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Abstract. In this note, we study the Laplacian comparison theorem and the sub-

mean-value theorem for a special type of Hermitian manifolds called multiplier Hermitian

manifolds. By conformal change of the metrics, this covers much wider objects than in

the case of ordinary Kähler manifolds.

1. Introduction.

The purpose of this paper is to show a sub-mean-value property for multiplier

Hermitian manifolds (cf. Theorem B below), where a key of the proof lies in proving a

Laplacian comparison result (cf. Theorem A below; see Greene-Wu [3] for Riemannian

cases) for multiplier Hermitian manifolds.

A multiplier Hermitian manifold (cf. [8]) is a quantitive generalization of a Kähler-

Ricci soliton [11] (see also a recent result of Wang and Zhu [13]). A multiplier

Hermitian manifold can possibly be noncompact, while by the associated conformal

changes of a Kähler metric, we can have a large varieties of Ricci forms, as in passing

from the theory of projective algebraic surfaces, in algebraic geometry, to that of open

algebraic surfaces.

Let ðM;oÞ be an n-dimensional connected complete Kähler manifold with complex

structure J. For a system of holomorphic local coordinates ðz1; z2; . . . ; znÞ on M, we

write

o ¼
ffiffiffiffiffiffiffi

�1
p X

a;b

g
ab
dza5dzb:

Fix a holomorphic vector field X A H 0ðM;OðT 1;0MÞÞ on M, assuming that the cor-

responding real vector field XR ¼ X þ X is Hamiltonian, i.e. there exists a real-valued

smooth function u on M satisfying iðXRÞo ¼ du. Let I be the interval defined as the

image of u : M ! R. For a real-valued nonconstant smooth function s on I , we put

c :¼ sðuÞ. Let ~oo be the conformal change of o defined by

~oo :¼ expð�c=nÞo;

and the pair ðM; ~ooÞ is called a multiplier Hermitian manifold (cf. [10]). The associated

Ricci form is
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RicsðoÞ ¼
ffiffiffiffiffiffiffi

�1
p

qq logð ~oonÞ ¼ RicðoÞ þ
ffiffiffiffiffiffiffi

�1
p

qqc;

where RicðoÞ ¼
ffiffiffiffiffiffiffi

�1
p

qq logðonÞ is the Ricci form of o. As an operator on functions on

M, the Laplacian rs of the multiplier Hermitian manifold ðM; ~ooÞ is

rs :¼
X

a;b

gbaðq2=qzaqzbÞ �
X

a;b

gbaðqc=qzaÞðq=qzbÞ ¼ rþ
ffiffiffiffiffiffiffi

�1
p

_ssðuÞX ; ð1:1Þ

where r is the Laplacian for the Kähler manifold ðM;oÞ. This operator rs plays an

important role in the study of ‘‘Kähler-Einstein metrics’’ in the sense of [7]. Define the

real part Rers of rs by 2Rers :¼ rs þrs.

Given a Riemannian manifold ðK ; gÞ, a point p on K is called a pole if the

exponential map expp : TpK ! K is a di¤eomorphism. It is easily seen that a manifold

with a pole is always complete. For a geodesic g joining p to a point q in Knfpg, the
vector field tangent to g with unit speed is called a radial vector field and is denoted by

_gg. A radial curvature is the restriction of the sectional curvature to a plane containing

the radial vector field. For a pole p of K , the manifold K is called a model if every

linear isometry j of TpK extends to F� for some isometry F of K satisfying Fð pÞ ¼ p

and F�; p ¼ j. Namely if K is a model, then the linear isotropy group at p is the full

orthogonal group. For a manifold K with a pole, we always denote by rK the distance

function on K from the pole.

