
J. Math. Soc. Japan
Vol. 56, No. 2, 2004

Well-behaved unbounded operator representations and

unbounded C �-seminorms

By Subhash J. Bhatt, Atsushi Inoue and Klaus-Detlef Kürsten

(Received Oct. 18, 2002)

Abstract. The first purpose is to characterize the existence of well-behaved �-
representations of locally convex �-algebras by unbounded C �-seminorms. The second is

to define the notion of spectral �-representations and to characterize the existence of

spectral well-behaved �-representations by unbounded C �-seminorms.

1. Introduction.

Unbounded �-representations of �-algebras were considered for the first time in

1962, independently by H. J. Borchers [9] and A. Uhlmann [33] in the Wightman

formulation of quantum field theory. A systematic study was undertaken only at the

beginning of 1970, first by R. T. Powers [28] and G. Lassner [21], then by many mathe-

matician, from the pure mathematical situations (operator theory, unbounded operator

algebras, locally convex �-algebras, representations of Lie algebras, quantum groups

etc.) and the physical applications (Wightman quantum field theory, unbounded CCR-

algebras etc.). A survey of the theory of unbounded �-representations may be found in

the monograph of K. Schmüdgen [30] and the lecture note of A. I. of us [18].

In the previous paper [6] two of us and H. Ogi have constructed unbounded

�-representations of �-algebras on the basis of unbounded C �-seminorms. In this

context there has been investigated a class of well-behaved �-representations. Re-

cently, Schmüdgen [31] has defined another (but related) notion of well-behaved �-

representations. Those notions were considered in order to avoid pathologies which

may appear for general �-representations and to select ‘‘nice’’ representations which may

have a rich theory. In this paper we shall study the well-behavedness of unbounded

�-reprensetations of locally convex �-algebras and characterize the existence of well-

behaved �-representations of locally convex �-algebras by unbounded C �-seminorms.

Let A be a pseudo-complete locally convex �-algebra with identity 1 and let A0 be the

Allan bounded part of A ([1]). In general, A0 is not even a subspace, and so we use

the �-subalgebra Ab generated by the hermitian part of A0 as bounded �-subalgebra

of A. Let Ib be the largest left ideal of A contained in Ab, that is, Ib ¼ fx A Ab;

ax A Ab;
Ea A Ag. A �-representation p of A is said to be uniformly nondegenerate

if pðIbÞDðpÞ is total in the non-zero Hilbert space Hp. A non-zero mapping p of

a �-subalgebra DðpÞ of A into R
þ ¼ ½0;yÞ is said to be an unbounded C �-seminorm

on A if it is a C �-seminorm on DðpÞ. In [6] we have constructed a class fppg of �-
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representations of A from an unbounded C �-seminorm p on A as follows: Np 1 ker p

is a �-ideal of DðpÞ, and so the quotient �-algebra DðpÞ=Np is a normed �-algebra with

the C �-norm kxþNpkp 1 pðxÞ, x A DðpÞ. Let Ap denote the C �-algebra obtained by

the completion of DðpÞ=Np and let Pp be any faithful �-representation of Ap on a

Hilbert space HPp
. We define

DðppÞ ¼ the linear span of fPpðxþNpÞx; x A Np; x A HPp
g;

ppðaÞ
X

k

Ppðxk þNpÞxk

 !

¼
X

k

Ppðaxk þNpÞxk

for a A A; fxkg A Np; fxkg A HPp
;
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>
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>
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where Np is a left ideal of A defined by

Np ¼ fx A DðpÞ; ax A DðpÞ; Ea A Ag:

Then pp is a �-representation of A on Hpp (the closure of DðppÞ in HPp
) such that

kppðxÞk ¼ pðxÞ, Ex A Np and kppðxÞka pðxÞ, Ex A DðpÞ. The class of well-behaved �-

representations is now selected as a subclass of the class fppg of �-representations

constructed before. If there exists a faithful �-representation Pp of Ap on HPp
such

that PpððNp VIbÞ þNpÞHPp
is total in HPp

, then p is said to be topologically w-

semifinite, and the �-representation pp of A constructed from such a Pp is said to be

well-behaved. Note that this implies kppðxÞk ¼ pðxÞ, Ex A DðpÞ. The first purpose of

this paper is to show that there exists a well-behaved �-representation of A if and only

if there exists a uniformly nondegenerate �-representation of A and that this is the case

if and only if there exists an unbounded C �-seminorm p on A such that Np VIb QNp.

Next we shall investigate the spectrality of �-representations. The spectrum SpAb
ðxÞ

and the spectral radius rAb
ðxÞ of x A A are defined by

SpAb
ðxÞ ¼ fl A C ;

qðl1� xÞ�1 in Abg;

rAb
ðxÞ ¼ supfjlj; l A SpAb

ðxÞg:

A �-representation p of A is said to be spectral if SpAb
ðxÞHSpC �

u ðpÞ
ðpðxÞÞ for each

x A Ab, where C �
u ðpÞ is the C �-algebra generated by pðAbÞ. If p0B is spectral for each

unital closed �-subalgebra B of A, then p is said to be hereditary spectral. The second

purpose of this paper is to show that there exists a spectral well-behaved �-representation

of A if and only if there exists a spectral uniformly nondegenerate �-representation of

A. The third purpose is to show that the existence of a hereditary spectral well-

behaved �-representation of A implies a diration-property of A. Speaking roughly, A

is said to have diration-property if any closed �-representation of an arbitrary closed �-

subalgebera BHA may be extended in a certain sense to a closed �-representation of

A. The fourth purpose is the investigation of the relation between the concepts of well-

behaved �-representations defined in [6] and [31] resp. By using multiplier algebras, it

will be shown that both concepts are closely related to each other. Furthermore, there

will be discussed a number of examples which illustrate the usability of concepts of well-

behaved �-representations. These include the universal enveloping algebra EðGÞ of the

Lie algebra G of a Lie group G, locally convex �-algebras of distribution theory, gen-
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eralized B�-algebras of Allan [2] and Dixon [12], as well as their variants like pro-C �-

algebras, the multiplier algebra of the Pederson ideal of a C �-algebra and the Moyal

algebra of quantization [16] which turns out to be a well-behaved �-representation of the

Moyal algebra.

2. Well-behaved �-representations of �-algebras.

In this section we shall characterize a well-behaved �-representation of a general �-

algebra by an unbounded C �-seminorm. We review the definition of �-representations.

Throughout this section let A be a �-algebra with identity 1. Let D be a dense

subspace in a Hilbert space H and let LyðDÞ denote the set of all linear operators X in

H with the domain D for which XDHD, DðX �ÞID and X �
DHD. Then L

yðDÞ is

a �-algebra with identity operator I under the usual linear operations and the involution

X 7! X y
1X �dD. A unital �-subalgebra of the �-algebra L

yðDÞ is said to be an O�-

algebra on D in H. A �-representation p of A on a Hilbert space H with a domain

D is a �-homomorphism of A into L
yðDÞ such that pð1Þ ¼ I , and then we write D

and H by DðpÞ and Hp, respectively. Let p be a �-representation of A. If DðpÞ is

complete with respect to the graph topology tp defined by the family of seminorms

fk � kpðxÞ 1 k � k þ kpðxÞ � k; x A Ag, then p is said to be closed. It is well-known that p

is closed if and only if DðpÞ ¼ 7
x AA

DðpðxÞÞ. The closure ~pp of p is defined by

Dð~ppÞ ¼ 7
x AA

DðpðxÞÞ and ~ppðxÞx ¼ pðxÞx for x A A; x A Dð~ppÞ:

Then ~pp is the smallest closed extension of p. We refer to [17], [18], [21], [28], [30] for

more details on �-representations.

We define the notion of strongly nondegenerate �-representations of A:

Definition 2.1. A non-trivial �-representation p of A is said to be strongly nonde-

generate if there exists a left ideal I of A such that IHA
p
b 1 fx A A; pðxÞ A BðHpÞg and

½pðIÞHp� ¼ Hp, where BðHpÞ denotes the set of all bounded linear operators on Hp and

½K� denotes the closed subspace in Hp generated by a subset K of Hp.

First we consider when a strongly nondegenerate �-representation can be con-

structed from an unbounded C �-seminorm on A. Let p be a unbounded C �-seminorm

on A. As shown in Section 1, we can construct a �-representation pp of A from any

faithful �-representation Pp of the C �-algebra Ap, but pp is not necessarily nontrivial,

that is, the case Hpp ¼ f0g may arise (Example 6.18). Suppose that p satisfies the fol-

lowing condition (R):

(R) Np QNp.

Then pp is a nontrivial �-representation of A on the non-zero Hilbert space Hpp (the

closure of DðppÞ in HPp
) such that kppðbÞka pðbÞ, Eb A DðpÞ and kppðxÞk ¼ pðxÞ,

Ex A Np ([6]). Hence we call (R) the representability condition. Let p be an un-

bounded C �-seminorm on A satisfying the representability condition (R). We denote

by RepðApÞ the class of all faithful �-representations Pp of the C �-algebra Ap on

Hilbert spaces HPp
and by RepðA; pÞ the set of all �-representations of A constructed

as above by ðA; pÞ, that is,
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RepðA; pÞ ¼ fpp;Pp A RepðApÞg:

Here we show that pp is always strongly nondegenerate.

Lemma 2.2. Suppose that an unbounded C �-seminorm p on A satisfies condition

(R). Then every pp A RepðA; pÞ is strongly nondegenerate.

