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Microlocal smoothing effect for Schrodinger equations in Gevrey spaces
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Abstract. The aim of this paper is to investigate the phenomena of microlocal
smoothing effect for Schrodinger type equations, in Gevrey spaces. We shall prove that
microlocal Gevrey regularity of the solutions of the Cauchy problem for Schrédinger
equation, depends on the initial data decay along a backward bicharacteristic.

Introduction.

Let T >0. We consider the following Cauchy problem,

0.1) {LuzO, te[-T,T], xeR",

M(O,X) = u0<x)7 xeR",

where

Lu = du — 12 (a]k )Zblx ——u — bo(t,X)u,

ar(x, &) = 3y aie(x)E;&y, is a real elliptic symbol with smooth and bounded coef-
ficients.

We will consider the smoothing effect phenomenon: more the initial data decays at
the infinity, more the solution of is regular.

Many papers are devoted to the study of this phenomenon: A. Jensen and
Hayashi, Nakamitsu and Tsutsumi [14] showed that if {x)>*u(x) e L?>(R"), then the
solution u of [0.1) belongs to Hf, for 1 # 0. Hayashi and Saitoh [13] proved that if

e“ g € L?*(R"), ¢ >0, then the solution u is analytic in x for 7 # 0. Kajitani [19],
Kajitani and Wakabayashi proved that if e““ug e L>(R"), ¢ > 0, then the solution
u is analytic in x for ## 0. De Bouard, Hayashi and Kato showed that if ug
satisfies ||(x - V) uo| < C/t'j1? for je N, then the solution belongs to the Gevrey class
y¥/2 with respect to x for ¢ # 0. Kajitani [20], [21] proved that if e“*"uy e L*(R"),
¢ >0, k€10, 1], then the solution belongs to the Gevrey class y!/¢ with respect to x for
t #0.

In the case of microlocal smoothing effect, the decay of initial data is required only
on a neighborhood of the backward bicharacteristic (see Craig, Kappeler and Strauss [4],
Doi [6], for the microlocal ¥~ smoothing effect, and Robbiano and Zuily [27], [28],
[29], Robbiano, Zuily and Morimoto for the microlocal analytic smoothing effect).

In this paper we will consider the microlocal smoothing effect in Gevrey classes.
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1. Statement of the Theorem.

We recall that a function f belongs to the Gevrey class y*(€2), 2 open subset of R"
if fe®*(2;C) and for any compact K there exist positive constants C = C(K) and
p = p(K) such that

sup | D*f (x)| < Cp~M o,
xekK

for all « € N". One says that a point (9,7,) € R" x R"\{0} does not belong to the
Gevrey wave front set of order d of a distribution u if there exists a function
% €%, (R"), equal to 1 in a neighborhood of 0, such that if one sets y, (x) =
x(x —yo) and y, (&) = x((&/I<]) — (mo/Imol)), then there exist positive constants C and p
such that

D% (2, (D) (2, (¥)u))| < Cp~ )17,
for all e N”. We will note WF, u the wave front set of order d of u.

ASSUMPTION 1.

(1) ay ey?(R"), for some d > 1;

(2) there exists positive constants C; and C, such that
(1.1) Gl < laa(x, )| < Goféf,
for all £ R";

(3) there exist positive constants J,p and C such that

[Da ()] < Cop™ Moty =2,

for all xe R", o e N"\{0}, and j, k=1,...,n;
(4) there exists a function 0(x,¢) € € (R" x R") such that
(a) there exist positive constants p and C such that

IDEDLOx. )] < G 1)y I,

for all x,£eR", o,f e N";
(b) H,,0(x,&) > C|&|%, for some positive constant C, where H,, is the Hamil-
tonian flow associated to a:

" 8a2 0 0612 0 )
Hy=) (75— =)
; <afj ax;  0x; O

ExamPLE 1.1. If ay(x,&) = |¢], we can take O(x,¢&) = x- ¢
More generally, if ay(x,&) = z]" -1 4ikS;C has constant coefficients, we can take

O0(x,8) = x-ay(x,&) = ija@az(x, & =2 Z ajXiCy.
=1

J k=1

Indeed we have
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n n 2
Hy0(x,0) =4 [Z afké"] = 4|grad; ax(&)|’.
=1 Lk=1

Now, grad: a;(¢) cannot vanishes for ¢ # 0, or, by Euler formula, a(&) must vanish
too. So, if C is the minimum of |grad; a>(¢)| for || = 1, then H,,0(x, &) > Clé.

ExampLE 1.2. If ar(x,&) =370 la,(x,)éj, with C) < a;(x;) < C,, we can choose
0(x,&) = >0 xj\/aj(x;)¢;. Indeed, a direct computation shows that

xf)zzn:Zaj(x] [\/ (X)) + x; ) ] Za ()& x50/ aj(x))
=

= 3 2 () 2 = 203

J=1

1 Xj

ASSUMPTION 1I.
(1) b;e%4([0,T);y?(R")), for j=0,1,...,n and there exist positive constants p
and C such that
[Di;(1,x)] < Cop™ P <y,

for all xe R", o e N"\{0}, for all j=0,1,...,n;
(2) Imbi(t,x) =0, for j=1,...,n

For (yo,n9) € R" x R"\{0}, we consider the bicharacteristic of a(x,¢) passing
through (yo,7):

X(s) =g (X (), 5(5))

(1.2) Y (X(0), £(0)) = (0,70
E(s) = == (X(5), 5(5))

where X:%X and E:%E.

Since ay(x, &) is elliptic, the solution of exists for all se R. Moreover, the
existence of the function 0(x,¢) implies that (see Remark 4.6 below)

Tim |X (55 yo. 70)] = o0

For (yo,19) € R" x R™\{0}, let V() = {& € R"\{0} | [(¢/I&]) — (mo/Imo|)| < &} and

IE(yo,np) = U{x e R" | |x — X(—s; y0,m0)| < &(1 +5)}.

s>0

For ¢ e R denote

O(x, ¢
R

where ¢ >0,0>0, 0+6=x, k<1, and y*(x,&) e p?(R" x R") is such that y*(x,¢&) =1

(ogi(x,éj) =x-&—1i¢
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if (x,&) e IX(yo,m) x ViN{&|1&] = 1} and y*(x,&) = 0 if (x,&) ¢ I3 (vo,70) X Va, and
define

Iy, D) = | e

where (&) stands for a Fourier transform of u and dé = (2r) ™" dé.
Now we can state our result.

THEOREM. Assume that Assumptions 1 and 11 are satisfied for dx <1, d > 1 and
kK <1. IfuyeL*(R") and 1, (x,D)ug € L*(R"), for |e| < eo, then there exists a solution
u of (0.1) such that (yo,ny) ¢ WFycu(t,-), for all t> 0.

ExamPLE 1.3, If ¢ ug e L2 (I, (y0,1)), or £ DYy e L*(I;X(p0,10)), with
0d>0,0>0, 0+0=x, then [ i o € L*(I;X(yo, 1))

Indeed, one can easily show that if (ps (x f) = x-&—ieg)(x, &), for j=1,2, and
there exists C > 0 such that |¢(V)(x,&)| < CoP(x, &), then if 1 21t e L>(R") for some

go > 0, then there exists &), >0 such that 1 uoeLz(R") for all |e] <¢g). So, it’s
enough to remark that

0(x, &)
e

REMARK 1.4. By similar argument, we can see that we can assume, without loss of
generality, that 0(yo,7n,) = 0.

CLx)7(EY°.

REMARK 1.5. We will assume in the following that ay(x,&) is positive, the case
when ay(x,¢) is negative is treated by changing time orientation.

2. Preliminaries.
In this section we recall some results that we will use in the proof of the [Theoreml

For the proofs see [19], [20], and [24].

2.1. Basic inequalities.
The following inequalities are used in this paper

Lemma 2.1 ([12, Lemma 12.1]). There exists ¢ > 0 such that for any s> 0
N!

: : —s/2
. — < .
2 VI =<

LemmaA 2.2 ([20, Lemma 5.1]). For any r,se N, o e N", ¢ > 1 and s > 1, we have

-1
Z ( OC/>(|OU‘ + r>!d(‘a”‘ +S)!dq7‘a/‘ = (V—:S> (|| +r—|—S)!dq - 1
a —

o +o" =u

LemMa 2.3. Let r,s,te N, with t <r, o e N", d > 1 and q > 29, then

dr g1 4k
) ) (e o d gl 270 a_2°/9)

o + ) (Jo"] 4 5)! <—— (| +r+s—1) .
c{’+x"—a(a/>(‘ | ) <| | ) 1 (V+S— t)d <| | ) 1— (2d/q)

!
lo'| =k F—t
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The proof is similar to the proof of the previous Lemma, and is given in the
appendix.

2.2. Sobolev spaces with exponential weights.

In the following we note Zu or & the Fourier transform of u, and with # ! its
inverse.

Let k€]0,1[. For p>0 and J € R, let

Ny ={ue L} (R")|e"P ue L*(R"),e” e’ P ye L*(R")},
and for p <0 Hy; is the dual space of H*, ;. Here " Py = [y e™ el a(E) dé.

ProposiTION 2.4. If ue Hys, with p >0, then for any 0 < p’' < p there exists a
constant C, ,r such that

|0%u(x)| < Cp pp" a1/ ¥

ul

Hys
for any xe R", a.e N".
In particular, u is a Gevrey function.

2.3. Symbols.

Let m,p,y be weight functions and ¢ = ¢ 2dx?> 4+ >dé* a Riemann metric.
We will consider essentially go = dx? 4+ d&? and g1 = x> 2dx2 + &2 dE?. Let
S(m,g) the set of symbols a(x,&) € €*(R*") satisfying

|a8?) (x,8)| < Cy pm(x, f)(ﬂf‘“llp_\/ﬂ

for x,¢€R", o,f€N", where ay) = d7Dla, and y**S(m,g) the set of the functions
a(x, &) € € (R*") satisfying the following condition: there exist p, > 0 and C, > 0 such

that

(22) ) (x, &) < Capy o]t B! m(x, &)1y 1

for x,,eR", a,f e N".
If d=s, we write, for short, y?S(m,g) = y*9S(m,g). Without introducing new
notations, we will write also a e y®*S(m,g), for symbols a(x,&) e € (R" x R"\{0}),

satisfying in R" x R"\{0}.

