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Abstract. This paper is devoted to the study of the extention of the existence time of

solutions in Sobolev spaces to the Cauchy problem for Kirchho¤ equations.

0. Introduction.

We shall investigate the Cauchy problem for the Kirchho¤ equation:

uttðt; xÞ ¼ Mðk‘xuðtÞk
2
L2Þuuðt; xÞ; ð0:1Þ

uð0; xÞ ¼ u0ðxÞ; utð0; xÞ ¼ u1ðxÞ; ð0:2Þ

for 0a t < T , x A R
n. It is well known (see Bernstein [1] and Pohozaev [3]) that if

the initial data u0; u1 are real analytic then we have a unique time global solution of

the above Kirchho¤ equation, and that for the initial data ui in Sobolev space

H s�i ðsb 2; i ¼ 0; 1Þ there is T > 0 such that there exists a unique solution u A

72

i¼0
C ið½0;TÞ;H s�iÞ of the Cauchy problem (0.1)–(0.2). On the other hand recently

Colombini, Del Santo and Kinoshita in [2] have obtained the Cy well-posedness for

the Cauchy problem to linear second order hyperbolic equations of which the first

derivatives of coe‰cients have singularities of order one with respect to time variable.

In this paper, noting that the first derivative of the coe‰cient Mðk‘xuðtÞk
2
L2Þ of

Kirchho¤ equation (0.1)–(0.2) have also singularities of order one with respect to time

variable, we can apply the result of Colombini, Del Santo and Kinoshita in [2] to this

solution and we shall show that we can extend beyond t ¼ T the solution in Sobolev

space of Kirchho¤ equation (0.1)–(0.2).

We assume that the coe‰cient MðhÞ A C1ð½0;yÞÞ satisfies

0 < bl0aMðhÞ ð0a hÞ: ð0:3Þ

For u A 72

j¼0
C jð½0;TÞ;H s�jÞ satisfying (0.1) we introduce the following two energies,

EðtÞ ¼
1

2
kutðtÞk

2
L2 þ

ðk‘xuðtÞk
2

L2

0

MðhÞ dh

( )

; ð0:4Þ

and for a non negative number s

esðtÞ ¼
1

2
fkutðtÞk

2
s þMðk‘xuðtÞk

2
L2Þk‘xuðtÞk

2
sg; ð0:5Þ
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where H s stands for Sobolev space in R
n with the norm k � ks. Then we can show

easily (see Lemma 2.1 and Propositon 2.3 in the Section 2)

EðtÞ ¼ Eð0Þ; t > 0;

and

ffiffiffiffiffiffiffiffiffiffi

e1ðtÞ
p

a

ffiffiffi

2
p

l0

KðT � tÞ ; 0a t < T ;

where

T ¼
ffiffiffi

2
p

l0

K
ffiffiffiffiffiffiffiffiffiffiffi

e1ð0Þ
p ; K ¼ max

0aha2Eð0Þ=l0

jM 0ðhÞj2 ffiffiffi

h
p

: ð0:6Þ

Applying the result of Colombini, Del Santo and Kinoshita [2] to Kirchho¤ equation

(0.1)–(0.2), we can prove the following theorem.

Theorem 0.1. Suppose the coe‰cient M A C1ð½0;yÞÞ satisfies (0.3) and u0 A H 4,

u1 A H 3. Let T > 0 be defined by (0.6). Then e3ðtÞ ð0a t < TÞ is bounded and more-

over limt!T�0 uðt; xÞ and limt!T�0 utðt; xÞ exist and belong to H 4 and to H 3 respectively.

It follows from Theorem 0.1 that we can consider the Cauchy problem for Kirchho¤

equation for the initial plane t ¼ T and for the initial data limt!T�0 q
i
tuðt; xÞ ði ¼ 0; 1Þ.

Therefore we can extend the existence time of solutions of (0.1) beyond T . Repeating

the same augument step by step, we can prove the following result.

