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Abstract. We show the existence of solutions for Dirichlet problem of evolutionary

surfaces of prescribed mean curvature. Usually the lateral boundary needs to satisfy a

kind of convexity, more precisely H-convexity condition. But in this article we do not

assume it on a portion S of the lateral boundary. Under some assumptions on the

exterior forces and the shape of S we prove that the solution satisfies Dirichlet boundary

condition on S in a weak sense.

1. Introduction.

Let WHRN , Nb 2, be a bounded domain with smooth boundary qW. We denote

Di ¼ q=qxi and D ¼ ðD1; . . . ;DNÞ. Let T be any fixed positive number and QT ¼

W� ð0;TÞ. We denote by qpQT the parabolic boundary of QT . We consider the

Dirichlet problem

D �
Du

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jDuj2
p

 !

� qtu ¼ NH in QTð1:1Þ

with

u ¼ f on qpQT :ð1:2Þ

Here we impose the compatibility condition on the boundary function f:

D �
Df

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jDfj2
p

 !

� qtf ¼ NH on qW� ft ¼ 0g:ð1:3Þ

In the stationary case Serrin [13] solved first the above Dirichlet problem under

some assumptions on H. In particular the following assumption is important

N

N � 1
jHjaL on qW;ð1:4Þ

where L is the boundary mean curvature. Afterward many authors solved the above

Dirichlet problem in the stationary case under weaker assumptions, but (1.4) is essential
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(see e.g., [4], [6]) and necessary. Here the necessity is in the following sense: If (1.4)

breaks at a point in qW, there is at least a boundary function f, for which (1.1)–(1.2)

is not solvable (see Corollary 14.13 in [5]). The existence of solutions for the problem

(1.1)–(1.2) was discussed by Lichnewsky and Temam [11]. In particular, when H ¼ 0

and Lb 0 on qW� ð0;TÞ and f does not depend on t, they showed that the existence

problem is a‰rmative. Their method is to construct the barrier. And if some non-

linear perturbation terms appear in (1.1), Nakao and Ohara [12] derived Ly-gradient

estimates and showed the behavior of solutions at t ¼ y under some assumptions.

There are many papers treating various gradient estimates of quasilinear parabolic

equations of mean curvature type: [1], [2], [3], [10] etc.

Recently one of the authors and Nakatani [7] tried to remove the assumption (1.4)

for the stationary case without constructing the barrier. When (1.4) breaks on a

portion G of qW, some assumption was imposed for the approximating solutions and

a few examples were given in [7] concerning the existence of weak solutions. But it is

required that H is larger than some positive constant on G , which is determined from

the shape of G .

Our aim is to extend the result in [7] to the non-stationary case. We shall prove

the existence of weak solutions for the problem (1.1)–(1.2). The assumption (1.4) is not

imposed on a portion G � ð0;TÞ of the lateral boundary qW� ð0;TÞ. But we impose

some assumption for the approximating solution for the problem (1.1)–(1.2). Our

theorem is stated in the next section. And an example satisfying the assumptions in our

theorem is given in Section 3, where we treat the case when W is an annular domain in

R3. Then the inside portion G of qW does not satisfy (1.4). Our method is to derive a

uniform energy estimate near G � ð0;TÞ for each solution of the approximate problem

of (1.1)–(1.2) (see Sections 5 and 6). Using the estimate, we show that the required

solution satisfies the boundary condition on G � ð0;TÞ in a weak sense, where (1.4) is

not satisfied.

We proceed along the line in [7]. But, even in the stationary case, our method in

this article is not the same. In both [7] and this article we suppose a property, called

Property ðAÞ (see Section 2), for each point on G . In this article the definition of

Property ðAÞ is di¤erent from that in [7] and weaker than it. For further detailes refer

to the note behind the definition of Property ðAÞ, and the Remark 2 in Section 2.

When W is a ball with radius R > N and H ¼ 1=N particularly, the condition (1.4)

breaks, because L ¼ 1=R. In this case Kawohl and Kutev [8] solved the problem (1.1)–

(1.2) in the viscosity sense. Their method is to use the theory of viscosity solutions and

di¤erent from ours.

Acknowledgments. The authors wish to thank the referee for his helpful com-

ments.

2. Theorem.

Let x ¼ ðx1; . . . ; xNÞ be the space variable in RN and t be the time variable in R1.

From now on, let W be a bounded domain in RN and qW be of class C 3. Let T be any

fixed positive number. Let QT be the cylindrical domain in the previous section.

The following assertion is well known as Nikodym’s theorem:
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Suppose that u, Diu A L1ðQTÞ, i ¼ 1; . . . ;N. Then u has its trace on qW� ð0;TÞ

such that it belongs to L1ðqW� ð0;TÞÞ.

We consider the initial value problem:

D �
Du

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jDuj2
p

 !

� qtu ¼ gðx; tÞ in QT

uðx; 0Þ ¼ f ðxÞ on W� ft ¼ 0g:

8

>

>

<

>

>

:

ð2:1Þ

As usually we define the weak solution of (2.1) as follows. First we put

C1
ð0ÞðW� ½0;TÞÞ ¼ fcðx; tÞ A C1ðQT Þ jc ¼ 0 on fqW� ð0;TÞgU fW� ft ¼ Tgg:

Definition. Let u and Diu A L1ðQTÞ, i ¼ 1; . . . ;N. Let f ðxÞ A CðWÞ and gðx; tÞ A

CðQT Þ. Then we say that u is a weak solution of (2.1), if it holds that for any

c A C 1
ð0ÞðW� ½0;TÞÞ

ð

QT

uqtc dxdt�

ð

QT

Du �Dc
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jDuj2
p dxdtþ

ð

W

f ðxÞcðx; 0Þ dx ¼

ð

QT

gc dxdt:ð2:2Þ

Naturally u is a weak solution of (2.1), if it holds in the classical sense. We denote

by BdðPÞ the open ball in RN with its center P and with its radius d. We set the

following

Definition. We say that P A qW has Property ðAÞ, if the following holds: There

exist a positive number d and a one-to-one mapping F

F : BdðPÞ C ðx1; . . . ; xNÞ 7! ðx1; . . . ; xNÞ A RN

satisfying

(I) F and F�1 are both of class C 3 such that

Dðx1; . . . ; xNÞ

Dðx1; . . . ; xNÞ
> 0 in BdðPÞ:

(II) FðPÞ ¼ O, FðBdðPÞVWÞH fxN > 0g and FðBdðPÞV qWÞH fxN ¼ 0g.

(III) Dxxi �DxxN ¼ 0 on BdðPÞV qW, if i0N.

For example F is the case of the polar coordinates transformation. In this article

we put mij ¼ Dxxi �Dxxj. In [7] the following stronger assumption was imposed in place

of the above (III):

mij ¼ 0 on BdðPÞV qW; if i0 j:

Let P A qW have Property ðAÞ and xi, i ¼ 1; . . . ;N be the functions in its definition.

We put hij ¼ Dxjxi and

J ¼
Dðx1; . . . ; xNÞ

Dðx1; . . . ; xNÞ
:
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Then mij ¼ hiphjp, detðhijÞ ¼ J�1 > 0 and fmijg is symmetric. From our assumption

mNj ¼ 0 on fxN ¼ 0g for j0N. For ðh1; . . . ; hNÞ A RN

X

i; j

mijhihj ¼
X

p

X

i

hiphi

 !

2

b 0:

If the left-hand side equals 0,
P

i hiphi ¼ 0 for any p. Hence h1 ¼ � � � ¼ hN ¼ 0. This

implies that fmijg is positive definite.

Throughout this article we set the following assumptions: Let G1 and G2 be two

relatively open subsets of qW such that qW ¼ G1 UG2 and G1 VG2 ¼ q. Further we

impose Property ðAÞ for each point on G1 and set

d0 ¼ sup
P AG1

dðPÞ;ð2:3Þ

where dðPÞ is the least positive number satisfying

JdðPÞb 1

2N

ffiffiffiffiffiffiffiffiffiffi

mNN

p
DxNJ þ 1

ffiffiffiffiffiffiffiffiffiffi

mNN
p DxN ðJmNNÞ

� �

on BdðPÞV qW:ð2:3 0Þ

The positive constant d0 is the same as in [7], which depends only on the shape of G1.

Let H belong to C1ðQTÞ, and suppose that f belongs to C5ðQT Þ. We take an

approximating sequence ffng such that

fn ! f in H 2þa;1þa=2ðQTÞ ðn ! yÞ;ð2:4Þ

where the space H 2þa;1þa=2ðQT Þ is the usual Schauder space (see e.g., [9]). And we take

a positive sequence feng such that en ! 0 ðn ! yÞ. Each fn needs to satisfy the com-

patibility condition

ensfn þD � Dfn
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jDfnj2
p

 !