Let ðN;oNÞ be a Kähler manifold with a pole pN , and let ðN 0;oN 0Þ be a Kähler

manifold with a point pN 0 such that dimN ¼ dimN 0 ¼ n. Let XN ;XN 0 be holomorphic

vector fields on N;N 0 vanishing at pN ; pN 0 respectively, so that

iððXNÞRÞoN ¼ duN and iððXN 0Þ
R
ÞoN 0 ¼ duN 0

for some real-valued smooth functions uN ; uN 0 on N;N 0 respectively. Let rN ; rN 0 be

distance functions on N;N 0 from pN ; pN 0 respectively. Set cN :¼ sNðuNÞ and cN 0 :¼
sN 0ðuN 0Þ.

Theorem A. Assume that ðN; pNÞ is a model with non-positive radial curvature.

Assume furthermore that for any ðq; q 0Þ A ðNnfpNgÞ � ðN 0nðfpN 0gUCutðpN 0ÞÞÞ, the in-

equalities

RicsN 0 ð _ggN 0 ; J _ggN 0Þðq 0ÞbRicsN ð _ggN ; J _ggNÞðqÞ; ð1:2Þ
ffiffiffiffiffiffiffi

�1
p

qqcN 0ð _ggN 0 ; J _ggN 0Þðq 0Þb
ffiffiffiffiffiffiffi

�1
p

qqcNð _ggN ; J _ggNÞðqÞ ð1:3Þ

hold whenever rNðqÞ ¼ rN 0ðq 0Þ, where Cutð pN 0Þ denotes the cut locus of pN 0 and gN ; gN 0

are the geodesics in N;N 0 joining pN ; pN 0 with q; q 0, respectively. Then

frsN 0 f ðrN 0Þgðq 0Þa frsN f ðrNÞgðqÞ ð1:4Þ

for all ðq; q 0Þ as above, if f is a non-decreasing smooth function on ½0;yÞ.

Let injpN 0 be the injectivity radius of ðN 0;oN 0Þ at pN 0 , and let B ¼ BðrÞ, B 0 ¼ B 0ðrÞ
be balls of radius r less than injpN 0 centered at pN ; pN 0 in N;N 0, respectively.
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Theorem B. We assume that uN is written as a function in rN alone. Under the

same assumption as in Theorem A, let h be a non-negative real-valued smooth function on

N 0 such that RersN 0ha 0. Then

ð

B 0
h ~oon

N 0=n!a hðpN 0ÞV ; ð1:5Þ

where ~ooN :¼ expð�cN=nÞoN , ~ooN 0 :¼ expð�cN 0=nÞoN 0 and V :¼
Ð

B
~oon
N=n!.

Next, we formulate special cases of the above theorems as a corollary.

Corollary. Let ðN 0;oN 0Þ be a multiplier Hermitian manifold with cN 0 such that

XN 0 vanishes at pN 0 in N 0.
(i) Assume that, for all q 0 A N 0nð pN 0 UCutðpN 0ÞÞ, the inequalities

RicsN 0 ð _ggN 0 ; J _ggN 0Þðq 0Þb 1; ð1:1aÞ
ffiffiffiffiffiffiffi

�1
p

qqcN 0ð _ggN 0 ; J _ggN 0Þðq 0Þb 1; ð1:2aÞ

hold, then for any non-negative real-valued smooth function h satisfying RersN 0ha 0, the

following holds:

ð

B 0ðrÞ
h ~oon

N 0=n!a hðpN 0Þ 1�
X

n

k¼1

e�r2r2ðn�kÞ

ðn� kÞ!

 !

pn: ð1:4aÞ

(ii) Assume that, for all q 0 A N 0nð pN 0 UCutðpN 0ÞÞ, the inequalities

RicsN 0 ð _ggN 0 ; J _ggN 0Þðq 0Þb 0; ð1:1bÞ
ffiffiffiffiffiffiffi

�1
p

qqcN 0ð _ggN 0 ; J _ggN 0Þðq 0Þb 1; ð1:2bÞ

hold, then for any non-negative real-valued smooth function h satisfying RersN 0 ha 0,

ð

B 0ðrÞ
h ~oon

N 0=n!a hðpN 0ÞWn; ð1:4bÞ

where Wn denotes the volume of the unit ball of hyperbolic n-space.

