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Abstract. The aim of this paper is to investigate the phenomena of microlocal

smoothing e¤ect for Schrödinger type equations, in Gevrey spaces. We shall prove that

microlocal Gevrey regularity of the solutions of the Cauchy problem for Schrödinger

equation, depends on the initial data decay along a backward bicharacteristic.

Introduction.

Let T > 0. We consider the following Cauchy problem,

Lu ¼ 0; t A ½�T ;T �; x A R
n;

uð0; xÞ ¼ u0ðxÞ; x A R
n;

�

ð0:1Þ

where

Lu ¼ qtu�
ffiffiffiffiffiffiffi

�1
p X

n

j;k¼1

q

qxj
ajkðxÞ

q

qxk
u

� �

�
X

n

j¼1

bjðt; xÞ
q

qxj
u� b0ðt; xÞu;

a2ðx; xÞ ¼
Pn

j;k¼1 ajkðxÞxjxk, is a real elliptic symbol with smooth and bounded coef-

ficients.

We will consider the smoothing e¤ect phenomenon: more the initial data decays at

the infinity, more the solution of (0.1) is regular.

Many papers are devoted to the study of this phenomenon: A. Jensen [16] and

Hayashi, Nakamitsu and Tsutsumi [14] showed that if hxiku0ðxÞ A L2ðRnÞ, then the

solution u of (0.1) belongs to H k
loc for t0 0. Hayashi and Saitoh [13] proved that if

echxi
2

u0 A L2ðRnÞ, c > 0, then the solution u is analytic in x for t0 0. Kajitani [19],

Kajitani and Wakabayashi [24] proved that if echxiu0 A L2ðRnÞ, c > 0, then the solution

u is analytic in x for t0 0. De Bouard, Hayashi and Kato [5] showed that if u0
satisfies kðx � ‘Þ ju0kaC jþ1j!d for j A N , then the solution belongs to the Gevrey class

gd=2 with respect to x for t0 0. Kajitani [20], [21] proved that if echxi
k

u0 A L2ðRnÞ,
c > 0, k A �0; 1½ , then the solution belongs to the Gevrey class g1=d with respect to x for

t0 0.

In the case of microlocal smoothing e¤ect, the decay of initial data is required only

on a neighborhood of the backward bicharacteristic (see Craig, Kappeler and Strauss [4],

Doi [6], [11] for the microlocal Cy smoothing e¤ect, and Robbiano and Zuily [27], [28],

[29], Robbiano, Zuily and Morimoto [26] for the microlocal analytic smoothing e¤ect).

In this paper we will consider the microlocal smoothing e¤ect in Gevrey classes.
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1. Statement of the Theorem.

We recall that a function f belongs to the Gevrey class gsðWÞ, W open subset of Rn

if f A C
yðW;C Þ and for any compact K there exist positive constants C ¼ CðKÞ and

r ¼ rðK Þ such that

sup
x AK

jDaf ðxÞjaCr�jajjaj!s;

for all a A N
n. One says that a point ðy0; h0Þ A R

n � R
nnf0g does not belong to the

Gevrey wave front set of order d of a distribution u if there exists a function

w A C
y
0 ðRnÞ, equal to 1 in a neighborhood of 0, such that if one sets wy0ðxÞ ¼

wðx� y0Þ and wh0ðxÞ ¼ wððx=jxjÞ � ðh0=jh0jÞÞ, then there exist positive constants C and r

such that

jDa
xðwh0ðDÞðwy0ðxÞuÞÞjaCr�jajjaj!d ;

for all a A N
n. We will note WFd u the wave front set of order d of u.

Assumption I.

(1) ajk A gdðRnÞ, for some db 1;

(2) there exists positive constants C1 and C2 such that

C1jxj
2
a ja2ðx; xÞjaC2jxj

2;ð1:1Þ

for all x A R
n;

(3) there exist positive constants d; r and C such that

jDa
xajkðxÞjaCrr

�jajjaj!dhxi�jaj�d;

for all x A R
n, a A N

nnf0g, and j; k ¼ 1; . . . ; n;

(4) there exists a function yðx; xÞ A C
yðRn � R

nÞ such that

(a) there exist positive constants r and C such that

jDa
xD

b
xyðx; xÞjaCrr

�jaþbjjaj!jbj!d jxj1�jaj
hxi1�jbj;

for all x; x A R
n, a; b A N

n;

(b) Ha2yðx; xÞbCjxj2, for some positive constant C, where Ha2 is the Hamil-

tonian flow associated to a2:

Ha2 ¼
X

n

j¼1

qa2

qxj

q

qxj
�
qa2

qxj

q

qxj

� �

:

Example 1.1. If a2ðx; xÞ ¼ jxj2, we can take yðx; xÞ ¼ x � x.

More generally, if a2ðx; xÞ ¼
Pn

j;k¼1 ajkxjxk has constant coe‰cients, we can take

yðx; xÞ ¼ x � a2xðx; xÞ ¼
X

n

j¼1

xjqxja2ðx; xÞ ¼ 2
X

n

j;k¼1

ajkxjxk:

Indeed we have
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Ha2yðx; xÞ ¼ 4
X

n

j¼1

X

n

k¼1

ajkxk

" #2

¼ 4jgradx a2ðxÞj
2:

Now, gradx a2ðxÞ cannot vanishes for x0 0, or, by Euler formula, a2ðxÞ must vanish

too. So, if C is the minimum of jgradx a2ðxÞj for jxj ¼ 1, then Ha2yðx; xÞbCjxj2.

Example 1.2. If a2ðx; xÞ ¼
Pn

j¼1 ajðxjÞx
2
j , with C1a ajðxjÞaC2, we can choose

yðx; xÞ ¼
Pn

j¼1 xj

ffiffiffiffiffiffiffiffiffiffiffiffi

ajðxjÞ
q

xj. Indeed, a direct computation shows that

Ha2yðx; xÞ ¼
X

n

j¼1

2ajðxjÞxj

ffiffiffiffiffiffiffiffiffiffiffiffi

ajðxjÞ
q

xj þ xj
a 0
j ðxjÞ

2
ffiffiffiffiffiffiffiffiffiffiffiffi

ajðxjÞ
p xj

" #

�
X

n

j¼1

a 0
j ðxjÞx

2
j xj

ffiffiffiffiffiffiffiffiffiffiffiffi

ajðxjÞ
q

¼
X

n

j¼1

2½ajðxjÞ�
3=2

x2j b 2C
3=2
1 jxj2:

Assumption II.

(1) bj A Cð½0;T �; gdðRnÞÞ, for j ¼ 0; 1; . . . ; n and there exist positive constants r

and C such that

jDa
xbjðt; xÞjaCrr

�jajjaj!dhxi�jaj;

for all x A R
n, a A N

nnf0g, for all j ¼ 0; 1; . . . ; n;

(2) Im bjðt; xÞ ¼ 0, for j ¼ 1; . . . ; n.

For ðy0; h0Þ A R
n � R

nnf0g, we consider the bicharacteristic of a2ðx; xÞ passing

through ðy0; h0Þ:

_XXðsÞ ¼
qa2

qx
ðXðsÞ;XðsÞÞ

_XXðsÞ ¼ �
qa2

qx
ðXðsÞ;XðsÞÞ

8

>

>

<

>

>

:

ðXð0Þ;Xð0ÞÞ ¼ ðy0; h0Þ;ð1:2Þ

where _XX ¼
d

dt
X and _XX ¼

d

dt
X.

Since a2ðx; xÞ is elliptic, the solution of (1.2) exists for all s A R. Moreover, the

existence of the function yðx; xÞ implies that (see Remark 4.6 below)

lim
s!Gy

jXðs; y0; h0Þj ¼ þy:

For ðy0; h0Þ A R
n � R

nnf0g, let Veðh0Þ ¼ fx A R
nnf0g

�

� jðx=jxjÞ � ðh0=jh0jÞj < eg and

GG
e ðy0; h0Þ ¼ 6

sb0

fx A R
n
�

� jx� Xð�s; y0; h0Þja eð1þ sÞg:

For e A R denote

jGe ðx; xÞ ¼ x � x� ie
yðx; xÞ

hxi1�shxi1�d
wGðx; xÞ;

where s > 0, db0, sþ d ¼ k, k< 1, and wGðx; xÞ A gdðRn �R
nÞ is such that wGðx; xÞ ¼ 1
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if ðx; xÞ A GG
e ðy0; h0Þ � Ve V fx j jxjb 1g and wGðx; xÞ ¼ 0 if ðx; xÞ B GG

2e ðy0; h0Þ � V2e and

define

IjGe ðx;DÞuðxÞ ¼

ð

R
n

e ij
G
e ðx;xÞûuðxÞ dx;

where ûuðxÞ stands for a Fourier transform of u and dx ¼ ð2pÞ�n
dx.

Now we can state our result.

Theorem. Assume that Assumptions I and II are satisfied for dka 1, db 1 and

k < 1. If u0 A L2ðRnÞ and IjGe ðx;DÞu0 A L2ðRnÞ, for jeja e0, then there exists a solution

u of (0.1) such that ðy0; h0Þ B WF1=k uðt; �Þ, for all t > 0.

Example 1.3. If ee0hxi
k

u0 A L2ðGG
e0
ðy0; h0ÞÞ, or ee0hxi

shDi d

u0 A L2ðGG
e0
ðy0; h0ÞÞ, with

s > 0, db 0, sþ d ¼ k, then IjGe0
u0 A L2ðGG

e0
ðy0; h0ÞÞ.

Indeed, one can easily show that if j
ð jÞ
e ðx; xÞ ¼ x � x� ie~jjð jÞðx; xÞ, for j ¼ 1; 2, and

there exists C > 0 such that j~jjð1Þðx; xÞjaC ~jjð2Þðx; xÞ, then if I
j
ð2Þ
e0

u0 A L2ðRnÞ for some

e0 > 0, then there exists e 00 > 0 such that I
j
ð1Þ
e
u0 A L2ðRnÞ, for all jej < e 00. So, it’s

enough to remark that

yðx; xÞ

hxi1�shxi1�d

�

�

�

�

�

�

�

�

aChxishxid:

Remark 1.4. By similar argument, we can see that we can assume, without loss of

generality, that yðy0; h0Þ ¼ 0.

Remark 1.5. We will assume in the following that a2ðx; xÞ is positive, the case

when a2ðx; xÞ is negative is treated by changing time orientation.

2. Preliminaries.

In this section we recall some results that we will use in the proof of the Theorem.

For the proofs see [19], [20], [21] and [24].

2.1. Basic inequalities.

The following inequalities are used in this paper

Lemma 2.1 ([12, Lemma 12.1]). There exists c > 0 such that for any s > 0

inf
N AN

N!

sN
a ce�s=2:ð2:1Þ

Lemma 2.2 ([20, Lemma 5.1]). For any r; s A N , a A N
n, q > 1 and sb 1, we have

X

a 0þa 00¼a

a

a 0

� �

ðja 0j þ rÞ!dðja 00j þ sÞ!dq�ja 0j
a

rþ s

r

� ��1

ðjaj þ rþ sÞ!d
q

q� 1
:

Lemma 2.3. Let r; s; t A N , with ta r, a A N
n, db 1 and q > 2d , then

X

a 0þa 00¼a
ja 0jbk

a

a 0

� �

ðja 0j þ rÞ!dðja 00j þ sÞ!dq�ja 0j
a

2drt!d

rþ s� t

r� t

� �d
ðjaj þ rþ s� tÞ!d

ð2d=qÞk

1� ð2d=qÞ
:
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The proof is similar to the proof of the previous Lemma, and is given in the

appendix.

2.2. Sobolev spaces with exponential weights.

In the following we note Fu or ûu the Fourier transform of u, and with F
�1 its

inverse.

Let k A �0; 1½. For rb 0 and d A R, let

H k
r; d ¼ fu A L2

locðR
nÞ j erhDik

u A L2ðRnÞ; edhxi
k

erhDik

u A L2ðRnÞg;

and for r < 0 H k
r; d is the dual space of H k

�r;�d. Here erhDik

u ¼
Ð
R

n e ixxerhxi
k

ûuðxÞ dx.

Proposition 2.4. If u A H k
r; d, with r > 0, then for any 0 < r 0 < r there exists a

constant Cr;r 0 such that

jqa
xuðxÞjaCr;r 0r 0�jajjaj!1=kedhxi

k

kukH k
r; d
;

for any x A R
n, a A N

n.

In particular, u is a Gevrey function.

2.3. Symbols.

Let m; j;c be weight functions and g ¼ j�2 dx2 þ c�2 dx2 a Riemann metric.

We will consider essentially g0 ¼ dx2 þ dx2 and g1 ¼ hxi�2 dx2 þ hxi�2 dx2. Let

Sðm; gÞ the set of symbols aðx; xÞ A C
yðR2nÞ satisfying

ja
ðaÞ
ðbÞðx; xÞjaCa;bmðx; xÞj�jajc�jbj

for x; x A R
n, a; b A N

n, where a
ðaÞ
ðbÞ ¼ qa

xD
b
xa, and gd; sSðm; gÞ the set of the functions

aðx; xÞ A C
yðR2nÞ satisfying the following condition: there exist ra > 0 and Ca > 0 such

that

ja
ðaÞ
ðbÞðx; xÞjaCar

�jaþbj
a jaj!sjbj!dmðx; xÞj�jajc�jbjð2:2Þ

for x; x A R
n, a; b A N

n.

If d ¼ s, we write, for short, gdSðm; gÞ ¼ gd;dSðm; gÞ. Without introducing new

notations, we will write also a A gd; sSðm; gÞ, for symbols aðx; xÞ A C
yðRn � R

nnf0gÞ,

satisfying (2.2) in R
n � R

nnf0g.

Example 2.5. The symbol a2ðx; xÞ ¼
Pn

j;k¼1 ajkðxÞxjxk belongs to gd;1Sðhxi2; g1Þ,

yðx; xÞ belongs to gd;1Sðhxijxj; g1Þ, and bðt; x; xÞ ¼
Pn

j¼1 bjðt; xÞxj belongs to C
0ð½�T ;T �;

gd;1Sðhxi; g1ÞÞ.

For k A �0; 1½ , let A
k
r; d ¼ g1=kSðedhxi

kþrhxik

; g0Þ, with g0 ¼ dx2 þ dx2. For ai A

A
k
ri ; di

, i ¼ 1; 2, the product of a1 and a2 is defined as follows

ða1 � a2Þðx; xÞ ¼ os-

ðð
R

2n
e�iyha1ðx; xþ hÞa2ðxþ y; xÞ dydh

¼ lim
e!0

ðð
R

2n
e�iyh�eðjyj2þjhj2Þa1ðx; xþ hÞa2ðxþ y; xÞ dydh

where dh ¼ ð2pÞ�1
dh.
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Proposition 2.6.

(1) Let k A �0; 1½ , and ai A A
k
ri ; di

, i ¼ 1; 2. There exists e� > 0 such that if jr1j;

jd2ja e�, then a1 � a2 belongs to A
k
r1þr2; d1þd2

.

(2) Let k A �0; 1½ , and ai A A
k
ri ; di

, i ¼ 1; 2; 3. Then if jr1j; jr2j; jd2j; jd3ja e�=2 we

have ða1 � a2Þ � a3 ¼ a1 � ða2 � a3Þ.