Theorem 0.2. Suppose the coe‰cient M A C 1ð½0;yÞÞ satisfies (0.3). Let u0 A H 4,

u1 A H 3 and define Tk ¼ ð
ffiffiffi

2
p

l0=K
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

e1ðTk�1Þ
p

Þ þ Tk�1 ðk ¼ 1; 2; . . .Þ, T0 ¼ 0 and

T ¼
ffiffiffi

2
p

l0

K

X

y

k¼1

1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

e1ðTk�1Þ
p ;

where K ¼ max0aha2Eð0Þ=l0
jM 0ðhÞj2 ffiffiffi

h
p

. Then e3ðTkÞ for every kb 1 is finite and there

exists a unique solution u A72

j¼0
C jð½0;TÞ;H 2�jÞ of the Cauchy problem (0.1)–(0.2).

We organize this paper as follows. In the section 1 we shall derive an energy estimate

for a linear hyperbolic equation with non Lipschitz continuous coe‰cients following

the idea given in [2]. In the section 2 we shall obtain a local solution for the Cauchy

problem of Kirchho¤ equation of which coe‰cient satisfies the conditions of the the-

orem in [2] and applying the estimate derived in the section 1 we shall prove Theorem

0.1 and Theorem 0.2.

1. Linear equations.

Let T > 0. We consider the following Cauchy problem for the linear equation

uttðt; xÞ ¼ aðtÞuuðt; xÞ; 0a t < T ; x A R
n; ð1:1Þ

uð0; xÞ ¼ u0ðxÞ; utð0; xÞ ¼ u1ðxÞ; x A R
n: ð1:2Þ

We assume that the coe‰cient a ¼ aðtÞ satisfies the following hypothesis.
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Assumption 1.1. Let a ¼ aðtÞ A C1ð½0;TÞÞ be a function satisfying the following

properties.

ðiÞ 0 < bl0a aðtÞa bM0 ð0a taTÞ

ðiiÞ ja 0ðtÞja
bA0

T � t
ð0a t < TÞ;

here we denote by a 0ðtÞ ¼ daðtÞ=dt.

Under the above assumption we can prove the following proposition:

Proposition 1.2 (Colombini-Del Santo-Kinoshita [2]). Suppose that Assumption 1.1

holds. Let sb 2 and denote d ¼ A0=l0. Then for any u0 A H sþd, u1 A H sþd�1 there

exists a unique solution u A 72

i¼0
C ið½0;T �;H s� jÞ of (1.1)–(1.2) satisfying

k‘xuðtÞk
2
s þ kutðtÞk

2
s aBfk‘xu0k

2
sþd þ ku1k

2
sþdg ð0a taTÞ; ð1:3Þ

where

B ¼ maxðd;C 0Þ; d ¼ ~CCeM1=l0T d;

C 0 ¼ ~CCeM1=2l02d; M1 ¼ M0ð1þM0Þ;

~CC ¼
maxð1;M0Þ

minð1; l0Þ
:

8

>

>

>

>

<

>

>

>

>

:

ð1:4Þ

Proof. Let v ¼ vðt; xÞ be a solution of the next Cauchy problem:

vttðt; xÞ ¼ �aðtÞjxj2vðt; xÞ;

vð0; xÞ ¼ u0ðxÞ; vtð0; xÞ ¼ ûu1ðxÞ

(

ð1:5Þ

where ûu ¼ ûuðxÞ stands for the Fourier transform of u ¼ uðxÞ. Let e > 0. When e < T ,

we define

aeðtÞ ¼
aðtÞ; ð0a taT � eÞ

aðT � eÞ; ðT � ea t < TÞ.

�

ð1:6Þ

When e > T define

aeðtÞ ¼
aðtÞ; ð0a taT=2Þ

aðT=2Þ; ðT=2a t < TÞ.

�

ð1:7Þ

We introduce an energy for v as follows:

EeðtÞ ¼ jv 0ðtÞj2 þ aeðtÞjxj
2jvðtÞj2.