To see (i) above, let N ¼ C
n, oN ¼

ffiffiffiffiffiffiffi

�1
p

P

dza5dza and sN ¼ id in Theorem A.

Then for XN ¼ �
ffiffiffiffiffiffiffi

�1
p

P

zaðq=qzaÞ and sN 0 ¼ l id, the conditions (1.2) and (1.3) in

Theorem A reduce to (1.1a) and (1.2a). In additon, by taking pN ¼ 0 in Thoerem B,

we obtain (1.4a). We also have
Ð

B 0 e
�cN 0on

N 0=n!a pr2n=n! by taking XN ¼ 0 and h ¼ 1.

In the original comparison theorem as in Greene-Wu [3], the conditions (1.1a) and

(1.2a) are replaced by the following condition on the Ricci curvature:

RicðoN 0Þð _ggN 0 ; J _ggN 0Þðq 0Þb 0 for all q 0
A N 0: ð1:6Þ

By letting l ¼ 0, we obtain the ordinary Laplacian comparison theorem for Kähler

manifolds. Moreover, in view of the equality RicsN 0 ð _ggN 0 ; J _ggN 0Þ ¼ RicðoN 0Þð _ggN 0 ; J _ggN 0Þþ
ffiffiffiffiffiffiffi

�1
p

qqcN 0ð _ggN 0 ; J _ggN 0Þ, choosing
ffiffiffiffiffiffiffi

�1
p

qqcN 0ðq 0Þg 1, say by letting lg 1, we see that

both (1.1a) and (1.2a) hold even if (1.6) does not hold. In this sense, Theorems A and

B above give some generalization of the classical results of Greene-Wu and are ap-
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plicable to many cases which the original comparison theorem in Greene-Wu [3] cannot

cover.

We also obtain (ii) of the corollary by setting N ¼ fz A C
n; kzk < 1g, oN ¼

ffiffiffiffiffiffiffi

�1
p

P

fð1� kzk2Þdab þ zazbgð1� kzk2Þ�2
dza5dzb, sN ¼ id and uN ¼ logð1� kzk2Þ�1.

We wish to thank Professor Toshiki Mabuchi for useful suggestions and en-

couragement.

2. Laplacian and star operators.

In this section, we define multiplier analogues of the star operator. For a mul-

tiplier Hermitian manifold ðM; ~ooÞ, where ~oo is as in Introduction, we put ��� ¼ e�c� and

�̂� ¼ ec�, where � is the Hodge star operator of the Kähler manifold ðM;oÞ. For a

real-valued smooth function f ,

�̂�q���qf ¼ ec � qðe�c � qf Þ ¼ ec � ð�e�cqc5�qf þ e�cq � qf Þ

¼ �hqc; qf iþ �q � qf ¼ �
X

a;b

gbaðqc=qzaÞðqf =qzbÞ þr f ; i:e: rs ¼ �̂�q���q:

Remark 2.1. Both �̂� and ��� are real operators. Moreover we have the identities

����̂� ¼ �̂���� ¼ �2.

Lemma 2.2. Let U be an open subset of M with smooth boundary qU . For any

real-valued smooth functions h; h0 on a neighborhood of U,

ð

U

ðhrsh0 � h0rshÞ ~oon=n! ¼
ð

qU

fhð���qh0Þ � h0ð���qhÞg:

Proof. By qh5���qh0 ¼ qh05���qh, we have

dfhð���qh0Þ � h0ð���qhÞg ¼ qh5���qh0 þ hðq���qh0Þ � qh05���qh� h0ðq���qhÞ

¼ hð����̂�q���qh0Þ � h0ð����̂�q���qhÞ ¼ ���ðhrsh0 � h0rshÞ:

Hence, by Stokes’ theorem and rs ¼ �̂�q���q, we have the required equality. r

3. Preliminaries.

In this section, we show a couple of lemmas peculiar to multiplier Hermitian

manifolds. For M;o;X ; u;c as in Introduction, fix a point p in M. Let

rM : M ! ½0; injpÞ be the distance function from p and let g : ½0; injpÞ ! M be the

geodesic emanating from p such that _gg coincides with the gradient vector field of rM
restricted to g.