Proposition 2.7. Let di; sib 1 and ai A gd i ; siSðhxim ihxili ; g1Þ, i ¼ 1; 2. Then

a1 � a2 belongs to gd; sSðhxim1þm2hxil1þl2 ; g1Þ, where d ¼ minðd1; d2Þ, s ¼ minðs1; s2Þ.

Moreover we can decompose

ða1 � a2Þðx; xÞ ¼ pðx; xÞ þ rðx; xÞ;

where
. pðx; xÞ A gd; sSðhxim1þm2hxil1þl2 ; g1Þ satisfies for C > 0

pðx; xÞ �
X

jgj<N

1

g!
a
ðgÞ
1 ðx; xÞa2ðgÞðx; xÞ

A gd; sSðCNþ1N!
s1þd2�1hxim1þm2�Nhxil1þl2�N ; g1Þ

for any N A N ,
. rðx; xÞ A A

1=d
�e �;�e� .

Lemma 2.8. Let f ðx; xÞ; jiðx; xÞ;ciðx; xÞ A C
yðRn � R

nnf0gÞ, i ¼ 1; . . . ; n such that

jqa
xq

b
x f ðx; xÞjaCjaj!sjbj!dr

�jaþbj
0 mðx; xÞhxi�jbjjxj�jaj

jðjiÞ
ðaÞ
ðbÞðx; xÞjaCjaj!sjbj!dr

�jaþbj
0 mjðx; xÞh1ðx; xÞ

�jaj
h2ðx; xÞ

�jbj

jðciÞ
ðaÞ
ðbÞðx; xÞjaCjaj!sjbj!dr

�jaþbj
0 mcðx; xÞh1ðx; xÞ

�jaj
h2ðx; xÞ

�jbj;

for jaþ bjaM, for some weight functions m;mj;mc; h1 and h2 and constants C and r0.

Then

j f ðjðx; xÞ;cðx; xÞÞ
ðaÞ
ðbÞja jaþ bj!dr�jaþbj 1þ C

mjðx; xÞ

hjðx; xÞi
þ
mcðx; xÞ

jcðx; xÞj

� �� �jaþbj

ð2:3Þ

�mðjðx; xÞ;cðx; xÞÞh1ðx; xÞ
�jaj

h2ðx; xÞ
�jbj;

for some positive constants r and C depending only on s; d; r0 and n.

The proof is similar to those of Lemma A.1 in [18] and Lemma 5.3 in [23], and

is given in the Appendix.

In particular, we can see that if a A gd; sSðm; gÞ and jaðx; xÞjbC�1
a mðx; xÞ�1, then

a r A gd; sSðmr; gÞ, for all r A R.

For aðx; xÞ A gdSðm; g1Þ, an almost analytic extension of a is defined by

aðz; zÞ ¼ aðxþ iy; xþ ihÞ ¼
X

a;b

ðihÞa

a!

ð�yÞb

b!
w bb

jyj

hxi

� �

w ba
jhj

hxi

� �

a
ðaÞ
ðbÞðx; xÞ;

where ba ¼ 4nBjaj!ðd�1Þ=jaj=ra, if d > 1.
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Proposition 2.9. Let aðx; xÞ A gdSðm; g1Þ, and d > 1, then the almost analytic

extension of a satisfies the following properties

jqa
xD

b
xq

g
hD

d
yaðxþ iy; xþ ihÞj

aCmðx; xÞðCraÞ
�jaþbþgþdj

hxi�jajhxi�jbjhhi�jgjhyi�jdjjaþ b þ gþ dj!d

jðqxj þ iqyj Þq
a
xD

b
xq

g
hD

d
yaðxþ iy; xþ ihÞj

aCmðx; xÞðCraÞ
�jaþbþgþdj

e�c0ðhxi=jyjÞ
1=ðd�1Þ

hxi�jajhxi�jbjhhi�jgjhyi�jdjjaþ b þ gþ dj!d

jðqxj þ iqhj Þq
a
xD

b
xq

g
hD

d
yaðxþ iy; xþ ihÞj

aCmðx; xÞðCraÞ
�jaþbþgþdj

e�c0ðhxi=jhjÞ
1=ðd�1Þ

hxi�jajhxi�jbjhhi�jgjhyi�jdjjaþ b þ gþ dj!d ;

for any x; y; x; h A R
n and a; b; g; d A N

n.

Let Qðx; xÞ A gdSðdQhxi
k þ rQhxi

k; g1Þ, where dka 1, db 1 and k < 1. Denote

Qðz; zÞ the almost analytic extension of Q. For x; x; z; z A C
n we set

~‘‘xQðx; z; zÞ ¼

ð1

0

‘xQðzþ tðx� zÞ; zÞ dt

~‘‘xQðx; x; zÞ ¼

ð1

0

‘xQðz; zþ tðx� zÞÞ dt:

Lemma 2.10. Let Q A gdSðdQhxi
k þ rQhxi

k; g1Þ, where dka 1, db 1 and k < 1.

Then, if dQ and rQ are small enough, there exists Fðx; z; zÞ and F 0ðz; x; zÞ in C
yðC 3nÞ

satisfying

F� i ~‘‘xQðx; z;FÞ ¼ zð2:4Þ

F 0 � i ~‘‘xQðF
0; x; zÞ ¼ z;ð2:5Þ

for all x; x; z; z A C
n and

jDa
zD

b
xD

g
z ðFðx; z; zÞ � zÞjaCFðrQ þ dQÞr

�jaþbþgj
F jaþ b þ gj!dhzik�jaj

jDa
xD

b
zD

g
z ðF

0ðz; z; xÞ � zÞjaCF 0ðrQ þ dQÞr
�jaþbþgj

F 0 jaþ b þ gj!dhzik�jbj

jqzjD
a
zD

b
xD

g
zFðx; z; zÞjaCFðrQ þ dQÞe

�ðjRe zj=jIm zjÞ1=ðd�1Þ

r
�jaþbþgj
F jaþ b þ gj!dhzik�jaj

jqzjD
a
xD

b
zD

g
zF

0ðx; z; zÞjaCF 0ðrQ þ dQÞe
�ðjRe zj=jIm zjÞ1=ðd�1Þ

r
�jaþbþgj

F 0 jaþ b þ gj!dhzik�jaj;

for all x; x; z; z A C
n and a; b; g A N

n. Moreover Fðx; xÞ ¼ Fðx; x; xÞ and F 0ðx; xÞ ¼

F 0ðx; x; xÞ satisfy

jDa
xD

b
x ðFðx; xÞ � xÞjaCFðrQhxi

khxi�1 þ dQhxi
k�1Þhxi�jajhxi�jbjr

�jaþbj
F jaþ bj!dð2:6Þ

ð2:7Þ
jDa

xD
b
x ðF

0ðx; xÞ � xÞjaCF 0ðrQhxi
k�1 þ dQhxi

khxi�1Þhxi�jajhxi�jbjr
�jaþbj

F 0 jaþ bj!d ;

for all x; x A R
n and a; b; g A N

n.

Microlocal smoothing e¤ect in Gevrey spaces 861



Proposition 2.11. Let fpkðx; xÞgk AN be a sequence of symbols such that

jDa
xD

b
x pkðx; xÞjaCk!d

0

jaj!sjbj!dr�k�jaþbjhxi�k�jajhxi�k�jbj:

Then there is a pðx; xÞ A gd; sSðm; g1Þ such that

Da
xD

b
x pðx; xÞ �

X

N�1

k¼0

pkðx; xÞ

 !�

�

�

�

�

�

�

�

�

�

aCN!
d 0

jaj!sjbj!dr�N�jaþbjhxi�N�jajhxi�N�jbj:

This result has been given in [21] in the case d 0 ¼ 1, d ¼ s. We can prove the case

d 0 > 1 and d0 s in the same way.

2.4. Pseudodi¤erential operators.

To a A A
k
r; d, one can canonically associate a pseudodi¤erential operator defined by

standard oscillatory integrals

aðx;DÞuðxÞ ¼ os-

ð

R
n

e ixxaðx; xÞûuðxÞ dx:

We have the following result:

Proposition 2.12. If jrj; jdj; jr 0j; jd 0j are small enough, a A A
k
r; d acts continuously

from H k
r 0; d 0

to H k
r 0�r; d 0�d

.

We write a1 1 a2 if a1 � a2 A A
k
r; d, for some r < 0, since, by Proposition 2.4,

ða1 � a2Þu is a Gevrey function, if u A L2. We recall also the following result on

multiple product of operators.

Proposition 2.13. Let rjðx; zÞ A A
k
0;0, for j ¼ 1; 2; . . . ; n, and put

qnðx;DÞ ¼ r1ðx;DÞr2ðx;DÞ � � � rnðx;DÞ:

Then the symbol qnðx; zÞ belongs to A
k
0;0 and satisfies

jq
ðaÞ
nðbÞðx; zÞjaC n

Y

n

j¼1

Cjr
�jaþbjjaj!sjbj!dð2:8Þ

for ðx; zÞ A R
2n, a; b A N

n, where C is independent of n and r ¼ min j¼1;...; nfrj=4g. (Here

Cj and rj are the constants C and r in (2.2) corresponding to rj.)

2.5. Fourier integral operators.

Let Qðx; xÞ A gdSðrQhxi
k þ dQhxi

k; g1Þ, with rQ; dQb 0, dka 1, db 1 and k < 1, let

jðx; xÞ ¼ x � x� iQðx; xÞ:

For a A A
k
0;0 and a phase jðx; xÞ as above, let

ajðx;DÞuðxÞ ¼

ð

R
n

e ijðx;xÞaðx; xÞûuðxÞ dx;

for u A H k
e0; e0

.

Putting pðx; xÞ ¼ aðx; xÞeyðx;xÞ, we can see that pðx; xÞ A A
k
rQ; dQ

. Therefore aj can

be regarded as a pseudodi¤erential operators, with symbol pðx; xÞ ¼ aðx; xÞeQðx;xÞ. By
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Proposition 2.12, if r; d; rQ; dQ are su‰ciently small, ajðx;DÞ acts continuously from H k
r; d

to H k
r�rQ; d�dQ

. For a ¼ 1, one writes

Ijðx;DÞuðxÞ ¼

ð

R
n

e ijðx;xÞûuðxÞ dx;

I Rj ðx;DÞuðxÞ ¼

ð

R
n

e ixx dx

ð

R
n

e ijðy;xÞuðyÞ dy:

Proposition 2.14. If rQ; dQ are small then Ij � I
R
j (resp. I Rj � Ij) are L2-bounded

invertible operators, and

I�1
j ¼ I Rj J ¼ J 0I Rj ;

for some J and J 0 bounded on L2.

Proposition 2.15. Let a A gdSðhximhxil; g1Þ, Q A gdSðhxishxid
; g1Þ, 0a s, da 1,

sþ d ¼ k and let j ¼ xx� ieQðx; xÞ, with dka 1, db 1 and k < 1. If e is small enough,

Ijðx;DÞaðx;DÞI�1
j ðx;DÞ

I�1
j ðx;DÞaðx;DÞIjðx;DÞ

ajðx;DÞI�1
j ðx;DÞ

I�1
j ðx;DÞajðx;DÞ

aðx;DÞIjðx;DÞ

are pseudodi¤erential operators, which symbols (modulo A
k
r; d) are given respectively by

aðx� i‘xQðx;FÞ; xþ i‘xQðx;FÞÞ þ a1ð2:9Þ

aðxþ i‘xQðF
0
; xÞ; x� i‘xQðF

0
; xÞÞ þ a2ð2:10Þ

aðx; xþ i‘xQðx;FÞÞ þ a3ð2:11Þ

aðxþ i‘xQðF
0
; xÞ; xÞ þ a4ð2:12Þ

eyðx;xÞ
X

g

1

g!
Dg

yD
g
h ½aðxþ y� i ~‘‘xyðx; x; hÞ; xÞ�y¼x

h¼x
ð2:13Þ

where a1; a2; a3; a4 belong to gdSðhxim�1hxil�1
; g1Þ, Fðx; xÞ ¼ Fðx; x; xÞ and F 0ðx; xÞ ¼

F 0ðx; x; xÞ are defined in (2.4) and (2.5).

2.6. Phase function.

Let eðx; xÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ a2ðx; xÞ
p

. For e;M > 0, we consider

Q
ðe;MÞ
0 ðx; xÞ ¼

yðx; xÞ

hxi1�seðx; xÞ1�d
F0

yðx; xÞ

hxieðx; xÞe

� �

þ eðx; xÞd�s
f ðyðx; xÞÞ Fþ

yðx; xÞ

hxieðx; xÞe

� �

�F�
yðx; xÞ

hxieðx; xÞe

� �� �

;

and
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Q
ðe;M Þ
1 ðt; x; xÞ ¼ Q

ðe;M Þ
0 ðx; xÞF0

hxi

Meðx; xÞ

� �

þ teðx; xÞsþd 1�F0
hxi

Meðx; xÞ

� �� �

;ð2:14Þ

where f ðtÞ ¼
Ð t

0 ð1þ s2Þðs�1Þ=2
ds, and FGðtÞ ¼ wðGtÞ, F0ðtÞ ¼ 1�FþðtÞ �F�ðtÞ and

wðtÞ A gdðRÞ such that wðtÞ ¼ 1 for tb 1, wðtÞ ¼ 0 for ta 1=2, and w 0ðtÞb 0.

Proposition 2.16. The function Q
ðe;MÞ
1 belongs to C

1ð½0;T �; gdSðhxishxid; g1ÞÞ and

Q
ðe;MÞ
1 ð0; x; xÞ ¼ Q

ðe;MÞ
0 ðx; xÞ ¼ cðx; xÞ

yðx; xÞ

hxi1�seðx; xÞ1�d
ð2:15Þ

where cðx; xÞ belongs to gdSð1; g1Þ, and satisfies cðx; xÞb c0 > 0. There are e0 > 0,

M0 > 0, K > 0, c0 > 0 such that

ðqt þHa2ÞQ
ðe;MÞ
1 ðt; x; xÞb c0ðhxi

k þ hxi2s�2hxi2d þ hxik�1hxiÞ;ð2:16Þ

for all jeja e0, MbM0, all x; x A R
n with jxjbK and 0 < taT .

2.7. Criterion for L2 well-posedness.

Proposition 2.17. Consider the following Cauchy problem

qtuðt; xÞ � iaðx;DÞuðt; xÞ � bðt; x;DÞuðt; xÞ ¼ f ðt; xÞ

uð0; xÞ ¼ u0ðxÞ

�

:ð2:17Þ

Assume that aðx; xÞ A S2
1;0 has real value and bðt; x; xÞ A C 0ð½0;T �;S1

1;0Þ are such that

Re bðt; x; xÞ �
1

2

X

n

j;k¼1

axjxk ðx; xÞaC

for x A R
n, jxjbK , and x A R

n. Assume moreover that there exists yðx; xÞ verifying

Assumption I-(3). Then, if u0 A L2 and f A C0ð½0;T �;L2Þ there exists a unique solution

u A C0ð½0;T �;L2ÞVC1ð½0;T �;H�2Þ of the Cauchy problem (2.17).