� qtfn ¼ NH on qW� ft ¼ 0g:ð2:5Þ

This is fulfilled if we set, for example

fnðx; tÞ ¼ fðx; tÞ þ entðsfÞðx; 0Þ:ð2:6Þ

So it is known that for each n there is a solution un A H 2þa;1þa=2ðQTÞ ð0 < a < 1Þ of

ensun þD � Dun
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jDunj2
p

 !

� qtun ¼ NH in QT

un ¼ fn on qpQT

8

>

>

<

>

>

:

ð2:7Þ

(see e.g., [9]).

The space H 2;1ðQTÞ also is referred to [9]. It is known that for any compact set

K HQT there is a constant C depending on K but not on n such that supK jDunjaC

(see e.g., [3]). So by the usual argument there are a subsequence fumg of fung and a

function u A H 2;1ðQTÞ such that
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qk
t D

gumx qk
t D

gu in K ðm ! yÞ; 2k þ jgja 2:ð2:8Þ

In Section 4 we see that u is a weak solution of

D �
Du

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jDuj2
p

 !

� qtu ¼ NH in QT

uðx; 0Þ ¼ fðx; 0Þ on W� ft ¼ 0g:

8

>

>

<

>

>

:

ð2:9Þ

Under the above assumptions our aim is to prove

Theorem. Suppose the following assumptions:

a) For each n, qun=qnb0 on G1�ð0;TÞ, where n is the inward normal vector at qW.

b) H0 0 on G2 � ð0;TÞ.

c) There is a positive number d such that

ð1þ dÞjHja
N � 1

N
L on G2 � ð0;TÞ:

d) jqtfj < d 0 on G2 � ð0;TÞ, where d 0 is a positive number determined later from d

and infG2�ð0;TÞjHj.

e) For the positive constant d0 in (2.3)

H þN�1qtfb d0 on G1 � ð0;TÞ:ð2:10Þ

Then the problem (2.9) has a weak solution u A H 2;1ðQT ÞVL1ð0;T ;W 1;1ðWÞÞV

CðQT U ðG2 � ð0;TÞÞ such that u ¼ f on G2 � ð0;TÞ and the trace of u� f on G1 � ð0;TÞ

equals 0.

In the statement of the above theorem we give additional explanations. From b)

we can take k > 0 such that ka jHj on G2 � ð0;TÞ. Then the constant d 0 in d) is given

with d 0 ¼ ð2N=3Þðk=ð2þ dÞÞ (see the proof of Proposition 7.1). In the next section we

shall give an example satisfying the assumptions a)–e). The solution u in our theorem

is identical with the function in (2.8). By the well-known method of barriers, we see

that u is continuous near G2 � ð0;TÞ (see e.g., [11]). In [11] this was treated when

H ¼ 0 and f does not depend on t. But in order to make sure we repeat a similar

argument in Section 7. By the usual argument the function u belongs to H 2;1ðQT ÞV

L1ð0;T ;W 1;1ðWÞÞ. Thus our main goal is to show that the trace of u equals f on

G1 � ð0;TÞ.

Remark 1. We have constructed the approximating boundary function as in (2.6).

There may be another method to construct it. But the argument below is not changed,

because (2.4) and (2.5) only are essential.

Remark 2. Let W be an annular domain in R3 with its center O. Let G1 be the

inside boundary of W with its radius R. We calculate the constant d0 in (2.3).

We take the polar coordinates transformation:

x ¼ ðx3 þ RÞ sin x1 cos x2; y ¼ ðx3 þ RÞ sin x1 sin x2; z ¼ ðx3 þ RÞ cos x1:
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Then m33 ¼ 1 and J ¼ ðx3 þ RÞ2 sin x1 > 0 for 0 < x1 < p. Thus (2.3 0) is written as

dðPÞðx3 þ RÞ2 sin x1b
1

3
Dx3J on fx3 ¼ 0g:

This implies that we can take as d0 ¼ 2=ð3RÞ.

When W is an annular domain in RN with its center O and G1 is the inside boundary

of W with its radius R, we see that mNN ¼ 1 and J ¼ ðxN þ RÞN�1ðsin x1Þ
N�2ðsin x2Þ

N�3 � � �

sin xN�1. Thus d0 ¼ ðN � 1Þ=ðNRÞ.

Since L ¼ �1=R on G1, we can write d0 ¼ �ððN � 1Þ=NÞL there. Thus for the

general case we conjecture that the assumption (2.10) may be replaced with

�H �N�1qtfa
N � 1

N
L on G � ð0;TÞ;

where G is a portion of qW and L is the boundary mean curvature of G with negative

value.

3. Example.

In this section we give an example applicable to our theorem. In our example G1

and G2 are separate each other. But when they are not so, we can not yet give any

example. The problem is still open.

The approximating boundary function fn will be given in another method di¤erent

from (2.4). We write as r ¼ jxj. Let N ¼ 3 and 0 < R1 < R2 < 1. Here R1 is ar-

bitrarily fixed, but R2 is taken as close to R1, if necessary. We consider the annular

domain W ¼ fR1 < r < R2g. Let G1 ¼ fr ¼ R1g and G2 ¼ fr ¼ R2g, so qW ¼ G1 UG2.

Obviously the boundary mean curvature L on G2ðG1Þ equals 1=R2ð�1=R1Þ, respectively.

From the previous section d0 on G1 equals 2=ð3R1Þ.

We take a function HðrÞ A C 1½R1;R2� such that HðR1Þb 2=ð3R1Þ and 0 < HðR2Þ <

2=ð3R2Þ. For e > 0 we define the operator Qe such that

QeðuÞ ¼ eð1þ jDuj2Þ3=2suþ ð1þ jDuj2Þsu�Diu �Dju �DiDju

� ðut þ 3HÞð1þ jDuj2Þ3=2;

where Di ¼ Dxi and D ¼ ðD1;D2;D3Þ. If u ¼ uðr; tÞ in particular, we see that

su ¼ u 00 þ 2r�1u 0 and Diu �Dju �Diju ¼ u 00u 02:

Thus we can write

QeðuÞ ¼ eð1þ u 02Þ3=2ðu 00 þ 2r�1u 0Þ þ u 00 þ 2ð1þ u 02Þr�1u 0

� ðut þ 3HÞð1þ u 02Þ3=2:

Next we take a function pðrÞ A C2½R1;R2� such that p > 0 in ðR1;R2Þ and pðR1Þ ¼

pðR2Þ ¼ 0. Let m be any fixed positive number. And we consider the initial value

problem
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ð1þ eð1þW 2Þ3=2ÞW 0 þ 2r�1Wð1þW 2Þð1þ e
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þW 2
p

Þ
�ðmþ 3HÞð1þW 2Þ3=2 ¼ p in ðR1;R2Þ;
WðR1Þ ¼ 0:

8

>

<

>

:

ð3:1Þ

If R2 � R1 is small, this problem has a solution WðRÞ A C2½R1;R2� for each e > 0. We

set gðrÞ ¼
Ð r

R1
WðsÞ ds. Then g A C3½R1;R2� and gðR1Þ ¼ 0. From (3.1) we see that

g 00 þ eð1þ g 02Þ3=2ðg 00 þ 2r�1g 0Þ þ 2r�1ð1þ g 02Þg 0

�ðmþ 3HÞð1þ g 02Þ3=2 > 0 in ðR1;R2Þ;
the right-hand side ¼ 0 at r ¼ R1;R2:

8

>

<

>

:

ð3:2Þ

Finally we define

feðr; tÞ ¼ veðr; tÞ ¼ gðrÞ þmt

and fðr; tÞ ¼ f0ðr; tÞ by setting e ¼ 0. Then ve A C3ðQT Þ and feðr; tÞ ! fðr; tÞ in C3ðQT Þ
as e ! 0. From (3.2) we have

QeðveÞ > 0 in QT and QeðfeÞ ¼ 0 on Gi � ft ¼ 0g ði ¼ 1; 2Þ:

Since fe satisfies the compatibility condition, there is a function ue A H 2;1ðQTÞ such that

QeðueÞ ¼ 0 in QT ; ue ¼ fe on qpQT :

By the comparison theorem we see that ueb ve in QT . Therefore

qve

qn
¼ qfe

qr
¼ g 0 ¼ W ¼ 0 and

qve

qn
a

que

qn
on G1 � ð0;TÞ:

This means that

que

qn
b 0 on G1 � ð0;TÞ:

The conditions c)–e) in our theorem are satisfied, if m is su‰ciently small. Naturally it

is possible.

4. Preliminaries.

The arguments and the results in this section are usual. Let un be the solutions

of the approximating problem (2.7). In this section we denote by ð ; Þ the L2ðWÞ-inner
product.

Setting vn ¼ un � fn, we multiply the equation in (2.7) with vn. Then

�en

ðT

0

ðsun; vnÞ dt�
ðT

0

D � Dun
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jDunj2
p

 !

; vn

 !

dt

þ
ðT

0

ðqtun; vnÞ dt ¼ �N

ðT

0

ðH; vnÞ dt;

� ðsun; vnÞ ¼ ðDun;DvnÞ ¼ ð1; jDunj2Þ � ðDun;DfnÞ
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and

� D � Dun
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jDunj2
p

 !