Proof. Let Pp A RepðApÞ. Since the k kp-closure Np=Np
k kp of fxþNp; x A Npg

in Ap is a left ideal of the C �-algebra Ap, it follows that there exists a left approximate

identity fEag in Np=Np
k kp , so that lima kðxþNpÞEa � ðxþNpÞkp ¼ 0 for each x A Np.

For any a, there exists a sequence fe
ðnÞ
a g in Np such that limn!y kðe

ðnÞ
a þNpÞ � Eakp ¼ 0.

Take an arbitrary h A ½PpðNp þNpÞHPp
�V ½ppðNpÞPpðNp þNpÞHPp

�?. Then we have

ðPpðxþNpÞx j hÞ ¼ lim
a
ðPpðxþNpÞPpðEaÞx j hÞ

¼ lim
a

lim
n!y

ðPpðxþNpÞPpðe
ðnÞ
a þNpÞx j hÞ

¼ lim
a

lim
n!y

ðppðxÞPpðe
ðnÞ
a þNpÞx j hÞ

¼ 0

for each x A Np and x A HPp
, which implies that ½ppðNpÞPpðNp þNpÞHPp

� ¼

½PpðNp þNpÞHPp
� ¼ Hpp . Hence pp is strongly nondegenerate. r

Next we review well-behaved �-representations of A defined in [6] which play an

important rule for the study of unbounded C �-seminorms. Moreover, we investigate

the relation of them and strongly nondegenerate �-representations. If

RepwbðA; pÞ ¼ fpp A RepðA; pÞ;Hpp ¼ HPp
g0q;

then p is said to be weakly semifinite (or abbreviated, w-semifinite), and an element pp
of RepwbðA; pÞ is said to be a well-behaved �-representation of A. In a previous

paper ([6, Proposition 2.5]) we have shown that if pp A RepwbðA; pÞ then pp is strongly

nondegenerate and kppðxÞk ¼ pðxÞ, Ex A DðpÞ. By Lemma 2.2, pp is always strongly

nondegenerate. A strongly nondegenerate �-representation of A is not well-behaved

in general, but it allows to construct a w-semifinite C �-seminorm (and consequently also

a well-behaved �-representation) as follows: Let rp be the unbounded C �-seminorm

defined by

DðrpÞ ¼ A
p
b ;

rpðxÞ ¼ kpðxÞk; x A DðrpÞ:

�

Lemma 2.3. Suppose that p is a strongly nondegenerate �-representation of A.

Then rp is a w-semifinite unbounded C �-seminorm on A.

Proof. Since p is strongly nondegenerate, there exists a left ideal I of A such

that IHA
p
b and ½pðIÞDðpÞ� ¼ Hp. Now we put

PðxþNrpÞ ¼ pðxÞ; x A A
p
b :

Since kPðxþNrpÞk ¼ rpðxÞ ¼ kxþNrpkrp for each x A A
p
b , it follows that P can be
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extended to the faithful �-representation P
N
rp

of Arp on the Hilbert space Hp. We

denote by pN
rp

the �-representation of A constructed from pN
rp
. Then it follows from

([6, Proposition 4.1]) that pN
rp

is a well-behaved �-representation of A, and hence rp is

weakly semifinite. r

The following scheme may serve as a short sketch of the proofs of Lemma 2.2 and

Lemma 2.3:

p ! pp ! rpp
unbounded C �-seminorm

with condition (R)

strongly nondegenerate

�-representation

weakly semifinite

unbounded C �-seminorm

pN
rpp
 

well-behaved

�-representation. (S1)

Here, the arrow A ! B means that B is constructed from A.

We have the following

Proposition 2.4. Let A be a �-algebra with identity 1. The following statements

are equivalent:

(i) There exists a well-behaved �-representation of A, that is, there exists a w-

semifinite unbounded C �-seminorm on A.

(ii) There exists a strongly nondegenerate �-representation of A.

(iii) There exists an unbounded C �-seminorm on A satisfying condition (R).

3. Well-behaved �-representations of locally convex �-algebras.

In this section we shall consider an extension of the results of Section 2 to the case

of locally convex �-algebras. First, we review some notions of the theory of locally

convex �-algebras. A locally convex �-algebra is a �-algebra which is also a Hausdor¤

locally convex space such that the multiplication is separately continuous and the in-

volution is continuous. Let A be a locally convex �-algebra with identity 1. We

denote by B the collection of all absolutely convex, bounded and closed subsets B of

A such that 1 A B and B
2
HB. For any B A B, let A½B� denote the subspace of A

generated by B. Then A½B� ¼ flx; l A C ; x A Bg and the equation: kxk
B
¼ inffl > 0;

x A lBg defines a norm on A½B�, which makes A½B� a normed algebra. If A½B� is

complete for each B A B, then A is said to be pseudo-complete. Note that A is pseudo-

complete if it is sequentially complete. We refer to [1], [2], [12] for more details on

locally convex �-algebras. Throughout this section A will denote a pseudo-complete

locally convex �-algebra with identity 1. An element x of A is bounded if, for some

non-zero l A C , the set fðlxÞn; n A Ng is bounded. The set of all bounded elements of

A is denoted by A0. If A is commutative, then A0 is a �-subalgebra of A, but it

is not even a subspace of A in general. Hence we consider the �-subalgebra of A

generated by ðA0Þh 1 fx A A0; x
� ¼ xg as the bounded �-subalgebra of A, and denote

it by Ab. In general, ðA0Þh HAb and ðA0Þh HA0, but there is no definite relation

between Ab and A0. Of course, Ab ¼A0 if A is commutative. We put
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Ib ¼ fx A Ab; ax A Ab;
Ea A Ag:

Then Ib is a left ideal of A which is the largest left ideal of A contained in Ab. By

([4, Lemma 3.10]) we have the following

Lemma 3.1. If p is a �-representation of A, then Ab HA
p
b and kpðxÞka bðxÞ for

each x A ðA0Þh, where bðxÞ is the radius of boundedness of x defined by bðxÞ ¼

inffl > 0; fðl�1xÞn; n A Ng is boundedg.

Next we define the notion of uniform nondegenerateness of �-representations which

is stronger than that of the strong nondegenerateness.

Definition 3.2. A non-trivial �-representation p of A is said to be uniformly

nondegenerate if ½pðIbÞDðpÞ� ¼ Hp.

To investigate the relation of uniformly nondegenerate �-representations and un-

bounded C �-seminorms of a pseudo-complete locally convex �-algebra, we need a further

notion:

Definition 3.3. An unbounded C �-seminorm p on A is said to be topologically w-

semifinite (abbreviated, tw-semifinite) if there exists an element Pp A RepðApÞ such that

½PpððNp VIbÞ þNpÞHPp
� ¼ HPp

.

We denote by RepuwbðA; pÞ the set of all �-representations pp of A constructed

from Pp A RepðApÞ satisfying ½PpððNp VIbÞ þNpÞHPp
� ¼ HPp

. It is clear that

RepuwbðA; pÞHRepwbðA; pÞ:

In case of general �-algebras an element pp of RepwbðA; pÞ is said to be well-behaved,

but in case of locally convex �-algebras an element pp of RepuwbðA; pÞ is said to be

well-behaved, and an element pp of RepwbðA; pÞ is said to be algebraically well-behaved.

The existence of well-behaved �-representations of A may be characterized as

follows:

Theorem 3.4. Let A be a pseudo-complete locally convex �-algebra with identity 1.

Then the following statements are equivalent:

(i) There exists a well-behaved �-representation of A, that is, there exists a tw-

semifinite unbounded C �-seminorm on A.

(ii) There exists a uniformly nondegenerate �-representation of A.

(iii) There exists an unbounded C �-seminorm p on A satisfying the representability

condition (UR):

(UR) Np VIb QNp.

Proof. (iii) ) (ii) Suppose that p is an unbounded C �-seminorm on A satisfying

condition (UR). By Lemma 2.2 and Lemma 2.3 rpp is a w-semifinite unbounded C �-

seminorm on A. Then it follows from Lemma 3.1 that DðrppÞ ¼ A
pp
b IAb, and hence

Nrpp
IIb. Thus we define an unbounded C �-seminorms rupp on A by

DðruppÞ ¼ Ab

ruppðxÞ ¼ rppðxÞ ¼ kppðxÞk; x A DðruppÞ:

(
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Then we have Nru
pp
¼ Ib, and so ru

pp
is an unbounded C �-seminorm on A satisfying

condition (UR). Hence an argument similar to the proof of Lemma 2.2 shows that

½pr u
pp
ðIbÞPru

pp
ðNru

pp
þNru

pp
ÞHPr u

pp

� ¼ ½pru
pp
ðNru

pp
ÞPr u

pp
ðNr u

pp
þNru

pp
ÞHPr u

pp

�

¼ ½Pru
pp
ðNru

pp
þNr u

pp
ÞHPr u

pp

�;

which means that pru
pp

is uniformly nondegenerate.

(ii)) (i) Suppose that p is a uniformly nondegenerate �-representation of A. As

shown above, the restriction ru
p
of rp to Ab is an unbounded C �-seminorm on A such

that Nr u
p
¼ Ib, and so it satisfies condition (UR). We denote by p

N
ru
p

the natural �-

representation of A constructed from a faithful �-representation P
N
r u
p

of the C �-algebra

Aru
p
of Hp. Then we have

½PN
ru
p

ðNr u
p
VIb þNru

p
ÞHp

N
ru
p

� ¼ ½pðIbÞHp� ¼Hp ¼H
P

N
ru
p

;

which means that ru
p
is tw-semifinite and p

N
r u
p

is a well-behaved �-representation of A.