ExampLe 2.5. The symbol as(x,&) = 3 7, ap(x)&&, belongs to y*1S((&)% g1),
0(x, ) belongs to yd*lS(<x>\é\,g1), and b(t,x,&) = 2;1:1 bj(t, x)¢; belongs to (60([—T, T;

yd’ls(<é>7gl))'

For xel0,1], let o5 =y"/cS(e*7O g0), with go =dx?+d&*. For a;e

Mp’f s» 1 =1,2, the product of a; and a, is defined as follows

(a1 0 a)(x, &) = os- ” e May(x,& +n)ay(x + y, &) dydn

R2n

= lim “ 2 e n=el %) g (x, &+ n)az(x + p, &) dyvdn
R n

&e—0

where dn = (27) " dn.
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ProrosITION 2.6.

(1) Let kel0,1], and a;e o ;, i=1,2. There exists & >0 such that if |p|,
02| < &*, then aj o ay belongs to </

p1+py,01+02"
(2) Let k€]0,1[, and a;e o/, 5, i=1,2,3. Then if |p|,|p,l[02],|03] <&"/2 we
have (a1 Oaz) odsz =4d1 o (a2 oa3).

PROPOSITION 2.7. Let di,s; >1 and a; e y®5S({xYM{EY g1), i=1,2. Then

ay oay belongs to yd’SS((x)m‘*mz(f}/‘Mz,gl), where d = min(d,d), s = min(sy,s;)
Moreover we can decompose

(a1 0 az)(x, &) = p(x,&) +r(x, <),

where

p(x, &) € psS({xY™MTMLEN2 g1 satisfies for C >0

1
p(x,&) = > —d (x,&)ary) (x. )

lyl<n 7

c yd,sS(CNHN!lerdzfl<x>m1+mg—N<é>/1+/2—N, 91)

for any NEeN,

—&*, —¢g*

LEMMA 2.8. Let f(x,&), 0,(x,&),;(x,&) € €°(R" x R"\{0}), i =1,...,n such that
02021 (x, &)] < Clalt¥] B! py ™ P, &) ey Mg~

[(0) (3 (5, )] < Clat|1 811 py ™ Pl (e, iy (o, &)y (e, &)1

(W) (5 (% ) < Cla B py ™ Plmy (x, )y (x, &)~ a6, )P,

or |o+ < M, or some weight unctions m,meg,ny,,H and n and constants C Lll’ld P
(4 2R3 2 0
Then

mey(x m(x |o+p|
Sl )
m(p(x, &), (x, &)y (x, &) gy (x, )7,

for some positive constants p and C depending only on s,d,p, and n.

The proof is similar to those of Lemma A.l in and Lemma 5.3 in [23], and
is given in the Appendix.

In particular, we can see that if a € y5S(m,g) and |a(x,&)| > C;'m(x, &)
a"ey?®sS(m’,g), for all reR.

For a(x,&) e y?S(m,g1), an almost analytic extension of a is defined by

e (/) N G D O Ny 1Y o s
o) =t v = S S (b G Y (e )l

where b, = 4"Bla|I{@=D/ /pa if d > 1.

, then
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PROPOSITION 2.9. Let a(x,&) € y?S(m,q1), and d > 1, then the almost analytic
extension of a satisfies the following properties

onf 0 : ;
|02 Dxagpy a(x+ iy, &+ in)|

< Cm(x, &)(Cp,) e ey Wy ™y Wl 4 B+ + 0]
|0y, + i,)02 D0 Dia(x + iy, & + i)

< Cm(x, @(Cpa)—|a+ﬂ+y+6\e—co<<x>/\y|)”“’*” CET PGy Sl 4 By 1
(8¢, + idy,)02DE0) Doa(x + iy, & + i)

—lo —co(<E =0 iy _ _ P

< Cm(x, &)(Cp,) 9, (MY s =lal ey 1Bl ol gy 0o+ B+ 40|19,

for any x,y,&,neR" and o,p,y,0 € N".

Let 9(x, &) € p?S(09{x>" + pyo<ED¥,g1), where dk <1, d >1 and x < 1. Denote
3(z,{) the almost analytic extension of 9. For x,& z,{e C" we set

1
Vid(x,z,0) = Jo Vid(z + t(x —z),{) dt

1
7.9(x,E,0) = jo V82 L+ (6 — 0)) di

Lemma 2.10. Let § € p?S(09<x)" + pg<&D¥,g1), where dx <1, d >1 and K < 1.
Then, if 8y and pgy are small enough, there exists ®(x,z,() and ®'(z,E,() in €*(C>")

satisfying
(2.4) @ — iV 9(x,z,®) =
(2.5) @ — V(D' &) =z,
for all x,&,z,( e C" and
IDEDEDI(®D(x,2,0) — O)] < Calpy +09)pg™ Mo+ p+ <O
IDEDEDI(D'(2,0,8) = 2)| < Cor(py +05)p g |+ B+ 9172y 1
0 DEDEDID(x, 2, ()| < Calpy +0g)e” ReVIMT bl 4 gy oyl
3.0 aD/?DV @' (x,2,0)| < Cor(py +0g)e™ (IRec|/[tm¢]) /@ l)p_|a+ﬁ+y|‘oc+ﬁ+y||d<z>lt ol

for all x,¢&,z,(eC" and o,f,7€ N". Moreover ®(x,&) = d(x,x,&) and D'(x,&) =
'(x, &, 8) satisfy

(2.6) [DEDE(®(x,&) — &) < Capl(pg<Ey x4 35> 1<y iy p, o 4 g1

(2.7)
IDZDE(@' (x, &) — X)| < Cr(pgCE ™ + 33y YKy Wp P a4 1,

for all x,E e R" and o,f,y e N".
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ProPOSITION 2.11.  Let {pi(x,&)}icn be a sequence of symbols such that
IDZD pr(x, )| < CRIT |af *| |1 p= = PHACEy P oy =R,
Then there is a p(x,&) e y¥3S(m,g1) such that

N—1
DZDY (p(x, &) =) pilx, é))

k=0

< CNI |a V¥ |1 p= NIl Ey NI ey NI,

This result has been given in in the case d’' =1, d =s. We can prove the case
d’>1 and d # s in the same way.

2.4. Pseudodifferential operators.
To a € o/, one can canonically associate a pseudodifferential operator defined by

standard oscillatory integrals

a(x,D)u(x) = OS-J e™a(x, &)ia(¢) dé.

We have the following result:
ProposITION 2.12. If |p|,|d], |p’|,|0'| are small enough, a € ol)s acts continuously

K K'
from H,(), to H PP E

We write a1 = ay if aj —ay € o/, for some p <0, since, by [Proposition 2.4,
(ay —ax)u is a Gevrey function, if ueL2 We recall also the following result on
multiple product of operators.

ProposITION 2.13. Let 1i(x,{) € Ay, for j=1,2,...,v, and put
qv(x,D) = ri(x,D)r2(x, D) ---r,(x, D).

Then the symbol q,(x,{) belongs to </, and satisfies

(2.8) a7y (x, 0l < " T G jate| g
j=1

for (x,0) e R*", o, € N", where C is independent of v and p = min,_;__ wpi/4}.  (Here
C; and p; are the conslants C and p in (2.2) corresponding to r;.)

2.5. Fourier integral operators.
Let 3(x, &) € p?S(pg<EY" 4+ 59{x>", g1), with pg,d9 >0, dx <1, d > 1 and x < 1, let

p(x, &) = x- & —id(x, &)

For a e o/, and a phase ¢(x,¢) as above, let

a(x, D)u(x) = J e 9a(x, )a(é) d¢,

Puttmg p(x, &) = a(x,&)e?™9) we can see that p(x,¢) e <, 5, Therefore a, can
be regarded as a pseudodlﬂerentlal operators, with symbol p(x é) = a(x,&)e’™9, By
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IProposition 2.12] if p,d, pg,d9 are sufficiently small, a,(x, D) acts continuously from H o

- o .
to Hp 00" For a =1, one writes

Iy, Dyulx) = | e"9ice) .

1Dyt = [ e e ay.

PROPOSITION 2.14.  If py,dy are small then 1,0 I} (resp. 1} ol,) are L*-bounded
invertible operators, and

-1 _ yRy _ 7/7R
L' =18 = U1k,
for some J and J' bounded on L*.

PROPOSITION 2.15.  Let a € y?S({x>"(&Y ,g1), S € de(<x>”<f>5,gl), 0<o 0<1,
g+0 =1k and let p = x& —ied(x,&), withdk < 1,d > 1 and k < 1. If ¢ is small enough,

1,(x, D)a(x, D)I, " (x, D)
1, (x, D)a(x, D)I,(x, D)
ay(x, D) (x, D)
1,'(x, D)a,(x, D)

a(x, D)1,(x, D)

are pseudodifferential operators, which symbols (modulo 7)) are given respectively by

(2.9) a(x —iV:9(x, @), &+ iV.9(x, @) + a;

(2.10) a(x +iVe3 (@', &), & — iVeH D', &) + an

(2.11) a(x, &+ iVid(x, D)) + as

(2.12) a(x + iVeH D', &), E) + ay

(2.13) J@QE:; D)D]la(x+y — lVﬂxén)@]?

14

where ay,as,as,as belong to y?S({x>"1EY 1 g1), ®(x, &) = D(x,x,&) and D' (x,E) =
D' (x,E, &) are defined in (2.4) and (2.5).

2.6. Phase function.

Let e(x,&) = /1 +ax(x For ¢, M > 0, we consider
gleM) _ 0(x,¢) > ( 0(x,¢) )
0 (.X, f) <x>1_ae(x’ f)lf‘) 0 <X>€(X, 5)8

e, &) (0(x,£)) [au (%) s (%)} 7

and
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(e, M) _ qleM) {x o+l x)
(2.14) 977 (6,x,8) =9y (x, )P (—Me(x, @) + te(x, &) [1 D (7Me(x, f))} :

where f(7) = [{(1+s%)" 2 ds, and @.(1) = y(+7), Do(t) =1 — @, (r) — ®_(r) and
x(7) € y?(R) such that y(z) =1 for t>1, y(r) =0 for t <1/2, and y'(z) > 0.

PROPOSITION 2.16.  The function 958’M) belongs to €1(]0, T];de(<x>”<é>5,g1)) and
0(x, &)
<X>1_0€(X, é)l*()

where c(x,&) belongs to y*S(1,g1), and satisfies c¢(x,&) > co>0. There are & > 0,
My >0, K>0, ¢cg >0 such that

(2.16) (0 + Ha )97 (1,%,8) 2 o(<EYF + )2 2E + ) 1(&Y),
Sor all |e| < ey, M = My, all x,&e R" with || >K and 0 <t<T.