Lemma 3.1. If X vanishes at p A M, then ðXRÞrM ¼ ðX þ X ÞrM ¼ 0.

Proof. We use a technique in Mabuchi [8]. For a point q A M, let b A R such

that q ¼ gðbÞ. On a small neighborhood of q in M, we choose a local coordinates

ðz1; z2; . . . ; znÞ centered at q such that

_ggðbÞ ¼ ðq=qx1Þ and J _ggðbÞ ¼ ðq=qy1Þ:
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Here za ¼ xa þ
ffiffiffiffiffiffiffi

�1
p

ya for all a. We may assume that the local expression g
ab

of o

with respect to this holomorphic local coordinates satisfies g
ab
ðqÞ ¼ d

ab
=2 and dg

ab
ðqÞ ¼

0. A direct calculation gives

2ðXrMÞðqÞ ¼
ffiffiffiffiffiffiffi

�1
p

ðqu=qz1ÞðqÞ ð3:1Þ

by X ¼
ffiffiffiffiffiffiffi

�1
p

P

ðqu=qzaÞðq=qzaÞ. Consider the exponential map expq : TqM ! M at q.

Defining xðsÞ :¼ expqðsJ _ggðbÞÞ on su‰ciently small interval �ea sa e, we have

_ggðtÞ ¼ g�ðq=qtÞ ¼ ðq=qx1Þ þOðjt� bj2Þ;
x�ðq=qsÞ ¼ ðq=qy1Þ þOðjsj2Þ

(

ð3:2Þ

in a neighborhood of q. Since X is holomorphic, we have ðq=qz1Þ2ðuÞðqÞ ¼ 0, i.e.

ðq=qx1Þ2ðuÞðqÞ ¼ ðq=qy1Þ2ðuÞðqÞ ¼ 0 and ðq2=qx1qy1ÞðuÞðqÞ ¼ 0 in the corresponding

real coordinates. Now we consider a map F from ½�e; e� � ½0; b� to M defined by

F ðs; tÞ :¼ expgðtÞðsJ _ggðtÞÞ and set ~uu :¼ F �u and ~cc :¼ F �c. Obviously ~cc ¼ sð~uuÞ. It

follows from (3.2) that

ðq=qtÞð~uuÞjs¼0 ¼ g�fðq=qx1Þug þOðjt� bj2Þ
ðq=qsÞð~uuÞjt¼b ¼ x�fðq=qy1Þug þOðjsj2Þ

(

ð3:3Þ

in a neighborhood of ðs; tÞ ¼ ð0; bÞ. In (3.3), di¤erentiating the upper equation with

respect to t at t ¼ b and di¤erentiating the lower equation with respect to s at s ¼ 0, we

have ðq=qtÞ2ð~uuÞ ¼ ðq=qsÞ2ð~uuÞ on f0g � ½0; b�. From

‘q=qtðq=qsÞjðs; tÞ¼ð0;bÞ ¼ ‘q=qsðq=qtÞjðs; tÞ¼ð0;bÞ ¼ 0 and F�ðq=qsÞjðs; tÞ¼ð0;bÞ ¼ ðq=qy1Þ;

we obtain F�ðq=qsÞ ¼ ðq=qy1Þ þOðjsj2 þ jt� bj2Þ. Together with (3.2) and

ðq2=qx1qy1ÞðuÞðxÞ ¼ 0, we have ðq2=qtqsÞð~uuÞ ¼ 0 on f0g � ½0; b�. It follows that q~uu=qs

is constant on f0g � ½0; b� and then for all t in ½0; b�

ðq~uu=qsÞð0; 0Þ ¼ ðq~uu=qsÞð0; tÞ ¼ 0;

because u is critical at p. This together with (3.1) and (3.2) completes the proof.