Then taking account that v satisfies the equation (1.5) we calculate

d

dt
EeðtÞ ¼ 2Reðv 00ðtÞv 0ðtÞÞ þ a 0

eðtÞjxj
2jvðtÞj2 þ 2aeðtÞjxj

2 Reðv 0ðtÞvðtÞÞ

¼ �2aðtÞjxj2 ReðvðtÞv 0ðtÞÞ þ a 0
eðtÞjxj

2jvðtÞj2 þ 2aeðtÞjxj
2 Reðv 0ðtÞvðtÞÞ

¼ 2faeðtÞ � aðtÞgjxj2 Reðv 0ðtÞvðtÞÞ þ a 0
eðtÞjxj

2jvðtÞj2
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a 2fjaeðtÞ � aðtÞj jxj2jv 0ðtÞj jvðtÞj þ ja 0
eðtÞj jxj

2jvðtÞj2g
aeðtÞ

aeðtÞ

a
jaeðtÞ � aðtÞj

aeðtÞ
jxjfaeðtÞjxj

2jvðtÞj2 þ aeðtÞjv
0ðtÞj2g þ

ja 0
eðtÞj

aeðtÞ
aeðtÞjxj

2jvðtÞj2:

Hence we get from (i) of Assumption 1.1,

d

dt
EeðtÞa

jaeðtÞ � aðtÞj

aeðtÞ
jxjfEeðtÞ þ EeðtÞM0g þ

ja 0
eðtÞj

aeðtÞ
EeðtÞ

a
jaeðtÞ � aðtÞj

l0
jxjð1þM0ÞEeðtÞ þ

ja 0
eðtÞj

l0
EeðtÞ:

By using Gronwall’s lemma, we obtain

EeðtÞaEeð0Þe
Ð

t

0
aðtÞ dt

ð0a t < TÞ; ð1:8Þ

where

aðtÞ ¼
1

l0
ðjaeðtÞ � aðtÞj jxjð1þM0Þ þ ja 0

eðtÞjÞ.

Now let us estimate the integral

ð

t

0

aðtÞ dt ¼

ð

t

0

1

l0
fjaeðtÞ � aðtÞj jxjð1þM0Þ þ ja 0

eðtÞjg dt:

From the definition (1.6) of aeðtÞ we have

ð

t

0

ja 0
eðtÞj dt ¼

ð

T�e

0

ja 0
eðtÞj dtþ

ð

T

T�e

ja 0
eðtÞj dt

¼ A0 log
T

e

and

ð

t

0

jaeðtÞ � aðtÞj dt ¼

ð

T

T�e

jaðT � eÞ � aðtÞj dt

a

ð

T

T�e

M0 dt ¼ M0e:

Hence, if we choose e ¼ jxj�1, we obtain

ð

t

0

aðtÞ dta
1

l0
A0 log

T

e
þ jxjð1þM0ÞM0e

� �

¼
A0

l0
log

T

e
þ
M1

l0
jxje

¼
A0

l0
logðT jxjÞ þ

M1

l0
; M1 ¼ ð1þM0ÞM0:

K. Kajitani and A. Satoh408



Therefore we get from (1.8)

EeðtÞaEeð0Þe
ðA0=l0Þ logðT jxjÞþðM1=l0Þ ¼ Eeð0Þe

M1=l0T A0=l0 jxjA0=l0 : ð1:9Þ

Noting that

EeðtÞ ¼ jv 0ðtÞj2 þ aeðtÞjxj
2jvðtÞj2b jv 0ðtÞj2 þ l0jxj

2jvðtÞj2

bminð1; l0Þfjv
0ðtÞj2 þ jxj2jvðtÞj2g

and

Eeð0Þ ¼ jv 0ð0Þj2 þ aeð0Þjxj
2jvð0Þj2a jv 0ð0Þj2 þM0jxj

2jvð0Þj2

amaxð1;M0Þfjv
0ð0Þj2 þ jxj2jvð0Þj2g;

we get from (1.9)