; vn

 !

¼ Dun
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jDunj2
p ;Dvn

 !

¼ Dun
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jDunj2
p ;Dun

 !

� Dun
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jDunj2
p ;Dfn

 !

:

Furthermore

ðT

0

ðqtun; vnÞ dt ¼
ðT

0

ðqtun; unÞ dt�
ðT

0

ðqtun; fnÞ dt

¼ 1

2

ðT

0

ð1; qtu2n Þ dtþ
ðT

0

ðun; qtfnÞ dt� ðun; fnÞjTt¼0

¼ 1

2
ð1; unð� ;TÞ2Þ � 1

2
ð1; fnð� ; 0Þ2Þ þ

ðT

0

ðun; qtfnÞ dt

� ðunð� ;TÞ; fnð� ;TÞÞ þ ð1; fnð� ; 0Þ2Þ

(by Cauchy’s inequality)

b� 1

2
ð1; fnð� ;TÞ2Þ þ 1

2
ð1; fð� ; 0Þ2Þ þ

ðT

0

ðun; qtfnÞ dt:

Hence we have

en

ðT

0

ð1; jDunj2Þ dtþ
ðT

0

1;
jDunj2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jDunj2
p

 !

dt

a en

ðT

0

ðDun;DfnÞ dtþ
ðT

0

jDunj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jDunj2
p ; jDfnj
 !

dt

þ 1

2
ð1; fnð� ;TÞ2Þ � 1

2
ð1; fnð� ; 0Þ2Þ �

ðT

0

ðun; qtfnÞ dt�N

ðT

0

ðH; vnÞ dt:

From now on we take two positive numbers C0 and M such that

sup
QT

jHjaC0;
X

jajþka3

sup
n;QT

jDaqk
t fnj

 !

aM:

From the inequality jsj � 1a s2=
ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ s2
p

ðs A RÞ, we see that

jDunj � 1a
jDunj2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jDunj2
p :
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Therefore it follows that

en

ðT

0

ð1; jDunj
2Þ dtþ

ðT

0

ð1; jDunjÞ dta
en

2

ðT

0

ð1; jDunj
2Þ dt

þ C 1þM 2 þM

ðT

0

ð1; junjÞ dtþ C0

ðT

0

ð1; junjÞ dtþ C0M

� �

;

where C is a positive constant independent of n. In virtue of [3] there is a positive

constant C1 independent of n such that

sup
QT

junjaC1:ð4:1Þ

Thus we obtain

en

ðT

0

ð1; jDunj
2Þ dtþ

ðT

0

ð1; jDunjÞ dtaC2;ð4:2Þ

where C2 ¼ Cð1þ C0M þ C1M þM 2 þ C0C1Þ. This means that

ðT

0

ð

W

ðjDunj
1=2Þ2 dxdtaC2:ð4:3Þ

Throughout this article we denote by the same fumg any subsequence of fung. Let u

be the function in (2.8). Then from the above and (2.8) we obtain

jDumj
1=2 ! jDuj1=2 weakly in L2ðQTÞ ðm ! yÞ:

So Du A ðL1ðQTÞÞ
N . On the other hand from (4.1) and (2.8), u A LyðQTÞVH 2;1ðQTÞ.

Easily for c A C1
ð0ÞðW� ½0;TÞÞ

ð

QT

Dum �Dc
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jDumj2
p dxdt !

ð

QT

Du �Dc
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jDuj2
p dxdt ðm ! yÞ:

Thus we see that u is a weak solution of (2.9).

From the above we have

Proposition 4.1. The function u in (2.8) is a weak solution of (2.9). And it holds

that u A LyðQTÞVH 2;1ðQTÞ and Diu A L1ðQTÞ, i ¼ 1; . . . ;N.

5. Main estimate (I).

Hereafter we suppose the assumptions in our theorem. Let un be the solution of

(2.7). Let P be any fixed point on G1. Let x ¼ ðx1; . . . ; xNÞ be the new coordinate and

BdðPÞ be the ball in Property ðAÞ.

In Sections 5 and 6 we write Dx ¼ ðDx1 ; . . . ;DxN Þ, Di ¼ Dxi , i ¼ 1; . . . ;N and D ¼

ðD1; . . . ;DNÞ. Let c be any test function in C1
0 ðBdðPÞVWÞ. Then from (2.7) we have

en

ð

W

Dxun �Dxc dxþ

ð

W

Dxun �Dxc
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jDxunj2
p dxþ

ð

W

qtun � c dx ¼ �N

ð

W

Hc dx:
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Let fmijg and J be the quantities in Section 2. If we write Eu ¼ Dxu, then jEuj2 ¼

mijDiu �Dju. The above equality becomes

en

ð

fxNb0g

mijDiun �Djc � J dxþ

ð

fxNb0g

mij

Diun �Djc
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEunj2
p J dx

þ

ð

fxNb0g

qtun � cJ dx ¼ �N

ð

fxNb0g

HcJ dx:

Hence (2.7) becomes

enDjðJmijDiunÞ þDj

Jmij
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEunj2
p Diun

 !

ð5:1Þ

�Jqtun ¼ NHJ in BdðPÞVW:

From now on we put vn ¼ un � fn. Then vn ¼ 0 on qpQT . Let z be a non-

negative function in Cy
0 ðBdðPÞÞ. We denote by ð ; Þðh ; iÞ the inner product of

L2ðfxNb 0gÞ ðL2ðfxN ¼ 0gÞÞ, respectively. Let a be the least eigenvalue of fmijg.

We denote by C all constants not depending on n.

We first prove

Proposition 5.1. It holds that

a

4
en

ðT

0

ðJz; jDDNvnj
2Þ dtþ

ðT

0

Jz

ð1þ jEunj
2Þ3=2

; jDDNunj
2

 !

dt

( )

�

ðT

0

ðJqtun;DNðzDNvnÞÞ dt�N

ðT

0

ðHJ;DNðzDNvnÞÞ dt

a
1

2

ðT

0

z
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEunj2
p ðDNJ �mNN þDNðJmNNÞÞ; ðDNunÞ

2

* +

dt

þ Cð1þ C2Þð1þM 2Þ;

where M and C2 are the constants in the previous section.

In this section we shall give the proof of Proposition 5.1. For simplicity we denote

un; vn; fn and en as u; v; f and e, respectively, for some time. Multiplying (5.1) with

DNðzDNvÞ,

e

ðT

0

ðDjðJmijDiuÞ;DNðzDNvÞÞ dtð5:2Þ

þ

ðT

0

Dj

Jmij
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p Diu

 !

;DNðzDNvÞ

 !

dt

�

ðT

0

ðJqtu;DNðzDNvÞÞ dt ¼ N

ðT

0

ðHJ;DNðzDNvÞÞ dt:
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First we calculate the first term on the left-hand side of (5.2). By integration by

parts we can write for any fixed ði; jÞ

ðDjðJmijDiuÞ;DNðzDNvÞÞ ¼ ðDNðJmijDiuÞ;DjðzDNvÞÞ þ Pij ;

where

Pij ¼
�hDjðJmijDiuÞ; zDNvi ð j0NÞ

0 ð j ¼ NÞ:

�

Hence

ðDjðJmijDiuÞ;DNðzDNvÞÞ ¼ ðDNðJmijDivÞ;DjðzDNvÞÞð5:3Þ

þ ðDNðJmijDifÞ;DjðzDNvÞÞ þ
X

i; j

Pij

1 I1 þ I2 þ
X

i; j

Pij; say:

This calculation needs that u is in C 3. But it is avoided by the regularized ap-

proximation.