3. Fundamental solution.

In this section we shall construct the fundamental solution of the Cauchy problem

for pðt; x; xÞ A C
0ð½�T ;T �; gd; sSðmðx; xÞ; gÞÞ, that is, pðt; x; xÞ satisfies

jp
ðaÞ
ðbÞðt; x; xÞjaCpr

�jaþbj
p jaj!sjbj!dmðx; xÞhxi�jajhxi�jbj;ð3:1Þ

for x; x A R
n, a; b A N

n, where mðx; xÞ satisfies

mðx; xÞaChxikhxik;ð3:2Þ

for some C > 0 and k A �0; 1½. Calculations are similar to those in [24, Proposition 3.8]

and [21, §1].

For T > 0 we consider the following Cauchy problem,

d

dt
EðtÞ ¼ rpðt; x;DÞEðtÞ; t A ��T ;T ½;

Eð0Þ ¼ I :

8

>

<

>

:

ð3:3Þ
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Proposition 3.1. Let pðt; x; xÞ as above, if r > 0 is small enough, then we can

construct the fundamental solution EðtÞ of (3.3) as a Fourier integral operator:

EðtÞ ¼ IcðtÞðeðt; x;DÞ þ rðt; x;DÞÞð3:4Þ

where cðt; x; xÞ ¼ x � x� iryðt; x; xÞ, with yðt; x; xÞ A C
1ð½�T ;T �; gd; sSðmðx; xÞ; gÞÞ is such

that yð0; x; xÞ ¼ 0 and

qtyðt; x; xÞ � pðt; x; x� i‘xyðt; x; xÞÞ A C
0ð½�T ;T �; gd; sSð1; gÞÞ;ð3:5Þ

eðt; x; xÞ A C
1ð½�T ;T �; gd; sSð1; gÞÞ and rðt; x; xÞ A C

1ð½�T ;T �; gd; sSðe�eðhxihxiÞ1=ðdþs�1Þ

; g0ÞÞ.

Moreover, if pðx;DÞ does not depend on t, then EðtÞ�1 ¼ Eð�tÞ, and

EðtÞaðx;DÞEð�tÞ ¼ aðx;DÞ þ

ð t

0

EðsÞ½ p; a�Eð�sÞ ds; t A ½�T ;T �;ð3:6Þ

where ½� ; �� stands for a commutator.

Proof. First of all we construct the phase function yðt; x; xÞ as follows,

yðt; x; xÞ ¼
X

N�1

j¼0

yjðt; x; xÞ;

with yj A C
1ð½�T ;T �; gd; sSðm jþ1hxi�jhxi�j; gÞÞ. By the definition of almost analytic

extension, we have

pðt; x; x� i‘xðy0 þ � � � þ yN�1ÞÞ �
X

jaj<N

1

a!
pðaÞðt; x; xÞð�i‘xðy0 þ � � � þ yN�1ÞÞ

a

¼
X

jaj<N

1

a!
pðaÞðt; x; xÞð�i‘xðy0 þ � � � þ yN�1ÞÞ

a
w ba

j‘xðy0 þ � � � þ yN�1Þj

hxi

� �

� 1

� �

þ
X

jajbN

1

a!
pðaÞðt; x; xÞð�i‘xðy0 þ � � � þ yN�1ÞÞ

a
w ba

j‘xðy0 þ � � � þ yN�1Þj

hxi

� �

¼
X

jaj<N

1

a!
p 0
aðt; x; xÞ þ

X

jajbN

1

a!
p 00
a ðt; x; xÞ:

Since p satisfies (3.1), we can see that

p 00
a ðt; x; xÞ A C

1ð½�T ;T �; gd; sSðmNþ1ðx; xÞhxi�Nhxi�N ; gÞÞ; if jajbN:

On the other hand, on supp½wðbaðj‘xðy0 þ � � � þ yN�1Þj=hxiÞ� 1� we have mðx; xÞ=

hxihxibC. Then

p 0
aðt; x; xÞ A C

1ð½�T ;T �; gd; sSðmNþ1ðx; xÞhxi�Nhxi�N ; gÞÞ; if jaj < N:

Noting that
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1

a!
ð�i‘xðy0 þ � � � þ yN�1ÞÞ

a

¼
X

b0þ���þbN�1¼a

C a
b 0���bN�1ð�i‘xy0Þ

b0

ð�i‘xy1Þ
b 1

� � � ð�i‘xyN�1Þ
bN�1

;

and

pðaÞðt; x; xÞð�i‘xy0Þ
b0

ð�i‘xy1Þ
b1

� � � ð�i‘xyN�1Þ
bN�1

A C
1ð½�T ;T �; gd; sSðm1þTN�1

k¼0 ðkþ1Þjb k jhxi�T
N�1
k¼1 ðkþ1Þjb k jhxi�T

N�1
k¼1 kjb

k j�jaj
; gÞÞ;

we get

pðt; x; x� i‘xðy0 þ � � � þ yN�1ÞÞ

�
X

N�1

j¼0

X

jb0jþ2jb1jþ���þ jjb j�1j¼ j

C a
b0���bN�1p

ðaÞðt; x; xÞð�i‘xy0Þ
b0

� � � ð�i‘xyj�1Þ
b j�1

A C
1ð½�T ;T �; gd; sSðmNþ1ðx; xÞhxi�Nhxi�N

; gÞÞ:

Therefore we can obtain yjðx; xÞ by solving the following equations

qty0ðt; x; xÞ ¼ pðt; x; xÞ

y0ð0; x; xÞ ¼ 0

�

for j ¼ 0, and

qtyjðt; x; xÞ ¼
X

jb0jþ2jb1jþ���þ jjb j�1j¼ j

C a
b0���b j�1p

ðaÞðt; x; xÞ

� ð�i‘xy0Þ
b0

ð�i‘xy1Þ
b1

� � � ð�i‘xyj�1Þ
b j�1

yjð0; x; xÞ ¼ 0

8

>

>

>

>

>

<

>

>

>

>

>

:

;

for j ¼ 1; . . . ;N � 1. If we take N such that k� ð1� kÞNa 0, then y ¼
PN�1

j¼0 yj
satisfies (3.5). We note that yðt; z; xÞ, z ¼ xþ iy, an almost analytic extension of

yðt; x; xÞ, also satisfies

qtyðt; z; xÞ � pðt; z; x� i‘xyðt; z; xÞÞ A C
0ð½�T ;T �;Ak

�e0;�e0
Þð3:7Þ

if jyjaChxik�1hxik and when pðt; x; xÞb c0hxi
k, then

Re yðt; x; xÞb c1thxi
k
:ð3:8Þ

Now we can construct the solution of (3.3). For yðt; x; xÞ satisfying (3.5) and con-

sequently (3.7) we denote jðtÞ ¼ xx� iryðt; x; xÞ. We seek a solution EðtÞ as a fol-

lowing form,

EðtÞ ¼ IjðtÞðx;DÞeðt; x;DÞ:ð3:9Þ
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If r is small, we have the inverse operator IjðtÞðx;DÞ�1 from Proposition 2.14.

Therefore if EðtÞ satisfies (3.3), then eðt; x;DÞ satisfies

d

dt
eðt; x;DÞ ¼ IjðtÞðx;DÞ�1½ rpðt; x;DÞIjðtÞðx;DÞ � qtIjðtÞðx;DÞ�eðt; x;DÞ:ð3:10Þ

Noting that qtIjðtÞðx;DÞ ¼ ðqtyÞjðtÞ, we can see from (2.12) that

sðI�1
jðtÞqtIjðtÞÞðx; xÞ ¼

qy

qt
ðt;F 0ðt; x; xÞ; xÞ þ y1ðt; x; xÞ þ r1ðt; x; xÞ;

where F 0 satisfies

F 0ðt; x; xÞ ¼ xþ i‘xyðt;F
0ðt; x; xÞ; xÞ;ð3:11Þ

y1 A C
0ð½�T ;T �; gd; sSð1; gÞÞ, and r1 A C

0ð½�T ;T �;Ak
�e0;�e0

Þ. Moreover, from (2.10)

sðIjðtÞðx;DÞ�1
pðt; x;DÞIjðtÞðx;DÞÞðx; xÞð3:12Þ

¼ pðt;F 0ðt; x; xÞ; x� i‘xyðt;F
0ðt; x; xÞÞÞ þ p1ðt; x; xÞ þ r2ðt; x; xÞ;

where p1 A C
0ð½�T ;T �; gd; sSð1; gÞÞ and r2 A C

0ð½�T ;T �;Ak
�e0;�e0

Þ. Thus from (3.10)–

(3.12) it follows that taking account of (3.7) and (3.11) we have the following equation

for eðtÞ ¼ eðt; x;DÞ,

d

dt
eðtÞ ¼ qðt; x;DÞeðtÞ þ rðx;DÞ

eð0Þ ¼ I

8

>

<

>

:

ð3:13Þ

where q A C
0ð½�T ;T �; gd; sSð1; gÞÞ and r A C

0ð½�T ;T �;Ak
�e0;�e0

Þ. First we construct an

asymptotic solution of (3.13) as follows,

eðt; s; x; xÞ ¼
X

y

j¼0

ejðt; s; x; xÞ;

with ejðt; s; x; xÞ satisfying

ðqt � qðt; x; xÞÞe0ðt; s; x; xÞ ¼ 0

e0ðs; s; x; xÞ ¼ 1

�

for j ¼ 0;

and

ðqt � qðt; x; xÞÞejðt; s; x; xÞ ¼ Pjðt; x; xÞ

ejðs; s; x; xÞ ¼ 0

�

for jb 1;

where

Pjðt; x; xÞ ¼
X

j�1

k¼0

X

jgj¼ j�k

1

g!
qðgÞðt; x; xÞekðgÞðt; x; xÞ; ð jb 1Þ:ð3:14Þ
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Solving the above equations, we get

e0ðt; s; x; xÞ ¼ e

Ð t

s
qðt;x;xÞ dt

ð3:15Þ

ejðt; s; x; xÞ ¼

ð t

s

Pjðt; x; xÞe0ðt; t; x; xÞ dt ð jb 1Þ:ð3:16Þ

We shall prove that ej verifies the following estimates

jqa
xD

b
xejðt; s; x; xÞjaC

jþ1
1 C

jaþbj
2

ðjaj þ jÞ!sðjbj þ jÞ!d

j!
hxi�j�jbjhxi�j�jaj

;ð3:17Þ

for t; s A ½�T ;T �, x A R
n, x A R

n, a; b A N
n, j A N . Since q A C

1ð½�T ;T �; gd; sSð1; gÞÞ,

we have

jDb
xq

a
xqðt; x; xÞjaC

jaþbjþ1
0 jaj!sjbj!dhxi�jbjhxi�jaj

;ð3:18Þ

for x A R
n, x A R

n and a; b A N
n. Therefore it follows from (3.15) that e0ðt; s; x; xÞ

satisfies

jDb
xq

a
xe0ðt; s; x; xÞjaC

jaþbjþ1
0 jaj!sjbj!dhxi�jbjhxi�jaj

;ð3:19Þ

for t; s A ½�T ;T �, x A R
n, x A R

n and a; b A N
n, modifying C0 if necessary. Hence we

have (3.17) for j ¼ 0 if we take C1bC0 and C2bC0. Assume that (3.17) is valid for

j � 1. Then we have from (3.14)

qa
xD

b
xPjðt; x; xÞ ¼

X

j�1

k¼0

X

jgj¼ j�k

1

g!

X

a 0þa 00¼a

X

b 0þb 00¼b

a

a 0

� �

b

b 0

� �

q
ðgþa 0Þ

ðb 0Þ
ðt; x; xÞe

ða 00Þ

kðb 00þgÞ
ðt; s; x; xÞ:

We get by use of the assumption of induction (3.17) and (3.18):

jqa
xD

b
xPjðt; x; xÞj

a

X

j�1

k¼0

X

jgj¼ j�k

1

g!

X

a 0þa 00¼a

X

b 0þb 00¼b

a

a 0

� �

b

b 0

� �

C
ja 0þb 0þgjþ1
0 ja 0 þ gj!sjb 0j!dhxi�jb 0jhxi�ja 0þgj

� C kþ1
1 C

ja 00þb 00þgj
2

1

k!
ðja 00j þ kÞ!sðjb 00 þ gj þ kÞ!dhxi�k�jb 00þgjhxi�k�ja 00j

a

X

j�1

k¼0

X

jgj¼ j�k

1

g!
C

jgjþ1
0 C kþ1

1 C
jaþbþgj
2

1

k!

X

a 0þa 00¼a

a

a 0

� �

C0

C2

� �ja 0j

ja 0 þ gj!sðja 00j þ kÞ!s

" #

�
X

b 0þb 00¼b

b

b 0

� �

C0

C2

� �jb 0j

jb 0j!dðjb 00 þ gj þ kÞ!d

2

4

3

5hxi�k�jgþbjhxi�k�jaþgj

Using Lemma 2.2, we have if C2 > C0
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jqa
xD

b
xPjðt; x; xÞja

C 2
0

ðC2 � C0Þ
2

X

j�1

k¼0

X

jgj¼ j�k

1

g!
C

jgjþ1
0 C kþ1

1 C
jaþbþgj
2

1

k!