jv 0ðtÞj2 þ jxj2jvðtÞj2a ~CCeM1=l0T dfjv 0ð0Þj2 þ jxj2jvð0Þj2gjxjd; ð1:10Þ

for jxjbT�1, where ~CC ¼ maxð1;M0Þ=minð1; l0Þ, d ¼ A0=l0. Next we consider the case

of T jxj < 1. From the definition (1.7) of aeðtÞ we get

ð t

0

ja 0
eðtÞj dt ¼

ðT=2

0

ja 0ðtÞj dtþ

ðT

T=2

ja 0
eðtÞj dt

a

ðT=2

0

A0

T � t
dt ¼ A0 log 2

and

ð t

0

jaeðtÞ � aðtÞj dt ¼

ðT

T=2

a
T

2

� �

� aðtÞ

�

�

�

�

�

�

�

�

dt

a

ðT

T=2

M0 dt ¼ M0
T

2
:

Thus we obtain for T jxj < 1

ð t

0

aðtÞ dta
1

l0
A0 log 2þ jxjð1þM0ÞM0

T

2

� �

a
A0

l0
log 2þ

M1

2l0
;

and consequently

EeðtÞaEeð0Þ2
A0=l0eððM1=2l0ÞT jxjÞ,

which implies

jv 0ðtÞj2 þ jxj2jvðtÞj2a ~CCeðM1=2l0Þ2dfjv 0ð0Þj2 þ jxj2jvð0Þj2g: ð1:11Þ

Kirchho¤ equations 409



Multiplying jxj2jûuðt; xÞj2 þ jûutðt; xÞj2 by hxi2s and integrating over R
n
x , we obtain (1.3)

from (1.10) and (1.11). r

2. Kirchho¤ equations.

Next we consider the following Cauchy problem for the Kirchho¤ equation:

uttðt; xÞ ¼ Mðk‘xuðtÞk2L2Þuuðt; xÞ; 0a t < T ; x A R
n;

uð0; xÞ ¼ u0ðxÞ; utð0; xÞ ¼ u1ðxÞ; x A R
n:

(

ð2:1Þ

We begin to state a fundamental property of Kirchho¤ equation.

Lemma 2.1. For u A 72

j¼0
C ið½0;TÞ;H 2�jÞ satisfying (2.1) set

EðtÞ ¼ 1

2
ðkutðtÞk2L2 þ Fðk‘xuðtÞk2L2ÞÞ; F ðhÞ ¼

ð h

0

MðlÞ dl:

Then

EðtÞ ¼ Eð0Þ; Et A ½0;T �: ð2:2Þ

Proof. We can see that (2.2) holds because of ðd=dtÞEðtÞ ¼ 0. r

We suppose that the coe‰cient M satisfies the following hypothesis.

Assumption 2.2. M ¼ MðhÞ is a function satisfying the following properties.

ðiÞ 0 < bl0aMðhÞ

ðiiÞ MðhÞ A C1ð½0;yÞÞ:

We denote

aðtÞ :¼ Mðk‘xuðtÞk2L2Þ: ð2:3Þ

We can show the local existence theorem of Kirchho¤ equation (2.1).

Proposition 2.3. Suppose Assumption 2.2 holds and sb 2 a positive integer. Then

for ui A H s�i ði ¼ 0; 1Þ there is a unique solution u A 72

j¼0
C jð½0;TÞ;H s�jÞ of the equation

(2.1) and moreover aðtÞ defined by (2.3) satisfies

ja 0ðtÞja 2l0
T � t

; ð2:4Þ

where T ¼
ffiffiffi

2
p

l0=K
ffiffiffiffiffiffiffiffiffiffiffi

e1ð0Þ
p

and K ¼ max0aha2Eð0Þ=l0 jM 0ðhÞj2 ffiffiffi

h
p

.