Easily we have

I1 ¼ ðJzmijDNDiv;DjDNvÞ þ ðJmijDjz �DNDiv;DNvÞ

þ ðzDNðJmijÞ �Div;DjDNvÞ þ ðDjz �DNðJmijÞ �Div;DNvÞ:

Since fmijg is symmetric and positive definite, we have

ðJzmijDNDiv;DNDjvÞb aðJz; jDDNvj
2Þ:

From Cauchy’s inequality for d > 0

jðJmijDjz �DNDiv;DNvÞja dðJz; jDDNvj
2Þ þ CðdÞðz�1jDzj2; jDvj2Þ

and

jðzDNðJmijÞ �Div;DNDjvÞja dðJz; jDDNvj
2Þ þ CðdÞðz; jDvj2Þ:

Hence we have

I1b
a

2
ðJz; jDDNvj

2Þ � Cðzþ jDzj þ z�1jDzj2; jDvj2Þ:

We write

I2 ¼ ðzDNðJmijDifÞ;DjDNvÞ þ ðDjz �DNðJmijDifÞ;DNvÞ:

Easily

jðzDNðJmijDifÞ;DjDNvÞja dðJz; jDDNvj
2Þ þ CðdÞM 2

;

jðDjz �DNðJmijDifÞ;DNvÞja ðjDzj; jDvj2Þ þ CM 2
:

Therefore we obtain

I1 þ I2b
a

3
ðJz; jDDNvj

2Þ � Cðzþ jDzj þ z�1jDzj2; jDvj2Þ � CM 2
:ð5:4Þ

Next we estimate jPijj. From our assumption mNj ¼ 0 on fxN ¼ 0g for j0N. So

we may assume that i; j < N. We see that
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Pi; j ¼ ð1;DNðDjðJmijDifÞ � zDNvÞÞ

¼ ðDjðJmijDifÞ;DNðzDNvÞÞ þ ðDNDjðJmijDifÞ; zDNvÞ:

Hence

jPijja dðJz; ðD2
NvÞ

2Þ þ CðdÞðM 2 þ ðzþ jDzj; jDvj2ÞÞ:

Combining (5.3) and (5.4) with this inequality, we have

ðDjðJmijDiuÞ;DNðzDNvÞÞb
a

4
ðJz; jDDNvj

2Þ � CM 2

� Cðzþ jDzj þ z�1jDzj2; jDvj2Þ:

Therefore we conclude from (4.2) that

e

ðT

0

ðDjðJmijDiuÞ;DNðzDNvÞÞ dtð5:5Þ

b
ea

4

ðT

0

ðJz; jDDNvj
2Þ dt� CM 2 � CC2:

Now we estimate the second term on the left-hand side of (5.2). By integration by

parts for any fixed ði; jÞ

Dj

Jmij
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p Diu

 !

;DNðzDNvÞ

 !

¼ DN

Jmij
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p Diu

 !

;DjðzDNvÞ

 !

þQij ;

where

Qij ¼
� Dj

Jmij
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p Diu

 !

; zDNv

* +

ð j0NÞ

0 ð j ¼ NÞ:

8

>

>

<

>

>

:

Easily

DN jEuj
2 ¼ 2mijDiu �DNDjuþDNmij �Diu �Dju:

Hence

DN

Jmij
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p Diu

 !

ð5:6Þ

¼ Jmij

DNDiu
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p �mpq

Dpu �Diu

ð1þ jEuj2Þ3=2
DNDqu

 !

�
1

2
JmijDNmpq �

Dpu �Dqu

ð1þ jEuj2Þ3=2
Diuþ

DNðJmijÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p Diu:
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We write

Dj

Jmij
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p Diu

 !

;DNðzDNvÞ

 !

ð5:7Þ

¼ DN

Jmij
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p Diu

 !

;DjðzDNuÞ

 !

� DN

Jmij
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p Diu

 !

;DjðzDNfÞ

 !

þ
X

i; j

Qij

1 I3 þ I4 þ
X

i; j

Qij ; say:

We first estimate jI4j. From (5.6)

�I4 ¼
Jzmij
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p ;DNDiu �DNDjf�mpq

Dpu �Diu

1þ jEuj2
DNDqu �DNDjf

 !

þ
DNðJmijÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p ; zDiu �DNDjf

 !

�
1

2

Jzmij

ð1þ jEuj2Þ3=2
;DNmpq �Dpu �Dqu �Diu �DNDjf

 !

þ
JmijDjz
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p ;DNDiu �DNf�

mpqDpu

1þ jEuj2
DNDqu �Diu �DNf

 !

þ
DNðJmijÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p ;Djz �Diu �DNf

 !

�
1

2

JmijDNmpq

ð1þ jEuj2Þ3=2
;Djz �Dpu �Dqu �Diu �DNf

 !

:

Hence we have

jI4jaCM 1þ
zþ jDzj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p ; jDDNuj

 !" #

:ð5:8Þ

From (5.6) again
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I3 ¼
Jzmij
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p ;DNDiu �DNDju�mpq

Dpu �Diu

1þ jEuj2
DNDqu �DNDju

 !

ð5:9Þ

þ
zDNðJmijÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p Diu;DNDju

 !

�
1

2

Jzmij

ð1þ jEuj2Þ3=2
DNmpq �Dpu �Dqu;Diu �DNDju

 !

þ
JmijDjz
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p ;DNDiu �DNu�

mpqDpu

1þ jEuj2
DNDqu �Diu �DNu

 !

þ
DNðJmijÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p ;Djz �Diu �DNu

 !

�
1

2

JmijDjz

ð1þ jEuj2Þ3=2
;DNmpq �Dpu �Dqu �Diu �DNu

 !

1

X

6

i¼1

I3i; say:

Easily

jI35j; jI36jaCðjDzj; jDujÞ:ð5:10Þ

Now we set ððh; ~hhÞÞ ¼ mijhi~hhj for two real vectors h ¼ ðh1; . . . ; hNÞ and ~hh ¼

ð~hh1; . . . ; ~hhNÞ. Then ððh; ~hhÞÞ ¼ ðð~hh; hÞÞ and ððh; hÞÞb ajhj2. We define jjjhjjj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ððh; hÞÞ
p

.

The Schwarz inequality jððh; ~hhÞÞja jjjhjjj � jjj~hhjjj holds.

For any fixed x A RN we set

ðððh; ~hhÞÞÞ ¼ ððh; ~hhÞÞ �
ððh; xÞÞðð~hh; xÞÞ

1þ jjjxjjj2
and ½½h�� ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðððh; hÞÞÞ
p

:

Then

½½h��2 ¼ jjjhjjj2 �
ððh; xÞÞ2

1þ jjjxjjj2

¼
1

1þ jjjxjjj2
ðjjjhjjj2 þ jjjhjjj2jjjxjjj2 � ððh; xÞÞ2Þb

jjjhjjj2

1þ jjjxjjj2
:

So, the inner product ððð ; ÞÞÞ is symmetric and positive definite. Hence Schwarz in-

equality holds for such an inner product. These inner products were introduced in [10].
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We see that

I31 ¼
Jz

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p ; jjjDDNujjj

2 �
ððDu;DDNuÞÞ

2

1þ jEuj2

 !

ð5:11Þ

b
Jzmij

ð1þ jEuj2Þ3=2
;DiDNu �DjDNu

 !

:

We estimate jI34j. This idea is due to [10]. Setting x ¼ ðDuÞ, a ¼ ðDzÞ and b ¼

ðDDNuÞ, we have

mijDjz �DNDiu�
mijmpq

1þ jEuj2
Djz �Dpu �Diu �DNDqu

�

�

�

�

�

�

�

�

�

�

¼ ðða; bÞÞ �
ðða; xÞÞððx; bÞÞ

1þ jjjxjjj2

�

�

�

�

�

�

�

�

�

�

¼ jððða; bÞÞÞja ½½a�� ½½b��:

Hence

jI34ja
Jjjjajjj � jDNuj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p ; jjjbjjj2 �

ððb; xÞÞ2

1þ jjjxjjj2

 !1=2
0

@

1

A:

This means that

jI34ja dI31 þ CðdÞðz�1jDzj2; jDujÞ; d > 0:

Accordingly

I31 þ I34b
1

2
I31 � Cðz�1jDzj2; jDujÞ:ð5:12Þ

From (5.9)–(5.12) it follows that

I3b
1

2

Jzmij

ð1þ jEuj2Þ3=2
;DiDNu �DjDNu

 !

ð5:13Þ

þ I32 þ I33 � CðjDzj þ z�1jDzj2; jDujÞ:

Next we estimate I32 þ I33. We write

I32 ¼
1

2

zDNðJmijÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p ;DNðDiu �DjuÞ

 !

:

By integration by parts
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I32 ¼ �
1

2

DNðzDNðJmijÞÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p ;Diu �Dju

 !

ð5:14Þ

þ
1

2

zDNðJmijÞ

ð1þ jEuj2Þ3=2
;mpqDpu �DNDqu �Diu �Dju

 !

þ
1

4

zDNðJmijÞ

ð1þ jEuj2Þ3=2
;DNmpq �Dpu �Dqu �Diu �Dju

 !

�
1

2

zDNðJmijÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p ;Diu �Dju

* +

1

X

3

i¼1

Ji �
1

2

zDNðJmijÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p ;Diu �Dju

* +

; say:

Easily

jJ1j; jJ3jaCðzþ jDzj; jDujÞ:

We can write

J2 ¼
1

2

zJDNmij

ð1þ jEuj2Þ3=2
;mpqDpu �DNDqu �Diu �Dju

 !

þ
1

2

zDNJ �mij

ð1þ jEuj2Þ3=2
;mpqDpu �DNDqu �Diu �Dju

 !

:

Hence

J2 þ I33 ¼
1

2

zDNJ �mij

ð1þ jEuj2Þ3=2
;mpqDpu �DNDqu �Diu �Dju

 !

¼
1

2

zDNJ

ð1þ jEuj2Þ3=2
; jEuj2mpqDpu �DNDqu

 !

:

That is,

J2 þ I33 ¼
1

2

zDNJ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p ;mpqDpu �DNDqu

 !

ð5:15Þ

�
1

2

zDNJ

ð1þ jEuj2Þ3=2
;mpqDpu �DNDqu

 !