� ðjaþ gj þ kÞ!s
jgj þ k

jgj

� ��1

ðjb þ gj þ kÞ!dhxi�k�jgþbjhxi�k�jaþgj

¼
C3

0

ðC2 � C0Þ
2
C

jþ1
1 C

jaþbj
2

ðjaj þ jÞ!sðjbj þ jÞ!d

j!
hxi�j�jbjhxi�j�jaj

�
X

j�1

k¼0

C0C2

C1

� �j�k
X

jgj¼ j�k

jgj!

g!
:

Now
P

jgj¼ j�k jgj!=g! ¼ ð1þ � � � þ 1Þ j�k ¼ n j�k, then

X

j�1

k¼0

C0C2

C1

� �j�k
X

jgj¼ j�k

jgj!

g!
¼

X

j�1

k¼0

nC0C2

C1

� �j�k

a
nC0C2

C1 � nC0C2
;

if C1 > nC0C2 and consequently

jqa
xD

b
xPjðt; x; xÞja

nC4
0C2

ðC2 � C0Þ
2ðC1 � nC0C2Þ

C
jþ1
1 C

jaþbj
2ð3:20Þ

�
ðjaj þ jÞ!sðjbj þ jÞ!d

j!
hxi�j�jbjhxi�j�jaj:

From (3.16) we get

jqa
xD

b
xejðt; s; x; xÞja

ð t

s

X

a 0þa 00¼a

X

b 0þb 00¼b

a

a 0

� �

b

b 0

� �

jp
ða 0Þ

jðb 0Þ
ðs; x; xÞe

ða 00Þ

0ðb 00Þ
ðt; s; x; xÞj ds:

Hence we get from (3.19) and (3.20)

jqa
xD

b
xejðt; s; x; xÞj

a
nC4

0C2T

ðC2 � C0Þ
2ðC1 � nC0C2Þ

X

a 0þa 00¼a

X

b 0þb 00¼b

a

a 0

� �

b

b 0

� �

C
jþ1
1 C

ja 0þb 0j
2

�
ðja 0j þ jÞ!sðjb 0j þ jÞ!d

j!
hxi�j�jb 0jhxi�j�ja 0jC

ja 00þb 00jþ1
0 ja 00j!sjb 00j!dhxi�jb 00jhxi�ja 00j

¼
nC4

0C2T

ðC2 � C0Þ
2ðC1 � nC0C2Þ

C
jþ1
1 C

jaþbj
2

1

j!
hxi�j�jbjhxi�j�jaj

�
X

a 0þa 00¼a

a

a 0

� �

C0

C2

� �ja 00j

ðja 0j þ jÞ!sja 00j!s

" #

X

b 0þb 00¼b

b

b 0

� �

C0

C2

� �jb 00j

ðjb 0j þ jÞ!d jb 00j!d

2

4

3

5

a
nC4

0C
2
2T

ðC2 � C0Þ
4ðC1 � nC0C2Þ

C
jþ1
1 C

jaþbjþ1
2

ðjaj þ jÞ!sðjbj þ jÞ!d

j!
hxi�j�jbjhxi�j�jaj;
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where we have again used Lemma 2.2. We obtain (3.17), if we choose C1 and C2 such

that

nC4
0C

2
2T

ðC2 � C0Þ
4ðC1 � nC0C2Þ

a 1:

Next we shall construct the exact solution eðtÞ of the equation of (3.13). It fol-

lows from (3.17) that applying Proposition 2.11 to fejg we can construct ~eeðt; s; x; xÞ A

C
1ð½�T ;T �2; gd; sð1; g1ÞÞ satisfying

qa
xD

b
x ~eeðt; s; x; xÞ �

X

N

j¼0

ejðt; s; x; xÞ

 !�

�

�

�

�

�

�

�

�

�

ð3:21Þ

aC
1þNþjaþbj
3 N!dþs�1jaj!sjbj!dhxi�N�jajhxi�N�jbj;

for t A ½�T ;T �, x; x A R
n, a; b A N

n and for any non negative integer N. From (3.13)

and (3.21) we obtain the following relation,

ðqt � qðt; x;DÞÞ~eeðt; s; x;DÞ ¼ Rðt; s; x;DÞ jtj < T

~eeðs; s; x;DÞ ¼ I

�

;

for any s A ½�T ;T �, where Rðt; s; x; xÞ satisfies

jR
ðaÞ
ðbÞðt; s; x; xÞjaC

1þjaþbj
4 e�e0ðhxihxiÞ

1=ðdþs�1Þ

jaj!sjbj!dð3:22Þ

for t A ½�T ;T �, x; x A R
n, a; b A N

n, where e0 > 0.

Now we can construct the exact solution of (3.13) given by

eðt; x;DÞ ¼ ~eeðt; 0; x;DÞ þ

ð t

0

~eeðt; t; x;DÞWðt; x;DÞ dt;ð3:23Þ

where Wðt; x;DÞ satisfies

Wðt; x;DÞ ¼ �Rðt; 0; x;DÞ �

ð t

0

Rðt; t; x;DÞWðt; x;DÞ dt:ð3:24Þ

We can solve the above integral equation as follows

Wðt; x;DÞ ¼
X

y

j¼1

Wjðt; x;DÞ;ð3:25Þ

where

W1ðt; x;DÞ ¼ �Rðt; 0; x;DÞ;

Wjðt; x;DÞ ¼

ð t

0

Rðt; t; x;DÞWj�1ðt; x;DÞ dt; ð jb 2Þ

¼

ð t

0

ð t1

0

� � �

ð tj�2

0

ð�1Þ jRðt; t1ÞRðt1; t2Þ � � �Rðtj�1; tjÞRðtj; 0Þ dt1 � � � dtj�1:

ð3:26Þ

Since we can regard Rðt; s; x; xÞ as an element of Ak
0;0 from (3.22), we can apply

K. Kajitani and G. Taglialatela870



Proposition 2.13 to the right hand side in (3.26). Then Wjðt; x; xÞ satisfies the following

estimate from (2.8) and by ð j � 1Þ-times integrations,

jW
ðaÞ
jðbÞðt; x; xÞjaC

1þjaþbj
4

ðCjtjÞ j�1

ð j � 1Þ!
jaj!sjbj!d ;ð3:27Þ

for any jb 1, t A ½�T ;T �, x; x A R
n, a; b A N

n. Therefore Wðt; x; xÞ given by (3.25)

converges in A
k
0;0. On the other hand, since WðtÞ satisfies (3.24) and Rðt; s; x; xÞ

belongs to gd; sSðe�e0ðhxihxiÞ
1=ðdþs�1Þ

; g0Þ, it follows from Proposition 2.6 that Wðt; x; xÞ also

belongs to gd; sSðe�e0ðhxihxiÞ
1=ðdþs�1Þ

; g0Þ. Therefore we can see from (3.23) that eðt; x; xÞ

satisfies

eðt; x; xÞ ¼ ~eeðt; 0; x; xÞ þ ~rrðt; x; xÞ;ð3:28Þ

where ~rr A C
1ð½�T ;T �; gd; sSðe�e0ðhxihxiÞ

1=ðdþs�1Þ

; g0ÞÞ. r

4. Bicharacteristics.

In this paragraph we will study some properties of the bicharacteristics of a2ðx; xÞ.

Calculations are similar to those in [18, §2].

Let ðXðt; y; hÞ;Xðt; y; hÞÞ be the solution of the Hamiltonian system (1.2).

Lemma 4.1.

(1) If x ¼ X ðt; y; hÞ and x ¼ Xðt; y; hÞ, then y ¼ X ð�t; x; xÞ and h ¼ Xð�t; x; xÞ.

(2) If x0 ¼ Xðt0; y; hÞ and x0 ¼ Xðt0; y; hÞ, then Xðtþ t0; y; hÞ ¼ Xðt; x0; x0Þ and

Xðtþ t0; y; hÞ ¼ Xðt; x0; x0Þ.

These properties follow from the group-property of the solutions of ordinary dif-

ferential equations.

Lemma 4.2. Xðt; y; hÞ ¼ Xðlt; y; l�1hÞ and Xðt; y; hÞ ¼ lXðlt; y; l�1hÞ.

Proof. Set XlðtÞ :¼ Xðlt; y; l�1hÞ and XlðtÞ :¼ lXðlt; y; l�1hÞ. Since the func-

tion a2ðx; xÞ is 2-homogeneous, we have

_XXlðtÞ ¼
d

dt
XðltÞ ¼ lqxa2ðXðltÞ;XðltÞÞ ¼ qxa2ðX ðltÞ; lXðltÞÞ

_XXlðtÞ ¼
d

dt
ðlXÞðltÞ ¼ �l2qxa2ðX ðltÞ;XðltÞÞ ¼ �qxa2ðXðltÞ; lXðltÞÞ:

ðXlðtÞ;XlðtÞÞ is then the solution of the Hamiltonian system (1.2), with initial data

ðy; hÞ. By the unicity of the solution we have the result. r

As in [18], we introduce the symbol aðx; xÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2a2ðx; xÞ
p

. By Lemma 2.8, aðx; xÞ

belongs to gd;1Sðjxj; g1Þ. Moreover there exists C > 0 such that

jaðx; xÞjbCjxj:ð4:1Þ

Let us consider fxðt; y; hÞ; hðt; y; hÞg, the solution of the Hamiltonian system
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_xxjðtÞ ¼ qxjaðxðt; y; hÞ; xðt; y; hÞÞ
_xxjðtÞ ¼ �qxjaðxðt; y; hÞ; xðt; y; hÞÞ

xjð0Þ ¼ yj

xjð0Þ ¼ hj

8

>

>

>

<

>

>

>

:

ð4:2Þ

for j ¼ 1; . . . ; n. We can derive properties of ðXðt; y; hÞ;Xðt; y; hÞÞ from that of

ðxðt; y; hÞ; xðt; y; hÞÞ, since we have (cf. Lemma 2.3 in [18])

ðX ðt; y; hÞ;Xðt; y; hÞÞ ¼ ðxðaðy; hÞt; y; hÞ; xðaðy; hÞt; y; hÞÞ:ð4:3Þ

Since aðx; xÞ=jxj is bounded there exists globally in t the solution of (4.2), and

consequently of (1.2).

By a similar computation as in Lemma 4.2, we can see that xðt; y; hÞ and hðt; y; hÞ

are homogeneous in h of degree zero and one respectively. Note also that we have

aðxðt; y; hÞ; xðt; y; hÞÞ ¼ aðy; hÞ; for all t;ð4:4Þ

since ðd=dtÞaðxðt; y; hÞ; xðt; y; hÞÞ ¼ Haa ¼ 0.

Lemma 4.3. There exists C > 0 such that

C�1jhja jxðt; y; hÞjaCjhj;ð4:5Þ

for any t A R.

Proof. Let Ca such that C�1
a jxja jaðx; xÞjaCajxj, using (4.1) and (4.4), we have:

jxðt; y; hÞjbC�1
a jaðxðt; y; hÞ; xðt; y; hÞÞj ¼ C�1

a jaðy; hÞjbC�2
a jhj

jxðt; y; hÞjaCajaðxðt; y; hÞ; xðt; y; hÞÞj ¼ Cajaðy; hÞjaC 2
a jhj: r

Lemma 4.4. There exists C > 0 such that

CjxjaHayðx; xÞaC�1jxj:ð4:6Þ

Proof. The first inequality follows from the identity Ha2 ¼ aHa, inequality (4.5)

and Assumption I-(4). The second follows from the fact that a A gd;1Sðjxj; g1Þ and y A

gd;1Sðhxijxj; g1Þ. r

Notations. In the following we note

L ¼ fðt; y; hÞ A R� R
n � R

nnf0g j yðy; hÞ ¼ 0g:

Lemma 4.5. Let fxðt; y; hÞ; hðt; y; hÞg be the solution of (4.2). Then there exists

C > 0 such that

C�1ðjtj þ hyiÞa hxðt; y; hÞiaCðjtj þ hyiÞð4:7Þ

C�1jhja
1

t
yðxðt; y; hÞ; xðt; y; hÞÞaCjhjð4:8Þ

for ðt; y; hÞ A L.
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Proof. We prove first (4.8). Integrating the identity ðd=dtÞyðxðtÞ; xðtÞÞ ¼ HayðtÞ,

since yðy; hÞ ¼ 0, we have

yðxðtÞ; xðtÞÞ ¼

ð t

0

HayðxðsÞ; xðsÞÞ ds;

and we obtain (4.8) using (4.5) and (4.6). We prove next (4.7). Since ax is bounded in

R
2n, integrating the first equation of (4.2) we get the second inequality of (4.7). Since

yðxðtÞ; xðtÞÞaChxðtÞijxðtÞj

using (4.5) and (4.8) we obtain

C�1jtj jhjaChxðtÞijhj;

then

hxðtÞibC 0jtj:ð4:9Þ

Integrating the first equation of (4.2), since qxja is bounded, we get

hxðtÞib jyj � C 00jtj:ð4:10Þ

Combining (4.9) and (4.10) we get the first inequality of (4.7). r

Remark 4.6. By similar calculations, we can prove that

hxðt; y; hÞibCðjtj þ hyiÞ;

for any y; h A R
n, so that using (4.3), we have

lim
t!þy

jXðt; y; hÞj ¼ þy;

for any y; h A R
n.

We want to decompose L into sets where we can estimate from below the de-

rivatives of the function y. Let

Li ¼ fðt; y; hÞ A L
�

� jqyjyðy; hÞjbC �jhjg

L 0
i ¼ fðt; y; hÞ A L

�

� jqhjyðy; hÞjbC �jhjg:

We show that if C � is small enough, then

L ¼ 6
n

i¼1

Li U6
n

i¼1

L 0
i :

In fact, if

jqyjyðy; hÞjaC �jhj and jqhjyðy; hÞjaC �jhjð4:11Þ

then Ha2yðy; hÞaCaC
�jhj2, where Ca is some constant depending on the coe‰cients of

a2. Since, Ha2ybCjhj2, inequalities (4.11) cannot be verified if C � is too small.

In order to simplify the presentation, we will assume that

L ¼ 6
n

i¼1

Li:ð4:12Þ

We can treat the general case by similar computations.
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Notations. For y A R
n, we write ~yy ¼ ðy1; . . . ; yi�1; yiþ1; . . . ; ynÞ, and denote

‘t; ~yyxðt; y; hÞ ¼ ðqtx; qy1x; . . . ; qyi�1
x; qyiþ1

x; . . . ; qynxÞ

‘hxðt; y; hÞ ¼ ðqh1x; . . . ; qhnxÞ

‘xðt; y; hÞ ¼ ð‘t; ~yyx;‘hxÞ

Tðt; y; hÞ ¼
‘xðt; y; hÞ

‘xðt; y; hÞ

� �

:

TðtÞ ¼ Tðt; y; hÞ is a 2n� 2n matrix. Di¤erentiating (4.2) we get

d

dt
TðtÞ ¼ AðtÞTðtÞ;

where

AðtÞ ¼
axxðxðtÞ; xðtÞÞ axxðxðtÞ; xðtÞÞ

�axxðxðtÞ; xðtÞÞ �axxðxðtÞ; xðtÞÞ

 !

:ð4:13Þ

By Hypothesis I-(3), (4.5) and (4.7) we have

jaxxðxðtÞ; xðtÞÞjaCjhj�1
;

jaxxðxðtÞ; xðtÞÞjaCðhyiþ jtjÞ�1�d
;

jaxxðxðtÞ; xðtÞÞjaCðhyiþ jtjÞ�2�djhj;

ð4:14Þ

for ðt; y; hÞ A L. We see that for ðt; y; hÞ A Li

Tð0; y; hÞ ¼

ah1 1 0 � � � 0

ah2 0 . .
.

0

..

.
0 1 0 � � �

ahi �
yy1
yyi

� � � �
yyi�1

yyi
�
yyiþ1

yyi
� � � �

yyn
yyi

�
yh1
yyi

� � � �
yhn
yyi

..

.
1 0 � � � 0

. .
.

ahn

�ay1

..

.

�ayn 0 � � � � � � 1

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A

where ayj ¼ ayj ðy; hÞ, ahj ¼ ahj ðy; hÞ, yyj ¼ yyj ðy; hÞ, yhj ¼ yhj ðy; hÞ.
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Proposition 4.7. Denote T ¼
T11 T12

T21 T22

� �

. Tjk are C
yðLi;R

n�nÞ and satisfy

jq j
t q

b
~yyq

a
hT11ðt; y; hÞjaCj!jaj!jbj!dr�j�jaj�jbjðhyiþ jtjÞ1�j

hyi�1�jbjjhj�jajð4:15Þ

jq j
t q

b
~yyq

a
hT21ðt; y; hÞjaCj!jaj!jbj!dr�j�jaj�jbjðhyiþ jtjÞ�j

hyi�1�jbjjhj1�jajð4:16Þ

jq j
t q

b
~yyq

a
hT12ðt; y; hÞjaCj!jaj!jbj!dr�j�jaj�jbjðhyiþ jtjÞ1�j

hyi�jbjjhj�1�jajð4:17Þ

jq j
t q

b
~yyq

a
hT22ðt; y; hÞjaCj!jaj!jbj!dr�j�jaj�jbjðhyiþ jtjÞ�j

hyi�jbjjhj�jaj;ð4:18Þ

for ðt; y; hÞ A Li.