(i)) (iii) This is trivial. This completes the proof. r

The following schemes may serve as a sketch of the proof of Theorem 3.4:

p ! ru
p

uniformly nondegenerate

�-representation

tw-semifinite unbounded

C �-seminorm

p
N
ru
p

 

well-behaved

�-representation (S2)

and

p ! pp ! rpp
unbounded C �-seminorm

with condition (UR)

strongly nondegenerate

�-representation

w-semifinite

unbounded C �-seminorm

 

pr u
pp
 ru

pp
1 rpp0Ab

uniformly nondegenerate

�-representation

k

! ru
pr u

pp

tw-semifnite

unbounded C �-seminorm

p
N
ru
pp
 

well-behaved

�-representation. (S3)
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4. Spectral well-behaved �-representations of locally convex �-algebras.

In this section we shall define the notion of spectral �-representations of locally

convex �-algebras and characterize them by unbounded C �-seminorms.

Let A be a locally convex �-algebra. If A does not have an identity, then we may

consider the locally convex �-algebra A1 obtained by adjoining an identity 1 to A.

The algebraic spectrum SpAðxÞ and the spectral radius rAðxÞ of x A A are defined by

SpAðxÞ ¼
fl A C ;

qðl1� xÞ�1 in Ag; if 1 A A;

fl A C ;
qðl1� xÞ�1 in A1gU f0g; if 1 B A;

(

and

rAðxÞ ¼ supfjlj; l A SpAðxÞg:

In topological cases, it is natural to consider also SpAb
ðxÞ defined by

SpAb
ðxÞ ¼

fl A C ;
qðl1� xÞ�1 in Abg; if 1 A A;

fl A C ;
qðl1� xÞ�1 in ðAbÞ1gU f0g; if 1 B A:

(

Throughout this section let A be a pseudo-complete locally convex �-algebra with

identity 1.

We first define the notion of spectral �-representations of A as follows:

Definition 4.1. A �-representation p of A is said to be spectral if SpAb
ðxÞH

SpC �
u ðpÞ

ðpðxÞÞ for each x A Ab, where C �
u ðpÞ is the C �-algebra generated by pðAbÞ. If

p0B is spectral for each unital closed �-subalgebra B of A, then p is said to be

hereditary spectral.

In order to characterize the existence of (hereditary) spectral uniformly nonde-

generate �-representations of A, we shall define and study the notion of spectrality

of unbounded C �-seminorms. Note that an element x of an arbitrary (�-)algebra B

has the quasi-inverse y A B if xþ y� xy ¼ xþ y� yx ¼ 0. In an unital algebra B (or

in B1) this is equivalent to ð1� yÞ ¼ ð1� xÞ�1. An element x A B is said to be quasi-

regular if it has a quasi-inverse. In case of a topological �-algebra B, x A B is said to

be quasi-invertible if it has a quasi-inverse belonging to Bb. Let Bqi (resp. Bqr) denote

the set of all quasi-invertible (resp. quasi-regular) elements of B.

Definition 4.2. An unbounded C �-seminorm p on A is said to be spectral if

fx A DðpÞ; pðxÞ < 1gHDðpÞqi. If p0B is spectral for each unital closed �-subalgebra

B of A, then p is said to be hereditary spectral.

Remark 4.3. In [6] there has been defined the notion of spectrality of unboudned

C �-seminorms p on general �-algebras A as follows: p is said to be spectral if fx A

DðpÞ; pðxÞ < 1gHDðpÞqr, and p is said to be hereditary spectral if pdB is spectral for

each �-subalgebra B of A. When A is a locally convex �-algebra, such a p is said to

be algebraically (hereditary) spectral. It is clear that if p is spectral, then it is alge-

braically spectral.

Lemma 4.4. Let p be an unbounded C �-seminorm on A. The following statements

(i) and (ii) are equivalent:
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(i) p is spectral.

(ii) rDð pÞb
ðxÞa pðxÞ for each x A DðpÞ.

If this is true, then the following statements (iii) and (iv) hold:

(iii) rDðpÞðxÞ ¼ limn!y pðxnÞ1=na rDð pÞb
ðxÞa pðxÞ for each x A DðpÞ.

In particular,

rDðpÞðxÞ ¼ rDðpÞb
ðxÞ ¼ pðxÞ for each x� ¼ x A DðpÞ:

(iv) SpDðpÞb
ðxÞU f0g ¼ SpAp

ðxþNpÞU f0g,

SpDðpÞb
ðxÞ ¼ SpDðpÞðxÞ;

and

rDðpÞb
ðxÞ ¼ rDðpÞðxÞ ¼ lim

n!y
pðxnÞ1=n

for each x A DðpÞb.

Proof. It is easily shown that (i) and (ii) are equivalent. Suppose that p is

spectral. Since p is algebraically spectral, it follows from ([24, Theorem 3.1]) that

(iii) holds. We show that (iv) holds. Let A
b
p be the C �-subalgebra of the C �-

algebra Ap generated by fxþNp; x A DðpÞbg. Suppose that x A DðpÞb and that l A

CnðSp
A

b
p
ðxþNpÞU f0gÞ. Let A A A

b
p be the quasi-inverse of l

�1ðxþNpÞ. By the

definitions of the quasi-inverse and of A
b
p , we find z A DðpÞb such that

pðl�1xz� l
�1x� zÞ < 1; pðl�1zx� l

�1x� zÞ < 1:

By spectrality of p, the first of these inequalities implies that �l
�1xzþ l

�1xþ z has a

quasi-inverse y A DðpÞb. Hence

ð�l
�1xzþ l

�1xþ zÞy� ð�l
�1xzþ l

�1xþ zÞ � y ¼ 0;

l
�1xð�zyþ yþ zÞ � l

�1xþ zy� y� z ¼ 0;

which means that l
�1x has the right quasi-inverse �zyþ yþ z A DðpÞb. Similarly it

can be shown, that it has a left quasi-inverse in DðpÞb. Consequently,

Sp
A

b
p
ðxþNpÞU f0gISpDðpÞb

ðxÞU f0g: ð4:1Þ

Since the converse inclusion is trivial and Sp
A

b
p
ðxþNpÞU f0g ¼ SpAp

ðxþNpÞU f0g

([32, Proposition 4.8]), the first equation in (iv) is established. Suppose now, that

l
�1x A DðpÞb ðl A Cnf0gÞ has a quasi-inverse y A DðpÞ. Then ð1� ðl�1xþNpÞÞ

�1 ¼

1� ðyþNpÞ is Ap, i.e., l B SpAp
ðxþNpÞ. This implies l B Sp

A
b
p
ðxþNpÞ. But then

l B SpDðpÞb
ðxÞU f0g by (4.1). This proves

SpDðpÞðxÞU f0gISpDðpÞb
ðxÞU f0g; x A DðpÞb:

Again, the converse inclusion is trivial, so that

SpDðpÞðxÞU f0g ¼ SpDðpÞb
ðxÞU f0g; x A DðpÞb: ð4:2Þ

Consequently, the second equation in (iv) is satisfied if DðpÞ has no unit element. If

DðpÞ (and consequently also DðpÞb) has a unit 1DðpÞ, (4.2) applied to 1DðpÞ � x instead
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of x shows that x A DðpÞb is invertible in DðpÞ if and only if it is invertible in DðpÞb,

i.e., that 0 A SpDðpÞðxÞ if and only if 0 A SpDðpÞb
ðxÞ. This completes the proof of the

second equation in (iv). Finally, the spectral radius formula in (iv) follows from (iii),

which completes the proof. r

For spectral unbounded C �-seminorms p on A whose domains DðpÞ contain Ab

we have the following

Lemma 4.5. Suppose that p is a spectral unbounded C �-seminorm on A such that

DðpÞIAb. Then the following statements hold:

(1) pðxÞ ¼ rAb
ðx�xÞ1=2 for each x A DðpÞ. Hence, a spectral unbounded C �-

seminorm p on A whose domain contains Ab is uniquely determined in a sense that if q

is a spectral unbounded C �-seminorm on A whose domain contains Ab then pðxÞ ¼ qðxÞ

for each x A DðpÞVDðqÞ. In particular, if p is a spectral C �-seminorm on A, then

pðxÞ ¼ rAðx�xÞ1=2 ¼ rAb
ðx�xÞ1=2; x A A;

and so p is unique.

Suppose that q is an unbounded C �-seminorm on A such that DðqÞIAb. Then the

following (2)–(4) hold:

(2) If qH p, then q is spectral.

(3) If qb p, then q is spectral and qH p.

(4) qðxÞa pðxÞ, Ex A DðpÞVDðqÞ.

Proof. (1) Since DðpÞb ¼ Ab, it follows from Lemma 4.4, (iii) that pðhÞ ¼ rAb
ðhÞ

for each h A DðpÞh, which implies that pðxÞ ¼ rAb
ðx�xÞ1=2 for each x A DðpÞ.

Suppose that q is an unbounded C �-seminorm on A such that DðqÞIAb.

(2) This is trivial.

(3) Suppose that qb p. Then it is clear that q is spectral, and hence by (1)

qH p.

(4) We put

DðrÞ ¼ DðpÞVDðqÞ

rðxÞ ¼ maxðpðxÞ; qðxÞÞ; x A DðrÞ:

�

Then r is an unbounded C �-seminorm on A such that DðrÞIAb and rb p. By (2)

we have rH p, and hence qðxÞa pðxÞ for each x A DðpÞVDðqÞ. This completes the

proof. r

We next define the notion of the spectral invariance of A. We denote by

RepA the class of all uniformly nondegenerate �-representations of A. Suppose that

RepA0q. Then we can define the unbounded Gelfand-Naimark C �-seminorm j j on

A as follows:

Dðj jÞ ¼ fx A A; sup
p ARepAkpðxÞk < yg;

jxj ¼ sup
p ARepAkpðxÞk; x A Dðj jÞ:

(

Then it follows from Lemma 3.1 that Dðj jÞIAb. Hence we may define the un-

bounded C �-seminorm j ju on A obtained by the restriction j j to Ab, that is,
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Dðj juÞ ¼ Ab;

jxju ¼ jxj; x A Dðj juÞ:

�

Lemma 4.6. Suppose that RepA0q. Then j ju is a tw-semifinite unbounded C �-

seminorm on A.

