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Abstract. This paper is concerned with positive solutions of the semilinear di¤usion

equation ut ¼ suþ up in W under the Neumann boundary condition, where p > 1 is

a constant and W is a bounded domain in R
N with C 2 boundary. This equation has

the constant solution ðp� 1Þ�1=ð p�1ÞðT0 � tÞ�1=ð p�1Þ ð0a t < T0Þ with the blow-up time

T0 > 0. It is shown that for any e > 0 and open cone G in f f A CðWÞ j f ðxÞ > 0g,

there exists a positive function u0ðxÞ in W with qu0=qn ¼ 0 on qW and ku0ðxÞ�

ðp� 1Þ�1=ð p�1Þ
T

�1=ð p�1Þ
0 k

C 2ðWÞ < e such that the blow-up time of the solution uðx; tÞ with

initial data uðx; 0Þ ¼ u0ðxÞ is larger than T0 and the function uðx;T0Þ belongs to the cone

G. A theorem on the blow-up profile is also given.

1. Introduction.

This paper is concerned with solutions of the nonlinear di¤usion equation

ut ¼ suþ up in W� ðt0;TÞ;

qu

qn
¼ 0 on qW� ðt0;TÞ;

uðx; t0Þ ¼ u0ðxÞ x A W;
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ð1:1Þ

where W is a bounded domain in R
N with C2 boundary, n is the unit outward normal

vector on qW, p > 1 is a constant and u0 A CðWÞ is a positive function. The blow-up

time T > t0 of the solution uðx; tÞ of (1.1) is defined by

T ¼ supft > t0 j uðx; tÞ is bounded in W� ðt0; tÞg:

For the problem (1.1), T is finite. Hence, limt!Tkuðx; tÞkCðWÞ ¼ þy holds.

The equation (1.1) has the constant solution ðp� 1Þ�1=ðp�1ÞðT � tÞ�1=ðp�1Þ with the

blow-up time T . Our main theorem states that for any e > 0 and open cone G in

f f A CðWÞ j f ðxÞ > 0g, there exists a positive function u0 A C2ðWÞ with qu0=qn ¼ 0 on qW

and ku0ðxÞ � ðp� 1Þ�1=ðp�1Þ
T�1=ðp�1Þk

C 2ðWÞ < e such that the blow-up time of the solution

uðx; tÞ of (1.1) with t0 ¼ 0 is larger than T and the function uðx;TÞ belongs to the cone

G . Precisely, we show the following theorem in this paper.

Theorem 1. Let f A CðWÞ be a positive function, and let d and T0 be positive

constants. Then, there exist C and e0 > 0 satisfying the following: For any e A ð0; e0�,

there exists ue

0 A C2ðWÞ satisfying que

0=qn ¼ 0 on qW and
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ku e
0ðxÞ � ðp� 1Þ�1=ðp�1Þ

T
�1=ðp�1Þ
0 k

C 2ðWÞaCep�1

such that the blow-up time of the solution ueðx; tÞ of (1.1) with initial data u eðx; 0Þ ¼ ue
0ðxÞ

is larger than T0 and the inequality

keu eðx;T0Þ � f ðxÞk
CðWÞa d

holds.

Also, the blow-up set of the solution uðx; tÞ is defined as the set

fx A W j there is a sequence ðxn; tnÞ in W� ðt0;TÞ such that

ðxn; tnÞ ! ðx;TÞ and uðxn; tnÞ ! þy as n ! yg:

This set is a nonempty closed set in W. From standard parabolic estimates, we can

obtain the blow-up profile, which is a continuous function defined by

u�ðxÞ ¼ lim
t!T

uðx; tÞ

outside the blow-up set.

There are a number of results for the nature of the blow-up set. For the Cauchy

problem with ðN � 2Þp < N þ 2, Velázquez [31] showed that the ðN � 1Þ-dimensional

Hausdor¤ measure of the blow-up set is bounded in compact sets of R
N whenever the

solution is not the constant blow-up one ðp� 1Þ�1=ðp�1ÞðT � tÞ�1=ð p�1Þ. For the Cauchy

problem or the Cauchy-Dirichlet problem in a convex domain with ðN � 2Þp < N þ 2,

Merle and Zaag [22] showed that for any finite set DHW, there exists u0 such that the

blow-up set is D (See also [1] and [3]). For the Cauchy problem with N ¼ 1, Herrero

and Velázquez [16] showed that for any point x in the blow-up set of a solution u and

e > 0, there exists u0 with ku0 � u0kCa e such that the blow-up set of u consists of a

single point x with jx� xja e. For the Cauchy-Dirichlet problem in an ellipsoid

centered at the origin with ðN � 2Þp < N, Filippas and Merle [10] showed that if the

blow-up time is large, then the blow-up set consists of a single point near the origin.