Proof. We recall first the following Lemma:

Lemma 4.8 ([18, Lemma 2.4]). Let wðtÞ ¼
w1ðtÞ

w2ðtÞ

� �

be in C
1ð½0;þy½;R2nÞ and

F ðtÞ ¼
F1ðtÞ

F2ðtÞ

� �

in C
0ð½0;þy½;R2nÞ satisfying

d

dt
wðtÞ ¼ AðtÞwðtÞ þ F ðtÞ;ð4:19Þ

where AðtÞ is defined in (4.13). Then there exists C > 0 such that

jw1ðtÞjaC

"

ð1þ jtjhyi�1�dÞjw1ð0Þj þ jhj�1jw2ð0Þjð1þ jtjÞ

þ jtj sup
jsjajtj

jF1ðsÞj þ jhj�1

ð t

0

jF2ðsÞj ds

#

jw2ðtÞjaC hyi�1�d=2jw1ð0Þj jhj þ jw2ð0Þj þ sup
jsjajtj

jF1ðsÞj jhj þ

ð t

0

jF2ðsÞj ds

" #

ð4:20Þ

for tb 0 and ðy; hÞ A R
2n with yðy; hÞ ¼ 0.

Using Lemma 4.8, we have

jq~yykxðt; y; hÞjaCð1þ jtjhyi�1�dÞð4:21Þ

jq~yykxðt; y; hÞjaCjhjhyi�1�d=2ð4:22Þ

jqhkxðt; y; hÞjaC
jyj

jhj
ð1þ jtjhyi�1�dÞ þ ð1þ jtjÞjhj�1

� �

ð4:23Þ

jqhkxðt; y; hÞjaCð4:24Þ

for ðt; y; hÞ A Li. In fact, to prove (4.21) and (4.22), put w1ðtÞ ¼ q~yykxðtÞ and

w2ðtÞ ¼ q~yykxðtÞ. Then wðtÞ satisfies (4.19) with FðtÞ ¼ 0. We have

w1jð0Þ ¼ q~yykxjð0Þ ¼

�
yyk ðy; hÞ

yyiðy; hÞ
if j ¼ i

1 if j0 i and k ¼ j

0 otherwise.

8

>

>

>

<

>

>

>

:
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Then noting that jyyiðy; hÞjbC �jhj, if ðy; hÞ A Gi, we get jw1jð0ÞjaC. Since

w2ð0Þ ¼ 0, we get (4.21) and (4.22) from (4.20). To prove (4.23) and (4.24), put

w1ðtÞ ¼ qhkxðtÞ and w2ðtÞ ¼ qhkxðtÞ, then wðtÞ satisfies (4.19) with F ðtÞ ¼ 0. Since, as

above, jw1ð0ÞjaCðjyj=jhjÞ and jw2ð0ÞjaC, we get (4.23) and (4.24) from (4.20). Since

jqtxðt; y; hÞjaC and jqtxðt; y; hÞjaCjhj=hxðtÞi, we obtain (4.15), (4.16), (4.17) and

(4.18) for j þ jaþ bj ¼ 0 from (4.21), (4.22), (4.23) and (4.24). We proceed then by

induction on j þ jaþ bj. Let kb 1, assuming (4.15) and (4.16) for j þ jaþ bja k � 1,

we prove (4.15) and (4.16) for j þ jaþ bj ¼ k. We consider first the case when

j ¼ 0. Let wða;bÞ ¼
w
ða;bÞ
1

w
ða;bÞ
2

 !

¼
T11

T21

� �

. We have

d

dt
wða;bÞðtÞ ¼ AðtÞwða;bÞðtÞ þ F ða;bÞðtÞ;

with A given in (4.13) and F ða;bÞ ¼
F

ða;bÞ
1

F
ða;bÞ
2

 !

with

F
ða;bÞ
j ¼

X

a 0þa 00¼a
b 0þb 00¼b

a 00þb 00<aþb

a!

a 0!a 00!

b!

b 0!b 00!
qa 0

x qb 0

x Aj1ðtÞw
ða 00;b 00Þ
1

þ
X

a 0þa 00¼a
b 0þb 00¼b

a 00þb 00<aþb

a!

a 0!a 00!

b!

b 0!b 00!
qa 0

x qb 0

x Aj2ðtÞw
ða 00;b 00Þ
2 ;

for j ¼ 1; 2, where AðtÞ ¼ Aðxðt; y; hÞ; xðt; y; hÞÞ. In order to estimate qa 0

x qb 0

x AðtÞ we will

use Lemma 2.8, with

f ðz; zÞ ¼ A11ðt; z; zÞ ¼ axxðxðt; y; hÞ; xðt; y; hÞÞ; mf ¼ Cahzi
�1�d=2;

jðy; hÞ ¼ xðt; y; hÞ; mj ¼ hyiþ jtj;

cðy; hÞ ¼ xðt; y; hÞ; mc ¼ Cjhj;

and noting that mjðy; hÞ=hjðy; hÞi and mcðy; hÞ=hcðy; hÞi are bounded, we obtain

jq j
t q

a
hq

b
~yyaxxðxðt; y; hÞ; xðt; y; hÞÞjaC0ðjaj þ 1Þ!ðjbj þ 1Þ!dr

�jaþbj�2
0

ðhyiþ jtjÞ�1�d=2
hyi�jbj�jjhj�jaj

for some C0 and r0 positif. By similar computations, we obtain

jq j
t q

a
hq

b
~yyaxxðxðt; y; hÞ; xðt; y; hÞÞjaC0jaj!ðjbj þ 2Þ!dr

�jaþbj�2
0

� ðhyiþ jtjÞ�2�d=2
hyi�jbj�jjhj�jajþ1

jq j
t q

a
hq

b
~yy axxðxðt; y; hÞ; xðt; y; hÞÞjaC0ðjaj þ 2Þ!jbj!dr

�jaþbj�2
0 hyi�jbj�j jhj�jaj�1:
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Then we have

jF
ða;bÞ
1 jaC0Cr�jaþbjr�2

0 hyi�1�jbjjhj�jajðhyiþ jtjÞ�d=2

�
X

a 0þa 00¼a
b 0þb 00¼b

a 00þb 00<aþb

a!

a 0!a 00!

b!

b 0!b 00!
ðja 0j þ 1Þ!ja 00j!ðjb 0j þ 1Þ!d jb 00j!d

r0
r

� ��ja 0þb 0j

þ C0Cr�jaþbjr�2
0 hyi�1�jbjjhj�jaj

�
X

a 0þa 00¼a
b 0þb 00¼b

a 00þb 00<aþb

a!

a 0!a 00!

b!

b 0!b 00!
ðja 0j þ 2Þ!ja 00j!jb 0j!d jb 00j!d

r0
r

� ��ja 0þb 0j

:

Now
P

a 0þa 00¼a
b 0þb 00¼b

a 00þb 00<aþb

� � � ¼
P

a 0þa 00¼a
b 0þb 00¼b
a 0>0

� � � þ
P

a 0þa 00¼a
b 0þb 00¼b

b 0>0

� � � ; so that, using Lemma 2.2 we obtain

jF
ða;bÞ
1 ja

CC 0r

ðr0 � rÞðr0 � 2drÞ
jaj!jbj!dr�jaþbjhyi�1�jbjjhj�jaj½ðhyiþ jtjÞ�d=2 þ 1�;

for some C > 0. By similar computations

jF
ða;bÞ
2 ja

CC 0r

ðr0 � rÞðr0 � 2drÞ
jaj!jbj!dr�jaþbjhyi�jbjjhj�jajþ1ðhyiþ jtjÞ�1�d=2:

Applying Lemma 4.8, since wða;bÞð0Þ ¼ 0, we get

jw
ða;bÞ
1 ðtÞja jtj

C0C
00r

ðr0 � rÞðr0 � 2drÞ
jaj!jbj!dr�jaþbj

� sup
jsjajtj

½ðhyiþ jsjÞ�d=2 þ 1� þ

ð t

0

ðhyiþ jsjÞ�1�d=2
ds

" #

hyi�jbjjhj�jaj

a
CC 000r

ðr0 � rÞðr0 � 2drÞ
jaj!jbj!dr�jaþbjðhyiþ jtjÞhyi�jbjjhj�jaj:

Choosing r small so that C 000r=ðr0 � rÞðr0 � 2drÞ < 1 we obtain (4.15). By a similar

computation we can prove (4.16). To prove (4.15) and (4.16) for j > 0 we remark that

q j
t q

a
hq

b
yxðt; y; hÞ ¼ q j�1

t qa
hq

b
yaxðxðt; y; hÞ; xðt; y; hÞÞ

q j
t q

a
hq

b
yxðt; y; hÞ ¼ �q j�1

t qa
hq

b
y axðxðt; y; hÞ; xðt; y; hÞÞ

then the result follows from Lemma 2.8. By similar computations we can prove (4.17)

and (4.18). r

Using the Lemma 6.2 in the Appendix, we have

detTð0; y; hÞ ¼
ð�1Þ i�1

yyiðy; hÞ
Hayðy; hÞ:
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Now ðd=dtÞTðtÞ ¼ AðtÞTðtÞ, implies ðd=dtÞ detTðtÞ ¼ traceAðtÞ detTðtÞ and since

traceAðtÞ ¼ 0, we have

detTðt; y; hÞ ¼ detTð0; y; hÞ0 0; for ðt; y; hÞ A Li:

Tðt; y; hÞ is then invertible. We set

Sðt; y; hÞ ¼ Tðt; y; hÞ�1 ¼
S11ðtÞ S12ðtÞ

S21ðtÞ S22ðtÞ

� �

:

Using again Lemma 6.2, we have

Sð0; y; hÞ ¼
S11 S12

S21 S22

� �

¼ ½Hayðy; hÞ�
�1

~SS11
~SS12

~SS21
~SS22

� �

;ð4:25Þ

where

~SS11 ¼

yy1 yy2 � � � yyn
b1 �ah1yy2 � � � �ah1yyn

�ah2yy1
. .
.

..

.
bi�1 �ahi�1

yi � � � �ahi�1
yyn

�ahi�1
yi biþ1

..

.

�ahnyy1 � � � �ahnyyn�1
bn

0

B

B

B

B

B

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

C

C

C

C

C

A

~SS12 ¼

yh1 � � � yhn
�ah1yh1 � � � �ah1yhn

..

. ..
.

�ahnyh1 � � � �ahnyhn

0

B

B

B

B

@

1

C

C

C

C

A

~SS21 ¼

�ay1yy1 � � � �ay1yyn

..

. ..
.

�aynyy1 � � � �aynyyn

0

B

@

1

C

A

~SS22 ¼

c1 �ay1yh2 � � � �ay1yhn
�ay2yh1 c2 �ay2yh3 � � �

. .
.

..

.

�aynyh1 � � � �aynyhn�1
cn

0

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

A

;

where bk ¼ Hayðy; hÞ � ahk ðy; hÞyyk ðy; hÞ and ck ¼ Hayðy; hÞ þ ayk ðy; hÞyhk ðy; hÞ. We

have

jS11jaC; jS12jaCjyj jhj�1; jS21jaChyi�1; jS22jaC;ð4:26Þ

for some constant C.

Di¤erentiating the identity TðtÞSðtÞ ¼ I with respect to t, we get
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d

dt
SðtÞ ¼ �SðtÞAðtÞ:ð4:27Þ

Put u1ðtÞ ¼ jhj jS12ðtÞj and u2ðtÞ ¼ jS11ðtÞj. (4.27) gives

S 0
11 ¼ �S11A11 � S12A21

S 0
12 ¼ �S11A12 � S12A22

�

then

u 0
1ðtÞa jA22ju1ðtÞ þ jhj jA12ju2ðtÞ

u 0
2ðtÞa jhj�1jA21ju1ðtÞ þ jA11ju2ðtÞ:

�

Thanks to (4.14)

u 0
1ðtÞaCðhyiþ jtjÞ�1�d

u1ðtÞ þ Cu2ðtÞ

u 0
2ðtÞaCðhyiþ jtjÞ�2�d

u1ðtÞ þ Cðhyiþ jtjÞ�1�d
u2ðtÞ:

(

We see that u ¼ ðu1; u2Þ satisfies (4.19) with M ¼ C, r1ðtÞ ¼ Cðt2 þ hyi2Þ�ð1þdÞ=2,

r2ðtÞ ¼ Cðt2 þ hyi2Þ�ð1þd=2Þ=2, and f1 ¼ f2 ¼ 0, then u satisfies (4.20), with f1 ¼ f2 ¼ 0:

u1ðtÞaC½ð1þ thyi�1�d=2Þu1ð0Þ þ ð1þ tÞu2ð0Þ�

u2ðtÞaC½hyi�1�d=2u1ð0Þ þ u2ð0Þ�
ð4:28Þ

Now, using (4.26) we have u1ð0ÞaCjyj, u2ð0ÞaC, then (4.28) implies

jS11ðtÞjaC

jS12ðtÞjaCðjtj þ hyiÞjhj�1;
ð4:29Þ

for ðt; y; hÞ A Li. Similarly, noting that jS21ð0ÞjaCjhjhyi�1 and jS22ð0ÞjaChyi�1, we

get

jS21ðtÞjaCjhjhyi�1

jS22ðtÞjaCð1þ jtjhyiÞ;
ð4:30Þ

for ðt; y; hÞ A Li.