Proof. Let G be a set of uniformly nondegenerate �-representations of A such

that for all x A A

sup
p ARepA

kpðxÞk ¼ sup
p AG

kpðxÞk:

Here kpðxÞk denotes the operator norm of the possibly non-closed operator pðxÞ if

pðxÞ is bounded and kpðxÞk ¼ y if pðxÞ is unbounded. Define p ¼ 0
pa AG

pa. Then

p is uniformly nondegenerate. In fact, take an arbitrary x ¼ ðxaÞ A ½pðIbÞHp�
?. Then

xa A ½paðIbÞHpa �
? for each a. Since pa is uniformly nondegenerate, we have xa ¼ 0,

which implies that ½pðIbÞHp� ¼ Hp. Here we put

PðxþNj ju
Þ ¼ pðxÞ; x A Ab:

Then P can be extended to the faithful �-representation of the C �-algebra Aj ju
on the

Hilbert space Hp and the �-representation pj ju of A constructed from P is uniformly

nondegenerate. Hence it follows from the proof of Theorem 3.4 that j ju is tw-

semifinite. r

The C �-algebra Aj ju
constructed from j ju is said to be the enveloping C �-algebra

of A and denoted by EC�ðAÞ. The natural �-homomorphism:

x A Ab 7! xþNj ju
A EC�ðAÞ

is denoted by j.

Definition 4.7. If RepA0q and SpAb
ðxÞ ¼ SpEC �ðAÞð jðxÞÞ for each x A Ab,

then A is said to be spectral invariant.

Next, we characterize the existence of spectral well-behaved �-representations.

Theorem 4.8. Let A be a pseudo-complete locally convex �-algebra with identity 1.

The following statements are equivalent:

(i) There exists a spectral tw-semifinite unbounded C �-seminorm on A whose

domain contains Ab.

(ii) There exists a spectral well-behaved �-representation of A.

(iii) There exists a spectral uniformly nondegenerate �-representation of A.

(iv) A is spectral invariant.

In order to prove this theorem we shall prepare some lemmas.

Lemma 4.9. j ju is spectral if and only if A is spectral invariant.

Proof. This follows from Lemma 4.4. r

Lemma 4.10. Let p be a �-representation of A. Consider the following statements:
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(i) ru
p
is hereditary spectral.

(ii) p is hereditary spectral.

(iii) ru
p0B is spectral for each closed �-subalgebra B of A with 1.

(iv) ru
p
is spectral.

(v) p is spectral.

Then the following implications hold:

ðiiÞ ðivÞ

ðiÞ ¼)

(
) ¼)

(
)

ðiiiÞ ðvÞ:

Proof. We first show the equivalence of (iv) and (v). Since Dðru
p
Þ ¼ Ab, it fol-

lows from Lemma 4.4 that ru
p

is spectral if and only if fx A Ab; r
u
p
ðxÞ < 1gHA

qi.

Suppose that p is spectral. Take an arbitrary x A Ab such that ru
p
ðxÞ < 1. Since

C �
u ðpÞ1 pðAbÞ

k k, it follows that pðxÞ is quasi-invertible in the C �-algebra C �
u ðpÞ, and so

1 B SpC �
u ðpÞ

ðpðxÞÞ. Since p is spectral, we have 1 B SpAb
ðxÞ, and so x A A

qi. Therefore ru
p

is spectral. Conversely suppose that ru
p
is spectral. Let x A Ab and l A CnSpC �

u ðpÞ
ðpðxÞÞ

be fixed. Since fpðyÞ; y A Abg is dense in C �
u ðpÞ, we can find y A Ab such that

ru
p
ððl1� xÞy� 1Þ ¼ kðlI � pðxÞÞpðyÞ � Ik < 1;

ru
p
ðyðl1� xÞ � 1Þ ¼ kpðyÞðlI � pðxÞÞ � Ik < 1:

Since ru
p
is spectral, ðl1� xÞy and yðl1� xÞ are invertible in Ab and so l B SpAb

ðxÞ.

Hence SpC �
u ðxÞ

ðpðxÞÞISpAb
ðxÞ. Thus p is spectral if and only if ru

p
is spectral.

Applying the equivalence of (iv) and (v) to p0B, where B is an arbitrary unital

closed �-subalgebra of A, we obtain the equivalence of (ii) and (iii). From the de-

finitions of the unbounded C �-seminorms ru
p0B and ru

p
0B, it follows that

ru
p0B is spectral if and only if rBb

ðxÞa kpðxÞk; Ex A Bb

and

ru
p
0B is spectral if and only if rBb

ðxÞa kpðxÞk; Ex A Ab VB;

so that the implication (i) ) (ii) holds since Bb HAb VB. This completes the proof.

r

Lemma 4.11. Suppose that p is a tw-semifinite unbounded C �-seminorm on A such

that DðpÞIAb. Then the following statements hold:

(1) If p is spectral, then RepA0q and j ju H p.

(2) If p is (hereditary) spectral, then every pp A RepuwbðA; pÞ is (hereditary)

spectral.

Proof. (1) Suppose that p is spectral. By Lemma 4.5 (4), we have

jxjua pðxÞ; x A Ab:

On the other hand, since p is tw-semifinite, there exists an element pp of RepuwbðA; pÞ
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such that kppðxÞk ¼ pðxÞ for each x A DðpÞ, which implies that RepA0q and pðxÞa

jxju for each x A Ab. Hence we have j ju H p.

(2) Suppose that p is (hereditary) spectral, and pp A RepuwbðA; pÞ. Then we have

ru
pp
H p, which implies by Lemma 4.5, (2) that ru

pp
is (hereditary) spectral. Hence it

follows from Lemma 4.10 that pp is (hereditary) spectral. r

Proof of Theorem 4.8.

(i) ) (ii) This follows from Lemma 4.11, (2).

(ii) ) (iii) This is trivial.

(iii) ) (i) Let p be a spectral uniformly nondegenerate �-representation of A. As

seen in the proof of (ii) ) (i) in Theorem 3.4, ru
p

is a tw-semifinite unbounded C �-

seminorm on A. Furthermore, it follows from Lemma 4.10 that ru
p
is spectral.

(i) ) (iv) Let p be a spectral tw-semifinite unbounded C �-seminorm on A such

that DðpÞIAb. By Lemma 4.11, (1), we have j ju H p, which implies by Lemma 4.5,

(2) that j ju is spectral. Hence it follows from Lemma 4.9 that A is spectral invariant.

(iv) ) (i) Suppose that A is spectral invariant. By Lemma 4.9, RepA0q and

j ju is spectral. Furthermore it follows from Lemma 4.6 that j ju is tw-semifinite. This

completes the proof. r

Finally in this section, there are obtained several conditions for the existence of

hereditary spectral well-behaved �-representations.

Proposition 4.12. Let A be a pseudo-complete locally convex �-algebra with

identity 1. Consider the following statements:

(i) There exists a hereditary spectral tw-semifinite unbounded C �-seminorm on A

whose domain contains Ab.

(ii) There exists a hereditary spectral well-behaved �-representation of A.

(iii) There exists a hereditary spectral uniformly nondegenerate �-representation of

A.

Then the following implications (i) ) (ii) , (iii) hold.

Proof. (i) ) (ii) This follows from Lemma 4.11, (2).

(ii) ) (iii) This is trivial.

(iii) ) (ii) Let p be a hereditary spectral uniformly nondegenerate �-representation

of A. As shown in the proof (ii) ) (i) of Theorem 3.4, ru
p
is a tw-semifinite unbounded

C �-seminorm on A and p
N
ru
p

is a well-behaved �-representation of A. Since p is

hereditary spectral, it follows that for any closed �-subalgebra B of A containing 1,

SpBb
ðxÞHSp

pðBbÞk kðpðxÞÞ

¼ Sp
p
N
ru
p

ðBbÞk kðp
N
ru
p

ðxÞÞ

for each x A Bb, which implies that pN
ru
p

is hereditary spectral. This completes the proof.

r

5. Locally convex �-algebras with diration-property.

In [6] we have generalized the following diration-property of C �-algebras:
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Let A be a C �-algebra and B any closed �-subalgebra of A. For any �-repre-

sentation p of B on a Hilbert space Hp there exists a �-representation r of A on a

Hilbert space Hr such that Hr IHp as a closed subspace and pðxÞ ¼ rðxÞ dHp for

each x A B

to general �-algebras, and characterized it by the hereditary spectrality of unbounded

C �-seminorms. In this section we shall consider this diration-problem in case of locally

convex �-algebras.

Definition 5.1. Let A be a pseudo-complete locally convex �-algebra with

identity 1. If for any unital closed �-subalgebra B of A and any closed �-repre-

sentation p of B such that ½pðIb VBÞDðpÞ� tp ¼ DðpÞ there exists a closed �-repre-

sentation r of A such that ½rðIbÞDðrÞ� tr ¼ DðrÞ, Hp HHr and pðxÞH gr0Br0BðxÞ for each

x A B, then A is said to have diration-property. Here we denote by ½K� tp the closed

subspace of the complete locally convex space DðpÞ½tp� generated by a subset K of

DðpÞ.