Also, for the Cauchy or Cauchy-Dirichlet problem with ðN � 2Þp < N þ 2, Mizoguchi

[24] showed the following. For any continuous function fb 0 and d > 0, if e > 0 is

small, then any point x in the blow-up set satisfies fðxÞbmaxy fðyÞ � d for u0 ¼ e�1f.

See also [32]. Recently, for the Cauchy-Neumann problem with ðN � 2Þp < N þ 2,

Ishige and Mizoguchi [18] obtained the following. Let P be the orthogonal projection

in L2ðWÞ onto the eigenspace corresponding to the second eigenvalue of the Laplace

operator with the Neumann condition. For any nonnegative function f A LyðWÞ and

d > 0, if e > 0 is small, then any point x in the blow-up set satisfies ðPfÞðxÞb

maxyðPfÞðyÞ � d for u0 ¼ ef.

On the other hand, from the results by Baras and Cohen [2] and Lacey and

Tzanetis [20], we might see that it was natural to interpret the value of the solution after

the blow-up time as infinity at all points in the domain (See also [4] and [29]). See, e.g.,

the references in this paper for related results or other studies on blow-up formation in

ut ¼ suþ up.

The following theorem shows that for any positive constant c and positive function

f A C2ðWÞ satisfying q f =qn ¼ 0 on qW, there exists a sequence fu e
0ge A ð0;1� HC2ðWÞ with
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qu e
0=qn ¼ 0 on qW and lime!0ku

e
0 � ck

C 2ðWÞ ¼ 0 such that eue
�ðxÞ approaches ð f ðxÞ

�ðp�1Þ �

ðmax
y AW

f ðyÞÞ�ðp�1ÞÞ�1=ð p�1Þ
uniformly on compact sets of fx A W j f ðxÞ < max

y AW
f ðyÞg

as e ! 0, where the function ue
� is the blow-up profile of the solution u e of (1.1) with initial

data ue
0. This means that the constant blow-up solution has very variable instability.

Theorem 2. Let f A C2ðWÞ be a positive function satisfying q f =qn ¼ 0 on qW, and

let d and c be positive constants. Then, there exist C and e0 > 0 satisfying the following:

For any e A ð0; e0�, there exists ue
0 A C2ðWÞ with qu e

0=qn ¼ 0 on qW and kue
0 � ck

C 2ðWÞa

Cep�1 such that the blow-up set of the solution ue of (1.1) with initial data u e
0 is contained

in the set S :¼ fx A W j f ðxÞbmax
y AW

f ðyÞ � dg and the blow-up profile ue
� satisfies the

inequality

eue
�ðxÞ � f ðxÞ�ðp�1Þ � max

y AW

f ðyÞ

 !�ðp�1Þ
0

@

1

A

�1=ðp�1Þ
�

�

�

�
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�

CðWnSÞ

a d:

2. Proof of Theorems 1 and 2.

The following lemma shows that the actual solution of (1.1) for the early stage is

well approximated by the solution of the linearized equation of (1.1), when the initial

data is well done by a constant.

Lemma 3. There exists C > 0 such that for any D > 0, there exists t0 < 0 satisfy-

ing the following: Suppose that t A ½t0; 0Þ and t0a t are constants, and that f A CðWÞ

satisfies kfk
CðWÞaD. Then, the blow-up time T of the solution uðx; tÞ of (1.1) with initial

data

uðx; t0Þ ¼ ðp� 1Þ�1=ðp�1Þð�t0Þ
�1=ðp�1Þ 1þ

t2

t0
fðxÞ

� �

is larger than t and the inequality

ðp� 1Þ1=ðp�1Þð�tÞ1=ðp�1Þ
uðx; tÞ � 1þ

t2

t
ðesðt�t0ÞfÞðxÞ

� ��

�

�

�

�

�

�

�

CðWÞ

aC
t4

t2
kfk2

CðWÞ

holds for all t A ½t0; t�.