:

We write by K1 the first term on the right-hand side of (5.15).
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From now on let Ai, i ¼ 1; . . . ; be the terms satisfying

jAijaC z;
jDDNuj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p

 !

þ ðzþ jDzj þ z�1jDzj2; jDujÞ

" #

:

From (5.15) we can write

J2 þ I33 � K1 ¼ A1:

Easily

K1 ¼
1

4

zDNJ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p ;mpqDNðDpu �DquÞ

 !

:

By integration by parts

K1 ¼ �
1

4
DN

zDNJ �mpq
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p

 !

;Dpu �Dqu

 !

�
1

4

zDNJ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p ;mpqDpu �Dqu

* +

1
~KK1 þ L; say:

Hence we have

J2 þ I33 ¼ ~KK1 þ Lþ A1:ð5:16Þ

Further we write

~KK1 ¼ �
1

4

DNðzDNJ �mpqÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p ;Dpu �Dqu

 !

þ
1

4

zDNJ �mpq

ð1þ jEuj2Þ3=2
;mrsDru �DNDsu �Dpu �Dqu

 !

þ
1

8

zDNJ �mpq

ð1þ jEuj2Þ3=2
;DNmrs �Dru �Dsu �Dpu �Dqu

 !

:

We denote by K2 the second term on the right-hand side. Then we have

~KK1 ¼ K2 þ A2:ð5:17Þ

The term K2 is written as follows:

K2 ¼
1

4

zDNJ

ð1þ jEuj2Þ3=2
; jEuj2mrsDru �DNDsu

 !

:

Hence we have

K2 ¼
1

4

zDNJ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p ;mrsDru �DNDsu

 !

�
1

4

zDNJ

ð1þ jEuj2Þ3=2
;mrsDru �DNDsu

 !

:
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This implies

K2 ¼
1

2
ð ~KK1 þ LÞ þ A3:ð5:18Þ

From (5.17) and (5.18)

1

2
~KK1 ¼ ð ~KK1 � K2Þ þ K2 �

1

2
~KK1

� �

¼
L

2
þ A2 þ A3:

So

~KK1 þ L ¼ 2ðLþ A2 þ A3Þ:

Hence from (5.16)

J2 þ I33 ¼ 2Lþ ðA1 þ 2A2 þ 2A3Þ:

Combining this with (5.14), we have

I32 þ I33 ¼ 2L�
1

2

zDNðJmijÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p ;Diu �Dju

* +

þ A4:

Therefore from (5.13) we obtain

I3b
1

2

Jzmij

ð1þ jEuj2Þ3=2
;DNDiu �DNDju

 !

�
1

2

zDNJ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p ;mijDiu �Dju

* +

�
1

2

zDNðJmijÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p ;Diu �Dju

* +

þ A5:

Hence from (5.8) we conclude that

I3 þ I4b
1

2

Jzmij

ð1þ jEuj2Þ3=2
;DNDiu �DNDju

 !

ð5:19Þ

�
1

2

z
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p ðDNJ �mij þDNðJmijÞÞ;Diu �Dju

* +

� Cð1þMÞ 1þ ðzþ jDzj þ z�1jDzj2; jDujÞ þ
zþ jDzj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p ; jDDNuj

 !" #

:
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Finally we estimate jQij j. From the assumption on fmijg it is su‰cient to assume

that i; j0N. Let us fix i and j. By integration by parts

Qij ¼ JmijDiu;
DjðzDNvÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p

* +

:ð5:20Þ

Since Diu ¼ Dif on fxN ¼ 0g, we see that

Qij ¼ JzmijDif;
DjDNu
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p

* +

þ JDjz �mijDif;
DNu
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p

* +

� JmijDiu;
DjðzDNfÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p

* +

1B1 þ B2 þ B3; say:

Easily, jB2j; jB3jaCð1þM 2Þ.
Let f ðsÞ; gðsÞ and hðsÞ be any C1 function. If g; h > 0, we have

f 0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

gþ hf 2
p ¼ 1

ffiffiffi

h
p ðlogð

ffiffiffi

h
p

f þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

gþ hf 2
p

ÞÞ 0 � h 0

2h

f
ffiffiffi

h
p

f þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

gþ hf 2
pð5:21Þ

� 1

2
ffiffiffi

h
p h 0f 2 þ g 0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

gþ hf 2
p

ð
ffiffiffi

h
p

f þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

gþ hf 2
p

Þ
:

Here we set s ¼ xj, f ¼ DNu, g ¼ 1þ
P

p;q<N mpqDpu �Dqu and h ¼ mNN . Then

DjDNu
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p ¼ 1

ffiffiffiffiffiffiffiffiffiffi

mNN
p Djðlogð

ffiffiffiffiffiffiffiffiffiffi

mNN

p
DNuþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p

ÞÞ

� 1

2mNN

DjmNN �DNu
ffiffiffiffiffiffiffiffiffiffi

mNN
p

DNuþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p

� 1

2
ffiffiffiffiffiffiffiffiffiffi

mNN
p DjmNN � ðDNuÞ2 þDjg

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p

ð ffiffiffiffiffiffiffiffiffiffi

mNN
p

DNuþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p

Þ
:

Hence

B1 ¼ JzDif � mij
ffiffiffiffiffiffiffiffiffiffi

mNN
p ;Djðlogð

ffiffiffiffiffiffiffiffiffiffi

mNN

p
DNuþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
q

ÞÞ
� 	

ð5:22Þ

� 1

2
JzDif � mij

mNN

;
DjmNN �DNu

ffiffiffiffiffiffiffiffiffiffi

mNN
p

DNuþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p

* +

� 1

2
JzDif � mij

ffiffiffiffiffiffiffiffiffiffi

mNN
p ;

DjmNN � ðDNuÞ2 þDjg
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p

ð ffiffiffiffiffiffiffiffiffiffi

mNN
p

DNuþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p

Þ

* +

1B11 þ B12 þ B13; say:
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By integration by parts

B11 ¼ � Dj JzDif � mij
ffiffiffiffiffiffiffiffiffiffi

mNN

p
� �

; logð ffiffiffiffiffiffiffiffiffiffi

mNN

p
DNuþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
q

Þ
� 	

:

Since DNub 0 on fxN ¼ 0g from our assumption,

0a logð ffiffiffiffiffiffiffiffiffiffi

mNN

p
DNuþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p

Þa log 2þ 1

2
logð1þ jEuj2Þ:

So we have

jB11jaCM½1þ hzþ jDzj; logð1þ jEuj2Þi�:

Using the inequalities

hzþ jDzj; logð1þ jEuj2Þi ¼ �ð1;DNððzþ jDzjÞ logð1þ jEuj2ÞÞÞ;

jDN logð1þ jEuj2ÞjaC 1þ jDDNuj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p

 !

;

we get

jB11jaCM 1þ zþ jDzj; jDDNuj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p

 !

þ ðjDzj þ jDjDzj j;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
q

Þ
" #

:

Clearly, jB12jaCM and

jDjgjaC
X

p;q<N

ðjDjDpfj jDquj þ jDpfj jDqujÞ:

So, jB13jaCMð1þMÞ. From the above and (5.22) we obtain

jB1jaCM 1þM þ zþ jDzj; jDDNuj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p

 !" #

ð5:23Þ

þ CMðjDzj þ jDjDzj j;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p

Þ:

Hence it follows that

jQijja the right-hand side of ð5:23Þ:ð5:24Þ

Combining (5.2), (5.4), (5.7), (5.19), (5.24) with (5.5), we conclude that
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ea

4

ðT

0

ðJz; jDDNvj
2Þ dtþ

a

2

ðT

0

Jz

ð1þ jEuj2Þ3=2
; jDDNuj

2

 !

dtð5:25Þ

�

ðT

0

ðJqtu;DNðzDNvÞÞ dt�N

ðT

0

ðHJ;DNðzDNvÞÞ dt

a
1

2

ðT

0

z
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p ðDNJ �mij þDNðJmijÞÞ;Diu �Dju

* +

dt

þ C 1þ C2 þM 2 þ ð1þMÞ

ðT

0

zþ jDzj;
jDDNuj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p

 !

dt

" #

þ Cð1þMÞ

ðT

0

ðzþ jDzj þ jDjDzj j þ z�1jDzj2;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p

Þ dt:

By Cauchy’s inequality we have for d > 0

ðT

0

zþ jDzj;
jDDN j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p

 !

dta d

ðT

0

zJ;
jDDNuj

2

ð1þ jEuj2Þ3=2

 !

dt

þ CðdÞ

ðT

0

ðzþ z�1jDzj2; J�1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p

Þ dt

(from (4.3))

a d

ðT

0

zJ;
jDDNuj

2

ð1þ jEuj2Þ3=2

 !

dtþ Cð1þ C2Þ:

And on fxN ¼ 0g

ðDNJ �mij þDNðJmijÞÞDiu �Dju ¼ ðDNJ �mNN þDNðJmNNÞÞðDNuÞ
2

þ
X

i; j0N

ðDNJ �mij þDNðJmijÞÞDif �Djf:

So from (5.25) we have completed the proof of Proposition 5.1. r

6. Main estimate (II).

Continuing the previous section, we proceed. The assumptions are the same as in

Section 5. We write kHk1;y ¼ supjaja1 supW�ð0;TÞjD
a
xHj. Our aim is to prove

Proposition 6.1. Under the assumptions in Proposition 5.1, it holds that

a

4

ðT

0

Jz

ð1þ jEunj
2Þ3=2

; jDDNunj
2

 !

dt

a
1

2

ðT

0

z
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEunj2
p ðDNJ �mNN þDNðJmNNÞÞ; ðDNunÞ

2

* +

dt

�

ðT

0

hJðNH þ qtfÞ; zDNuni dtþ C½1þM 4 þ C 2
1 þ C2

2 þ ðkHk1;yÞ2�:
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We prove Proposition 6.1 as follows. Similarly as in the previous section we denote

un; vn and en with u; v and e, respectively. We remember the estimate in Proposition 5.1.