Proposition 4.9. There exist functions tðx; xÞ; yðx; xÞ A C
yðRn � R

nnf0gÞ homoge-

neous in x of degree 0 and hðx; xÞ A C
yðRn � R

nnf0gÞ homogeneous in x of degree 1 such

that ðtðx; xÞ; yðx; xÞ; hðx; xÞÞ belongs to L and satisfy

xðtðx; xÞ; yðx; xÞ; hðx; xÞÞ ¼ x

xðtðx; xÞ; yðx; xÞ; hðx; xÞÞ ¼ x;
ð4:31Þ

for ðx; xÞ A R
n � R

nnf0g. Moreover

j‘xtðx; xÞj þ j‘xyðx; xÞjaC

j‘xtðx; xÞj þ j‘xyðx; xÞjaCðjtðx; xÞj þ hyðx; xÞiÞjxj�1

j‘xhðx; xÞjaChyðx; xÞi�1jxj

j‘xhðx; xÞjaCð1þ jtðx; xÞjhyðx; xÞi�1Þ;

ð4:32Þ

for ðx; xÞ A R
n � R

nnf0g.
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Proof. Since the Jacobian Jðt; y; hÞ ¼ detTðt; y; hÞ0 0 for ðt; y; hÞ A Li and we

have assumed (4.12), the local implicit function theorem of the mapping (4.31) holds

evidently. We can prove the global version of implicit function theorem of the mapping

(4.31) following the proof of Theorem 1.22 in [30]. To do so it su‰ces to show that for

any compact set K in R
n � R

nnf0g the set

fðt; y; hÞ A L j ðxðt; y; hÞ; xðt; y; hÞÞ ¼ ðx; xÞ for ðx; xÞ A Kg

is also compact in L. In fact, from Lemmas 4.4 and 4.5, we have

C�1jxja jhjaCjxjð4:33Þ

jtjaC
jyðx; xÞj

jhj
aC 0hxi:ð4:34Þ

Moreover the integration of (4.2) with respect to t and (4.34) yield

hyia hxiþ

ðjtj

0

j‘xaðxðsÞ; xðsÞÞj dsaChxi:

Thus the inverse image of K of the mapping ðxðt; y; hÞ; xðt; y; hÞÞ ¼ ðx; xÞ is compact in

L. Therefore (4.29) and (4.30) yield jTðt; y; hÞ�1jaC if ðt; y; hÞ varies in a compact set

in Li and consequently we obtain the global implicit function theorem applying Theorem

1.22 in [30]. We next prove the estimates (4.32). Let ðtðx; xÞ; yðx; xÞ; hðx; xÞÞ be in

Li. We note that the local implicit function theorem implies that ðtðx; xÞ; yðx; xÞ;

hðx; xÞÞ are in C
yðRn � R

nnf0gÞ. Di¤erentiating (4.31), we have

0

B

@

‘xt ‘xt

‘x~yy ‘x~yy

‘xh ‘xh

1

C

A
¼ Sðtðx; xÞ; yðx; xÞ; hðx; xÞÞ:ð4:35Þ

Using assumption (4.12), we obtain (4.32), by virtue of (4.29) and (4.30). r

Lemma 4.10. Sjk A C
yðLi;R

n�nÞ and

jq j
t q

b
~yy q

a
hS11ðt; y; hÞjaCj!jaj!jbj!dr�j�jaj�jbjhyi�jbj� jjhj�jaj

jq j
t q

b
~yy q

a
hS12ðt; y; hÞjaCj!jaj!jbj!dr�j�jaj�jbjðhyiþ jtjÞhyi�jbj�jjhj�1�jaj

jq j
t q

b
~yy q

a
hS21ðt; y; hÞjaCj!jaj!jbj!dr�j�jaj�jbjhyi�jbj� j�1jhj1�jaj

jq j
t q

b
~yy q

a
hS22ðt; y; hÞjaCj!jaj!jbj!dr�j�jaj�jbjð1þ jtjhyi�1Þhyi�jbj�jjhj�jaj

;

for ðt; y; hÞ A Li.

Proof. Since SðtÞ satisfies (4.27), (4.29) and (4.30), and Sð0Þ is given by (4.25),

we can get the proof repeating the same arguments of Proposition 4.7. r

Proposition 4.11. tðx; xÞ; yðx; xÞ; hðx; xÞ A C
yðRn � R

nnf0gÞ and
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jqb
xq

a
x tðx; xÞj þ jqb

xq
a
xyðx; xÞjaCjaj!jbj!dr�jaj�jbjhyðx; xÞi�jbjjxj�jajð4:36Þ

� ðjtðx; xÞj þ hyðx; xÞiÞð1þ jtðx; xÞjhyðx; xÞi�1Þjaþbj

jqb
xq

a
xhðx; xÞjaCjaj!jbj!dr�jaj�jbjhyðx; xÞi�jbjjxj1�jajð4:37Þ

� ð1þ jtðx; xÞjhyðx; xÞi�1Þjaþbj;

for x; x A R
n.

Proof. By the local implicit function theorem we have that tðx; xÞ; yðx; xÞ and

hðx; xÞ belong to C
yðRn � R

nnf0gÞ.

Assume ðtðx; xÞ; yðx; xÞ; hðx; xÞÞ A Li, for some i. Since

0

B

@

‘xt ‘xt

‘x~yy ‘x~yy

‘xh ‘xh

1

C

A
¼ Sðtðx; xÞ; yðx; xÞ; hðx; xÞÞ;

we see that (4.36) and (4.37) are proved for ða; bÞ ¼ ð0; 0Þ in Proposition 4.9. Let

kb 1, and assume (4.36) and (4.37) are valid for jaþ bja k � 1. Noting that

ð‘xt;‘x~yyÞ ¼ S11ðtðx; xÞ; yðx; xÞ; hðx; xÞÞ

ð‘xt;‘x~yyÞ ¼ S12ðtðx; xÞ; yðx; xÞ; hðx; xÞÞ

‘xh ¼ S21ðtðx; xÞ; yðx; xÞ; hðx; xÞÞ

‘xh ¼ S22ðtðx; xÞ; yðx; xÞ; hðx; xÞÞ

to prove (4.36) and (4.37) it’s enough to prove the following estimates

jqb
xq

a
xS11ðx; xÞjaCjaj!jbj!dr�jaj�jbjhyðx; xÞi�jbjjxj�jajð1þ jtðx; xÞjhyðx; xÞi�1Þjaþbj

jqb
xq

a
xS12ðx; xÞjaCjaj!jbj!dr�jaj�jbjhyðx; xÞi�jbjjxj�1�jaj

� ðjtðx; xÞj þ hyðx; xÞiÞð1þ jtðx; xÞjhyðx; xÞi�1Þjaþbj

jqb
xq

a
xS21ðx; xÞjaCjaj!jbj!dr�jaj�jbjhyðx; xÞi�1�jbjjxj1�jajð1þ jtðx; xÞjhyðx; xÞi�1Þjaþbj

jqb
xq

a
xS22ðx; xÞjaCjaj!jbj!dr�jaj�jbjhyðx; xÞi�jbjjxj�jajð1þ jtðx; xÞjhyðx; xÞi�1Þjaþbj;

where ðx; xÞ is the inverse image in Li of the mapping (4.31), and Sjlðx; xÞ ¼ Sjlðtðx; xÞ;

yðx; xÞ; hðx; xÞÞ. The proof of these inequality follows from Lemma 2.8. r

5. Cut o¤ function.

For x A R
nnf0g, we note ~xx ¼ x=jxj. Let

Ueðy0; h0Þ ¼ fðx; xÞ j jx� y0j þ j~xx� ~hh0j < e0g

KG
e ðy0; h0Þ ¼ fðxðGt; x; xÞ; xðGt; x; xÞÞ j tb 0; ðx; xÞ A Ueðy0; h0Þg:
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Lemma 5.1. KG
e ðy0; h0Þ is a neighborhood of the bicharacteristic passing through

ðy0; h0Þ and there exists e such that

KG

e ðy0; h0ÞHGG

e0
ðy0; h0Þ � fx A R

n
�

� j~xx� ~hh0ja e0g:ð5:1Þ

Proof. We prove the Lemma only for K�
e ðy0; h0Þ. The proof for Kþ

e ðy0; h0Þ is

similar. We remark at first that, proceeding as in the proof of (4.21)–(4.24), we can

show that

jqykxðt; y; hÞjaCð1þ jtjÞ; jqhkxðt; y; hÞjaC
ð1þ jyj þ jtjÞ

jhj
;ð5:2Þ

jqykxðt; y; hÞjaCjhj; jqhkxðt; y; hÞjaCð5:3Þ

for ðy; hÞ A R
n � R

nnf0g. If ðx�; x�Þ A K�
e ðy0; h0Þ, let t0; x0; x0 such that t0b 0,

jx0 � y0j þ j~xx0 � ~hh0j < e0 and x� ¼ xð�t0; x0; x0Þ, x� ¼ xð�t0; x0; x0Þ. Let

d ¼ jx0 � y0j þ j~xx0 � ~hh0j:ð5:4Þ

Given ðx; xÞ near ðx�; x�Þ, let x1 ¼ xðt0; x; xÞ, x1 ¼ xðt0; x; xÞ. Using Lemma 4.1 and

(5.2), we have

jx1 � x0j ¼ jxðt0; x; xÞ � xðt0; x
�
; x�Þjð5:5Þ

aCð1þ t0Þðjx� x�j þ j~xx� ~xx�jÞ <
e0 � d

2
;

if ðx; xÞ is su‰ciently close to ðx�; x�Þ. By similar arguments, we get that if ðx; xÞ is

su‰ciently close to ðx�; x�Þ, then

j~xx1 � ~xx0j <
e0 � d

2
:ð5:6Þ

Combining (5.4), (5.5) and (5.6) we have then

jx1 � y0j þ j~xx1 � ~hh0ja jx1 � x0j þ j~xx1 � ~xx0j þ jx0 � y0j þ j~xx0 � ~hh0j < e0:

Using again Lemma 4.1, we get x ¼ xð�t0; x1; x1Þ and x ¼ xð�t0; x1; x1Þ then ðx; xÞ A

K�
e ðy0; h0Þ.

Now we prove (5.1). Let ðx�; x�Þ A K�
e ðy0; h0Þ, using (4.3), and proceeding as

before,

x� � X �
t0

aðy0; h0Þ
; y0; h0

� ��

�

�

�

�

�

�

�

¼ jxð�t0; x0; x0Þ � xð�t0; y0; h0Þjð5:7Þ

aCð1þ t0Þðjx0 � y0j þ j~xx0 � h0jÞ

aCeð1þ t0Þ:

Similarly we have

j~xx� � ~hh0jaCe:ð5:8Þ

We can see from (5.7) and (5.8) that (5.1) holds true if we choose e small enough.

r
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Lemma 5.2. Let a A C
1ðRnnf0gÞ a 1-homogeneous function such that aðxÞ > 0 for

all x A R
nnf0g. Then there exist C1;C2 > 0 such that

C1j~xx� ~hhja
x

aðxÞ
�

h

aðhÞ

�

�

�

�

�

�

�

�

aC2j~xx� ~hhj

for all x; h A R
nnf0g.

Proof. The first inequality follows from the identity

x

aðxÞ
�

h

aðhÞ

�

�

�

�

�

�

�

�

2

¼
jxj

aðxÞ
�

jhj

aðhÞ

� �2

þ
jxj

aðxÞ

jhj

aðhÞ
j~xx� ~hhj2;

and aðxÞaCjxj. For the second one, we have

x

aðxÞ
�

h

aðhÞ

�

�

�

�

�

�

�

�

¼
~xx

að~xxÞ
�

~hh

að~hhÞ

�

�

�

�

�

�

�

�

�

�

¼
að~hhÞ~xx� að~xxÞ~hh

að~xxÞað~hhÞ

�

�

�

�

�

�

�

�

�

�

a
jað~hhÞ~xx� að~xxÞ~xxj þ jað~xxÞ~xx� að~xxÞ~hhj

að~xxÞað~hhÞ

a
jað~hhÞ � að~xxÞj

að~xxÞað~hhÞ
þ

j~xx� ~hhj

að~xxÞað~hhÞ
aCj~xx� ~hhj: r

Let ~yyðx; xÞ ¼ yðx; xÞ=aðx; xÞ, where aðx; xÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2a2ðx; xÞ
p

. Let s A �1; d� and

wðtÞ A Cy
0 ðRÞ such that wðtÞ ¼ 1 for jtja 1=2, wðtÞ ¼ 0 for jtjb 1, wð�tÞ ¼ wðtÞ,

tw 0ðtÞa 0 and 0a wðtÞa 1 and moreover

jqk
t wðtÞjaAkþ1

0 k!dð5:9Þ

for t A R and k A N .

Let

f1ðx; xÞ ¼ w
jx� y0j

e1
þ

1

e1

x

aðx; xÞ
�

h0
aðy0; h0Þ

�

�

�

�

�

�

�

�

� �

f2ðx; xÞ ¼ w
~yyðx; xÞ

e2

 !

Ha
~yyðx; xÞ

M

cG
1 ðx; xÞ ¼ w

~yyðx; xÞ

e3hx� y0i

 !

ðy

0

f1ðxðHt; x; xÞ; xðHt; x; xÞÞ dt

cG
2 ðx; xÞ ¼ 1� w

~yyðx; xÞ

e3hx� y0i

 !" #

ðy

0

f2ðxðHt; x; xÞ; xðHt; x; xÞÞ dt;

and

cGðx; xÞ ¼
1� wðhaðx; xÞÞ

aðx; xÞ
½cG

1 ðx; xÞ þ cG
2 ðx; xÞ�:
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Proposition 5.3. If e1; e2 and e3 are su‰ciently small then

(1) cGðx; xÞ A gdSð1; g1Þ;

(2) cGðx; xÞb 0 and cGðy0; h0Þ > 0;

(3) suppcGðx; xÞHKG
e1
ðy0; h0Þ;

(4) suppHa2c
Gðx; xÞHKG

e1
ðy0; h0Þ and Ha2c

Gðx; xÞa 0.

Proof. As before, we will prove the Proposition only for c�, and we will note, for

brevity c;c1;c2;Ke1 instead of c�;c�
1 ;c

�
2 ;K

�
e1
.

1) Let us prove first the identity

ðy
0

f ðxðt; x; xÞ; xðt; x; xÞÞ dt ¼

ðy
tðx;xÞ

f ðxðt; yðx; xÞ; hðx; xÞÞ; xðt; yðx; xÞ; hðx; xÞÞÞ dt:ð5:10Þ

Using Lemma 4.1, we see that

ðxðtþ tðx; xÞ; yðx; xÞ; hðx; xÞÞ; xðtþ tðx; xÞ; yðx; xÞ; hðx; xÞÞÞ

is the solution at t ¼ t, of the Hamiltonian system with initial data

ðxðtðx; xÞ; yðx; xÞ; hðx; xÞÞ; xðtðx; xÞ; yðx; xÞ; hðx; xÞÞÞ ¼ ðx; xÞ;

so we obtain

ðy
0

f ðxðt; x; xÞ; xðt; x; xÞÞ dt

¼

ðy
0

f ðxðtþ tðx; xÞ; yðx; xÞ; hðx; xÞÞ; xðtþ tðx; xÞ; yðx; xÞ; hðx; xÞÞÞ dt:

Changing the variable in the last integral we obtain (5.10). From (4.7) and (4.31) we

have

jtðx; xÞj þ hyðx; xÞiaChxi.ð5:11Þ

On the other hand, we have

hxiþ jtðx; xÞjaChyðx; xÞi;ð5:12Þ

for ðx; xÞ A supp wð~yyðx; xÞ=e3hx� y0iÞ, if e3 is small enough. In fact, integrating the first

equation of (4.2) with respect to t we obtain

yðx; xÞ ¼ x�

ð tðx;xÞ

0

axðxðs; yðx; xÞ; hðx; xÞÞ; xðs; yðx; xÞ; hðx; xÞÞÞ ds;

then hyðx; xÞib hxi� Cajtðx; xÞj, for some constant Ca depending only on a. Now

jtðx; xÞjaCj~yyðx; xÞj, and

j~yyðx; xÞja e3hx� y0iaCy0e3hxi

for some constant Cy0 depending only on y0, if ðx; xÞ A supp wð~yyðx; xÞ=e3hx� y0iÞ, then

jtðx; xÞjaC 0e3hxi;ð5:13Þ

if ðx; xÞ A supp wð~yyðx; xÞ=e3hx� y0iÞ. If e3 is small enough, we have

K. Kajitani and G. Taglialatela884



hxiþ jtðx; xÞja ð1þ C 0e3Þhxia
1þ C 0e3

1� CaC 0e3
ðhxi� CaC

0e3hxiÞ

a
1þ C 0e3

1� CaC 0e3
ðhxi� Cajtðx; xÞjÞaC 00hyðx; xÞi:

Putting (5.11), (5.12) and (5.13) in (4.36) and (4.37), we have

jqb
xq

a
x tðx; xÞj þ jqb

xq
a
xyðx; xÞjaCjaj!jbj!dr�jaj�jbjhxi1�jbjjxj�jaj

jqb
xq

a
xhðx; xÞjaCjaj!jbj!dr�jaj�jbjhxi�jbjjxj1�jaj

for ðx; xÞ A supp wð~yyðx; xÞ=e3hx� y0iÞ, and consequently we have from Proposition 4.7

and Lemma 2.8

jq j
t q

b
xq

a
xxðs; yðx; xÞ; hðx; xÞÞjaCjaj!dðjbj þ jÞ!dr�jaj�jbj�jðhxiþ jtjÞ1�j

hxi1�jbjjxj�jaj

jq j
t q

b
xq

a
xxðs; yðx; xÞ; hðx; xÞÞjaCjaj!dðjbj þ jÞ!dr�jaj�jbj�jðhxiþ jtjÞ1�j

hxi�jbjjxj1�jaj

for ðx; xÞ A supp wð~yyðx; xÞ=e3hx� y0iÞ. Thanks to (5.9), we can see that

jqb
xq

a
x f1ðx; xÞjaCjaj!d jbj!dr�jaj�jbjhxi�jbjjxj�jaj;

hence, using Lemma 2.8, we have

jqb
xq

a
x f1ðxðs; yðx; xÞ; hðx; xÞÞ; xðs; yðx; xÞ; hðx; xÞÞÞjaCjaj!d jbj!dr�jaj�jbjhxi�jbjjxj�jaj

for ðx; xÞ A supp wð~yyðx; xÞ=e3hx� y0iÞ. Now, since

qb
xq

a
xw

~yyðx; xÞ

e3hx� y0i

 !�

�

�

�

�

�

�

�

�

�

aCjaj!d jbj!dr�jaj�jbjhxi�jbjjxj�jaj

for ðx; xÞ A supp wð~yyðx; xÞ=e3hx� y0iÞ, we obtain

jqb
xq

a
xc1ðx; xÞjaCjaj!d jbj!dr�jaj�jbjhxi�jbjjxj�jaj;

for ðx; xÞ A R
n � R

nnf0g.