(2.15) HM(0,x,6) = 95 (x,8) = e(x,9)

2.7. Criterion for L> well-posedness.
ProposiTION 2.17.  Consider the following Cauchy problem

{é’,u(t, x) — ia(x, D)u(t, x) — b(t,x, D)u(t,x) = f(t,x)
u(0, x) = up(x) '

Assume that a(x,¢) € Sﬁo has real value and b(t,x,&) e C°([0, T]351170) are such that

(2.17)

Reb(l, X, f) —% Z axjfk(x7 é) <C
Jh=1

for xeR", |x| > K, and &€ R". Assume moreover that there exists 0(x,&) verifying
Assumption 1-(3).  Then, if ug e L? and f € C°([0, T); L?) there exists a unique solution
ue CY0, T; L>)NCY([0, T); H2) of the Cauchy problem (2.17).

3. Fundamental solution.

In this section we shall construct the fundamental solution of the Cauchy problem
for p(t,x,&) € 6€°([=T. T];y**S(m(x,£),g)), that is, p(t,x,&) satisfies

(3.1) [P{5) (1%, )] < Copy |17 B M (x, €)<EY ey W,
for x,£ e R", a,f € N", where m(x,¢) satisfies
(3.2) m(x, &) < C{xp™EH",

for some C >0 and x €]0,1[. Calculations are similar to those in [24, Proposition 3.8]
and [21, §1].
For T >0 we consider the following Cauchy problem,
iE([) =pp(t,x,D)E(t), te]-T,T]
(3'3> d[ ) Y 9 ) Y
E0) =1
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ProprosITION 3.1.  Let p(t,x,&) as above, if p >0 is small enough, then we can
construct the fundamental solution E(t) of (3.3) as a Fourier integral operator:

(3.4) E(t) = Iy (e(t, x,D) 4 r(t, x, D))

where Y(t,x,&) = x - & —ip0(t, x, &), with 0(t,x,&) € €' (=T, T};y**S(m(x,€),g)) is such
that 0(0,x,&) =0 and

(3.3) 0,0(1,x,8) — p(t,x,& = iV0(t,x,8)) € €°([=T, T}; y**S(1.9)),

e(t,x,8) € €' (=T, T);y"*S(1,9)) and r(t,x,&) € €' (=T, TJsy**S(e (O gp)).
Moreover, if p(x,D) does not depend on t, then E(t)"' = E(—1), and

(3.6) E(t)a(x,D)E(—t) = a(x,D) + L E(s)[p,a|lE(—s)ds, te[-T,T],

where [-,-] stands for a commutator.

Proor. First of all we construct the phase function 6(¢,x,¢&) as follows,

=

0(t,x, &) = 0;(t,x,&),

J

I
=)

with 0, e G ([T, T];y*S(m/*{x>7<EY, g)). By the definition of almost analytic
extension, we have

P, E— VO + o+ Oy 1) = 3 2 pl) (e, %, E)(—iVilly + - + Oy 1))

o] <N ™
- ;V 0 (1,,0)( iV)c(QO+"'+0N—1))a|:x<boc|Vx<00+.<.é‘>+HN_l)|)_1]
” IVx(00+---+0N1)I)
V.(0 On_ b,
+|o<Z>:N'p (6 Rl +N1)”( &
]

=D .patxmz P (6,%,€).

\1|<N |9¢|>N

Since p satisfies [3.1), we can see that

pU(t,x, &) € €' (=T, T); y"*S(m™N T (x,E)<xy MY, g)), if |of = N.
On the other hand, on supp[y(b.(|Vi(Oo+ -+ On_1)|/{E>)—1] we have m(x,&)/
{x)<&) = C. Then

Py(t,x,8) € 61 ([=T, T); y™*S(m™ ' (x, &)y, g)), if |of < N.

Noting that
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1 ”
o (=iVi(Bp+ -+ -+ On-1))

= > C“o...ﬁwfl(—iﬂc@o)’go(—z‘\wl)ﬁl (i)

3
ﬂ0+_“+[])/\7—1 o
and
0 1 N-1
PP (t,x,8) (V) (—iVih)! - (=iViOy 1)’
€ G ([=T, T); y*S (m '+ Tis (DI ¢ oy =X DI g oy =S R =1 gy,
we get

p<taxaé - lvx(eo +--+ HN—l))

— Z Z /(;0,../3N71P(a)(t,x, f)(—ivxeo)ﬁ T (_’Vxej—l)ﬁji

J=0 B0 421 Bt [+ 417 =)

—_

e @' ([-T, T];y™*S(m" ! (x, &) (xy~ ™, ).
Therefore we can obtain 0;(x,<) by solving the following equations

{aZHO(ta X, é) :p(t7x7 é)
QO(O,x, f) =0

for j =0, and

'6t9j(ta X, é) = Z Clgo...ﬁj*lp(a)(t? X, é)
|BO1+21 B! [+ +j1 7 =)

% (=iV00)" (=iV0))" - (—ivi )P
\ej(ovxa é) =0

for j=1,...,N—1. If we take N such that x— (I —x)N <0, then 0= "0,
satisfies [3.5). We note that 6(¢,z,&), z=x+iy, an almost analytic extension of
0(t,x,&), also satisfies

(3.7) 0,0(t,2,&) — p(t,2,& — iVi0(1,2,&)) e 6°([-T, T); %, _,.)
if [y] < C{EY*(x)" and when p(t,x,&) > ¢p<&)”, then
(3.8) Red(t,x,&) > c1t{&HF.

Now we can construct the solution of [3.3]. For 0(t,x,¢&) satisfying and con-
sequently we denote ¢(7) = x& —ipO(t,x,&). We seek a solution E(z) as a fol-
lowing form,

(3.9) E(t) = Ig(x, D)e(t, x, D).
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If p is small, we have the inverse operator I,/,(,)(x,D)_1 from [Proposition 2.14,
Therefore if E(r) satisfies [3.3), then e(z,x, D) satisfies

d _
(310) _€<[7 X, D) = I(p(l)<x7 D) l[pp(t7 X, D>I§0(l)(x7 D) - af](ﬂ(l)(x7 D)]e<l7 X, D)

dt

Noting that 0,4, (x, D) = (0,0),,,, we can see from [2.12) that

oy 0.6 = 2 (0, 0(0,3,),€) + 013, + 1 (03,9),

where @' satisfies
(3.11) D' (t,x,&) = x+iV:0(t, D' (t,x,¢), &),

0, € 6°([-T,T);7**S(1,9)), and r; e €°([-T, TJ; A, ). Moreover, from (2.10)

(312) O-(I(/)(t) (X, D)ilp(ta X, D)I(p(t) (X7 D))(X, é)
=p(t,D'(t,x,8), & —iVO(t, D' (t,x,8))) + p1(t, x, &) + ra2(1, x, &),

where p; e €°([-T,T);y"*S(1,g9)) and r, e €°([-T,T);./%, _,). Thus from (3.10)-
(3.12) it follows that taking account of [3.7) and [3.11) we have the following equation
for e(t) = e(t,x, D),

(3.13) %e( 1) = q(t,x, D)e(t) + r(x, D)

e(0) =1

where g € €°([-T, T];y%°S(1,9)) and re 6°([-T, T]; ", ). First we construct an
asymptotic solution of as follows,

o0

e(t,s;x,8) =) ei(t,5x,8),

Jj=0

with ¢;(¢,s, x, &) satisfying

(6 rDlenn =0 oy
and
(0=l Dsin =BUwD) g5
where
(3.14) Pi(1,x,¢) :” ! (1%, ey (1, x,8), (= 1).

_q
|
—0 M:,fky

>
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Solving the above equations, we get

(3.15) eo(t,53x, &) = eL q(z,x,&) dx

t

(3.16) ei(t,sx,&) = J Pi(t,x,&)eo(t, 7, x,&)dr (j=1).

We shall prove that e; verifies the following estimates

(o + )P (B +)

jl <x>fjf|ﬁ\<é>fjflct\7

(3.17)  [02Dbe;(t,55x,8)| < ¢ cp

for t,se[-T,T], xeR", é€R", a,feN", jeN. Since qe 6 ([-T,T];y"S(1,g)),
we have

(3.18) [DLozq(r,x,&)] < Gl g ey ey,

for xe R", £e R" and o, e N". Therefore it follows from that e(t,s; x, &)
satisfies

(3.19) IDBaZeq(t,5;x,8) < Cy P o 19| g1 Gy 1B ¢ EY T,

for t,se [-T,T], xe R", £€ R" and «,f € N", modifying C, if necessary. Hence we
have (3.17) for j =0 if we take C; > Cp and C; > Cy. Assume that (3.17) is valid for
j— 1. Then we have from [3.14)

02DEP(1,x,8) = ]X;Z > 5 () ) e, s

b=k’ Uﬂ"*“ﬁ +B"=p

We get by use of the assumption of induction (3.17) and [3.18):

|02 DEP (1, x,8)]

j—1
1 o ﬂ @ B 41 P i o
DIDIE DD (a,)<ﬁ,)q’) ! g 1| ey Ty
+“,/:mﬁ,+ﬂ//:ﬁ

k=0 |y|=j—k

//‘

x cr gyl (2" REUB" + 9+ k) ey P gyt

J-!1 |

1 +1 o~k wirpiy) |1 N Co s 5

< k§0 |§' kﬁcoy clrteyt i ,;,,: 2 )\ G o + |15 (|oe”| + k)!
=0 |y|=j— oot =a

B\ (o . mdg" 1d —k=ly+Bl ¢ g =l
x| D / (BB + 7+ R <X &
ﬁl+ﬁ,,:ﬁ ﬂ C2

Using [Lemma 2.2, we have if G, >
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1 okt gl L 1
0)" %=0 yi=j—k”

02DEP(1,x,8)| < —2—

-1
|y|| ; k) (1B + ]+ k) Gy iy et

G e (Jod +A) UL+ x>l eyl

X (Jo + ] +k)!5(

(C2 — Co)? J!
j—1 j—k |

y (cocz) 3 yy_! |
NS =ik 7"

Now > Pt/7=0++ 1)/% = ni=* then

jZI(C()Cz)j ’y|' = 1<I’lC0C2) < I’ZC()CZ
—0 C =/ k —0 C, —nCy(

if C; >nCyC, and consequently
}”ngC2
(Cy — Cp)*(Cy — nCyCy)

e+ DR (B 4
]l

(3.20) 02DPP(1,x,¢)| < Ll

1

{x >—j—\ﬂ|<§>—j—|a|.