Proof. We first note

sup
tb0

kestwk
CðWÞa kwk

CðWÞ;ð2:1Þ

in virtue of the maximum principle. Let C be a positive constant satisfying

jð1þ wÞp � 1� pwja
p� 1

4
Cjwj2ð2:2Þ

for all w A ½�1=2; 1=2�.
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Let D > 0. Throughout this proof, we choose �t0 > 0 smaller if necessary. By

choosing �t0 > 0 su‰ciently small, we have

uðx; t0Þb ðp� 1Þ�1=ðp�1Þð�t0Þ
�1=ðp�1Þð1þ tDÞ > 0

and

uðx; t0Þa ðp� 1Þ�1=ðp�1Þð�t0Þ
�1=ðp�1Þ 1�

t2

t0
D

� �

< ðp� 1Þ�1=ðp�1Þð�t0 � ðp� 1Þt2DÞ�1=ðp�1Þ:

Hence, the blow-up time T of u satisfies T > �ðp� 1Þt2D > t.

Take functions v and U on W� ½t0; t� such that

uðx; tÞ ¼ ðp� 1Þ�1=ðp�1Þð�tÞ�1=ðp�1Þð1þ vðx; tÞÞ

and

vðx; tÞ ¼
t2

t
ðesðt�t0ÞfÞðxÞ þUðx; tÞ

hold. Then, we can see Uðt0Þ ¼ 0 and

Ut � sþ
1

�t

� �

U ¼
1

ðp� 1Þð�tÞ
ðð1þ vÞp � 1� pvÞ:

Hence,

UðtÞ ¼
1

ðp� 1Þð�tÞ

ð t

t0

esðt�sÞðð1þ vðsÞÞp � 1� pvðsÞÞ ds

holds. Let

R ¼ sup r A ðt0; t� j kUðtÞk
CðWÞa

t2

�t
kfk

CðWÞ for all t A ½t0; r�

� �

:

Then, by (2.1), (2.2) and choosing �t0 > 0 su‰ciently small, we obtain

kUðtÞk
CðWÞa

C

�4t

ð t

t0

kvðsÞk2
CðWÞ

ds

aC
t4

�t
kfk2

CðWÞ

ð t

t0

1

s2
dsaC

t4

t2
kfk2

CðWÞ

for t A ½t0;R�. Also,

kUðtÞk
CðWÞa

t2

�2t
kfk

CðWÞ

holds for all t A ½t0;R�. Hence, we see R ¼ t. r

Lemmas 4 and 5 show that the actual solution of (1.1) until a little before the blow-

up time is well approximated by the solution of the ordinary di¤erential equation

ut ¼ up, when the initial data is well done by a large constant. Lemma 4 gives a super-

solution uðx; tÞ of (1.1).
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Lemma 4. Suppose that a positive function j A C2ðWÞ satisfies qj=qn ¼ 0 on qW.

Let Dj be a constant defined by

Dj :¼ max
x AW

ðp� 1ÞjðsjÞðxÞj þ 2p

PN
i¼1 jjxiðxÞj

2

jjðxÞj

 !

:

Then, the positive function u A C2ðW� ½0; e�Þ defined by

uðx; tÞ :¼ ðp� 1Þ�1=ðp�1Þðeð1þ ðp� 1ÞjðxÞeÞ � tð1þDje
2ÞÞ�1=ðp�1Þ

is a super-solution for all e > 0 satisfying 2Djea ðp� 1Þmin
x AW

jðxÞ.

Proof. We have

utðx; tÞ ¼ uðx; tÞpð1þDje
2Þ;

uxiðx; tÞ ¼ �uðx; tÞpðp� 1ÞjxiðxÞe
2

and

uxixiðx; tÞ

¼ �uðx; tÞpðp� 1ÞjxixiðxÞe
2

þ uðx; tÞppðp� 1ÞðjxiðxÞÞ
2ðeð1þ ðp� 1ÞjðxÞeÞ � tð1þDje

2ÞÞ�1
e4:

Hence,

ut � ðsuþ upÞ

upe2

¼ Dj þ ðp� 1ÞðsjÞ

� pðp� 1Þ
X

N

i¼1

jjxiðxÞj
2

 !

ðeð1þ ðp� 1ÞjðxÞeÞ � tð1þDje
2ÞÞ�1

e2

holds. From ta e and 2Djea ðp� 1Þmin
x AW

jðxÞ, we also have

ðeð1þ ðp� 1ÞjðxÞeÞ � tð1þDje
2ÞÞ�1

e2

a ððp� 1ÞjðxÞ �DjeÞ
�1
a

2

ðp� 1ÞjðxÞ
:

Therefore,

ut � ðsuþ upÞ

upe2

bDj þ ðp� 1ÞðsjÞ � 2p

PN
i¼1 jjxiðxÞj

2

jðxÞ
b 0

holds. r

Lemma 5 gives a sub-solution uðx; tÞ of (1.1).
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Lemma 5. Suppose that a positive function j A C2ðWÞ satisfies qj=qn ¼ 0 on qW.