Theorem 5.2. Let A be a pseudo-complete locally convex �-algebra with identity

1. Consider the following statements:

(i) There exists a hereditary spectral well-behaved �-representations of A.

(ii) There exists a hereditary spectral uniformly nondegenerate �-representation of

A.

(iii) A has diration-property.

Then the following implications (i) , (ii) ) (iii) hold.

Proof. The equivalence of (i) and (ii) follows from Proposition 4.12.

(i) ) (iii) Let r0 be a hereditary spectral well-behaved �-representation of A. Let

B be a unital closed �-subalgebra of A and p a closed �-representation of B such that

½pðIb VBÞDðpÞ� tp ¼ DðpÞ. Then it follows from Lemma 4.10 that rBb
ðxÞa kr0ðxÞk for

each x A Bb. Hence we have

lim
n!y

kpðxÞnk1=n ¼ rC �
u ðpÞ

ðpðxÞÞa r
pðBbÞ

ðpðxÞÞ

a rBb
ðxÞ

a kr0ðxÞk;
Ex A Bb;

which implies that

kpðxÞka kr0ðxÞk;
Ex A Bb: ð5:1Þ

We put

P0ðr0ðxÞÞ ¼ pðxÞ; x A Bb:

By (5.1) P0 can be extended to a �-representation of the C �-algebra C �
u ðr00BÞ1

r0ðBbÞ
k k on Hp and it is denoted by the same P0. By the diration-property of

C �-algebras there exists a Hilbert space HP containing Hp as a closed subspace

and a �-representation P of the C �-algebra C �
u ðr0Þ dHp 1 r0ðAbÞ

k k on HP such

that PðAÞ 0Hp ¼ P0ðAÞ for each A A C �
u ðr00BÞ. We define a �-representation of A by
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DðrÞ ¼ the linear span of fPðr0ðxÞÞx; x A Ib; x A HPg

rðaÞPðr0ðxÞÞx ¼ Pðr0ðaxÞÞx; a A A; x A Ib; x A HP;

(

and denote its closure by the same r. For any b A B, x A Ib VB and x A Hp we have

pðxÞx ¼ P0ðr0ðxÞÞx ¼ Pðr0ðxÞÞx

and

pðbÞpðxÞx ¼ pðbxÞx ¼ Pðr0ðbxÞÞx

¼ rðbÞPðr0ðxÞÞx;

which implies by ½pðIb VBÞDðpÞ� tp ¼ DðpÞ that Hp HHr and pðxÞH gr0Br0BðxÞ for each

x A B. This completes the proof. r

6. Special cases and examples.

The main purpose of this section is to give a number of examples of well-behaved

�-representations of (locally convex) �-algebras and of corresponding unbounded C �-

seminorms satisfying conditions (R) or (UR). All these examples belong to one of the

following special cases: Representations related to well-behaved �-representations in the

sense of Schmüdgen [31], representations of pseudo-complete locally convex �-algebras

satisfying A ¼ A0, and representations of GB�-algebras.

6.1. Multiplier algebras and Schmüdgen’s well-behaved �-representations.

Here we investigate the relation of two concepts of well-behaved �-representations

using multiplier algebras.

Let X be a �-algebra without unit such that a ¼ 0 whenever ax ¼ 0 for all x A X.

A multiplier on X is a pair ðl; rÞ of linear operators on X such that lðxyÞ ¼ lðxÞy,

rðxyÞ ¼ xrðyÞ and xlðyÞ ¼ rðxÞy for each x; y A X. Let GðXÞ be the collection of all

multipliers on X. Then GðXÞ is a �-algebra with unit ði; iÞ, where iðxÞ ¼ x, x A X, with

pointwise linear operations, with multiplication defined by ðl1; r1Þðl2; r2Þ ¼ ðl1l2; r2r1Þ,

and with the involution ðl; rÞ� ¼ ðr�; l �Þ, where l �ðxÞ1 lðx�Þ� and r�ðxÞ1 rðx�Þ�, x A X.

For x A X we put

lxðyÞ ¼ xy and rxðyÞ ¼ yx; y A X:

Then the map x A X 7! ðlx; rxÞ A GðXÞ embeds X into a �-ideal of GðXÞ. Let X be a

normed �-algebra with approximate identity. By an approximate identity for X, we

mean that a net feag in X, keaka 1, such that x ¼ lima eax ¼ lima xea for all x A X.

We denote by ~XX the Banach �-algebra obtained as completion of X. Then, for ðl; rÞ A

GðXÞ, since

krðaÞk ¼ supfkrðaÞxk; x A X such that kxka 1g

¼ supfkalðxÞk; x A X such that kxka 1g

a kak supfklðxÞk; x A X such that kxka 1g

and similarly,
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klðaÞka kak supfkrðxÞk; x A X such that kxka 1g;

it follows that l is bounded if and only if r is bounded, and

klk ¼ supfklðaÞk; a A X such that kaka 1g

¼ supfkrðaÞk; a A X such that kaka 1g

¼ krk;

so that

GcðXÞ1 fðl; rÞ A GðXÞ; l is continuousg

is a normed �-algebra with the norm

kðl; rÞk1 supfklðaÞk; kaka 1g:

It is well-known that every element of Gð~XXÞ is continuous and that Gð~XXÞ ¼ Gcð~XXÞ

(denoted also by Mð~XXÞ) is a Banach �-algebra. We have the following diagram:

~XX R��! Mð~XXÞ
x
?
?
?

x
?
?
?

X R��! GcðXÞ R��! GðXÞ:

The map GcðXÞ ! Mð~XXÞ is defined by ðl; rÞ ! ð~ll; ~rrÞ (where ~ll; ~rr are the continuous ex-

tensions to ~XX of l and r, resp). If X is a �-ideal of ~XX, then

~XX R��! GcðXÞ R��! Mð~XXÞ

A A

x ðlx; rxÞ

and

GcðXÞ ¼ fðl; rÞ A Mð~XXÞ; lXHX and rXHXg:

By Proposition 2.4 we have the following

Proposition 6.1. Let A be a �-algebra without identity such that a ¼ 0 whenever

ax ¼ 0 for all x A A. Suppose that there exists a non-zero bounded, nondegenerate,

closed �-representation p0 of A. Then there exists a well-behaved �-reprensetation p

of the multiplier algebra GðAÞ such that Hp ¼ Hp0
and pððlx; rxÞÞ ¼ p0ðxÞ 0DðpÞ for all

x A A.

Proof. Identifying x A A with ðlx; rxÞ A GðAÞ, A becomes a subset (even an ideal)

of GðAÞ. Now the unbounded C �-seminorm p on GðAÞ defined by

DðpÞ ¼ A;

pðxÞ ¼ kp0ðxÞk; x A A

�

satisfies condition (R) since Np ¼ AQNp. By Proposition 2.4, there exists a well-

behaved �-representation of GðAÞ. But in the present situation we can define a repre-
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sentation Pp of Ap on Hp0 such that PpðxþNpÞ ¼ p0ðxÞ for all x A A. Since p0 is

nondegenerate,

DðppÞ ¼ linear span of fPpðAþNpÞHp0g

¼ linear span of fp0ðAÞHp0g

is dense in Hp0 , i.e., pp is well-behaved. r

Schmüdgen [31] has defined the notion of well-behaved �-representations of �-

algebras. Here we shall introduce it and investigate the relation between his concept of

well-behaved �-representations and that of well-behaved �-representations in our frame-

work. Let A be a �-algebra with identity 1 and X a normed �-algebra (without identity

in general). The pair ðA;XÞ is called a compatible pair if X is a left A-module with left

action denoted by ., such that ða . xÞ� y ¼ x�ða�
. yÞ for all x; y A X and a A A. Then,

Schmüdgen has shown that for any nondegenerate continuous bounded �-representation

r of X on Hr there exists a unique �-representation ~rr of A such that

Dð~rrÞ1 the linear span of rðXÞHr;

~rrðaÞðrðxÞxÞ ¼ rða . xÞx; a A A; x A X; x A Hr;

�

and he has called the closure r 0 of ~rr the well-behaved �-representation of A associated

with the compatible pair ðA;XÞ. We consider this in our framework.

Theorem 6.2. Let ðA;XÞ be a compatible pair with left action .. Suppose that X

has an approximate identity. Then the map: x A X 7! ðlx; rxÞ A GðXÞ embeds X into a �-

ideal of the multiplier algebra GðXÞ. For any a A A we put

l~aax ¼ a . x;

r~aax ¼ ðlea �x
�Þ�; x A X:

Then, a �-homomorphism m of A into GðXÞ is defined by

m : a A A 7! ðl~aa; r~aaÞ A GðXÞ:

Suppose that p is a non-zero �-representation of A. Then the following statements are

equivalent:

(i) p coincides with the well-behaved (in the sense of [31]) �-representation r 0 of A

associated with the compatible pair ðA;XÞ.

(ii) p is the closure of pr �m, where pr is the well-behaved (in the sense of [6]) �-

representation pr of GðXÞ constructed for some weakly semifinite unbounded C �-seminorm

r on GðXÞ such that DðrÞ ¼ fðlx; rxÞ; x A Xg and r is continuous on the normed �-algebra

DðrÞ.

Proof. It is easily shown that m is a �-homomorphism of A into GðXÞ.