r

Lemma 3.2. If X vanishes at p, then for gðtÞ as in the proof of Lemma 3.1,

ð b

0

ffiffiffiffiffiffiffi

�1
p

qqcð _gg; J _ggÞ dt ¼ �2
ffiffiffiffiffiffiffi

�1
p

_ssðuÞðXrMÞðqÞ:

Proof. For the holomorphic coordinates as in Lemma 3.1, we have

qqcð _gg; J _ggÞ ¼
X

ð€ssðuÞðqu=qzaÞðqu=qzbÞ þ _ssðuÞðq2u=qzaqzbÞÞðdza5dzbÞð _gg; J _ggÞ

¼ �2
ffiffiffiffiffiffiffi

�1
p

ð€ssðuÞðqu=qz1Þðqu=qz1Þ þ _ssðuÞðq2u=qz1qz1ÞÞ

¼ �2
ffiffiffiffiffiffiffi

�1
p

ðq=qz1Þð _ssðuÞðqu=qz1ÞÞ:
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Hence, ð _ggþ
ffiffiffiffiffiffiffi

�1
p

J _ggÞf
ffiffiffiffiffiffiffi

�1
p

_ssðuÞXrMg ¼ �
ffiffiffiffiffiffiffi

�1
p

qqcð _gg; J _ggÞ=2 ¼ �IðtÞ=2. Using Lemma

3.1, we obtain

� 1

2
IðtÞ ¼ ð _ggþ

ffiffiffiffiffiffiffi

�1
p

J _ggÞf
ffiffiffiffiffiffiffi

�1
p

_ssðuÞXrMg ¼ Refð _ggþ
ffiffiffiffiffiffiffi

�1
p

J _ggÞð
ffiffiffiffiffiffiffi

�1
p

_ssðuÞXrMÞg

¼ _ggf
ffiffiffiffiffiffiffi

�1
p

_ssðuÞXrMg ¼ ðd=dtÞf
ffiffiffiffiffiffiffi

�1
p

_ssðuÞXrMg:

Integrating this equalities, by our assumption X ðpMÞ ¼ 0, we now complete the proof.

r

4. Proof of Theorem A.

Let ðK; gÞ be a Riemannian manifold with a fixed point p, and let q be a point in

Bnfpg, where B is a ball centered at p with radius less than or equal to the injectivity

radius at p. Let g be the geodesic with unit speed such that gð0Þ ¼ p and gðbÞ ¼ q for a

suitable b > 0. Choose an orthonormal basis fE#
i g, 2a ia dimK , for the orthogonal

complement of R _gg in the tangent space TqK at q. For each i A f2; . . . ; dimKg, choose a

vector field EiðtÞ, 0a ta b, along g such that Eið0Þ ¼ 0, EiðbÞ ¼ E#
i and that kEiðtÞk ¼

kEjðtÞk for all t A ½0; b�. We use the following fact in Greene-Wu [3, Proposition 2.15

and its proof ]:

Fact 4.1. For the Laplacian D of ðK ; gÞ,

Dra

ð b

0

X

dimK

i¼2

k _EEik2 � kE2k2 Ricð _gg; _ggÞ
( )

dt:

The equality holds if and only if EiðtÞ is a Jacobi field along g for all i.