We can then see easily that

jqb
xq

a
xc2ðx; xÞjaCjaj!d jbj!dr�jaj�jbjhxi�jbjjxj�jaj;

for ðx; xÞ A supp½1� wð~yyðx; xÞ=e3hx� y0iÞ� noting that

ðy

0

w
~yyðxðt; x; xÞ; xðt; x; xÞÞ

e2

 !

Ha
~yyðxðt; x; xÞ; xðt; x; xÞÞ dt ¼

ðy

~yyðx;xÞ

w
t

e2

� �

dt:

Since ð1� wðhaðx; xÞÞÞ=Caðx; xÞ A gdSð1; g1Þ, we can see that cðx; xÞ A gdSð1; g1Þ.

2) It’s obvious that cðx; xÞb 0, for all x; x A R
n. Moreover c2ðy0; h0Þ ¼ 0, while

c1ðy0; h0Þ ¼

ðy

0

f1ðxðt; y0; h0Þ; xðt; y0; h0ÞÞ dt
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and

f1ðxð0; y0; h0Þ; xð0; y0; h0ÞÞ ¼ f1ðy0; h0Þ ¼ 1;

and choosing h suitably, we have cðy0; h0Þ > 0.

3) Since supp f1ðx; xÞHUeðy0; h0Þ, we can see that

supp

ðy

0

f1ðxðt; x; xÞ; xðt; x; xÞÞ dtHKe1ðy0; h0Þ:

Moreover, since

j~yyðx; xÞjaCðjx� y0j þ j~xx� ~hh0jÞ;ð5:14Þ

for some positive constant C, choosing e2aCe1 we have

supp

ðy

0

f2ðxðt; x; xÞ; xðt; x; xÞÞ dtHKe1ðy0; h0Þ:

4) We have Ha2 ¼ aHa. Moreover (cf. [4, pp. 772–773])

Ha

ðþy

0

f ðxðt; x; xÞ; xðt; x; xÞÞ dt ¼ �f ðx; xÞ;

then

Hacðx; xÞ ¼ �f1ðx; xÞw
~yyðx; xÞ

e3hx� y0i

 !

þ

ðy

0

f1ðxðtÞ; xðtÞÞ dtHaw
~yyðx; xÞ

e3hx� y0i

 !

� f2ðx; xÞ 1� w
~yyðx; xÞ

e3hx� y0i

 !" #

�

ðy

0

f2ðxðtÞ; xðtÞÞ dtHaw
~yyðx; xÞ

e3hx� y0i

 !

;

where, for the sake of brevity, we have set xðtÞ ¼ xðt; x; xÞ and xðtÞ ¼ xðt; x; xÞ. As

before, we can see that suppHacðx; xÞHKe1ðy0; h0Þ. ChoosingM so thatHa
~yyðx; xÞbM

and e2 f e1, and using (5.14), we have f2ðx; xÞb f1ðx; xÞ, so we only need to prove that

Haw
~yyðx; xÞ

e3hx� y0i

 !

¼ w 0
~yyðx; xÞ

e3hx� y0i

 !

Ha

~yyðx; xÞ

e3hx� y0i

 !

b 0:

We prove at first that if e1 f e3 we have

~yyðx; xÞ

e3hx� y0i
a

1

2
ð5:15Þ

if ðx; xÞ A KG
e ðy0; h0Þ. Indeed, if ðx; xÞ A KG

e ðy0; h0Þ, let t0b 0, x0 and x0 such that

t0b 0, x ¼ xð�t0; x0; x0Þ, x ¼ xð�t0; x0; x0Þ and jx0 � y0j þ j~xx0 � ~hh0ja e0. Using

Lemma 4.1, we see that

~yyðx0; x0Þ ¼ ~yyðxðt0; x; xÞ; xðt0; x; xÞÞ

¼ ~yyðxð0; x; xÞ; xð0; x; xÞÞ þ

ð t0

0

d

dt
~yyðxðt; x; xÞ; xðt; x; xÞÞ dtb ~yyðx; xÞ;
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since

d

dt
~yyðxðt; x; xÞ; xðt; x; xÞÞ ¼ Ha

~yyðxðt; x; xÞ; xðt; x; xÞÞb 0:

Since ~yyðx; xÞ A gd;1Sðhxi; g1Þ, we get

~yyðx0; x0Þ

e3hx� y0i

�

�

�

�

�

�

�

�

�

�

a
j~yyxj jx0 � y0j þ j~yyxj j~xx0 � ~hh0j

e3hx� y0i

aC
jx� y0j þ hx0 � y0ij~xx� ~hh0j

e3hx� y0i
a

C 0e1

e3
a

1

2
;

if we take e1 f e3. Now

Ha

~yyðx; xÞ

hx� y0i

 !

¼
Ha

~yyðx; xÞ

hx� y0i
þ ~yyðx; xÞHahx� y0i

�1

b
C

hx� y0i
� C 0

~yyðx; xÞ

hx� y0i
2

since Hahx� y0i
�1
aChx� y0i

�2. Now, using (5.15),

Ha

~yyðx; xÞ

hx� y0i

 !

b
ðC � C 0e3=2Þ

hx� y0i
b 0;

if we choose e3 small. r

6. Proof of the Theorem.

The Cauchy problem (0.1) can be rewritten in the following form

qtuðt; xÞ ¼ �ia2ðx;DÞwðt; xÞ þ bðt; x;DÞuðt; xÞ; t A ½�T ;T �; x A R
n;

uð0; xÞ ¼ u0ðxÞ; x A R
n;

�

ð6:1Þ

where

aðx; xÞ ¼
X

n

j;k¼1

ajkðxÞxjxk

bðt; x; xÞ ¼
X

n

j;k¼1

qxjajkðxÞxk þ
X

n

j¼1

bjðt; xÞxj þ b0ðt; xÞ:

Let cðx; xÞ the phase function constructed in paragraph 5, and

pðx; xÞ ¼ eðx; xÞkcðx; xÞ;

where eðx; xÞ ¼ ð1þ a2ðx; xÞÞ
1=2. For r > 0, denote by ErðtÞ the fundamental solution

of the equation (3.3), given by Proposition 3.1. Put vðt; xÞ ¼ ErðtÞuðt; xÞ, then

qtvðt; xÞ ¼ qtErðtÞuðt; xÞ þ ErðtÞqtuðt; xÞ

¼ rpðx;DÞErðtÞuðt; xÞ � iErðtÞa2ðx;DÞuðt; xÞ þ ErðtÞbðt; x;DÞuðt; xÞ

¼ ½ rpðx;DÞ � iErðtÞa2ðx;DÞErðtÞ
�1 þ ErðtÞbðt; x;DÞErðtÞ

�1�vðt; xÞ:
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Since ErðtÞ
�1 ¼ Erð�tÞ, using (3.6), we obtain

qtvðt; xÞ ¼ �ia2ðx;DÞvðt; xÞ þ ½rpðx;DÞ � ~aaðt; x;DÞ þ ~bbðt; x;DÞ�vðt; xÞ;ð6:2Þ

where

~aaðt; x;DÞ ¼ ir

ð t

0

ErðsÞ½p; a�Erð�sÞ ds

~bbðt; x;DÞ ¼ ErðtÞbðt; x;DÞErð�tÞ:

Let Q1ðt; x; xÞ be the phase function defined in (2.14). We claim that there exists M such

that

Q1ðt; x; xÞaM for all t A ½0;T � and ðx; xÞ A K�
e ðy0; h0Þ:ð6:3Þ

Let cðx; xÞ the symbol given in Proposition 2.16, and C such that jcðx; xÞjaC, choose

M such that

M ¼ sup
ðx;xÞ AUeðy0;h0Þ

½Cjyðx; xÞj þ Tekðx; xÞ�:

For ðx; xÞ A K�
e ðy0; h0Þ, let t0b 0 and ðx0; x0Þ A Ueðy0; h0Þ such that x ¼ xð�t0; x0; x0Þ

and x ¼ xð�t0; x0; x0Þ. If Q0ðx; xÞa 0, then

Q1ðt; x; xÞa tekðx; xÞaTekðx0; x0ÞaM:

Assume now that Q0ðx; xÞ > 0, then from (2.15), we have that Q0ðx; xÞaCyðx; xÞ.

Consider

f ðtÞ ¼ Cyðxðt; x0; x0Þ; xðt; x0; x0ÞÞ þ Tekðxðt; x0; x0Þ; xðt; x0; x0ÞÞ:

We have

f 0ðtÞ ¼ CHayðx; xÞjx¼xðt;x0;x0Þ
x¼xðt;x0;x0Þ

þ THae
kðx; xÞjx¼xðt;x0;x0Þ

x¼xðt;x0;x0Þ

> 0;

then f ð�tÞa f ð0Þ, for all tb 0. In particular, for t ¼ t0,

Q1ðt; x; xÞaCyðx; xÞ þ Tekðx; xÞ

¼ f ð�t0Þ

a f ð0Þ

¼ Cyðx0; x0Þ þ Tekðx0; x0Þ

aM:

We return to (6.2). Once more we change the unknown function. Let

Qðt; x; xÞ ¼ ½Q1ðt; x; xÞ �M �cðx; xÞ;ð6:4Þ

and consider

jðtÞ ¼ jðt; x; xÞ ¼ x � xþ ieQðt; x; xÞ:ð6:5Þ
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We assume that e > 0 is chosen su‰ciently small so that the operator IjðtÞðx;DÞ is

invertible. Let wðt; xÞ ¼ IjðtÞðx;DÞvðt; xÞ, we have

qtwðt; xÞ ¼ qtIjðtÞðx;DÞvðt; xÞ þ IjðtÞðx;DÞqtvðt; xÞ

¼ ½qtIjðtÞI
�1
jðtÞ þ IjðtÞ½�ia2ðx;DÞ þ rpðx;DÞ � ~aaðt; x;DÞ þ ~bbðt; x;DÞ�I�1

jðtÞ�wðt; xÞ:

We get then the following Cauchy problem for w:

qtwðt; xÞ ¼ �ia2ðx;DÞwðt; xÞ þ
~~bb~bbðt; x;DÞwðt; xÞ

wð0; xÞ ¼ Ijð0Þðx;DÞu0;

(

ð6:6Þ

where

~~bb~bbðt; x; xÞ ¼ qtIjðtÞI
�1
jðtÞ � i½IjðtÞa2ðx; xÞI

�1
jðtÞ � a2ðx; xÞ�

þ rIjðtÞpðx; xÞI
�1
jðtÞ � IjðtÞ~aaðt; x; xÞI

�1
jðtÞ þ IjðtÞ~bbðt; x; xÞI

�1
jðtÞ:

Now qtIjðtÞ ¼ �eqtQjðtÞ, and by (2.11) and (2.6),

sðqtIjðtÞI
�1
jðtÞÞðx; xÞ ¼ �e

qQ

qt
ðt; x;Fðt; x; xÞÞ þ y1ðt; x; xÞ þ r1ðt; x; xÞ

¼ �e
qQ

qt
ðt; x; xÞ þ y2ðt; x; xÞ þ r 01ðt; x; xÞ;

where y1; y2 A C
0ð½�T ;T �; gdSð1; g1Þ and r1; r

0
1 A C

0ð½�T ;T �;Ak
�e0;�e0

Þ. From (2.9), we

have

sðIjðtÞa2ðx;DÞI�1
jðtÞÞ ¼ a2ðxþ ie‘xQðx;FÞ; x� ie‘xQðx;FÞÞ þ a1ðx; xÞ þ r2ðx; xÞ

¼ a2ðxþ ie‘xQðx; xÞ; x� ie‘xQðx; xÞÞ þ a 0
1ðx; xÞ þ r 02ðx; xÞ

¼ a2ðx; xÞ � ieHa2Qðx; xÞ þ e2cðx; xÞ þ a 00
1 ðx; xÞ þ r 002 ðx; xÞ;

where a1; a
0
1; a

00
1 A gdSðhxi�1hxi; g1Þ, c A gdSðhxi2s�2hxi2d

; g1Þ, with supp cðx; xÞH

suppcðx; xÞ and r2; r
0
2; r

00
2 A A

k
�e0;�e0

, and also from (2.9)

sðIjðtÞ pðx;DÞI�1
jðtÞÞ ¼ pðx; xÞ þ p1ðx; xÞ þ r3ðx; xÞ;

where p1 A gdSð1; gÞ, r3 A A
k
�e0;�e0

. Similarly from (2.9)

sðIjðtÞ~aaðt; x;DÞI�1
jðtÞÞ ¼ ~aaðt; x; xÞ þ ~aa1ðt; x; xÞ þ r4ðt; x; xÞ

¼ Ha2pðx; xÞ þ ~aa1ðt; x; xÞ þ r4ðt; x; xÞ;

where ~aa1 A C
0ð½�T ;T �; gdSð1; g1ÞÞ and r4 A C

0ð½�T ;T �;Ak
�e0;�e0

Þ, and making again use

of (2.9)

sðIjðtÞ~bbðt; x;DÞI�1
jðtÞÞ ¼

~bbðt; x; xÞ þ ~bb1ðt; x; xÞ þ r5ðt; x; xÞ;

here ~bb1 A C
0ð½�T ;T �; gdSð1; g1ÞÞ and r5 A C

0ð½�T ;T �;Ak
�e0;�e0

Þ. We get then

~~bb~bbðt; x; xÞ ¼
~~bb~bb1ðt; x; xÞ þ

~~bb~bb0ðt; x; xÞ þ ~~rr~rrðt; x; xÞ;
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where