(i) ) (ii) Let r be a nondegenerate continuous bounded �-representation of the

normed �-algebra X on Hr and set p ¼ r 0. We define an unbounded C �-seminorm rr
on GðXÞ by

DðrrÞ ¼ fðlx; rxÞ; x A Xg;

rrððlx; rxÞÞ ¼ krðxÞk; x A X:

�
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By the continuity of r, rr is continuous on the normed �-algebra DðrrÞ. Moreover,

Nrr ¼ DðrrÞ and Nrr F ker r. Hence, a faithful �-representation Prr of the C �-algebra

Xrr (the completion of DðrrÞ=Nrr ) on the Hilbert space Hr can be defined so that

Prrððlx; rxÞ þNrrÞ ¼ rðxÞ; x A X:

As stated in the Introduction, the �-representation prr of the multiplier algebra GðXÞ is

constructed from Prr as follows:

DðprrÞ ¼ the linear span of PrrðNrr þNrrÞHr

¼ the linear span of rðXÞHr;

prrððl; rÞÞrðxÞx ¼ rðlðxÞÞx; x A X; x A Hr:

8

>

<

>

:

Since r is nondegenerate, it follows that Hpr ¼ Hr, which implies that prr is a well-

behaved �-representation of GðXÞ constructed from the unbounded C �-seminorm rr.

Furthermore, it follows that

DðprrÞ ¼ Dð~rrÞ

and

ðprr �mÞðaÞrðxÞx ¼ prrððl~aa; r~aaÞÞrðxÞx ¼ rðl~aaðxÞÞx

¼ rða . xÞx

¼ ~rrðaÞrðxÞx

for all a A A, x A X and x A Hr, which implies (ii).

(ii) ) (i) Suppose p is the closure of pr �m, where pr is a well-behaved �-

representation of GðXÞ constructed from an unbounded C �-seminorm r on GðXÞ such

that DðrÞ ¼ fðlx; rxÞ; x A Xg and r is continuous on the normed �-algebra DðrÞ. Here

we put

rðxÞ ¼ prððlx; rxÞÞ; x A X:

Then since pr is well-behaved, it follows that r is a nondegenerate continuous bounded

�-representation of the normed �-algebra X on the Hilbert space Hr ¼ Hpr , and

Dð~rrÞ ¼ linear span of rðXÞHr

¼ linear span of fprððlx; rxÞÞHpr ; x A Xg

¼ DðprÞ:

Moreover,

~rrðaÞrðxÞx ¼ rða . xÞx

¼ rðl~aaxÞx

¼ prððl~aalx; rxr~aaÞÞx

¼ prðmðaÞÞprððlx; rxÞÞx
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for all a A A, x A X and x A Hr. Hence ~rr ¼ pr �m, which implies (i). This completes

the proof. r

Remark 6.3. Let ðA;XÞ be a compatible pair. Suppose that X is a �-ideal of

the Banach �-algebra ~XX½k k� obtained by the completion of X½k k�. Then every C �-

seminorm r on X is k k-continuous. Equivalently we show this for a bounded �-

representation p of X. Since X is a �-ideal of ~XX½k k�, it follows that X is quasi-inverse

closed in ~XX½k k� and X
qi ¼ XV ~XX½k k�qi. Hence, X

qi is open in ~XX½k k�, which implies

r
X
ðxÞa kxk; x A X;

where r
X
denotes the spectral radius of x in X, which implies that

kpðxÞk2 ¼ r
BðHpÞðpðxÞ

�
pðxÞÞa r

pðXÞðpðxÞ
�
pðxÞÞ

a r
X
ðx�xÞ

a kx�xk

a kxk2

for all x A X. Thus, p is k k-continuous. Therefore we may take o¤ the assumption of

the continuity of the C �-seminorm r on DðrÞ in Theorem 6.2, (ii).

As a consequence of Theorem 6.2 examples of well-behaved �-representations

given by Schmüdgen in [31] are equivalent to well-behaved (in the sense of [6]) �-

representations of the corresponding multiplier algebras. We discuss those examples in

some detail (Examples 6.4–6.7). In the same way, the Moyal quantization is related to

a well-behaved �-representation of the Moyal algebra (Example 6.8).

Example 6.4. Let A be the �-algebra Pðx1; . . . ; xnÞ of all polynomials with

complex coe‰cients in n commuting hermitian elements x1; . . . ; xn, and let X be the

normed �-algebra CcðR
nÞ of all compactly supported continuous functions on R

n with

pointwise multiplication ð fgÞðtÞ ¼ f ðtÞgðtÞ, the involution f �ðtÞ ¼ f ðtÞ, and the norm

k f k ¼ supt AR n j f ðtÞj. It is clear that ðA;XÞ is a compatible pair with the left action

p . f ¼ pf ; p A A; f A X:

Let p be a closed �-representation of A. Then, according to Theorem 6.2 and [31], the

following statements are equivalent:

(i) p is integrable, that is, pðaÞ� ¼ pða�Þ for all a A A.

(ii) p is a well-behaved (in the sense of [31]) �-representation of A associated with

the compatible pair ðA;XÞ.

(iii) p is the closure of pr �m, where pr is a well-behaved (in the sense of [6]) �-

representation of the multiplier algebra GðCcðR
nÞÞ constructed from an unbounded C �-

seminorm r whose domain is fðlf ; rf Þ; f A CcðR
nÞg.

Example 6.5. Let G be a finite dimensional real Lie group with the left Haar

measure m, G the Lie algebra of G and EðGÞ the complex universal enveloping algebra

of G. The algebra EðGÞ is a �-algebra with the involution x� ¼ �x, x A G [30], [31].
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The space Cy

c ðGÞ of Cy-functions on G with compact supports is a normed �-algebra

with the convolution multiplication

ð f � gÞðvÞ ¼

ð

G

f ðuÞgðu�1vÞ dmðuÞ;

the involution

f �ðvÞ ¼ dðvÞ�1
f ðv�1Þ;

where d denotes the modular function on G, and the L1-norm

k f k1 ¼

ð

G

j f ðvÞj dmðvÞ:

The completion of Cy

c ðGÞ is nothing but the Banach �-algebra L1ðGÞ, and Cy

c ðGÞ

contains a bounded approximate identity for L1ðGÞ. Furthermore, ðEðGÞ;Cy

c ðGÞÞ is a

compatible pair with the left action .:

ðx . f ÞðuÞ ¼ ð~xx f ÞðuÞ1
d

dt

�

�

�

�

t¼0

f ðe�txuÞ; x A EðGÞ; f A Cy

c ðGÞ:

Let p be a closed �-representation of the �-algebra EðGÞ. Then the following

statements are equivalent by [31], Section 3 and Theorem 6.2.

(i) p is G-integrable, that is, it is of form p ¼ dU for some strongly continuous

unitary representation U of G on a Hilbert space H, where dU is a �-representation of

EðGÞ defined by

DðdUÞ ¼ D
yðUÞ1 the space of Cy-vectors in H for U ;

dUðxÞj ¼
d

dt

�

�

�

�

t¼0

Uðe txÞj; j A DðdUÞ:

8

>

<

>

:

(ii) p is a well-behaved (in the sense of [31]) �-representation of EðGÞ associated

with the compatible pair ðEðGÞ;Cy

c ðGÞÞ.

(iii) p is the closure of pr �m, where pr is a well-behaved (in the sense of [6]) �-

representation of GðCy

c ðGÞÞ defined by an unbounded C �-seminorm r whose domain is

fðlf ; rf Þ; f A Cy

c ðGÞg and which is continuous with respect to the L1-norm k k1 of C
y

c ðGÞ.

Example 6.6. Let A be the �-algebra generated by unit 1 and two hermitian

generators p and q satisfying the commutation relation pq� qp ¼ �i1, and let pS be

the Schrödinger representation of A on the Hilbert space L2ðRÞ with domain DðpSÞ ¼

SðRÞ, that is, it is a �-representation of A defined by

ðpSðpÞ f ÞðtÞ ¼ �i
d

dt
f ;

ðpSðqÞ f ÞðtÞ ¼ tf ðtÞ; f A SðRÞ:

Let P and Q be the self-adjoint operators and let Wðs; tÞ be the unitary operator on

L2ðRÞ defined by
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P ¼ pSðpÞ; Q ¼ pSðqÞ; Wðs; tÞ ¼ e2piðsQþtPÞ
; s; t A R:

To any f A SðR2Þ the Weyl calculus assigns a bounded operator Wð f Þ on the Hilbert

space L2ðRÞ by

Wð f Þ ¼

ðð

f̂f ðs; tÞWðs; tÞ dsdt;

where f̂f is the Fourier transform of f . The Schwartz space SðR2Þ is a normed �-

algebra with the multiplication f#g, the involution f � and the norm k k:

ð f#gÞðt1; t2Þ

¼

ðððð

f ðu1; u2Þgðv1; v2Þe
4pi½ðt1�u1Þðt2�v2Þ�ðt1�v1Þðt2�u2Þ� du1du2dv1dv2;

f �ðt1; t2Þ ¼ f ðt1; t2Þ;

k f k ¼ kWð f Þk;

and

Wð f ÞWðgÞ ¼ Wð f#gÞ and Wð f Þ� ¼ Wð f �Þ; f ; g A SðR2Þ:

ðA;SðR2ÞÞ is a compatible pair with the following action:

p . f ¼
1

2i

q

qt1
þ 2pt2

� �

f ; q . f ¼ t1 �
1

4pi

q

qt2

� �

f ; f A SðR2Þ:

By [31, Section 4] and Theorem 6.2 we have the following:

Let p be a closed �-representation of A. The following statements are equivalent:

(i) p is standard, [28], that is, it is unitarily equivalent to the direct sum of the

Schrödinger representation of A.

(ii) p is a well-behaved �-representation of A associated with the compatible pair

ðA;SðR2ÞÞ.