Remark 4.2. In the case where K is the underlying Riemannian structure of

ðN;oNÞ in Theorem A, let WiðtÞ, t A ½0; b�, be the Jacobi field defined by Wið0Þ ¼ 0 and

WiðbÞ ¼ E#
i . Each WiðtÞ can be mapped to each WjðtÞ by an isometry of N fixing pN ,

the orthogonality of WiðbÞ, 2a ia n, shows WiðtÞ, 2a ia n, are mutually orthogonal

for every t A ½0; b� (Greene-Wu [3, Corollary 2.14]). Hence if Wi’s are chosen as Ei’s,

then the inequality in Fact 4.1 reduces to an equality.

Proof of Theorem A. Recall that rs f ðrÞ ¼ ð1=2Þ€ff ðrÞ þ _ffrsr on N or N 0,
according as ðs; rÞ is ðsN ; rNÞ or ðsN 0 ; rN 0Þ, respectively. Hence we may, without loss

of generality, that f ¼ id on ½0;yÞ. It is now su‰cient to show that ðrsN 0rN 0Þðq 0Þa
ðrsNrNÞðqÞ. By (1.2), Lemma 3.2 and Remark 4.2, ðrsNrNÞðqÞ is

1

2

ð b

0

X

2n

i¼2

k _WWik2 � kW2k2 Ricð _ggN ; J _ggNÞ �
ffiffiffiffiffiffiffi

�1
p

qqcð _ggN ; J _ggNÞ
( )

dt:

For vector fields fEig, 2a ia 2n, along gN 0 with valued in TN 0 satisfying kEikðtÞ ¼
kWikðtÞ and k _EEikðtÞ ¼ k _WWikðtÞ for all t A ½0; b�, we see that ðrsrN 0Þðq 0Þ does not exceed

1

2

ð b

0

X

2n

i¼2

k _EEik2 � kE2k2 Ricð _ggN 0 ; J _ggN 0Þ �
ffiffiffiffiffiffiffi

�1
p

qqcð _ggN 0 ; J _ggN 0Þ
( )

dt;
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by (1.2), Lemma 3.2 and Fact 4.1. Since kW2k2ðtÞ is a convex function in t because

ðN;oNÞ is of non-positive radius curvature and since kW2k2ð0Þ ¼ 0 and kW2k2ðbÞ ¼ 1

from our assumption, we have 0a kW2k2a 1 for all t A ½0; b�. Since kEik2 ¼ kWik2
holds for all t A ½0; b�, we have

ðrsNrNÞðxÞ � ðrsN 0rN 0Þðx 0Þ

b
1

2

ð b

0

f�kW2k2ðRicð _ggN ; J _ggNÞ �Ricð _ggN 0 ; J _ggN 0ÞÞ

�
ffiffiffiffiffiffiffi

�1
p

qqcNð _ggN ; J _ggNÞ þ
ffiffiffiffiffiffiffi

�1
p

qqcN 0ð _ggN 0 ; J _ggN 0Þg dt

b
1

2

ð b

0

�kW2k2ðRicsN ð _ggN ; J _ggNÞ �RicsN 0 ð _ggN 0 ; J _ggN 0ÞÞ dt;

where the last inequality follows from (1.3) and 0a kW2k2a 1. Finally by (1.2), we

obtain the required inequality. r

5. Proof of Theorem B.

For ðM;oÞ and c ¼ sðuÞ as in Introduction we first observe

Lemma 5.1. Let SðrÞ be the sphere in M centered at p of radius r and let vðrÞ be the

volume of SðrÞ with respect to the multiplier Hermitian metric ~oo. If u is written as a

function in rM alone, then dv=dr ¼ 2ðrsrMÞv.

Proof. The volume vðrÞ is nothing but vðrÞ ¼
Ð

SðrÞ e
�cWr; where Wr is the volume

form on SðrÞ induced by Kähler metric o on M. Let Y be a complex gradient vector

field of rM with respect to the Kähler form o on M, i.e. Y ¼
P

a;b g
baðqrM=qzbÞðq=qzaÞ.