From (3.16) we get

nlosnals [ 5 5 () )i e sn s
b= g g

Hence we get from and

[02Dfe(t, 5%, 9))|

nCyCyT AN\ BN it i
e B ()
(Cz — CO) (Cl — I’lCoCz) o ol =a g1 BT —p o ﬂ

DB+ )M
J!
_ nCyC,T ciicl ol 1 <x> i=1Bl gyl
(Cz — CO)Z(Cl —l’lCoCz)

- 8
2 (@) o +J>!S|oc”|!$] L/Z (5)() grnmpne

+ﬁ//_ﬁ

ey Wy TR I s g ey Wy

X

nCyC3T C{+1C|a+/3|+1 (Jod + )P (BL+ )

—j=1Pl —j—|
T (G = C)H(Cy = nCyCy) i Cxy TPy,

| |
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where we have again used [Lemma 2.2 We obtain (3.17), if we choose C; and C, such
that

nCyCiT
(C2 — Co)4(C1 — nCOC2) -

Next we shall construct the exact solution e(f) of the equation of [3.13). It fol-
lows from (3.17) that applying [Proposition 2.11 to {e;} we can construct é(t,s;x, &) €
CH=T, Ty (1,g1)) satisfying

N
agpf (é(l, s;x, &) — Z ei(t,s; x, f)) ‘

Jj=0

(3.21)

< C31+N+|a+/f\N!d+s—1 ’a’!s|ﬁ|!d<x>—N—\a\<é>—N—W’

for te[-T,T], x,eR", o,f e N" and for any non negative integer N. From (3.13)
and we obtain the following relation,

(0r —q(t,x,D))e(t,s;x, D) = R(t,s;x,D) || <T
e(s,s;x,D) =1 ’

for any se [T, T], where R(t,s;x,&) satisfies

(3.22) R (1,556, )] < €7 P PlemnC@TT 1oy g

for te[-T,T], x, € R", a,f e N", where ¢y > 0.
Now we can construct the exact solution of given by

t
(3.23) e(t,x,D) =¢(t,0;x,D) + J e(t,t;x, D)W (z,x, D) dr,
0

where W (t,x, D) satisfies

t
(3.24) W(t,x,D) = —R(¢,0;x,D) — J R(t,t;x, D)W (z,x, D) dx.
0

We can solve the above integral equation as follows

o0
(3.25) W(1,x,D) =Y Wt,x,D),
j=1

where
Wi(t,x,D) = —R(t,0;x,D),
t

Wi(t,x,D) = J R(t,t;x, D)W_i(t,x,D)dr, (j=2)

(3.26) .

L rn Tj-2 .
:H J (—1VR(t, 01)R(x1,72) - - R(5j 1 7)) R(5;, 0) de - - dty .
0JO 0

Since we can regard R(f,s5;x,¢) as an element of A, from [3.22), we can apply
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[Proposition 2.13 to the right hand side in (3.26). Then W;(t,x, &) satisfies the following
estimate from and by (j — 1)-times integrations,

(cl’™!
G-

for any j>1, te[-T,T], x,£€R", o,f € N". Therefore W(t,x,&) given by [3.25)
yJ g y )
converges in .o/;,. On the other hand, since W(¢) satisfies (3.24) and R(t,s;x,¢)
1/(d+s—1 . —
belongs to p@*S(e 2N 4y it follows from [Proposition 2.6 that W (1, x, €) also
belongs to y?*S(e —a0(Co<) U,go). Therefore we can see from that e(z, x, &)
satisfies

o 1+|o+p
(3.27) W (63,8 < ¢

o e,

(3.28) e(t,x,&) =e(t,0;x,&) +7(t,x, &),

where 7€ ! ([=T, T} p*S(e (@ goy) O

4. Bicharacteristics.

In this paragraph we will study some properties of the bicharacteristics of a»(x, ¢).
Calculations are similar to those in [18, §2].
Let (X(#;y,1),Z(t;,1)) be the solution of the Hamiltonian system [1.2}.

LemMma 4.1.
() If x=X(t;p,n) and &= Z(t;y,n), then y = X(=t;x,¢) and n = E(—1;x,{).
(2) If xo=X(to;y,m) and &y = Z(to; y,n), then X(t+ to; y,n) = X(t;x0,&o) and
E(t+ to; y,m) = E(t; X0, o).
These properties follow from the group-property of the solutions of ordinary dif-
ferential equations.

Lemma 4.2, X(t;y,7) = X(At; p, 27 'n) and E(t; y,n) = AE(2t; y, 27 'y).

PrOOF. Set X;(¢) := X(At; y,2"'y) and Z;(¢) := A5(Jt; y, A" '5). Since the func-
tion ax(x,¢) is 2-homogeneous, we have

X;(r) = diX(zz) = 20:ar(X (M), B(01)) = dear(X (A1), LE(21))
Ei() = %( E)t) = —220wan(X (41), E(A)) = —dran(X (A1), AE(A1)).

(X,(¢),E,(¢)) is then the solution of the Hamiltonian system [1.2), with initial data
(y,m). By the unicity of the solution we have the result. ]

As in [18], we introduce the symbol a(x,&) = \/2ax(x,&). By [Lemma 2.8, a(x,¢)
belongs to y*1S(|¢|,g1). Moreover there exists C > 0 such that

(4.1) la(x, &)| = C[E].

Let us consider {x(z; y,n),n(t; y,n)}, the solution of the Hamiltonian system
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x;(1) = (X(t y,n), &6 y,m))
(4.2) &(t) = —axa(x(t; y,n),&(t 1))

x;(0) =

f](O) =

for j=1,...,n. We can derive properties of (X(z;y,7n),Z(t;y,n)) from that of
(x(t; y,m),&(t; v, 1)), since we have (cf. [Lemma 2.3 in [18])

(4.3) (X (& 9,m), Z(t; y,m)) = (x(a(y,m)t; y,n), <(aly,n)E; y,n)).

Since a(x,&)/|¢] is bounded there exists globally in ¢ the solution of [4.2], and
consequently of [1.2].

By a similar computation as in [Lemma 4.2, we can see that x(¢; y,n) and n(z; y,n)
are homogeneous in 7 of degree zero and one respectively. Note also that we have

(4.4) a(x(t; y,n),<(t; y,n)) = a(y,n), for all ¢,
since (d/dt)a(x(t; y,n),E(6 y,m)) = Haa = 0.
LemMA 4.3, There exists C > 0 such that
(4.5) Cnl < |&(5; yom)| < Cla,
for any teR.
PrOOF. Let C, such that C;!|¢| < |a(x, &) < C4|¢|, using and (4.4), we have:
(s y,m)| = C M a(x(t; p,m), &5 p,m)| = €, Ma(y,m)| = C2n]
(5 y,m)| < Cala(x(t; p,1),E(55 y,m))| = Cala(y,n)| < CFlnl. O
Lemma 4.4. There exists C > 0 such that
(4.6) Clel < H0(x,6) < C)¢l.

Proor. The first inequality follows from the identity H,, = aH,, inequality
and Assumption I-(4). The second follows from the fact that a e y*'S(|¢],g;) and 0 e
y 1S (el g1).- O

NoraTiONS. In the following we note
A ={(t,y,n) € R x R" x R"\{0} | 0(y,n) = 0}.

Lemma 4.5. Let {x(t; y,n),n(t; y,n)} be the solution of (4.2). Then there exists
C > 0 such that

(4.7) CH (|t + <pp) < <x(t; y,m)> < C(Jt] + <pD)
1
(4.8) C 'yl < —00x(t; ), &(5; y,m)) < Cl

for (t;y,n) € A.
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Proor. We prove first [4.8). Integrating the identity (d/dt)0(x(1),(1)) = H,0(2),
since 6(y,n) =0, we have

O(x(1), (1)) = j H0(x(s), &(s)) ds,

0

and we obtain using (4.5) and (4.6). We prove next [4.7). Since a: is bounded in
R?", integrating the first equation of we get the second inequality of [4.7). Since

0(x(1),&(1)) < C<x(0)3[E(0)]
using (4.5) and [4.8) we obtain
CHel Il < C<x()nl,

then

(4.9) x(2)y = C')e.

Integrating the first equation of [4.2), since d¢,a 1s bounded, we get

(4.10) 1)y = |yl = el

Combining [4.9] and [4.10) we get the first inequality of [4.7). O

REMARK 4.6. By similar calculations, we can prove that
x(t;y,m)> = C(lt] + <),
for any y,n7 e R", so that using [4.3], we have
Jim X (75 y,m)| = +oo,
for any y,n e R".

We want to decompose A into sets where we can estimate from below the de-
rivatives of the function 6. Let

Ai = {(t; y,n) € 4]10,,0(y, )| = C*|nl}
A; ={(t;y,m) € 4]16,,0(y,n)| = C*[nl}.
We show that if C* is small enough, then
A=) 4,04
i=1 i=1
In fact, if
(4.11) 10,,0(y,m)| < C*y| and 10, 0(y,n)| < C[n|

then H,,0(y,n) < C,C *|77|2, where C, is some constant depending on the coefficients of
ay. Since, H, 0 > Cly|?, inequalities (4.11) cannot be verified if C* is too small.
In order to simplify the presentation, we will assume that

(4.12) A=) 4,

We can treat the general case by similar computations.
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NoraTions. For ye R", we write y = (y1,..., Yi-1, Vit1,---, Vu), and denote

Viyx(t; y, ) = (0ix, 0y, X, ..., 0y, X, 0y, X, ..., 0y, X)
Vﬂx(Z; y7 77) = (aiﬁx7 AR aﬂ,,x)
VX(Z; Vs 77) = (VtJ;X, V,7X)

| ~(Vx(t; y,m)
T(t;y,n) = (Vf(t; y,f?)>'

T(t)=T(t;y,n) is a 2n x 2n matrix. Differentiating we get

d
5 1) =A0T ),
where
(4.13) A() :< e (x(0),E(0)  age(x(1), &(1)) )
—ax(x(1),&(1))  —axe(x(1),<(1))

By Hypothesis I-(3), {4.5) and [4.7) we have

laz: (x(2), &(1))] < Cln| ™",
(4.14) e (x(2), £())] < C(yy + 1) ™2,
| (xX(2), E(0)| < C(Y> + [t]) 7 lnl,

for (¢, y,n) e A. We see that for (¢,y,n) € 4;

ay, 1 0
a, 0 . 0
0 1 0
a _ % _ 0}’1'71 _ 0}’i+1 _ Q,Vn o %
i 0%‘ 0}’:‘ eyi Qyi eyi
TO;y,m)=| 1 0
dy,
ayl
—ay, 0

where a,, = ay,(y,1), ay, = ay(y,n), 0y, = 0y,(y,n), Oy = 0y (y,n).
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Ty T

PrROPOSITION 4.7. Denote T =
{Tzl T

}- Ty are € (A; R™™") and satisfy

) 18Jabar T (s yom)| < Gl BN p T yy 4 1)y g
(4.16)  |8]afor T (t; y,m)| < Clla | B p ™~y + e]) 7 <py Ay

) 18jeley Tt y,m) < Gitlaf! | BI1p~ PPy + 1oy 7T

) 10]abar To(t; y,m) < Gilla!| BN~y + [e) T oy P 7,
Jor (&, y,n) € 4.