Proof. Di¤erentiating aðtÞ ¼ Mðk‘xuðtÞk2L2Þ, we have

ja 0ðtÞj ¼ jM 0ðk‘xuðtÞk2L2Þ � 2Reð‘xut;‘xuÞL2 j

a jM 0ðk‘xuðtÞk2L2Þj � 2 � k‘xutkL2k‘xukL2 : ð2:5Þ

Using Assumption 2.2 and Lemma 2.1 and noting

l0k‘xuðtÞk2L2aFðk‘xuðtÞk2L2Þa 2EðtÞ ¼ 2Eð0Þ;
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we obtain

jM 0ðk‘xuðtÞk2L2Þja max
0aha2Eð0Þ=l0

jM 0ðhÞj2 ffiffiffi

h
p ¼: K :

Hence we can see from (2.5)

ja 0ðtÞjaKk‘xutkL2 : ð2:6Þ

Di¤erentiating e1ðtÞ given by (0.5) with respect to t, and using the equation (2.1) we

have

d

dt
e1ðtÞ ¼ Reðutt; utÞ1 þ

1

2
a 0ðtÞk‘xuðtÞk21 þ aðtÞReð‘xut;‘xuÞ1

¼ ReðaðtÞuu; utÞ1 þ aðtÞReð‘xut;‘xuÞ1 þ
1

2
a 0ðtÞk‘xuðtÞk21

¼ �aðtÞReð‘xu;‘xutÞ1 þ aðtÞReð‘xut;‘xuÞ1 þ
1

2
a 0ðtÞk‘xuðtÞk21

a
1

2
ja 0ðtÞj k‘xuðtÞk21: ð2:7Þ

Since from (2.6)

ja 0ðtÞjaK
ffiffiffiffiffiffiffiffiffiffiffiffi

2e1ðtÞ
p

ð2:8Þ

holds, we deduce from (2.7)

d

dt
e1ðtÞa

1

2
K

ffiffiffiffiffiffiffiffiffiffiffiffi

2e1ðtÞ
p

k‘xuðtÞk21
aðtÞ
aðtÞ

a
K

2l0

ffiffiffiffiffiffiffiffiffiffiffiffi

2e1ðtÞ
p

aðtÞk‘xuðtÞk21

a

ffiffiffi

2
p

K

l0
e1ðtÞ3=2: ð2:9Þ

Set bðtÞ ¼
ffiffiffiffiffiffiffiffiffiffi

e1ðtÞ
p

. Then we have from (2.9)

2b 0ðtÞbðtÞa
ffiffiffi

2
p

K

l0
bðtÞ3:

Solving this inequality, we have

bðtÞa 1

K=
ffiffiffi

2
p

l0

ffiffiffi

2
p

l0

Kbð0Þ � t

 !�1

;

which yields together with (2.8),

ja 0ðtÞja 2l0

ð
ffiffiffi

2
p

l0=Kbð0ÞÞ � t

and hence we obtain (2.4). Thus we have proved this proposition. r
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Combining Proposition 1.2 and Proposition 2.3, we obtain the following Propo-

sition.

Proposition 2.4. For u0 A H 4, u1 A H 3 there exists a unique solution u A

72

j¼0
C jð½0;TÞ;H 2�jÞ of the Cauchy problem (2.1) which satisfies

k‘xuðtÞk21 þ kutðtÞk21aBðTÞfk‘u0k23 þ ku1k23g ð0a t < TÞ; ð2:10Þ

where

T ¼
ffiffiffi

2
p

l0

Kbð0Þ ; BðTÞ ¼maxð1;M0Þ
minð1; l0Þ

eM1=l0 maxðT 2; 22Þ;

K ¼ max0aha2Eð0Þ=l0 jM 0ðhÞj2 ffiffiffi

h
p

;

M1 ¼ M0ð1þM0Þ; M0 ¼ max0aha2Eð0Þ=l0
jMðhÞj:

8

>

>

>

>

<

>

>

>

>

:

ð2:11Þ

Proof. It follows from Proposition 2.3 that we can take T ¼
ffiffiffi

2
p

l0=Kbð0Þ,
K ¼ max0aha2Eð0Þ=l0

jM 0ðhÞj2 ffiffiffi

h
p

, M0 ¼ max0aha2Eð0Þ=l0
MðhÞ, A0 ¼ 2l0 and d0 ¼ 2 in

Proposition 1.2 and, consequently, we get (2.10) from (1.3). r

Proposition 2.5. Let 1a sa 3 and u0 A H 4 and u1 A H 3. Then it holds

esðtÞa esð0ÞeC1t ð0a t < TÞ; ð2:12Þ

where T ¼
ffiffiffi

2
p

l0=K
ffiffiffiffiffiffiffiffiffiffiffi

e1ð0Þ
p

, C1 ¼ K
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

BðTÞQe3ð0Þ
p

=l0, Q ¼ 2=minð1; l0Þ and BðTÞ is

given in Proposition 2.4.

Proof. We get from (2.10)

k‘uðtÞk21 þ kutðtÞk21aBðTÞðk‘xu0k23 þ ku1k23Þ

aBðTÞQe3ð0Þ:

Therefore we obtain from (2.8)

ja 0ðtÞjaK
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

BðTÞQe3ð0Þ
p

:

Now di¤erentiating esðtÞ with respect to t, we have

d

dt
esðtÞ ¼

1

2
a 0ðtÞk‘xuðtÞk23

a
1

2
K

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

BðTÞQe3ð0Þ
p

k‘xuðtÞk23
aðtÞ
aðtÞ

a
1

2
K

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

BðTÞQe3ð0Þ
p aðtÞk‘xuðtÞk2s

l0

a
K

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

BðTÞQesð0Þ
p

l0
esðtÞ ¼ C1esðtÞ;

where C1 ¼ K
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

BðTÞQe3ð0Þ
p

=l0. Gronwall’s inequality gives (2.12). r
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Now we can prove Theorem 0.1. e3ðtÞ is bounded in ½0;TÞ. Therefore using

the equation (2.1) we can see that kuttðtÞk2 and kutðtÞk3 are bounded in ½0;TÞ and so

limt!T�0 utðtÞ and limt!T�0 utðtÞ exist in H 2 and in H 3 respectively. On the other hand

a subsequence of futðtÞg and of fuðtÞg converge weakly in H 3 and H 4 respectively.

Therefore limt!T�0 utðtÞ and limt!T�0 utðtÞ belong to H 3 and H 4 respectively. Thus we

have proved Theorem 0.1.

Next we shall extend the solution of Kirchho¤ equation (2.1) beyond T ¼ T1 ¼
ffiffiffi

2
p

l0=Kbð0Þ. Since it follows from Proposition 2.5 that u i
1ðxÞ ¼ limt!T1�0ðq i=qt iÞuðt; xÞ

ði ¼ 0; 1Þ exist in H 3 and in H 4 respectively. Hence we can consider the following

Cauchy problem,

uttðt; xÞ ¼ Mðk‘xuðtÞk2L2Þuuðt; xÞ; ðT1a t < T2Þ
uðT1; xÞ ¼ u01ðxÞ; utðT1; xÞ ¼ u11ðxÞ:

(

ð2:13Þ

Repeating the same argument as one in the proof of Proposition 2.5 we can show

the next Proposition.

Proposition 2.6. Let 1a sa 3 and u0 A H 4 and u1 A H 3. Then we get

esðtÞa esðT1ÞeC2ðt�T1Þ ðT1a taT2Þ; ð2:14Þ

where T1 ¼
ffiffiffi

2
p

l0=ðK
ffiffiffiffiffiffiffiffiffiffiffi

e1ð0Þ
p

Þ, T2 ¼
ffiffiffi

2
p

l0=ðK
ffiffiffiffiffiffiffiffiffiffiffiffiffi

e1ðT1Þ
p

Þ þ T1, C2 ¼ ðK
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

BðT2 � T1ÞQ
p

�
ffiffiffiffiffiffiffiffiffiffiffiffiffi

e3ðT1Þ
p

Þ=l0, Q ¼ 2=minð1; l0Þ and BðTÞ is given in Proposition 2.4.