By Lemma 3.1, YRc ¼ �2
ffiffiffiffiffiffiffi

�1
p

_ssðuÞXrM . By Lemma 3.2, rrM and YRc depends only

on r, and so does rsrM . Hence,

dv

dr
¼ d

dr

ð

SðrÞ
e�cWr ¼

ð

SðrÞ
LYR

ðe�cWrÞ ¼
ð

SðrÞ
fð�YRcNÞe�cWr þ e�cLYR

Wrg

¼
ð

SðrÞ
fð�YRcÞe�cWr þ ðDrMÞe�cWrg ðcf : ½2; p: 273a274�Þ

¼ 2

ð

SðrÞ
frrM þ

ffiffiffiffiffiffiffi

�1
p

_ssðuÞXrMge�cWr ¼ 2

ð

SðrÞ
ðrsrMÞe�cWr

¼ 2ðrsrMÞ
ð

SðrÞ
e�cWr ¼ 2ðrsrMÞvðrÞ: r

Proof of Theorem B. We define the real-valued function f on ½0;yÞ by

f ðrÞ ¼
ð r

1

vðtÞ�1
dt;

where vðtÞ is the volume of a sphere SðtÞ in N centered at pN of radius t. Since

2rsN f ðrNÞ ¼ €ff ðrNÞ þ 2 _ffrsNrN , it follows that rs f ðrNÞ ¼ 0 on NnfpNg by Lemma
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5.1. Next, we consider the real-valued function f ðrN 0Þ on N 0nfpN 0g. By Theorem A,

rsN 0 f ðrN 0Þa 0 on N 0nfpN 0g.

Let Wt be the volume form of SðtÞ in terms of the multiplier Hermitian metric ~ooN 0 ,

and let U be the open subset BðrÞnBðr0Þ with 0 < r0 < r, where Bðr0Þ denotes the closure

of Bðr0Þ in N 0. By fixing r, we define a function h0 in rN 0 by h0ðrN 0Þ :¼ f ðrÞ � f ðrN 0Þ,

so that h0ðrÞ ¼ 0 if rN 0 ¼ r. We have that rsN 0h0 ¼ rsN 0h0 in view of Lemma 3.1.

Since h and rsh0 are non-negative, Lemma 2.2 implies

ð
U

h0ðRershÞ ~oo
n
N 0=n!b

ð
U

ðh0 Rersh� hrsh0Þ ~oo
n
N 0=n!

¼

ð
qU

fh0ð���dhÞ � hð���dh0Þg ¼ Pðr0Þ þQðrÞ �Qðr0Þ;

where Pðr0Þ :¼ f f ðr0Þ � f ðrÞg
Ð
Sðr0Þ

���dh and QðtÞ :¼ vðtÞ�1 Ð
SðtÞ h���drN 0 . Since h is

smooth, there exists a positive real number M such that
Ð
Sðr0Þ

���dha
Ð
Sðr0Þ

Me�con
N 0=n!.

By the definiton of f ðr0Þ, the vanishing order of
Ð
Sðr0Þ

Me�con
N 0=n! as r0 ! 0 is definitely

greater than that of f ðr0Þ. Hence we have Pðr0Þ ! 0 as r0 ! 0. If r0 ! 0, then the

open set U approaches to B 0ðrÞ. Since ���drN 0 restricted to SðtÞ is Wt, we have Qðr0Þ !

hð pN 0Þ as r0 ! 0. By passing to the limit, we have

0b

ð
B 0ðrÞ

fðRersN 0hÞ

ð r

rN 0

vðtÞ�1
dtgb�hð pN 0Þþ

1

vðrÞ

ð
SðrÞ

hWr:

Hence,
Ð
SðrÞ hWNa vðrÞhðpN 0Þ. We now conclude that

ð
B 0ðrÞ

h ~oon
N 0=n! ¼

ð r

0

dt

ð
SðtÞ

hWta hð pN 0Þ

ð r

0

vðtÞ dt ¼ hðpN 0ÞVðrÞ;

as required. r
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