(iii) p ¼ pr �m for a well-behaved �-representation pr of GðSðRnÞÞ constructed

from an unbounded C �-norm r on GðSðRnÞÞ such that DðrÞ ¼ fðlf ; rf Þ; f A SðRnÞg and

r is continuous on the normed �-algebra DðrÞ.

Example 6.7. Schmüdgen [31] has given the examples of well-behaved �-

representations of the coordinate �-algebra OðR2
qÞ of the real quantum plane and the

coordinate �-algebra OðSUqð1; 1ÞÞ of the quantum group SUqð1; 1Þ.

We consider well-behaved �-representations of the Moyal algebra. For the Moyal

algebra we refer to [16].

Example 6.8. Consider a system having n degrees of freedom and the configu-

ration space R
n. Then the phase space is identified with the cotangent boundle T �

R
n ¼

R
n � R

n, ðq; pÞ being the canonical variables. On the Hilbert space H ¼ L2ðRnÞ, the

Moyal quantizer is given by the operators
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ðWhðq; pÞ f ÞðxÞ ¼ 2n exp
2i

h
pðx� qÞ

� �

f ð2q� xÞ:

For a symbol a of the Schwartz space SðT �
R

nÞ, the Bochner integral

ðQhðaÞ f ÞðxÞ ¼
1

ð2phÞn

ð

T �R
n

aðq; pÞðWhðq; pÞ f ÞðxÞ d nqd np

defines the Moyal quantization map. Then QhðaÞ is a trace class operator on L2ðRnÞ

such that aðq; pÞ ¼ Tr½QhðaÞW
hðq; pÞ�. The Moyal product

a�h bðuÞ ¼

ðð

Tr½WhðuÞWhðvÞWhðwÞ�aðvÞbðwÞ d nvd nw

converts SðT �
R

nÞ into a non-commutative �-algebra X such that Qhða�h bÞ ¼

QhðaÞQhðbÞ. It is a normed �-algebra X with Hilbert-Schmidt operator norm induced

by Qh. The Moyal product extends to large classes of distributions as follows: For

T A S
0ðR2nÞ and a A SðR2nÞ, we can define T �h a and a�h T in S

0ðR2nÞ by

hT �h a; bi ¼ hT ; a�h bi;

ha�h T ; bi ¼ hT ; b�h ai; b A SðR2nÞ:

The multiplier algebra of X in the space of tempered distributions defined by

M ¼ fT A S
0ðR2nÞ;T �h a; a�h T are in SðRnÞ for all a A SðR2nÞg

is a �-algebra with Moyal product and complex conjugation containing X as a �-

ideal. This M is called the Moyal algebra. The Moyal quantizer Qh extends as a �-

representation [denoted by Qh also] of M into unbounded operators on L2ðRnÞ such that

QhðqÞ ¼ multiplication by x and QhðpÞ ¼ �ihðq=qxÞ. Thus ðM;XÞ is a compatible pair

and MHGðXÞ. Theorem 6.2 immediately gives the following:

Let p be a �-representation of M. Then the following are equivalent:

(i) p is a well-behaved �-representation of M associated with the compatible pair

ðM;XÞ.

(ii) p ¼ pr �m for a well-behaved �-representation pr of GðXÞ defined by an un-

bounded C �-seminorm r whose domain is fðla; raÞ; a A Xg. In particular, the Moyal

quantization map Qh is a well-behaved �-representation of the Moyal algebra M.

6.2. Pseudo-complete locally convex �-algebras A with A ¼ A0.

Let A be a pseudo-complete locally convex �-algebra with A ¼ A0. Then Ab ¼

Ib ¼ A. When A does not have identity, we will consider the pseudo-complete locally

convex �-algebra A1 obtained by adjoining an identity 1. By Lemma 3.1 and Theorem

4.8 we have the following:

Corollary 6.9. Let A be a pseudo-complete locally convex �-algebra with

A ¼ A0. Then the following statements are equivalent:

(i) There exists a spectral well-behaved bounded �-representation of A.
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(ii) There exists a spectral C �-seminorm on A.

(iii) A is spectral invariant.

Example 6.10. Let A be a Banach �-algebra. Then there exists a spectral un-

bounded C �-seminorm on A if and only if A is hermitian, that is, SpAðxÞHR for each

x A Ah. Let D ¼ fa A C ; jaja 1g and A ¼ f f A CðDÞ; f is analytic in the interior of

Dg. Then the disc algebra A is a Banach �-algebra which is not hermitian under the

usual operations, the involution f �ðaÞ ¼ f ðaÞ and the uniform norm. Hence there is no

spectral unbounded C �-seminorm on the disc algebra.

Example 6.11. Let SðRnÞ be the Schwartz space of rapidly decreasing infinitely

di¤erentiable functions on R
n equipped with the topology defined by the seminorms

fk km;k;m; k ¼ 0; 1; . . .g, where

k f km;k ¼ sup
jpjam

sup
x AR n

ð1þ jxjÞk
q

qx

� �p

f ðxÞ

�

�

�

�

�

�

�

�

� �� �

:

(1) SðRnÞ is a Fréchet �-algebra with SðRnÞ ¼ SðRnÞ0 under the pointwise

multiplication fg : ð fgÞðxÞ1 f ðxÞgðxÞ and the involution f � : f �ðxÞ ¼ f ðxÞ, and k f k
y
¼

supx ARn j f ðxÞj is a spectral C �-norm on SðRnÞ.

(2) SðRnÞ is a Fréchet �-algebra with the convolution multiplication

ð f � gÞðxÞ ¼
1

ð2pÞn=2

ð

R
n

f ðx� yÞgðyÞ dy

and the involution

f �ðxÞ ¼ f ð�xÞ:

The Fourier transform f 7! f̂f establishes an isomorphism between SðRnÞ with con-

volution multiplication and SðRnÞ with pointwise multiplication. It follows that k f k1

k f̂f k
y
1 supx AR n j f̂f ðxÞj is a spectral C �-norm on the convolution algebra SðRnÞ. In

fact, k k is the Gelfand-Naimark pseudo norm and EðSðRnÞÞFC �ðRnÞ (the group C �-

algebra of R
n)FC0ðR

nÞ1 f f A CðRnÞ; limjxj!y
f ðxÞ ¼ 0g.

Example 6.12. Let DðRnÞð¼ Cy

c ðRnÞÞ be the space of Cy-functions on R
n with

compact supports. Let K be the set of all compact subsets of R
n and let

DKðR
nÞ ¼ f f A DðRnÞ; supp f HKg; K A K:

Then DKðR
nÞ is a Fréchet space with the topology of uniform convergence on K of func-

tions as well as all their derivatives, and DðRnÞ ¼ 6fDKðR
nÞ;K A Kg ¼ lim

�!
DKðR

nÞ

with the usual inductive limit topology.

(1) DðRnÞ with pointwise multiplication is a complete locally convex �-algebra

which is a LF Q-algebra (that is, a LF-space which is a Q-algebra). The norm k k
y

is

a spectral C �-norm and EðDðRnÞÞFC0ðR
nÞ.

(2) DðRnÞ is also a complete locally convex �-algebra with convolution multiplica-

tion [23] which is an ideal of L1ðRnÞ, and k f k1 k f̂f k
y

is a spectral C �-norm on DðRnÞ.
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Example 6.13. The Schwarz space SðRn � R
nÞ equipped with the Volterra con-

volution and the involution:

ð f � gÞðx; yÞ ¼

ð

R
n

f ðx; zÞgðz; yÞ dz;

f �ðx; yÞ ¼ f ðy; xÞ

is a complete locally convex �-algebra with a spectral C �-seminorm. In fact, let f A

SðRn � R
nÞ. We put

½p0ð f Þj�ðxÞ ¼

ð

R
n

f ðx; yÞjðyÞ dy; j A SðRnÞ:

Then we can show that p0ð f Þ can be extended to a bounded linear operator pð f Þ on

L2ðRnÞ and p is a continuous bounded �-representation of SðRn � R
nÞ on L2ðRnÞ. By

the simple calculation we have

f ½n� 1 f � � � � � f
zfflfflfflfflfflfflffl}|fflfflfflfflfflfflffl{

n

¼

ð

R
n

f ðx; xÞ dx

� �n�1

f ; n A N

and
ð

R
n

f ðx; xÞ dx

�
�
�
�

�
�
�
�
< 1 if rpð f Þ < 1;

which implies that the C �-seminorm rp on SðRn � R
nÞ is spectral. Similarly,

DðRn � R
nÞ has a spectral C �-seminorm.

6.3. GB
�-algebras.

G. R. Allan [2] and P. G. Dixon [12] defined the notion of GB�-algebras which is a

generalization of C �-algebra: A pseudo-complete locally convex �-algebra A is said to

be a GB�-algebra over B0 if B0 is the greatest member in B
�
1 fB A B;B

� ¼ Bg and

ð1þ x�xÞ�1
A A½B0� for every x A A. Let A be a GB�-algebra over B0. Then the

unbounded C �-norm p
B0

on A is defined by

Dðp
B0
Þ ¼ A½B0�

p
B0
ðxÞ ¼ kxk

B0
; x A Dðp

B0
Þ

(

and it has the following properties:

(1) p
B0

is spectral and Ab ¼ A½B0� ¼ Dðp
B0
Þ. In fact, since B0 is absolutely

convex, it follows that ðxþ x�Þ=2; ðx� x�Þ=ð2iÞ A ðB0Þh H ðA0Þh for each x A B0, which

implies that x A Ab. Hence A½B0�HAb. Conversely, since ðA0Þh HA½B0�, we have

Ab HA½B0�. Therefore, Ab ¼ A½B0�. Since Ab is a C �-algebra, it follows that p
B0

is

spectral. By (1) we have the following

(2) p
B0

satisfies condition (UR) if and only if Ib 0 f0g.

