

n

i¼1

biðxÞvi þ G2ðt; x; u; vÞ

where G2ðt; x; u; vÞ is the sum of terms whose degree (with respect to ðt; u; vÞ) is

greater than or equal to 2. By a suitable linear change of variables x ¼ ðx1; . . . ; xnÞ, we

can reduce the equation to the case where the matrix ðqb=qxÞð0Þ is lower triangular;

therefore, without loss of generality we may suppose that biðxÞ (i ¼ 1; . . . ; n) has the

form

biðxÞ ¼ cixi þ
X

1a j<i

ci; jxj þOðjxj2Þ ðas x ! 0Þ;

where c1; . . . ; cn are the eigenvalues of the matrix ðqb=qxÞð0Þ.

Set

t0 ¼ t; t1 ¼ tðlog tÞ; . . . ; tm1 ¼ tðlog tÞm1

and set the vector field t as

t ¼
X

m1

i¼0

ti
q

qti
þ
X

m1

i¼1

iti�1
q

qti
:

Under the relation (6.2), equation (6.1) is reduced to the following equation with respect

to the unknown function wðt0; t1; . . . ; tm1 ; xÞ:

tw1 aðxÞtþ gðxÞuþ
X

n

i¼1

cixi þ
X

1a j<i

ci; jxj þOðjxj2Þ

 !

qw

qxi
ð6:3Þ

þ G2 t0; x;w;
qw

qx

� �

ðmodRÞ:

Now let us set a formal solution w in the form

w ¼
X

ðk; lÞ AN ��N
n

wk; lx
lð6:4Þ

where

wk; l A Hk½t0; t1; . . . ; tdðk; lÞ� ððk; lÞ A N
� �N

nÞ

and fdðk; lÞ; ðk; lÞ A N
� �N

ng is a suitable sequence in f0; 1; . . . ; m1g. Then, by the

argument quite parallel to the one in section 4 we can determine wk; l inductively on
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ðk; lÞ, if we introduce the following total order relation 0 in N
� �N

n: for ðk; pÞ ¼

ðk; p1; . . . ; pnÞ and ðh; qÞ ¼ ðh; q1; . . . ; qnÞ we write ðk; pÞ0 ðh; qÞ if one of the following

conditions is satisfied;

1) k < h,

2) k ¼ h and jpj < jqj (where jpj ¼ p1 þ � � � þ pn and jqj ¼ q1 þ � � � þ qn),

3) k ¼ h, jpj ¼ jqj and p1 < q1,

4) k ¼ h, jpj ¼ jqj, p1 ¼ q1 and p2 < q2,

5) and so on.

Since the discussion of the proof of Theorem 5 is almost the same as in sections 4 and 5,

we may omit the details.
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