Proor. We recall first the following Lemma:

t
Lemma 4.8 ([18, Lemma 2.4]). Let w(t) = (Wl( )> be in €'([0,+oo[; R*") and

wa(1)
F(1) = <§;§2> in €°([0, +oo[; R*™) satisfying ’
(4.19) %w(z) = A(t)w(t) + F(1),

where A(t) is defined in (4.13). Then there exists C >0 such that

wi(0)] < CL(1+ [t <p> ™" 72 wi(0)] + |~ [w2(0)[(1 + |#])
(4.20) + 1] sup Py (s)] + | ™! L |F2(s)] dSI
wa(1)] < C | <>~ 2 wi(0)] ] + [wa(0)] + sup [Fi(s)| | + L |F2(s)] dS]

for t >0 and (y,n) € R*" with 0(y,n) = 0.
Using [Lemma 4.8, we have

(4.21) By, x(s )] < C(1+ 1<)

(4.22) 105, £(t; y,1)| < Cly|Kyy~ 1702

(4.23) ayx(tvam)] < € %(1 ) + (1 + [l
(4.24) 18y (55 y)| < C

for (¢;y,n) e ;. In fact, to prove and (4.22), put w(¢f) =05 x(¢) and
wa(t) = 0;,&(¢). Then w(r) satisfies with F(z) =0. We have
(0) = 2 x,(0) 0y, (y,m)
W1 — O= . o
Ly T | if j#iand k=

0 otherwise.
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Then noting that |0, (y,n)| > C*y|, if (y,n)el;, we get |w;(0)] <C. Since
w2(0) =0, we get [421) and [4.22) from [4.20). To prove and [4.24), put
wi(t) = 0, x(t) and wy(t) = d,,&(2), then w(r) satisfies with F(f) = 0. Since, as
above, |wi(0)| < C(|y|/In]) and |w2(0)| < C, we get [4.23] and [4.24) from [4.20). Since
|0:x(t; y,m)| < C and |0,&(t; y,n)| < Cln|/<{x(t)>, we obtain (4.15), (4.16), (4.17) and
(4.18) for j+ |u+ B| =0 from [4.21), [4.22), [4.23] and [4.24). We proceed then by
induction on j+ |« + f|. Let k > 1, assuming (4.15) and (4.16) for j + o+ f| < k — 1,
we prove (4.15) and (4.16) for j+ |x+ f| =k. We consider first the case when

(2. 8)
T
j=0. Let w*h = Wlﬁ :( 11). We have
WP T

%W(“’ﬁ)(l) = AW (£) + F*P) (1),

()
with 4 given in and F*F) = (?w ﬁ)> with

2

' ! " "
o=y P o2 ol sy (P

J Nell m-c
OC/+OCN:OC 'a ' ﬁ 'ﬁ '
B'+p"=p
a"+B" <o+p
ol /)7 ),, (a,, ")
+ Z , a / a aéa[ 12() >
B'+p"=p
1”+ﬁ”<“+ﬂ

for j = 1,2, where A(t) = A(x(t; y,n),&(t; y,n)). In order to estimate ag’aﬁ’A(z) we will
use [Lemma 2.8, with

f(Z7 é) - All<t; z, c) = axf(x(t; Y, ﬂ)vf(ta %’7)), my = Ca<Z>_l_5/27
o(y,n) = x(t; y,m), m, = {yy + |1,
Y(y,m) =&t y,n), my, = Cly|,

and noting that m,(y,n)/{p(y,n)> and my(y,n)/{Y(y,n)) are bounded, we obtain
0/ 0y0Faxe(x(t: y ), (s v, m)| < Colla + DU+ 1)1 py 772
(> 1)y W g 7
for some Cy and p, positif. By similar computations, we obtain
00500 anx(x(t; y,m), €055 yim)| < Colod (| B+ 2)1p "7
X (A [t]) 222y g

(80708 ase (x(t; y,m), E(8; v )| < Collo] + 2B pg #1211,
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Then we have

4P < CoCp B ps 2y P 7Ry + (2]) ™72

o 'B' ! " / dy pimyd [ Po L

* Z o'l BB ("] + DYe "1 57 4+ DI 7! <;>

o' 4o =a
/);/+[;//:/),
“//+ﬂ/,<06+,3

+ CoCp P Hpg>yy =y

] ] —|o’+p'|
D P L(Ia/\+2)!!<><”\!\ﬁ’l!"|ﬂ”|!"(%) .

o2la"l BB

o' +ao" =a
’ "_
Fib=F
a"+p" <a+p
Now > ---= > -4 > .-, so that, using [Lemma 2.7 we obtain
a/+{z/l:a OC,JrO(N:O( OC,JrOCN:O(
/)
B'+B"=p B'+B"=p B'+B"=p
9(”+ﬁ//<06+ﬂ a'>0 ﬂ,>0

)| - CC'p

(Po = P)(po — 2%p)

for some C > 0. By similar computations
CC'p

(Po = P)(po —29p)

Applying [Cemma 4.8, since w*#)(0) =0, we get
CoC"p

(Po = P)(po — 2%p)

[FP | BN p ALy P g T (o 4 1)) 1),

S U (O D [

B <

ot B p=

x| sup [(<p) + s)) % + 1] +J () + s~ ds] (Bl

t
Is] <t 0

- CC///p
= (po—p)(po —2%p)

Choosing p small so that C"p/(p, — p)(py —29p) < 1 we obtain (4.15). By a similar
computation we can prove (4.16). To prove (4.15) and (4.16) for j > 0 we remark that

|1 BN~y ey Koy 7Bl g 717,

6{8;‘8536(@ y, 7’]) - atjilagafaé@C(l‘; Vs ’7)7 é(ta JU?))

o]0y 0t y,n) = —o] "0yl ay(x(t; y,n), E(t; 1))
then the result follows from [Cemma 2.8. By similar computations we can prove (4.17)
and (4.18). ]
Using the Lemma 6.2 in the Appendix, we have

(-
0y, (¥,1)

det T(0; y,77) = Ha0(y,n).
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Now (d/dt)T(t) = A(¢)T(¢t), implies (d/dt)det T(t) = trace A(t)det T(¢) and since
trace A(¢) = 0, we have
det T(t; y,n) = det T(0, y,n) #0, for (t;y,n) € 4;.
T(t; y,n) is then invertible. We set

St ) = T (510 3200

Using again [Lemma 6.2, we have

S11 Su) 1(511 SIZ)
4.25 S(0,y,m) = = [Ha0(y, Soo )
( ) ( Y ;7) (Szl Szz [ (y ]7>] Szl S22
where
0y, 0, Oy,
by —ay, 0y, "‘ —ay, 0y,
—ay, 0y,
Si = bi—1 ay, 0; —ay, 0y,
ay, 0; biy1
_anngyl T _aﬂngynfl bn
0’71 e 6’7;1
- —day 9’7 Ty 0’7n
S12 _ 1 1 1
_ann 9'71 e _ann 0}7:7
—ay, 0), e —ay, 0y,
SH1 =
_ayn 9)}1 e _ayneyn
cl _ayl 0}72 e _aylenn
—ay, 0, €2 —ay, 0y,
5’22 — )
_ayn 0}71 e _aynenn—l cn

Where bk - Ha0<y7 77) - aﬂk(yv ﬂ)eyk(ya 77) and Ck = Hae(ya 77) + a)’/c(yu n)eﬂk(yv 77) We
have

(4.26) ISl < C, Sl < Clylln™", |Sul < €Y, Snl < C,

for some constant C.
Differentiating the identity 7'(¢)S(¢) = I with respect to t, we get
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(4.27) %S(t) = —S(0)A(1).

Put u;(¢) = |5]|S12(¢)] and wux(2) = |S11(¢)]. [4.27) gives
{Su = —511A11 — S1pA42
S, = =S1udin — Sipdxn
then
{M{(l) < [An|ur (1) + [n]|A12]u2(1)
wh(1) < |n| ™" [ Aot |ug () + | Ay |ua (2).

Thanks to
{ui<f) < C(> + 1) (1) + Cua(1)
(1) < Oy + 1) (1) + Oy + 1) ™ (e,

We see that u = (uj,us) satisfies [4.19) with M = C, p,(¢) = C(> + {y)?) /2,
py(1) = C(2 + (Y2 D2 and f = fz = 0, then u satisfies [4.20), with f; = f, = O:

u (1) < Cl(1+ <> )ur (0) + (1 + £)uz(0)]

(4.28)
wr(t) < C[Ky>™72u1 (0) + un(0)]

Now, using [4.26) we have u;(0) < C|y\ u>(0) < C, then (4.28) implies
S| <
(4.29)
[S12(0)| < C(|t] + <)l ™!

for (¢; y,n) € A;.  Similarly, noting that |S,;(0)] < C]q|<y>_1 and |Sx(0)] < CY7!, we
get

~1
(4.30) 1S21 ()| < Clnl<y>
[S22(0)] < C(1+ [[<p)),
for (#;y,n) € 4;.