First we estimate the right-hand side of (5.2). We write

�ðHJ;DNðzDNvÞÞ ¼ �ðHJ;DNðzDNuÞÞ þ ðHJ;DNðzDNfÞÞ:

By integration by parts

�ðHJ;DNðzDNuÞÞ ¼ ðDNðHJÞ; zDNuÞ þ hHJ; zDNui:

Using (4.2), we have

�N

ð
T

0

ðHJ;DNðzDNvÞÞ dtbN

ð
T

0

hHJ; zDNui dt� CkHk1;yðM þ C2Þ:ð6:1Þ

Next we estimate the third term on the left-hand side of (5.2). By integration by

parts

�ðJqtu;DNðzDNvÞÞ ¼ ðJDNqtu; zDNvÞ þ ðDNJ � qtu; zDNvÞ þ hJqtu; zDNvi:

Since qtu ¼ qtf on fxN ¼ 0g,

hJqtu; zDNvi ¼ hJqtf; zDNui� hJqtf; zDNfi:

Hence we have

�ðJqtu;DNðzDNvÞÞb ðJDNqtu; zDNvÞ þ ðDNJ � qtu; zDNvÞð6:2Þ

þ hJqtf; zDNui� CM
2
:

We write

ðJDNqtu; zDNvÞ ¼
1

2
ðzJ; qtðDNuÞ

2Þ � ðJDNqtu; zDNfÞ:

By integration by parts

ð
T

0

ðJDNqtu; zDNvÞ dt ¼
1

2
½ðzJ; ðDNuÞ

2Þ�T
t¼0 �

ð
T

0

ðJDNqtu; zDNfÞ dt

and

�ðJDNqtu; zDNfÞ ¼ ðJqtu; zD
2
N
fÞ þ ðDNðJzÞ � qtu;DNfÞ þ hJqtf; zDNfi:

So we have
ð
T

0

ðJDNqtu; zDNvÞ dtb�
1

2
ðzJ; ðDNfÞð ; 0Þ2Þ þ

ð
T

0

ðJqtu; zD
2
N
fÞ dt

þ

ð
T

0

ðDNðJzÞ � qtu;DNfÞ dtþ

ð
T

0

hJqtf; zDNfi dt:

This implies that
ð
T

0

ðJDNqtu; zDNvÞ dtb

ð
T

0

ðJqtu; zD
2
N
fÞ dtþ

ð
T

0

ðDNðJzÞ � qtu;DNfÞ dt� CM
2
:
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Combining this with (6.2), we obtain

�

ðT

0

ðJqtu;DNðzDNvÞÞ dtb

ðT

0

ðJqtu; zD
2
NfÞ dtð6:3Þ

þ

ðT

0

ðDNðzJÞ � qtu;DNfÞ dtþ

ðT

0

ðDNJ � qtu; zDNuÞ dt

�

ðT

0

ðDNJ � qtu; zDNfÞ dtþ

ðT

0

hJqtf; zDNui dt� CM 2
:

We calculate each term on the right-hand side of (6.3). We see that

ðT

0

ðJqtu; zD
2
NfÞ dt ¼ �

ðT

0

ðJzu;D2
NqtfÞ dtþ ½ðJu; zD2

NfÞ�
T
t¼0;

ðT

0

ðDNðJzÞ � qtu;DNfÞ dt ¼ �

ðT

0

ðDNðJzÞ � u;DNqtfÞ dtþ ½ðDNðJzÞ � u;DNfÞ�
T
t¼0

and

ðT

0

ðDNJ � qtu; zDNfÞ dt ¼ �

ðT

0

ðzDNJ � u;DNqtfÞ dtþ ½ðzDNJ � u;DNfÞ�
T
t¼0:

Hence

ðT

0

ðJqtu; zD
2
NfÞ dt

�

�

�

�

�

�

�

�

;

ðT

0

ðDNðJzÞ � qtu;DNfÞ dt

�

�

�

�

�

�

�

�

;

ðT

0

ðDNJ � qtu; zDNfÞ dt

�

�

�

�

�

�

�

�

aCC1M:

Therefore it follows from (6.3) that

�

ðT

0

ðJqtu;DNðzDNvÞÞ dtb

ðT

0

ðDNJ � qtu; zDNuÞ dtð6:4Þ

þ

ðT

0

hJqtf; zDNui dt� CMðC1 þMÞ:

We estimate the first term on the right-hand side of (6.4). From (5.1) we have

ðDNJ � qtu; zDNuÞ ¼ eðJ�1DNJ �DjðJmijDiuÞ; zDNuÞð6:5Þ

þ J�1DNJ �Dj

Jmij
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p Diu

 !

; zDNu

 !

�NðDNJ �H; zDNuÞ:

We write

ðJ�1DNJ �DjðJmijDiuÞ; zDNuÞ

¼ ðDNJ �mijDjDiu; zDNuÞ þ ðJ�1DNJ �DjðJmijÞ �Diu; zDNuÞ:
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If i or j ¼ N, we use

jðDNJ �mijDjDiu; zDNuÞja dðz; jDDNuj
2Þ þ CðdÞðz; jDuj2Þ; d > 0:

If i; j0N, we have

ðDNJ �mijDjDiu; zDNuÞ ¼ �ðDNJ �mijDiu; zDjDNuÞ

� ðDjðzDNJ �mijÞ �Diu;DNuÞ:

Thus in any case

jðDNJ �mijDjDiu; zDNuÞja dðz; jDDNuj
2Þ þ CðdÞðzþ jDzj; jDuj2Þ:

From the above and (4.2) we obtain

ðT

0

jðJ�1DNJ �DjðJmij �DiuÞ; zDNuÞj dtð6:6Þ

a d

ðT

0

ðz; jDDNuj
2Þ þ CC2e

�1
:

Next by integration by parts

J�1DNJ �Dj

Jmij
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p Diu

 !

; zDNu

 !

ð6:7Þ

¼ � zDNJ �
mij

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p Diu;DjDNu

 !

� DjðzJ
�1DNJÞ;

Jmij
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p Diu �DNu

 !

� zDNJ
miN
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p Diu �DNu

* +

:

From the assumption on fmijg the last term on the right-hand side equals

� zDNJ;
mNN
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p ; ðDNuÞ

2

* +

:

Since

DN

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
q

¼
mij

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p Diu �DNDjuþ

1

2

DNmij
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p Diu �Dju;

we have
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� zDNJ �
mij

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p Diu;DNDju

 !

¼ �ðzDNJ;DN

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p

Þ þ
1

2
zDNJ;

DNmij
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p Diu �Dju

 !

:

By integration by parts

�ðzDNJ;DN

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p

Þ ¼ ðDNðzDNJÞ;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p

Þ þ hzDNJ;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p

i:

This implies

� zDNJ �
mij

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p Diu;DNDju

 !

b hzDNJ;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p

i� C½1þ ðzþ jDzj; jDujÞ�:

Hence from (6.7) we obtain

J�1DNJ �Dj

Jmij
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p Diu

 !

; zDNu

 !

b zDNJ;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p

�
mNN
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p ðDNuÞ

2

* +

� C½1þ ðzþ jDzj; jDujÞ�:

Here we note that for xN ¼ 0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p

�
mNN
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p ðDNuÞ

2

�

�

�

�

�

�

�

�

�

�

¼
1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p 1þ

X

i; j0N

mijDiu �Dju

�

�

�

�

�

�

�

�

�

�

aCð1þMÞ:

Hence from (4.2) again we have

ðT

0

J�1DNJ �Dj

Jmij
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEuj2
p Diu

 !