Proof. Denote vðt; xÞ ¼ uðT1 þ t; xÞ. Then v satisfies

vttðt; xÞ ¼ Mðk‘xvðtÞk2L2Þuvðt; xÞ; ð0a t < TÞ
vð0; xÞ ¼ uðT1; xÞ; vtð0; xÞ ¼ utðT1; xÞ:

(

ð2:15Þ

Put aðtÞ ¼ Mðk‘xvðtÞk2L2Þ and define an energy of v as follows,

esðvðtÞÞ ¼
1

2
ðkvtðtÞks þ aðtÞk‘xvðtÞksÞ:

Then it follows from Propostion 2.3 that we have

esðvðtÞÞa eC2tesðvð0ÞÞ ð0a t < TÞ; ð2:16Þ

where T ¼
ffiffiffi

2
p

l0=ðK
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

e1ðvð0ÞÞ
p

Þ, C2 ¼ K
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

BðTÞQe3ðvð0ÞÞ
p

=l0. esðvð0ÞÞ ¼ esðT1Þ gives

T ¼
ffiffiffi

2
p

l0=ðK
ffiffiffiffiffiffiffiffiffiffiffiffiffi

e1ðT1Þ
p

Þ. Denote T2 ¼ T1 þ T ¼ T1 þ
ffiffiffi

2
p

l0=ðK
ffiffiffiffiffiffiffiffiffiffiffi

e1ð0Þ
p

Þ. Then BðTÞ ¼
BðT2 � T1Þ. Hence we can see that (2.16) implies (2.14). r

Inductively repeating the same argument we can obtain the next result.

Proposition 2.7. Let 1a sa 3 and u0 A H 4, u1 A H 3 and a positive integer k.

Then we get

esðtÞa esðTk�1ÞeCkðt�Tk�1Þ ðTk�1a taTkÞ; ð2:17Þ

where Tk ¼
ffiffiffi

2
p

l0=ðK
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

e1ðTk�1Þ
p

Þ þ Tk�1, T0 ¼ 0 and Ck ¼ K
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

BðTk � Tk�1ÞQe3ðTk�1Þ
p

=

l0.
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It follows from (2.17) that we get

esðtÞa esð0Þ expfCkðt� Tk�1Þ þ Ck�1ðTk�1 � Tk�2Þ

þ � � � þ C2ðT2 � T1Þ þ C1ðT1 � T0Þg; ð2:18Þ

for 1a sa 3. Put ĈCk ¼ max1ajak Cj which defines an increasing sequence. Then we

obtain with T0 ¼ 0 the estimate from (2.18) with s ¼ 1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

e1ðTkÞ
p

a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

e1ðT0ÞeĈCkTk

q

; ð2:19Þ

for k ¼ 1; 2; . . . : Moreover,

Tk ¼
ffiffiffi

2
p

l0

K
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

e1ðTk�1Þ
p þ Tk�1

implies

Tk ¼
ffiffiffi

2
p

l0

K

X

k

l¼1

1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

e1ðTl�1Þ
p ;

for k ¼ 1; 2; . . . : Now we put

T ¼
ffiffiffi

2
p

l0

K

X

y

k¼0

1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

e1ðTkÞ
p :

Assume that T is finite. Then we obtain from (2.19)

T ¼
ffiffiffi

2
p

l0

K

X

y

k¼0

1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

e1ðTkÞ
p

b

ffiffiffi

2
p

l0

K

X

y

k¼1

1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

eĈCkTke1ð0Þ
q þ 1

ffiffiffiffiffiffiffiffiffiffiffi

e1ð0Þ
p

0

B

@

1

C

A
¼

ffiffiffi

2
p

l0

K
ffiffiffiffiffiffiffiffiffiffiffi

e1ð0Þ
p

X

y

k¼1

1
ffiffiffiffiffiffiffiffiffiffiffi

eĈCkTk

p þ 1

 !

b

ffiffiffi

2
p

l0

K
ffiffiffiffiffiffiffiffiffiffiffi

e1ð0Þ
p

X

y

k¼1

1
ffiffiffiffiffiffiffiffiffi

eĈCkT
p þ 1

 !