PROPOSITION 4.9. There exist functions t(x,&), y(x,&) € € (R" x R"\{0}) homoge-
neous in & of degree 0 and n(x,&) € € (R" x R"\{0}) homogeneous in & of degree 1 such
that (t(x,¢&), y(x,&),n(x,&)) belongs to A and satisfy

x(1(x, ), y(x,¢),m(x,&)) = x
S(1(x, ), ¥(x, &), n(x,¢)) = ¢,
for (x,&) e R" x R"\{0}. Moreover

(4.31)

Vet(x, &) + [Vey(x,€)| < C
Vet (x, &) + [Vey(x, &)| < C(Jt(x, O] + <p(x, E)M)E
(4.32)
Ven(x, &) < C{p(x, &)>7"[¢]
Ven(x, &) < C(1 + [i(x, E)[<r(x, &)Y,

Sfor (x,&) e R" x R"\{0}.
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Proor. Since the Jacobian J(t; y,n) = detT(¢; y,n) #0 for (t;y,n) € A; and we
have assumed [4.12], the local implicit function theorem of the mapping (4.31) holds
evidently. We can prove the global version of implicit function theorem of the mapping
(4.31) following the proof of Theorem 1.22 in [30]. To do so it suffices to show that for
any compact set K in R" x R"\{0} the set

{(ty,m) e Al (x(t; y,m), (8 p,m) = (x,&) for (x,&) € K}

is also compact in A. In fact, from Lemmas B4 and B3, we have

(4.33) e < |nl < €l
(4.34) 1] < c% < C'{x.

Moreover the integration of with respect to 7 and yield

I

3 = 0+ | ala(s), (o)l ds < O
Thus the inverse image of K of the mapping (x(#; y,7),&(t; y,1n)) = (x,£) is compact in
A.  Therefore (4.29) and (4.30) yield |T(z; y,n)"'| < C if (¢; y,5) varies in a compact set
in 4; and consequently we obtain the global implicit function theorem applying Theorem
1.22 in [30]. We next prove the estimates (4.32). Let (#(x,&), y(x,&),n(x,&)) be in
A;. We note that the local implicit function theorem implies that (#(x, &), y(x, &),
n(x,&)) are in €°(R" x R"\{0}). Differentiating (4.31), we have

Vi Vit
(4.35) iy Vey | = S(i(x, <), y(x, &), n(x, <))

Vi Ve
Using assumption (4.12), we obtain (4.32), by virtue of (4.29) and (4.30). ]

Lemma 4.10. Sy € €™ (A;; R™") and
16/0007811(t; . m)| < Glla!] |19 p =T A=A VAT gy
16/0007812(t; y,m)| < Gitlad!| B9 p~ Iy 4 [e) <y~ P |y 71
10/0807 821 (85 y,m)| < Gil|a!| |1 p=/ Ty Ay 1
10/6507 St )| < Gilla|!| BV p~ =BT 4 [2[ <y )<y g7,
for (t,y,n) € A;.

ProoF. Since S(7) satisfies {4.27), (4.29) and (4.30), and S(0) is given by [4.25),
we can get the proof repeating the same arguments of [Proposition 4.7 OJ

ProposITION 4.11.  #(x,&), y(x,&),n(x,&) € € (R" x R"\{0}) and
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(4.36) |0f0z1(x,&)] + |0Lazy(x,&)| < Cla| B p T p(x, &)y Mg

x (|16, &) 4+ <y (x, O (1 + [1(x, Oy (x, &>~
(4.37) 8fozn(x, &) < Clal!|pI1p 1A p(x, &)y el

x (14 [t(x, &)< p(x, &)y~ P,
for x,ée€R".

ProOF. By the local implicit function theorem we have that #(x, &), y(x,&) and
n(x,&) belong to € (R" x R"\{0}).
Assume (#(x, &), y(x,E),n(x,&)) € 4;, for some i. Since

Vit Vit
Viy Vey | =S(t(x, &), y(x,&),n(x, <)),
Vin  Ven

we see that (4.36) and are proved for (a,f) = (0,0) in [Proposition 4.9 Let
k >1, and assume (4.36) and [4.37) are valid for ¢+ ff| <k — 1. Noting that

(Vat, Vi) = Su(t(x, ), y(x, &), n(x, <))
(Vet, Vep) = Sia(t(x, &), y(x, &), n(x, €))
Vin = Sa1(t(x, &), y(x, &), n(x, <))
Ven = Sx(1(x, ), y(x,£),n(x, <))

to prove (4.36) and it’s enough to prove the following estimates
10802811 (x,&)| < Cla!| Bt p~ =M p(x, )PP + Jo(x, &)<, &)y~
18£82S12(x, )] < Cla!| BN p~ 1A (i, &)y WA 11
X ([t(x, )] + (x, O (1 + [1(x, &) K ylx, &)y~
10062851 (x,&)] < Claf![ B! p~ Ay (e, )W+ Jo(x, &)<, &)y~
000282 (x, )| < Clall| fI1p™ "I p(xe, )57 PE T (1 + Jo(ox, &)< (v, €)1,

where (x,¢) is the inverse image in 4; of the mapping (4.31), and Sjy(x, &) = Si(t(x, &),
y(x,8),n(x,&)). The proof of these inequality follows from [Cemma 2.8. [

5. Cut off function.
For &e R"\{0}, we note & =¢/|¢|. Let
Us(y0,10) = {(x,€) | |x = yol + € — o] < 20}

Ksi(y07770) = {(x(ila X, é)7é(i_t7 X, é)) ’ 1>0, (xa é) € US(yOa”O)}'
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LemMma 5.1. K*(yo,n,) is a neighborhood of the bicharacteristic passing through
(»0,79) and there exists ¢ such that

(5.1) KX (30,19) = LE(yo,m0) x {& € R" [ 1€ —7jo| < &0}

Proor. We prove the Lemma only for K (yo,7,). The proof for K} (yo,7,) is

similar. We remark at first that, proceeding as in the proof of [(4.21)-{4.24), we can
show that

(L+ |y[ +]7)

(52) (63, < COH 1), Jagx(s )] < €

?

(53) |0y, &(55 v,m)| < Clnl, 105,88 y,m)| < C

for (y,m) e R"x R"\{0}. If (x*,<") e K, (yo,n9), let 1y,x0,& such that 79 >0,
|xo — yo| + [0 — 7o < &0 and x* = x(—10,x0,&o), " = &(—t0,X0,&p).  Let

(5.4) 6 = |xo — yol + 1€ — -

Given (x,&) near (x*, &%), let x| = x(to, x, &), & = &(to, x,&).  Using and
(5.2), we have

(5.5) |x1 — x0| = |x(20,x,&) — x(t9, x*, &™)

=, &y — O

< C1+ o) (=" + €= &) <=5,

if (x,&) is sufficiently close to (x*,£*). By similar arguments, we get that if (x,&) is
sufficiently close to (x*, &%), then

80—5

(5.6) & — &l < 3

Combining [5.4), and we have then
lx1 = yol + |& = ol < |x1 = xo| + & = &l + |x0 — yol + 1€ — | < &0

Using again [Cemma 4.1, we get x = x(—t9,x1,¢;) and & = &E(—19,x1,&;) then (x,&) e

K (0, 19)-
Now we prove (5.1). Let (x*,&%)eK, (yo,7), using [4.3), and proceeding as

before,

(57) = ‘X(—ZO,XO,éO) _x<_t07y07770)|

to
< a(yo, 1) 0

< C(1+ to)(|x0 — yo| + & — 70])
< Ce(1+ 1y).

Similarly we have

(5.8) & — 7yl < Ce.

We can see from and (5.8) that [5.1)] holds true if we choose ¢ small enough.
O
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LEMMA 5.2. Let ae %' (R"\{0}) a 1-homogeneous function such that a(&) >0 for
all £e€ R"\{0}. Then there exist Cy,Cy >0 such that

< o_n
a(&) a(n)

CilE—7| <

‘SCz\f—ﬁ!

for all &, ne R"\{0}.
Proor. The first inequality follows from the identity

2
& :{Ié\_\n\}Jrlé! u
a

a(é) aly) (&) aln) (&) a(n)

and a(¢) < C|¢]. For the second one, we have

€~

E i | _|aé-ay
a(#) a()a(7)
< ()¢ — a(f)fljr a(é)é — a(é)l
- a(&)a(n)
() —a@)| 1€l
(@a) +a(f)a(n)
Let 0(x,&) = 0(x,&)/a(x,&), where a(x,&) = /2a(x Let se]l,d] and

x(t) e C(R) such that y(f)=1 for |f] < 1/2 )((t) =0 for lt| > 1, x(—t) = x(1),
ty'(t) <0 and 0 < y(f) <1 and moreover

<

C|E— 7. ]

(5.9) 3k x(0)] < ALKk
for te R and ke N.
Let
_(1x =yl & n
filn &) ‘X( s erlan g alom) >
8 = X(é’(zé)) Hufl, 9
+ B é(x, &) *© _ _
Yi(x, &) = X(m) L Si(x(F,x,8), S(F1, x,¢)) dt
lp2i<x7 é) = [1 _X<%>]J ﬁ( ($I,X, f);é($t>x7 é)) di
and

1 — x(ha(x, <))

e WO Y ()

lﬂi(x, é) =
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PropoOSITION 5.3. If €1,& and &3 are sufficiently small then
(1) ¥=(x,8) er’S(1,91);

(2) ¥5(x,8) =0 and Yy*(yo,n) > 0;

(3) suppy=(x,&) = KF(vo.mo);

(4) supp Ho, Y™ (x, &) = KF(yo,1m0) and Hp,y*(x, &) <0.

PrOOF. As before, we will prove the Proposition only for s, and we will note, for

brevity ¥, ¥, ¥,, K, instead of ¢, ¢y, 4, , K, .
1) Let us prove first the identity

(5.10) jjf(xu, %, &), E(t, %, &) di = jf I (e 5,801,980, 95,81 ) e

Using [Lemma 4.1, we see that
(x(z +2(x, &), ¥(x, &), n(x, &), (7 + 1(x, &), ¥(x,8),n(x, <))

is the solution at 7 =7, of the Hamiltonian system with initial data

(x(2(x, ), y(x, 8),m(x, €)), E(2(x, &), p(x, &), 1(x, €))) = (x, &),

so we obtain

Joof(x(r, x,&),¢(1,x,¢&))dr

0

o0

=j Fo(e 4 15, ), 33, )om(x )), E(x + 1(x, ), y(x, ), (x, E)) d.