; zDNu

 !

dtb�Cð1þM þ C2Þ:ð6:8Þ

The last term on the right-hand side of (6.5) becomes

�N

ðT

0

ðDNJ �H; zDNuÞ dtb�CC2kHky:ð6:9Þ
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Combining (6.6), (6.8), (6.9) with (6.5), we obtain
ðT

0

ðDNJ � qtu; zDNuÞ dtb�ed

ðT

0

ðz; jDDNuj2Þ dt

� Cð1þM þ C2Þ � CC2kHky:

Therefore it follows from (6.4) that

�
ðT

0

ðJqtu;DNðzDNvÞÞ dtb�ed

ðT

0

ðz; jDDNuj2Þ dt

þ
ðT

0

hJqtf; zDNui dt� Cð1þM 2 þMC1 þ C2 þ C2kHkyÞ:

Here we use the inequality jDDNuj2a 2ðjDDNvj2 þ jDDNfj2Þ. Then we obtain

�
ðT

0

ðJqtu;DNðzDNvÞÞ dtb�2ed

ðT

0

ðz; jDDNvj2Þ dtð6:10Þ

þ
ðT

0

hJqtf; zDNui dt� Cð1þ C2
1 þ C 2

2 þM 2 þ ðkHk1;yÞ2Þ:

Combining (6.1) and (6.10) with Proposition 5.1, we complete the proof of Proposition

6.1. r

We take the positive constant d0 in (2.3). We see that

1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEunj2
p ðDNunÞ2a

1
ffiffiffiffiffiffiffiffiffiffi

mNN
p DNun on fxN ¼ 0g;ð6:11Þ

because DNunb 0 on fxN ¼ 0g. Hence it holds that

1

2

z
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEunj2
p ðDNJ �mNN þDNðJmNNÞÞ; ðDNunÞ2

* +

� hJðNH þ qtfÞ; zDNuni

a
z

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEunj2
p

1

2
ðDNJ �mNN þDNðJmNNÞÞ

� �

; ðDNunÞ2
* +

� zJ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jEunj2
p

ffiffiffiffiffiffiffiffiffiffi

mNN

p ðNH þ qtfÞ; ðDNunÞ2
* +

:

Here we use the assumption

NH þ qtfbNd0 on G1 � ð0;TÞ:

Then from (2.3 0) and Proposition 6.1 we obtain

Proposition 6.2. Suppose the assumptions in our theorem. Then it holds that

ðT

0

Jz

ð1þ jEuj2Þ3=2
; jDDNunj2

 !

dtaC3;

where C3 is a positive constant independent of n.
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On the left-hand side of the estimate in Proposition 5.1, we replace jDDNuj
2 with

jDDiuj
2, i0N. Then we see more easily that the boundary integral on the calculation

vanishes. Hence we have also

Proposition 6.3. Under the assumptions in our theorem it holds that for 1a iaN

ðT

0

z

ð1þ jEuj2Þ3=2
; jDDiunj

2

 !

dtaC3:

7. Barriers.

Let u be the function in (2.8). In this section we show that u A

CðQT U ðG2 � ð0;TÞÞÞ and u ¼ f on G2 � ð0;TÞ under the assumptions in our theorem.

Its proof is analogous to [11], where it was assumed that H ¼ 0 and fðx; tÞ ¼ fðxÞ. But

in order to make sure we describe the proof. As stated in Section 2, the method is to

construct the upper and lower barriers. Let fn be the function in Section 2 for any

fixed n.

Let x0 be any fixed point in G2. Let us take r > 0 as su‰ciently small and fix

it. We consider the following in ðWVBrðx
0ÞÞ � ð0;TÞ. For a positive number K we

set

fGn ðx; tÞ ¼ fnðx; tÞGK jx� x0j2;

which satisfies

fGn A C2ðQTÞ; fGn ðx
0; tÞ ¼ fnðx

0; tÞ 0 < t < T :

Taking K as su‰ciently large, we have

fþn bC1 and f�n a�C1 on ðWV qBrðx
0ÞÞ � ð0;TÞ;

where C1 is the constant in (4.1).

In Sections 7 and 8 write Dxi with Di. For each n we define an operator Qn as

follows;

QnðhÞ ¼ enð1þ jDhj2Þ3=2shþ ð1þ jDhj2Þsh�Dih �Djh �DiDjh

� ð1þ jDhj2Þ3=2ðqthþNHÞ:

When we remove the first term on the right-hand side of the above definition, the new

quantity is denoted by Q0ðhÞ.

As well-known a function vnðwnÞ is called a upper(lower) barrier relative to Qn;H

and fn at x0 A G2, respectively, if vnðwnÞ satisfies

(i) vnðwnÞ A H 2;1fðWVBrðx0ÞÞ � ð0;TÞg,

(ii) vn ¼ fþn ðwn ¼ f�n Þ on ðqWVBrðx
0ÞÞ � ð0;TÞ,

(iii) vnb fþn ðwna f�n Þ on ððWV qBrðx
0ÞÞ � ð0;TÞÞU ððWVBrðx

0ÞÞ � ft ¼ 0gÞ,

(iv) QnðvnÞa 0 ðQnðwnÞb 0Þ in ðWVBrðx
0ÞÞ � ð0;TÞ.

Proposition 7.1. There is an upper(lower) barrier vnðwnÞ, respectively, under the

assumptions in our theorem.
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Proof. Let c be a positive number determined later. We define cðsÞ ¼

ð1=cÞ logð1þ sÞ for sb 0. We see that c 0
b 0 and c 00

a 0. We set dðxÞ ¼

infy A qWjx� yj and Gm ¼ fx A W j dðxÞ < mg for m > 0. As well-known dðxÞ belongs to

C 2ðGmÞ and jDdj ¼ 1 in Gm. Thus DDid �Dd ¼ 0 in Gm for i ¼ 1; . . . ;N. From now on

we often denote Di f by fi simply.

We set vn ¼ fþn þ cðdÞ and wn ¼ f�n � cðdÞ. Then (i)–(iii) is trivial. We prove the

property (iv) only for vn. The case for wn is similar. Thus it is su‰cient to prove that

Q0ðvnÞ < 0 in ðWVBrðx0ÞÞ � ð0;TÞ:ð7:1Þ

An easy computation shows that

Q0ðvnÞ ¼ ð1þ jDfþn j
2Þsfþn � ðfþn Þiðf

þ
n Þjðf

þ
n Þij þ ð1þ jDfþn j

2 � ðfþn Þiðf
þ
n ÞjdidjÞc

00

þ ðð1þ jDfþn j
2Þsd � ðfþn Þiðf

þ
n Þjdij � ðfþn Þijðdiðf

þ
n Þj þ djðf

þ
n ÞiÞ

þ 2ðDfþn �DdÞsfþn Þc
0 þ ððsfþn � dijðdiðf

þ
n Þj þ djðf

þ
n ÞiÞ þ 2ðDfþn Þ �DdÞsd

� didjðf
þ
n ÞijÞc

02 þ ðsd � didjdijÞc
03 þ ð2ðDfþn �DdÞ � didjðdiðf

þ
n Þj

þ djðf
þ
n ÞiÞÞc

0c 00 � ð1þ jDfþn j
2 þ c 02 þ 2ðDfþn �DdÞc 0Þ3=2ðqtf

þ
n þNHÞ:

Since

ðfþn Þiðf
þ
n Þjdidja jDfþn j

2; didjdij ¼ 0

and

didjðdiðf
þ
n Þj þ djðf

þ
n ÞiÞ ¼ 2ðDfþn �DdÞ;

we have

Q0ðvnÞa ð1þ jDfþn j
2Þsfþn � ðfþn Þiðf

þ
n Þjðf

þ
n Þij þ c 00ð7:2Þ

þ ðð1þ jDfþn j
2Þsd � ðfþn Þiðf

þ
n Þjdij � ðfþn Þijðdiðf

þ
n Þj þ djðf

þ
n ÞiÞ

þ 2ðDfþn �DdÞsfþn Þc
0 þ ðsfþn � dijðdiðf

þ
n Þj þ djðf

þ
n ÞiÞ

þ 2ðDfþn �DdÞsd � didjðf
þ
n ÞijÞc

02 þsd � c 03

þ ð1þ jDfþn j
2 þ c 02 þ 2ðDfþn �DdÞc 0Þ3=2ðNjHj þ jqtf

þ
n jÞ:

Generally speaking, the following is known: If jGja ððN � 1Þ=NÞL on g, then

sd þNjGja 0 on g, where g is a portion of qW (see e.g., [4]). Thus we see that

sd þNð1þ dÞjHja 0 on G2 � ð0;TÞ

from our assumption. And we can take a positive number k such that ka jHj on

G2 � ð0;TÞ. Then we have

sd þN 1þ
d

2

� �

jHja�
N

2
dk on G2 � ð0;TÞ:
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If jqtf
þ
n ja ð2N=3Þðdk=ð2þ dÞÞ on G2 � ð0;TÞ, then ð1þ ðd=2ÞÞjqtf

þ
n ja ðN=3Þdk and

sd þ 1þ
d

2

� �

ðNjHj þ jqtf
þ
n jÞa�

N

6
dk on G2 � ð0;TÞ:

Hence

sd � c 03 þ ð1þ jDfþn j
2 þ c 02 þ 2ðDfþn �DdÞc 0Þ3=2ðNjHj þ jqtf

þ
n jÞ

aC þ Cc 02 �
N

6
dkc 03 on G2 � ð0;TÞ:

More precisely, we have used the inequality

ðc1 þ c2aþ a2Þ3=2a 1þ
1

2
d

� �

a3 þ CðdÞð1þ a2Þ

for ab 1 and d > 0. From (7.2) this means that

Q0ðvÞaC þ Cc 02 � c0c
03 in ðW� Brðx

0ÞÞ � ð0;TÞ

for some c0 > 0. The right-hand side of this inequality is negative if 1f 1=cð1þ rÞ.