: ð2:20Þ

Noting that BðTk � Tk�1ÞaBðTÞ, we have from (2.18) with s ¼ 3

Ck ¼ K
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

BðTk � Tk�1ÞQe3ðTk�1Þ
p

l0
a

K

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

BðTÞQe3ðTk�1Þ
q

l0

a

K

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

BðTÞQe3ð0ÞeĈCk�1T

q

l0
:

Therefore we get

ĈCk ¼ max
l¼1;...;k

Cla

K

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

BðTÞQe3ð0ÞeĈCk�1T

q

l0
ð2:21Þ
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for k ¼ 2; 3; . . . : Define

f ðT ; hÞ ¼ K
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

BðTÞQe3ð0ÞehT
p

l0
:

Thus we can see from (2.21)

ĈCka f ðT ; ĈCk�1Þa f ðT ; f ðT ; ĈCk�2ÞÞ

a � � �a f ðT ; f ðT ; f ðT ; f ð� � � f ðT ;C1ÞÞ � � �ÞÞÞ
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

k�1 times

:¼ GkðTÞ:

Here C1 ¼ K
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

BðT1ÞQe3ð0Þ
p

=l0 ¼ K

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Bð
ffiffiffi

2
p

l0=K
ffiffiffiffiffiffiffiffiffiffiffi

e1ð0Þ
p

ÞQe3ð0Þ
q

=l0. Hence we get

from (2.20)

ffiffiffi

2
p

l0

K
ffiffiffiffiffiffiffiffiffiffiffi

e1ð0Þ
p

Xy

k¼1

1
ffiffiffiffiffiffiffiffiffiffiffi

eĈCkTk

p b

ffiffiffi

2
p

l0

K
ffiffiffiffiffiffiffiffiffiffiffi

e1ð0Þ
p

Xy

k¼1

1

eTGkðTÞ
: ð2:22Þ

Define for Tb 0

HðTÞ ¼
ffiffiffi

2
p

l0

K
ffiffiffiffiffiffiffiffiffiffiffi

e1ð0Þ
p

Xy

k¼1

1

eTGkðTÞ þ 1

 !

:

It follows from (2.20) and (2.22) that

TbHðTÞ: ð2:23Þ

Let T � be a fixed point of HðTÞ. Then we can find from (2.23)

TbT �: ð2:24Þ

Thus we have proved the following result.

Theorem 2.8. Assume u0 A H 4, u1 A H 3 and define

T ¼
ffiffiffi

2
p

l0

K

Xy

k¼1

1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

e1ðTk�1Þ
p ;

where T0 ¼ 0, Tk ¼
ffiffiffi

2
p

l0=ðK
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

e1ðTk�1Þ
p

Þ þ Tk�1 and K is given by Proposition 2.3.

Proof. Define u i
kðxÞ ¼ limt!Tk

ðq i=qt iÞuk�1ðt; xÞ ði ¼ 0; 1Þ inductively. Let ukðt; xÞ
be the solution of the Cauchy problem,

uttðt; xÞ ¼ Mðk‘xuðtÞk2L2Þuuðt; xÞ; ðTka t < Tkþ1Þ
ukðTk; xÞ ¼ u0kðxÞ; utðTk; xÞ ¼ u1kðxÞ:

(

Then it follows from Proposition 2.7 that we can see inductively that ukðt; xÞ belongs to

72

j¼0
C jð½Tk;Tkþ1�;H 2�jÞ and u i

kþ1ðxÞ are in H 3þi. We define uðt; xÞ ¼ ukðt; xÞ for t A

½Tk;Tkþ1Þ; k ¼ 0; 1; . . . : Then uðt; xÞ is in 72

j¼0
C jð½0;TÞ;H 2�jÞ and satisfies the equa-

tion (2.1) in ð0;TÞ. r

We can see easily that Theorem 0.2 in the introduction follows from the above

theorem.
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