0

Changing the variable in the last integral we obtain (5.10). From and (4.31) we
have

(5.11) |1(x, &)| + <p(x, &)) < CLx).
On the other hand, we have
(5.12) () + 1(x, O] < Cy(x,€)),

for (x, &) € supp x(0(x, &) /e3{x — o)), if &3 is small enough. In fact, integrating the first
equation of with respect to ¢ we obtain

1(6,)
y(x,6) = x— J ag(x(s, y(x, &), n(x, €)), &(s, y(x,€), m(x, €))) s,

0

then {y(x, é)~> > (x) — C4lt(x,&)|, for some constant C, depending only on a. Now
|1(x, &) < ClO(x, &)[, and

10(x,&)| < e3¢x — yo) < Cype3{x)
for some constant C,, depending only on yy, if (x,¢) € supp X(é(x, &) /esdx —yo)), then
(5.13) |1(x, &)| < Ceslx),

if (x,&) esupp y(0(x, &) /es(x — yod). If &3 is small enough, we have
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1+C,83

)+ t(x,8)] < (14 Clez)dx) < m((x) — C,C'e3{x))
< 1HEB (G Gl &) = 0
= 1= CuCles al 8% &)1 = &AL 67

Putting (5.11), (5.12) and (5.13) in (4.36) and [4.37), we have
|080%1(x, &)| + |0802y(x, &)] < Clafl| )19 p~ 1Ay 1Bl & 71

[0kozn(x, )] < Claf!| Bt p=P = ey ey

for (x,¢) € supp ){(é(x, &)/esdx — yo), and consequently we have from [Proposition 4.7
and

|0/0002x(s, y(x,&),n(x, &) < Cla (1B + )M p PTGy 4 () ey e
16/02028(s, y(x,&),m(x, )| < Cla (|8l +)1p™ = (Caey + [a]) '/ ey M) =
for (x,&) e supp x(0(x,&)/es{x — yo>). Thanks to [5.9), we can see that
0002 £i(x, &) < Clot] |11 ey A,
hence, using [Lemma 2.8, we have
0007 i (x(s, p(x, &), m(x, €)), E(s, p(x, &), n(x, E))| < Clauft/| B p~ 1 71FI ey 1A

for (x,&) e supp x(0(x,&)/e3(x — yo>). Now, since

pAa é(xv é)
<0 <83<x S

for (x,&) e supp x(0(x, &) /es(x — yo»), we obtain
0802y (x, )] < Claftd| p1ep~1H=1A ey 1B~

for (x,&) e R" x R"\{0}.
We can then see easily that

108025 (x,&)| < Claft| p1dp~ 118l ey~ 1P 7

for (x,&) e supp[l — x(0(x,&)/es{x — yo))] noting that

wa<é<x<z, x, &), (1, x, f))) HLG0e(t, . 2), £t 5,8 di = Jw )X(i) "

0 & 0(x, & &

< Clat| g1d p 1= 1A ey~ 1Al g 71

Since (1 — x(ha(x,&)))/Ca(x,&) € y/S(1,91), we can see that y(x,&) € y7S(1, 1)
2) It’s obvious that y(x,¢) > 0, for all x,& € R". Moreover ¥, (yo,7,) = 0, while

Y1 (yo,mo) = JO S1(x(2, y0,10), E(2, yo,19)) dt
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and
ﬁ(X(O, y07”0)76(07 y07’70)) = ﬁ(y()a’//O) = 17

and choosing / suitably, we have ¥(yo,7,) > 0.
3) Since supp fi(x,&) < U(»o,7,), we can see that

supp jo Fx(t,x,E), E(,x,)) di < Koy (y0,17).

Moreover, since

(5.14) 10(x, )| < C(|x — yo| + & — 7o),

for some positive constant C, choosing & < Ce; we have

supp j Fx(t,x, ), E(,x,E)) di < Koy (30,17

4) We have H,, = aH,. Moreover (cf. [4, pp. 772-773])

H, J+mf(x(t, x,6),E(t,x,8))dt = —f (x, &),

0

then
Hap(6,8) = —i(x.0) (%) + | Ao i (%)
g [1 —;5(%)] - [ Ao, oy vty (%)

where, for the sake of brevity, we have set x(7) = x(¢,x,¢) and £(1) = <(1,x,&).  As
before, we can see that supp H,Y(x, &) < K., (yo,79). Choosing M so that H,0(x,&) > M
and & « ¢, and using [(5.14), we have fo(x,&) > fi(x, &), so we only need to prove that

0(x,8) \_ [ 0(x%) 0(x,&)
Har (83<x —yo>) X (83<x —J’0>> Ha (83<x —y0>> =0

We prove at first that if ¢ « ¢3 we have

(5.15) ICTIN

1
ex{x —yo) 2
if (x,&) e KX(yo,n9). Indeed, if (x,&) e KF(yo,79), let 10 >0, xo and & such that

t0 >0, x=x(—t0,x0,%), &=&(t0,x0,&) and |xo—yo| + |& — 7lp| < eo. Using
Lemma 4.1, we see that

0(x0, &) = 0(x(t0, x, &), (0, X, )

fo

00,3, E03,9) + | G 00x(03,). 6008 e > 6.,
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since
d - N
EO(X(Z‘, X, é)? é(t7 X, é)) - Hae(x(ta X, é)7 é(tu X, 5)) = 0.
Since 0(x, &) € y1S({xD, g1), we get
0(x0, &) 104 [x0 — yo| + 10¢] 1€y — 7]
ea{x—yo>| &3{xX — Yoy
ool oyl =il _ Ca 1
&3{xX — Yoy & 2

if we take ¢ «&. Now
0(x, &) HO0(x,&) - O
H, = + 0(x, &) H, < x —
<<x—yo>> oy O
S c o 0(x, &) i
x=yoy {x—yoy
since H,{(x — yo> ' < C{x—yo> 2. Now, using [5.15),

0(x, &) (C—C'e3/)2)
He <<x —yo>) ERCEIT I

if we choose & small. ]

6. Proof of the Theorem.

The Cauchy problem can be rewritten in the following form
6.1) ou(t,x) = —iay(x, D)w(t,x) + b(t,x,D)u(t,x), te[-T,T], xeR",
| u(0,%) = uo(x), xeR",

where
n

a(x,&) = Z aj(x)E;E

j, k=1
b(1,x,8) =Y dyau(x)& + Y bi(t,x)& + bo(t, x).
Jo k=1 j=1
Let y(x,&) the phase function constructed in paragraph 5, and
p(x7 é) = €(X, é)Klp(xa é)?

where e(x, &) = (1 + ax(x, f))l/z. For p > 0, denote by E,(¢) the fundamental solution
of the equation [3.3), given by [Proposition 3.1. Put v(z,x) = E,(¢)u(z,x), then

010(t, x) = 0.E,(t)u(t,x) + E,(t)0u(t, x)
= pp(x, D)E,(t)u(t,x) — iE,(t)ax(x, D)u(t, x) + E,(¢)b(t,x, D)u(t, x)

— [pp(x, D) — iE,(Dar(x, D)Ey(1) ™ + E,(0)b(t, x, D)E,(1) Jo(t,x).
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Since E,,(t)_1 = E,(—1), using (3.6), we obtain
(6.2) d(t, x) = —iay(x, D)v(t, x) + [pp(x, D) — a(t,x, D) + b(t, x, D)|v(t, x),

where

il1,%.0) = ip || E,(9)lp.alEy(~s) ds

b(t,x,D) = E,()b(t,x,D)E,(—t).

Let $1(z, x, &) be the phase function defined in (2.14). We claim that there exists M such
that

(6.3) H(t,x, &) <M for all te[0,T] and (x,&) € K, (yo,7,)-

Let ¢(x,&) the symbol given in [Proposition 2.16, and C such that |¢(x,&)| < C, choose
M such that

M = sup [C‘H(X, f)‘ + Te"(x, é)]
(x,&) e Us(0,10)

For (x,¢) € K, (»0,1), let to =0 and (xo,&) € Uy(»0,7,) such that x = x(—1,x9, &)
and é == f(_t()?x()aé())' If ‘90(xa é) < O: then

it x, &) < te”(x,8) < Te*(xo,&y) < M.

Assume now that 9y(x,&) >0, then from [2.15), we have that 9y(x,&) < CO(x,<).
Consider

f(t) = C@(X(t, X0, 60)7 é(ta x(bé())) + TeK(X([7 X0, 60)7f(t7 xO?fO))‘
We have

f,(l) — CHQQ(X, é)|x:x(t,x0,fo) + THaeK(xa é)|x:x(t,x0,cfo) > 07

¢=¢(t,x0,<0) ¢=¢(1,x0,<o0)
then f(—7) <f(0), for all #>0. In particular, for ¢ = #,
S (1,x,8) < CO(x, &) + Te*(x, &)

= f(=1)

< f(0)

= CO(x0,&y) + Te"(xo, <o)

<M.

We return to (6.2). Once more we change the unknown function. Let

(6.4) 3%, ¢) = [$(1,x, &) — MJh(x, &),
and consider

(6.5) p(t) = p(t,x,8) = x- &+ iedt, x, ).
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We assume that &> 0 is chosen sufficiently small so that the operator I, (x,D) is
invertible. Let w(t, x) = I,;)(x, D)v(t,x), we have

Ow(t, x) = 0l (x, D)v(t, x) + Ly (x, D)0,v(t, X)
= [0y 1) + Ty [—iaz(x, D) + pp(x, D) — a(t, x, D) + b(t, x, D)L ]w(z, x).
We get then the following Cauchy problem for w:

(6.6) {@W(Ia x) = —ias(x, Dyw(t, x) + b(t, x, D)w(z, x)
w(0, x) = o) (x, D)uo,

where
b(1,x,&) = 0y, — ill, (,)az(x, Ly — az(x, )]
+ Ly (3 Oy — L@(t, %, E)Igh + Ly b(t,x, &) L
Now 0,1,;) = —€0:94(), and by (2.11) and (2.6),

68
(0l y(y L, 1) (x, &) = 65, (1% @(1,%, Q) + 0r(t,x,) + 11 (£ x,€)
09 ,
= _65<t7 X, é) + 02(t7x7 é) + l"](t, X, é)7
where 01,0, € €°([-T,T);7?S(1,g1) and ri,r{ € 6°([~T,T); 2%, _, ). From [29), we

have
o(Lynax(x, D)1 ) = ar(x + ieVed(x, D), & — ieVe(x, D)) + a1 (x, ) + r2(x, &)
= ay(x + ieVed(x, &), & — ieViI(x, &) + ay(x, &) + r3(x, &)
= ay(x, &) — ieHe 9(x, &) + e*c(x, &) +af (x,€) + 17 (x, &),

where ay,a{,a €y’S (<x>‘1<é>,gl), c e pIS({x)*2EY?, g1), with suppe(x, &) <
supp¥/(x, &) and ra, 1,1y €./, and also from