~~bb~bb1ðt; x; xÞ ¼ rpðx; xÞ � eðqtQðt; x; xÞ þHa2Qðt; x; xÞÞ þHa2pðx; xÞ þ
~bbðt; x; xÞ þ e2cðx; xÞ;

~~bb~bb0 A C
0ð½�T ;T �; gdSð1; g1ÞÞ and ~~rr~rr A C

0ð½�T ;T �;Ak
�e0;�e0

Þ. Noting that

Ha2Qðt; x; xÞ ¼ Ha2Q1ðt; x; xÞcðx; xÞ þ ½Q1ðt; x; xÞ �M�Ha2cðx; xÞ

bHa2Q1ðt; x; xÞcðx; xÞ

and

Ha2 pðx; xÞ ¼ ekðx; xÞHa2cðx; xÞa 0;

we see then by use of (2.16) that we can choose r and e suitably so that

Re
~~bb~bb1ðt; x; xÞa 0;

for x; x A R
n, jxj; jxjbR, if we choose R > 0 su‰ciently large. Using Proposition 2.17,

we can see that the Cauchy problem (6.6) for w has a solution belonging to

C
1ð½0;T �;L2Þ since the initial data wð0Þ ¼ Ijð0Þðx;DÞu0ðxÞ is in L2ðRnÞ from the as-

sumption of Theorem, and the choice of jðt; x; xÞ and Qðt; x; xÞ in (6.4) and (6.5). We

obtain then the solution of the Cauchy problem (0.1) by

uðt; xÞ ¼ Erð�tÞIjðtÞðx;DÞ�1
wðt; xÞ:

In order to prove that ðy0; h0Þ B WF1=k uðt; �Þ, we prove that wyðxÞwhðDÞuðt; xÞ belongs to

H k
r; d, for some r ¼ rðtÞ positive and d ¼ dðtÞ. It follows from (3.9) and (3.28) that we

can write

Erð�tÞ ¼ Icð�tÞðx;DÞð~eeð�t; 0; x;DÞ þ ~rrð�t; x;DÞÞ;

where cðt; x; xÞ ¼ xx� iryðt; x; xÞ, with yðt; x; xÞ A C
1ð½�T ;T �; gd;1Sðhxik; g1ÞÞ the phase

function constructed in Proposition 3.1 with pðx; xÞ ¼ ekðx; xÞwy0ðxÞwh0ðxÞ, ~eeðt; s; x; xÞ A

C
1ð½�T ;T �2; gdð1; g1ÞÞ and ~rr A C

1ð½�T ;T �; gdSðe�e0ðhxihxiÞ
1=ðdþs�1Þ

; g0ÞÞ. Hence we get

wyðxÞwhðDÞuðt; xÞ ¼ wyðxÞwhðDÞIcð�tÞðx;DÞ~eeð�t; 0; x;DÞIjðtÞðx;DÞ�1
wðt; xÞ

þ wyðxÞwhðDÞIcð�tÞðx;DÞ~rrð�t; x;DÞIjðtÞðx;DÞ�1
wðt; xÞ

¼ U1 þU2:

Now, set ~eeðt; x;DÞ ¼ IjðtÞðx;DÞ~eeð�t; 0; x;DÞIjðtÞðx;DÞ�1, so that

U1 ¼ wyðxÞwhðDÞIcð�tÞðx;DÞIjðtÞðx;DÞ�1
~eeðt; x;DÞwðt; xÞ

¼ wyðxÞwhðDÞIcð�tÞðx;DÞIjðtÞðx;DÞ�1
~wwðt; xÞ;

where ~wwðt; xÞ ¼ ~eeðt; x;DÞwðt; xÞ A L2. Now by (2.13)

wyðxÞwhðDÞIcð�tÞðx;DÞ ¼ ~wwcð�tÞðx;DÞ;
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with supp ~wwðx; xÞHUe � Ve. Using (2.13), we can see that the symbol of ~wwcð�tÞðx;DÞ

belongs to gdSðe�rthxik

; g0Þ.

The symbol of I�1
jðtÞðx;DÞ belongs to gdSðeChxishxi d

; g0Þ, and, since for any m > 0

and t > 0 there exists Cm > 0 such that

Chxishxid
a mthxik þ Cmt

�d=shxik;

we have that the symbol of I�1
jðtÞðx;DÞ belongs to gdSðemthxi

kþCmt
�d=shxik

; g0Þ. We obtain

that

U1 A H k
rt�mt;�Cmt�d=s :

Choosing m small enough we obtain

U1 A H k
r=2t;�Ct�d=s ;

for some C > 0. Concerning U2, we have

sðwyðxÞwhðDÞIcð�tÞðx;DÞÞ A gdSðe�rthxik

; g0Þ

~rrðx; xÞ A C
1ð½�T ;T �; gdSðe�e0ðhxihxiÞ

1=ðdþs�1Þ

; g0ÞÞ

sðIjðtÞðx;DÞ�1Þ A gdSðeChxishxi d

; g0Þ:

Since s > 0, then d < 1=d, and we can choose s near 1 so that da 1=ðd þ s� 1Þ, then

sð~rrðx;DÞIjðtÞðx;DÞÞ A C
1ð½�T ;T �; gdSð1; g0ÞÞ

and we obtain U2 A H k
rt;�C . This ends the proof of the Theorem.

Appendix.

Proof of Lemma 2.3. From the identity
Qn

j¼1ð1þ tÞaj ¼ ð1þ tÞjaj, one easily get

P

ja 0j¼ j

a

a 0

� �

¼
jaj

j

� �

, then

X

a 0þa 00¼a
ja 0jbk

a

a 0

� �

ðja 0j þ rÞ!dðja 00j þ sÞ!dq�ja 0j

¼
X

jaj

j¼k

X

ja 0j¼ j

a

a 0

� �

ðja 0j þ rÞ!dðjaj � ja 0j þ sÞ!dq�ja 0j

¼
X

jaj

j¼k

jaj

j

� �

ð j þ rÞ!dðjaj � j þ sÞ!dq�j:

Since ð j þ rÞ!a 2 jþrð j þ r� tÞ!t! and
rþ s� t

r� t

� �

jaj

j

� �

a
jaj þ rþ s� t

j þ r� t

� �

we

have
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jaj

j

� �

ð j þ rÞ!dðjaj � j þ sÞ!da
jaj

j

� �

2dð jþrÞð j þ r� tÞ!d t!dðjaj � j þ sÞ!d

¼ 2dð jþrÞt!d

jaj

j

� �

jaj þ rþ s� t

j þ r� t

� �d
ðjaj þ rþ s� tÞ!d

a
2dð jþrÞt!d

rþ s� t

r� t

� �d
ðjaj þ rþ s� tÞ!d :

Then

X

a 0þa 00¼a

a

a 0

� �

ðja 0j þ rÞ!dðja 00j þ sÞ!dq�ja 0j
a

2drt!d

rþ s� t

r� t

� �d
ðjaj þ rþ s� tÞ!d2djq�j:

Since
Pjaj

j¼k 2
djq�j

a ð2d=qÞk=ð1� ð2d=qÞÞ, we obtain the proof. r

Proof of Lemma 2.8. Let

Xj ¼
X

n

j¼1

qji
qxj

q

qzi
þ
X

n

j¼1

qci

qxj

q

qzi
þ

q

qxj

Yj ¼
X

n

j¼1

qji
qxj

q

qzi
þ
X

n

j¼1

qci

qxj

q

qzi
þ

q

qxj
;

for j ¼ 1; . . . ; n. For gðx; x; z; zÞ A C
yðRn � R

nnf0g � R
n � R

nnf0gÞ we have

q

qxj
½gðx; x; jðx; xÞ;cðx; xÞÞ� ¼ Xjgðx; x; z; zÞjz¼jðx;xÞ

z¼cðx;xÞ

q

qxj
½gðx; x; jðx; xÞ;cðx; xÞÞ� ¼ Yjgðx; x; z; zÞjz¼jðx;xÞ

z¼cðx;xÞ

;

therefore

qa
xq

b
x f ðjðx; xÞ;cðx; xÞÞ ¼ X bY af ðx; xÞjz¼jðx;xÞ

z¼cðx;xÞ

:ð6:7Þ

Now let us prove that

jqa
xq

b
xq

l
z q

m
zY

~aaX
~bbf ðz; zÞjaCjaþ aþ lþ b þ ~bb þ mj!dð6:8Þ

� r�jaþaþbþ ~bbþlþmj 1þ
mjðx; xÞ

hjðx; xÞi
þ
mcðx; xÞ

jcðx; xÞj

� �j~aaþ ~bbj

�mðx; xÞh1ðx; xÞ
�jaþ~aaj

h2ðx; xÞ
�jbþ ~bbjjzj�jlj

hzi�jmj;

for some C and r.
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We proceed by induction on j~aaþ ~bbj. If j~aaþ ~bbj ¼ 0, inequality (6.8) holds true by

hypothesis for any r < r0. Assume (6.8) for j~aaþ ~bbja l� 1 < k. We have

qa
xq

b
xq

l
z q

m
zYjY

~aaX
~bbf ðz; zÞ ¼ qa

xq
b
xYjq

l
z q

m
zY

~aaX
~bbf ðz; zÞ

¼ qa
xq

b
x

X

n

i¼1

qji
qxj

q

qzi
þ
X

n

i¼1

qci

qxj

q

qzi
þ

q

qxj

" #

ql
z q

m
zY

~aaX
~bbf ðz; zÞ:

Let Ii ¼ qa
xq

b
x ðqji=qxjÞðq=qziÞq

l
z q

m
zY

~aaX
~bbf ðz; zÞ, we have

jIija
X

a 0þa 00¼a
b 0þb 00¼b

a

a 0

� �

b

b 0

� �

jji
ða 0þejÞ

ðb 0Þ
j jqa 00

x qb 00

x ql
z q

mþei
z Y ~aaX

~bbf ðz; zÞj

aC
X

a 0þa 00¼a
b 0þb 00¼b

a

a 0

� �

b

b 0

� �

ðja 0j þ 1Þ!d jb 0j!dr
�ja 0þb 0j�1
0 mjðx; xÞh1ðx; xÞ

�ja 0j�1
h2ðx; xÞ

�jb 0j

� ðja 00þ ~aaþ lþ b 00þ ~bb þ mj þ 1Þ!dr�ja 00þ~aaþb 00þ ~bbþlþmj�1 1þ
mjðx; xÞ

hjðx; xÞi
þ
mcðx; xÞ

jcðx; xÞj

� �j~aaþ ~bbj

�mðx; xÞh1ðx; xÞ
�ja 00þ~aaj

h2ðx; xÞ
�jb 00þ ~bbjjzj�jlj

hzi�jmj�1

aC
X

a 0þa 00¼a

a

a 0

� �

ja 0j!d
r0
2r

� ��ja 0j

�
X

b 0þb 00¼b

b

b 0

� �

jb 0j!dðja 00þ ~aaþ lþ b 00þ ~bb þ mj þ 1Þ!d
r0
r

� ��jb 0j

� r�1
0 r�jaþ~aaþbþ ~bbþlþmj�1 1þ

mjðx; xÞ

hjðx; xÞi
þ
mcðx; xÞ

jcðx; xÞj

� �j~aaþ ~bbj
mjðx; xÞ

hzi

�mðx; xÞh1ðx; xÞ
�jaþ~aaj�1

h2ðx; xÞ
�jbþ ~bbjjzj�jlj

hzi�jmj:

Using Lemma 2.2 for the first sum and Lemma 2.3 for the second we have

jIija
2rC

ðr0 � rÞðr0 � 2rÞ
ðjaþ b þ ~aaþ ~bb þ lþ mj þ 1Þ!d

� r�jaþ~aaþbþ ~bbþlþmj�1 1þ
mjðx; xÞ

hjðx; xÞi
þ
mcðx; xÞ

jcðx; xÞj

� �j~aaþ ~bbj
mjðx; xÞ

hzi

�mðx; xÞh1ðx; xÞ
�jaþ~aaj�1

h2ðx; xÞ
�jbþ ~bbjjzj�jlj

hzi�jmj:

Similarly, if Ji ¼ qa
xq

b
x ðqci=qxjÞðq=qziÞq

l
z q

m
zY

~aaX
~bbf ðz; zÞ, we have
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jJija
2rC

ðr0 � rÞðr0 � 2rÞ
ðjaþ ~aaþ b þ ~bb þ lþ mj þ 1Þ!d

� r�jaþ~aaþbþ ~bbþlþmj�1 1þ
mjðx; xÞ

hjðx; xÞi
þ
mcðx; xÞ

jcðx; xÞj

� �j~aaþ ~bbj
mcðx; xÞ

jzj

�mðx; xÞh1ðx; xÞ
�jaþ~aaj�1

h2ðx; xÞ
�jbþ ~bbjjzj�jlj

hzi�jmj
:

For Ki ¼ qa
xq

b
x

q

qxj
ql
z q

m
zY

~aaX
~bbf ðz; zÞ, we have

jKija ðjaþ ~aaþ b þ ~bb þ lþ mj þ 1Þ!r�jaþ~aaþbþ ~bbþlþmj�1 1þ
mjðx; xÞ

hjðx; xÞi
þ
mcðx; xÞ

jcðx; xÞj

� �j~aaþ ~bbj

�mðx; xÞh1ðx; xÞ
�jaþ~aaj�1

h2ðx; xÞ
�jbþ ~bbjjzj�jlj

hzi�jmj
:

Putting together estimations for jIij; jJij and jKij, we obtain (6.8) for ð~aaþ ej; ~bbÞ if we

choose r > 0 and C > 0 suitably. Similarly we can prove (6.8) for ð~aa; ~bb þ ejÞ. Using

(6.8) with a ¼ ~bb ¼ l ¼ m ¼ 0, and taking into account (6.7), we obtain (2.3). r

Lemma 6.1. Let M ¼
M11 M12

M21 Iq

� �

be a 2q� 2q matrix and let M ¼ M11 �

M12M21. We have

(1) detM ¼ detM;

(2) M�1 ¼
M�1 �M�1M12

�M21M
�1 Iq þM21M

�1M12

� �

.

Proof. The proof follows from the identities

M ¼
Iq M12

0 Iq

� �

M11 �M12M21 0

M21 I

� �

;

M
M�1 �M�1M12

�M21M
�1 Iq þM21M

�1M12

� �

¼
Iq 0

0 Iq

� �

: r

Lemma 6.2. Let

M ¼

a1b1 �a2 � � � �an

b2 1 0 � � � 0

0 .
.

.
.
.
.

.

.

.
.
.

.
0

bn 0 � � � 0 1

0

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

A

then

(1) detM ¼ ab ¼
Pn

j¼1 ajbj ;
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(2)

M�1
¼

1

ab

1 a2 � � � an

�b2 ab � a2b2 �a3b2 � � � �anb2

�a2b3
.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

�anbn�1

�bn �a2bn � � � �an�1bn ab � anbn

0

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

A

:

Proof. The proof follows easily from Lemma 6.1. r
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