Thus we have finished the proof of Proposition 7.1. r

We set

fGðx; tÞ ¼ fðx; tÞGK jx� x0j2; v ¼ fþ þ cðdÞ and w ¼ f� � cðdÞ:

Then the following proposition is easily seen from the proof of Proposition 7.1.

Proposition 7.2. It holds that

vnx v and wnxw in WVBrðx0Þ � ½0;T � ðn ! yÞ:

Lastly we have

Proposition 7.3. Suppose the assumptions in our theorem. Let u be the solution of

(2.9) satisfying (2.8). Let us set d 0 ¼ ð2N=3Þðdk=ð2þ dÞÞ. Then it holds that u belongs

to CðQT U ðG2 � ð0;TÞÞÞ and u ¼ f on G2 � ð0;TÞ.

Proof. Let ðx0; t0Þ A G2 � ð0;TÞ. Let femg be the sequence in (2.8). Let vmðwmÞ

be the upper(lower) barrier in Proposition 7.1. Then vmðwmÞ does not depend on m,

respectively. Let un be the solution of (2.7). We see that

wma uma vm on qpððWVBrðx
0ÞÞ � ð0;TÞÞ

and

QmðvmÞaQmðumÞaQmðwmÞ in ðWVBrðx
0ÞÞ � ð0;TÞ:

Then by the comparison theorem it holds that

wma uma vm in ðWVBrðx
0ÞÞ � ð0;TÞ:

Hence

jumðx; tÞ � fmðx
0; t0Þjamaxfjvmðx; tÞ � fmðx

0; t0Þj; jwmðx; tÞ � fmðx
0; t0Þjg
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for ðx; tÞ A ðWVBrðx
0ÞÞ � ð0;TÞ. Letting m ! y, we have

ju� fðx0
; t0Þjamaxfjv� fðx0

; t0Þj; jw� fðx0
; t0Þjg

in ðWVBrðx
0ÞÞ � ð0;TÞ, from Proposition 7.2. If we take ðx; tÞ ! ðx0; t0Þ, then

uðx; tÞ ! fðx0; t0Þ. This completes the proof of Proposition 7.3. r

8. Proof of our theorem.

As stated at the end of Section 2, it is enough to prove that the trace of u� f

equals 0 on G1 � ð0;TÞ, where u is the function in (2.8). We denote by the same fmg

any subsequence of fng.

First we prepare the following

Proposition 8.1. Let un be the solution of the approximating problem (2.7).

Then there is a positive sequence famg with am ! 0 ðm ! yÞ such that for 1a iaN

Dium

ð1þ jDumj
2Þam

! Diu in L1ðW� ð0;TÞÞ ðm ! yÞ:

Proof. We determine famg later. By the convergence theorem

Diu

ð1þ jDumj
2Þam

! Diu in L1ðW� ð0;TÞÞ ðm ! yÞ:

So it is enough to prove that

Diðum � uÞ

ð1þ jDumj
2Þam

! 0 in L1ðW� ð0;TÞÞ ðm ! yÞ:ð8:1Þ

From (2.8) we can take a sequence fOkg, subdomains of QT such that Ok HQT ,

Ok " QT ðk ! yÞ and for each k

DiumxDiu in Ok ðm ! yÞ:

Retaking some subsequence of fumg, we may assume that

jDium �Diuj <
1

m
in Om:

Let us take a positive sequence famg such that am ! 0 ðm ! yÞ and

jQT �Omj
2am ! 0 ðm ! yÞ:ð8:2Þ

In fact it is possible, because (8.2) is equivalent to the following

am logjQT �Omj ! �y ðm ! yÞ:

We write
ðT

0

ð
W

jDiðum � uÞj

ð1þ jDumj
2Þam

dxdt ¼

ð
Om

þ

ð
W�ð0;TÞ�Om

1 Im þ Jm; say:
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Easily Im ! 0 ðm ! yÞ. And

jJmja

ð

QT�Om

jDiumj
1�2am dxdtþ

ð

QT�Om

jDiuj dxdt:

Since Diu A L1ðQTÞ,

ð

QT�Om

jDiuj dxdt ! 0 ðm ! yÞ:

By Hölder’s inequality

ð

QT�Om

jDiumj
1�2am dxdta jQT �Omj

2am

ð

QT

jDumj dxdt

� �1�2am

:

Hence Jm ! 0 ðm ! yÞ from (4.3) and (8.2). This means (8.1). Thus we have fin-

ished the proof. r

Finally we prove our theorem.

Let P be any fixed point on G1 and BdðPÞ be the ball in the definition of Property

(A). Let c be any function in Cy
0 ðBdðPÞ � ð0;TÞÞ. It is su‰cient to prove that

ðT

0

ð

BdðPÞVW

ðu� fÞDic dxdt ¼ �

ðT

0

ð

BdðPÞVW

Diðu� fÞ � c dxdtð8:3Þ

for any fixed i with 1a iaN.

We take the sequence famg in Proposition 8.1. We have

Di

um � f

ð1þ jDumj
2Þam

 !

�
Diðum � fÞ

ð1þ jDumj
2Þam

¼ �2amðum � fÞ
Dum �DDium

ð1þ jDumj
2Þamþ1

:

Hence from (4.1)

Di

um � f

ð1þ jDumj
2Þam

 !

�
Diðum � fÞ

ð1þ jDumj
2Þam

�

�

�

�

�

�

�

�

�

�

aCam
jDDiumj

ð1þ jDumj
2Þð2amþ1Þ=2

:

And from Proposition 6.3

ðT

0

ð

BdðPÞVW

jDDiumj
2

ð1þ jDumj
2Þ3=2

dxdtaC:ð8:4Þ

By Schwarz inequality

ðT

0

ð

BdðPÞVW

jDDiumj

ð1þ jDumj
2Þð2amþ1Þ=2

dxdt

a

ð

QT

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jDumj2
q

dxdt

� �1=2 ðT

0

ð

BdðPÞVW

jDDiumj
2

ð1þ jDumj
2Þ3=2

dxdt

 !1=2

:

So the left-hand side is uniformly bounded from (4.3) and (8.4).
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From the above we see that

ð

T

0

ð

BdðPÞVW

Di

um � f

ð1þ jDumj
2Þam

 !

� c dxdtð8:5Þ

�

ð

T

0

ð

BdðPÞVW

Diðum � fÞ

ð1þ jDumj
2Þam

c dxdt ! 0 ðm ! yÞ:

On the other hand

ð

T

0

ð

BdðPÞVW

Di

um � f

ð1þ jDumj
2Þam

 !

� c dxdt

¼

ð

T

0

ð

BdðPÞVW

Di

um � fm

ð1þ jDumj
2Þam

 !

� c dxdt

þ

ð

T

0

ð

BdðPÞVW

Di

fm � f

ð1þ jDumj
2Þam

 !

� c dxdt;

ð

T

0

ð

BdðPÞVW

Di

um � fm

ð1þ jDumj
2Þam

 !

� c dxdt

¼ �

ð

T

0

ð

BdðPÞVW

um � fm

ð1þ jDumj
2Þam

Dic dxdt

and

ð

T

0

ð

BdðPÞVW

Di

fm � f

ð1þ jDumj
2Þam

 !

� c dxdt

¼ �

ð

T

0

ð

BdVW

fm � f

ð1þ jDumj
2Þam

Dic dxdtþ Km:

Hence we have

ð

T

0

ð

BdðPÞVW

Di

um � f

ð1þ jDumj
2Þam

 !

� c dxdt

¼ �

ð

T

0

ð

BdVW

um � f

ð1þ jDumj
2Þam

Dic dxdtþ K
0
m:

Here Km;K
0
m ! 0 ðm ! yÞ. By (2.8) the right-hand side tends to

�

ð

T

0

ð

BdðPÞVW

ðu� fÞDic dxdt

as m ! y. And from Proposition 8.1 we have
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ð
T

0

ð
BdðPÞVW

Diðum � fÞ

ð1þ jDumj
2Þam

c dxdt

!

ð
T

0

ð
BdðPÞVW

Diðu� fÞ � c dxdt ðm ! yÞ:

Therefore, by using (8.5) we finally conclude (8.3). It complets the proof of our

theorem.
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