J(I(/,(,)p(x,D)Iqj(t)) = p(x, &) +p1(x, &) +r3(x, &),
where p; e y?S(l,g), r3e./¥, _, . Similarly from
a(Lyna(t, x, D)) = a(t,x,&) + ai(t, x,&) + ra(t, x,¢)
= Ha,p(x, &) +ai(t,x, &) + ra(t, x,0),

where a; € 6°([-T, T];7¢S(1,¢1)) and r4 € 6°([-T, T}; A", ), and making again use
of

O'(I()b(l)CD) ):l;(txf)+b1(tx£)+r5(txf)
here by € €°([-T,T];7?S(1,91)) and rs € 6°(|-T,T); /% _, ). We get then

—¢€0, —€0

B(t,x,&) = by (,x, &) + bo(t,x, &) + F(t, x, &),
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where

b1, x,&) = pp(x, &) — (0081, %, ) + Hayd(t, %,E)) + Hap(x, ) + b1, %, ) + £%¢(x, &),
bo e 6°(|-T, T);7S(1,91) and Fe®([-T,T);«/*, ). Noting that

Ha, 8(1,x,8) = Hay 1 (1, x, )Y (x, &) + [ (1, x, &) = M]Hayip(x, &)
= Hey 91 (1, %, O (x, €)
and
Hg,p(x, &) = e*(x, ) Hyh(x, &) <0,
we see then by use of that we can choose p and ¢ suitably so that

Reby (1, x,&) <0,

for x,& e R", |x|,|¢| = R, if we choose R > 0 sufficiently large. Using [Proposition 2.17,
we can see that the Cauchy problem for w has a solution belonging to
%'([0, T); L?) since the initial data w(0) = I, (x, D)uo(x) is in L*(R") from the as-
sumption of [Theoreml|, and the choice of ¢(¢,x,¢) and (¢, x, &) in [6.4) and [6.5). We
obtain then the solution of the Cauchy problem by

u(t, x) = E,(—=t)1,)(x, D) 'w(t, x).

In order to prove that (yo,7y) ¢ WF, u(z,-), we prove that y,(x)y,(D)u(t, x) belongs to

HJ;, for some p = p(7) positive and 6 =9(¢). It follows from [3.9) and (3.28) that we

can write

E,(—t) = Iy (x,D)(e(—1,0;x,D) +7(—t,x,D)),

where (1, x,&) = x& — ip0(t, x, &), with 0(t,x,&) € €' (|- T, T]; 7" 1S((EY", 1)) the phase
function constructed in [Proposition 3.1 with p(x,¢) = exﬂfjf,)l)){y‘)(x)x”o(é)’ é(t,s;x, &) €
¢ ([=T.T1%7(1g1) and 7e €' (=T, T} y*S(e ()

,90)). Hence we get
Xy(x)Xn(D)“(la X) = Xy(x)Xn(D)I!#(—t) (X, D)é(_tao;xa D)Ilp(l)<x7 D>71W(Za X)
+Xy<x)Xr/<D>Ilﬁ(—t)(x7 D)f(_ta X, D>I(ﬂ(t)(x7 D)ilw(n X)
=U; + U,.
Now, set &(t,x, D) = L (x, D)é(—1,0;x, D),y (x, D) "', so that
U :Xy<x)X;7(D>Ilﬁ(—t) (X7 D)I(p(l)(x7 D)ilé(tv X, D)W<[7 X)
:Xy<x)Xn(D)Ilﬁ(—t)(xa D)I(ﬂ(l)(an)ilw(ta )C),
where (¢, x) = é(t,x, D)w(t,x) € L>. Now by (2.13)

232 (D) Ly(—1y (%, D) = Zy(— (%, D),
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with supp (x,¢) = U, x V;. Using [2.13), we can see that the symbol of 7, (x, D)
belongs to y¢S(e 74" gq). ‘

The symbol of I (x,D) belongs to y1S(eCD° g0), and, since for any x>0
and 7> 0 there exists C, > 0 such that

CLxYTLEY < ptdEYS + Cut 07 {x)",

we have that the symbol of 7} (x, D) belongs to pd S (erI<O +CI " 0y We obtain
that

K
Ul € le—,ut, _Cﬂl,g/ﬂ .

Choosing x small enough we obtain

K
UeH p/2t,—Cr-3/7"

for some C > 0. Concerning U,, we have
(1, (X)2y (D) g (x, D)) € 7! S(e77<" go)
F(x,&) € 6 (=T, T);/S(e O o))
oLyo(x. D)) € 7S gy).
Since o > 0, then 0 < 1/d, and we can choose s near 1 so that 06 < 1/(d +s— 1), then
o(F(x, D)y (x, D)) € €' ([T, T}; /S(1, 90))

and we obtain U, e H), .. This ends the proof of the MTheoreml

Appendix.

ProOF OF LEMMA 2.3. From the identity [/L,(1+6)% = (1 + 0)*, one easily get

Zw—j(;) = (‘;“ ) then

o ’
> (a,>(|oc’|+r)!“<|oc”|+s)!“’q'“'
_ o / 1d / 1d o]
= o U T+ (o] =o' +5)%

=3 (")l - s

A , _,
Since (j +r)! <277 (j+r— 1)l and (V“ )('“‘)g('“’““ ) we

have r—t ] J+r—t
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(’ ’)<J+r>'d<|o<| < (’ ’)zdwwr 0 (Jo] — j + 5)19

()
_ 2d(j+r)l!d ]

dﬂﬂ+r+s—0”
lo| +r 45—t
j+r—t
< — (el +r+s— .
r+s—t
r—t
Then
24rq1d .
Z (a/)<’°‘/| + (|| 4 )!g 7 < ———— (e[ +r+s- N2 g
o
o' +o’ =0

r+s—t
r—t
Since Z}ﬂk2‘yq‘j < (2d/CI)k/(1 - (2d/4)), we obtain the proof.

Proor orF LEmMMA 2.8. Let

dg; 0 o 0 0
A= Za_x]az, Zax,a§,+

dp; oy
f‘za_f,a_zl Za@acl*é

for j=1,...,n. For g(x,&z,{) e € (R" x R"\{0} x R" x R"\{0}) we have

0
7 [g(xa éa (p(xa é)a lp(x7 é))] = X}g(x7 év Z, C)|Z=g0(x,f)

0x; (= (x,)
0
aé [ (.X é (ﬂ(X é) !,b(X,é))] - ]g(x é Z C) x, &)
J (= l//()@i)
therefore
(6.7) QLS (p(x, &), 0 (x,8)) = XP Y (x,8)].— fZ( 9
(=

Now let us prove that

(6.8)  [020P0Lo Y XPf(2,0)| < Cla+ a+ A+ B+ B+ ull?

*P %8y " W(x,9)]

~+~
loctortftfitul | 1 4 my(x, &) | my(x, &) o

m(x, E)ny (x, &)y (o, &) 1Bl g Gy,

for some C and p.
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We proceed by induction on |&+ . If |&+ ﬁ~|~: 0, inequality (6.8) holds true by
hypothesis for any p < p,. Assume (6.8) for |a+f| </ —1<k. We have

02080} 1Y, YOXPS (2,0) = 0288 Y0l o1 YOXPL(2,0)

Z%_ Z%i+ O \atarvaxtyz,o)

= 0} oF
“0¢; 0z 05 3 0

Let I; = 0208(39;/08,)(0/021)0}0" Y*XPf(2,), we have

o ﬁ of e; o AB" AL e ya 3
s X (2)( )i el siore vy
o +o=a

B+5"=p
o p " | 1 i
<o 3 () ()0 s .0 )
o' +o =0
B+B"=p
~ "= " 23 (X é) ( é) |Ot+ﬁ‘
X (|o" + &+ A4 B+ B+ u| + 1)14p~ 10" Harh hritul -] 1+ .

m(x, Egy (x, &)y (e, &) T g Tyl

|et’|
< |d pO
c > (2)er(%)

—|p']
x 3 ( )wd (o + a4 A+ B+ ft o+ 1)! (@)
ﬁ+ﬁ//ﬂ p

5 |+
- mgy(x, my (X, my(x,
x p61p7|o¢+a+ﬂ+ﬁ+ﬂ.+y|71 [1 w( f) l//( f)] (p( f)

Gy WAl &
m(x, Eyry (x, &)1, 0, ) VAN PGy,
Using [Cemma 2.2 for the first sum and [Cemma 2.3 for the second we have

2pC
(Po —p)(po —2p)

R |+
—lota+p+p+itul-1 |1 my, (x7 6) my, (x’ é) my <x7 é)
7 Ty Wik ) &

m(x, €y (x, &) 7y (x, &) 1Pl W Gy,

L] < (le+B+a+B+i+u +1)

Similarly, if J; = 20%(0y;/0&;)(0/0,)010" YO XPf(2,), we have
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2pC

= e =D =2

(loo+a@+B+B+i+u + 1)

N |+
|t gt ptptitpl =1 | my(x,&) | my(x,<) ny(x, <)
e Ty T ) K

x m(x, €y (x, &) Py, (e, &) 1A Ayl

0 o
For K; = aga)/ja—@agag Y"‘Xﬂf(z7 {), we have

i |a+B|
K ~ o ) 1)1y~ letotBB+itul-11 mq,(x, é) ml/,(x, @
Kil < (atatptpritpd+1)p T o> 9

x m(x, &)y (x, @—\H&I—lnz(x’ é)—\ﬁ+ﬂ~||é|—u~|<z>*\ﬂ\‘

Putting together estimations for [/;[,|J;| and |K;|, we obtain (6.8) for (a+¢;,f) if we
choose p > 0 and C > 0 suitably. Similarly we can prove (6.8) for (a,f +¢;). Using

(6.8) with o« = f = A= =0, and taking into account [6.7], we obtain (2.3). O
M M _
LEmMA 6.1. Let M:(M“ 112> be a 2q x2q matrix and let M = M —
M12M21. We have 21 a4

(1) det M = det M;

M1 —M'M
2) M= ( . i )
—My M 1, + M)y M~ M,

Proor. The proof follows from the identities

M= I, M\ ( My — MMy 0
0 I, Mo, 1)

-1 _ A1 I 0
m( M MZ Mo (e ) O
—M21M_1 [q+M21M_1M12 0 Iq

LEMMA 6.2. Let

wupfy —o cee =y
B, 1 0 0
M = 0
: . 0
B, 0 --- 0 1

then
(1) detM =af =3 " 0
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1 o .o 0y,
—f af—owfy, —o3f, e —0ufs
1 . .

M= —sfs

_O‘nﬁn—l

_ﬁn _azﬂn T _O(n—lﬂn (Xﬂ - anﬁn

Proor. The proof follows easily from [Lemma 6.1 ]
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