Here we give an example of a GB�-algebra with Ib 0 f0g.

Example 6.14. G n ¼ fz ¼ ðz1; . . . ; znÞ A C
n
; jzij ¼ 1; i ¼ 1; . . . ; ng and CyðG nÞ the

Fréchet space of all Cy-functions on G n with the topology defined by the seminorms
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k f kN ¼ max
jajaN

sup
z AG n

jDa f ðzÞj; N ¼ 0; 1; . . . :

Let CyðG nÞ 0 be the dual space of CyðG nÞ. Then, with the weak topology s ¼

sðCyðG nÞ 0;CyðG nÞÞ, ðCyðG nÞ 0; sÞ is a sequentially complete convolution algebra which

is a GB�-algebra with AðB0Þ ¼ pMðG nÞ (the C �-algebra of all pseudo-measures on G n).

Since the Fourier-Stiltjes transform m 7! m̂m is a �-isomorphism of CyðG nÞ 0 onto the �-

algebra s 0 of tempered sequences:

s
0 ¼ fs ¼ ðspÞp AZ n ; sp A C ;

Ep and bk > 0 such that fð1þ jpjÞ�k
spg A lyðZ nÞg;

it follows that

kmk1 supfjm̂mðkÞj; k A Z
ng

is an unbounded C �-norm on CyðG nÞ 0 satisfying

Ib ¼ Nk k

F fðxkÞk AZ n A lyðZ nÞ; fâaðkÞx̂xðkÞgk AZ n A lyðZ nÞ; Ea A s
0g

I fðxkÞ; xk 0 0 for only finite termsg:

We consider the cases of pro-C �-algebras and C �-like locally convex �-algebras which

are important in GB�-algebras.

A complete locally convex �-algebra A½t� is said to be pro-C �-algebra if the

topology t is determined by a directed family G ¼ fplgl AL of C �-seminorms. Then,

any C �-seminorm pl satisfies condition (R), but it does not necessarily satisfy condition

(UR). We put

Dðp
G
Þ ¼ x A A; sup

l AL

plðxÞ < y

� �

;

p
G
ðxÞ ¼ sup

l AL

plðxÞ; x A Dðp
G
Þ:

8

>

>

<

>

>

:

Then A is a GB�-algebra over B0 ¼ Uðp
G
Þ1 fx A Dðp

G
Þ; p

G
ðxÞa 1g and p

G
¼ p

B0
, and

so p
G
is a spectral unbounded C �-norm on A such that

(1) Ab ¼ Dðp
G
Þ, and so Ib ¼ Np

G
;

(2) p
G
satisfies condition (UR) if and only if Ib 0 f0g if and only if pl is a C �-

seminorm with condition (UR) for some l A L.

Example 6.15. Let A be a C �-algebra without identity and KA the Pedersen ideal

of A, that is, a minimal dense hereditary ideal of A [22], [27]. For a A A we denote by

La the closed left ideal Aa generated by a, and Ra the closed right ideal generated by a.

We denote by Ma the C �-algebra of all pairs ðl; rÞ consisting of linear maps l : La ! La

and r : Ra � ! Ra � such that ylðxÞ ¼ rðyÞx for each x A La and y A Ra � . Note that l and

r are automatically bounded, and that Ma is a C �-algebra. Furthermore, if a; b A A

with 0a aa b, then La HLb, Ra HRb and the restriction map ðl; rÞ ! ðldLa; rdRaÞ

defines a �-homomorphism from Mb to Ma. It is shown by Phillips [27] that the
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multiplier algebra GðKAÞ of KA is isomorphic to the pro-C �-algebra lim
 �

a A ðKAÞþ
Ma

such that

GðKAÞb ¼ GcðKAÞ1 fðl; rÞ A GðKAÞ; lðor rÞ is boundedg

FMðAÞ ðthe multiplier algebra of the C �-algebra A; in fact; GðAÞÞ:

Hence, KA HIb, and so there exists a spectral well-behaved �-representation of GðKAÞ.

If A is a unital pro-C �-algebra such that Ab ¼MðBÞ for a non-unital C �-algebra B in

Ab, and if AHGðKBÞ, then KB HIb 0 f0g and pG satisfies (UR). This holds if A is

commutative.

(1) Let o be the pro-C �-algebra of all complex sequences equipped with the usual

operations, the involution and the topology of the sequences G ¼ fpkg of C
�-seminorms:

pkðfxngÞ ¼ jxkj, and denote by A the C �-algebra c0 1 ffxng A o; limn!y xn ¼ 0g with

the C �-norm kfxngk ¼ supnjxnj. Then we have

KA ¼ c00 1 ffxng A c0; xn 0 0 for only finite numbers ng;

MðAÞ ¼ c1 ffxng A o; fxng is boundedg;

GðKAÞ ¼ o:

(2) Let CðRnÞ be the pro-C �-algebra of all complex-valued continuous functions

on R
n with the compact open topology defined by the sequence G ¼ fpkg of C �-

seminorms: pkð f Þ1 supfj f ðxÞj; x A R
n and jx ja kg, and denote by A the C �-algebra

C0ðR
nÞ. Then we have

KA ¼ CcðR
nÞ1 f f A CðRnÞ; supp f is compactg;

MðAÞ ¼ CbðR
nÞ1 f f A CðRnÞ; f is boundedg;

GðKAÞ ¼ CðRnÞ:

Example 6.16. Let Ly

locðR
nÞ be the pro-C �-algebra of all Lebesgue measurable

functions on R
n which are essentially bounded on every compact subset of Rn equipped

with the topology defined by the sequence G ¼ fpkg of C �-seminorms: pkð f Þ1

ess:supfj f ðxÞj; jxja kg. Then we have

Dðp
G
Þ ¼ LyðRnÞ;

p
G
ð f Þ ¼ ess:sup

x AR n

j f ðxÞj; f A Dðp
G
Þ

(

and

Ib ¼ Np
G
ILy

c ðR
nÞ1 f f A Ly

locðR
nÞ; supp f is compactg:

Hence p
G
is a spectral unbounded C �-norm on Ly

locðR
nÞ with condition (UR).

Example 6.17. Let fAlgl AL be a family of C �-algebras Al with C �-norms pl.

Then the product space
Q

l AL
Al is a pro-C �-algebra equipped with the multiplication:

ðxlÞðylÞ1 ðxl ylÞ, the involution: ðxlÞ
� ¼ ðx�

l
Þ and the topology defined by the family

G ¼ fplgl AL of C �-norms. Then we have
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Dðp
G
Þ ¼ fðxlÞ A

Q

l AL
Al; supl AL plðxlÞ < yg;

p
G
ððxlÞÞ ¼ supl AL plðxlÞ; ðxlÞ A Dðp

G
Þ

�

and

Ib ¼ Np
G
I ðxlÞ A

Y

l AL

Al; fl A L; xl 0 0g is finite

( )

:

Hence p
G
is a spectral unbounded C �-norm on

Q

l AL
Al with condition (UR), and any

pl is an unbounded C �-seminorm on
Q

l AL
Al with condition (UR) but it is not

spectral.

Next we consider C �-like locally convex �-algebras. Let A½t� be a locally convex

�-algebra. A directed family G ¼ fplgl AL of seminorms determining the topology t is

said to be C �-like if for any l A L there exists a l
0
A L such that plðxyÞa pl 0ðxÞpl 0ðyÞ,

plðx
�Þa pl 0ðxÞ and plðxÞ

2
a pl 0ðx�xÞ for each x; y A A. Then any pl is not nec-

essarily submultiplicative, but the unbounded C �-norm p
G
on A is defined by

Dðp
G
Þ ¼ fx A A; supl AL plðxÞ < yg;

p
G
ðxÞ ¼ supl AL plðxÞ; x A Dðp

G
Þ:

�

A complete locally convex �-algebra A½t� is said to be C �-like if there exists a C �-like

family G ¼ fplgl AL of seminorms determining the topology t such that DðpGÞ is t-dense

in A. Then it follows from [20, Theorem 2.1] that A is a GB�-algebra over B0 ¼

Uðp
G
Þ and p

G
¼ p

B0
. Hence p

G
is a spectral unbounded C �-norm on A with Ab ¼

Dðp
G
Þ.

Example 6.18. The Arens algebra Lo½0; 1�17
1ap<y

Lp½0; 1� is a C �-like locally

convex �-algebra with the C �-like family of norms G ¼ fk kp; 1a p < yg, and

Dðp
G
Þ ¼ Ly½0; 1�;

p
G
ð f Þ ¼ k f k

y
; f A Dðp

G
Þ

�

and Ib ¼ Np
G
¼ f0g. Hence p

G
is a spectral unbounded C �-norm on Ly½0; 1� which

does not satisfy condition (UR).

Example 6.19. We consider a �-subalgebra A of the Arens algebra Lo½0; 1�

defined by

A ¼ f f A Lo½0; 1�; f d½0;1=2� A C½0; 1=2�g:

Then A is a C �-like locally convex �-algebra with the C �-like family G ¼ fk � k
y;p;

1a p < yg of seminorms:

k f k
y;p 1max sup

0ata1=2

j f ðtÞj; k f d½1=2;1�kp

( )

;

and Ib ¼ f f A A; f d½1=2;1� ¼ 0 a:e:g. Hence p
G
is a spectral unbounded C �-norm on A

with condition (UR).
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