Let Dj be a constant defined by

Dj :¼ ðp� 1Þ max
x AW

jðsjÞðxÞj:

Then, the positive function u A C2ðW� ½0; e�Þ defined by

uðx; tÞ :¼ ðp� 1Þ�1=ðp�1Þðeð1þ ðp� 1ÞjðxÞeÞ � tð1�Dje
2ÞÞ�1=ðp�1Þ

is a sub-solution for all e > 0.

Proof. We have

utðx; tÞ ¼ uðx; tÞpð1�Dje
2Þ

and

uxixiðx; tÞ

¼ �uðx; tÞpðp� 1ÞjxixiðxÞe
2

þ uðx; tÞp pðp� 1ÞðjxiðxÞÞ
2ðeð1þ ðp� 1ÞjðxÞeÞ � tð1�Dje

2ÞÞ�1
e4:

Hence,

ðsuþ upÞ � ut

upe2
bDj � ðp� 1ÞðsjÞb 0

holds. r

The following theorem is the main technical result in this paper. By using Lemmas

3, 4 and 5, we prove this theorem.

Theorem 6. For any D > 0 and d > 0, there exist C0 > 0 and e0 > 0 satisfying the

following:

Suppose that e A ð0; e0� and t0 < �e are constants and that f A CðWÞ satisfies c :¼

e�sðeþt0Þfb d in W and kfk
CðWÞ þ kck

C 2ðWÞaD. Then, the blow-up time T of the

solution uðx; tÞ of (1.1) with initial data

uðx; t0Þ ¼ ðp� 1Þ�1=ðp�1Þð�t0Þ
�1=ðp�1Þ 1þ

e2

t0
fðxÞ

� �

is larger than 0 and the inequality

jðp� 1Þ2=ð p�1Þ
e2=ðp�1Þuðx; 0Þ � cðxÞ�1=ðp�1ÞjaC0e

holds in W.

Proof. Let C > 0 be the constant given by Lemma 3. Also, let D > 0 and d > 0.

Throughout this proof, we choose C0 > 0 larger and e0 > 0 smaller, respectively, if

necessary.

Put t ¼ �e. Then, by Lemma 3, we obtain

kðp� 1Þ1=ðp�1Þ
e1=ðp�1Þuðx;�eÞ � ð1� cðxÞeÞk

CðWÞaCD2e2:ð2:3Þ
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Hence, as we put je ¼ c� CD2e for e,

uðx;�eÞa ðp� 1Þ�1=ðp�1Þ
e�1=ð p�1Þð1� jeðxÞeÞ

a ðp� 1Þ�1=ðp�1Þ
e�1=ð p�1Þð1þ ðp� 1ÞjeðxÞeÞ

�1=ðp�1Þ

holds. Since min
x AW

jeðxÞb d=2 and Dje
a ðp� 1ÞNDþ 4pNðD2=dÞ also hold, we

have

uðx; 0Þa ðp� 1Þ�1=ðp�1Þ
e�2=ðp�1Þððp� 1ÞjeðxÞ �Dje

eÞ�1=ðp�1Þ

from Lemma 4. Hence, we get

uðx; 0Þa ðp� 1Þ�2=ðp�1Þ
e�2=ðp�1Þ cðxÞ � CD2 þNDþ

4pND2

ðp� 1Þd

� �

e

� ��1=ðp�1Þ

a ðp� 1Þ�2=ðp�1Þ
e�2=ðp�1ÞðcðxÞ�1=ðp�1Þ þ C0eÞ:

We can see

ð1� ðcðxÞ þ CD2eÞeÞ�ðp�1Þ

a 1þ ðp� 1ÞðcðxÞ þ CD2eÞeþ 2pðp� 1ÞðcðxÞ þ CD2eÞ2e2

a 1þ ðp� 1ÞðcðxÞ þ ðC þ 8pÞD2eÞe:

Hence, from (2.3), we have

uðx;�eÞb ðp� 1Þ�1=ðp�1Þ
e�1=ðp�1Þð1� ðcðxÞ þ CD2eÞeÞ

b ðp� 1Þ�1=ðp�1Þ
e�1=ðp�1Þð1þ ðp� 1ÞjeðxÞeÞ

�1=ðp�1Þ;

as we put je ¼ cþ ðC þ 8pÞD2e for e. By Lemma 5,

uðx; 0Þb ðp� 1Þ�1=ðp�1Þ
e�2=ðp�1Þððp� 1ÞjeðxÞ þDje

eÞ�1=ðp�1Þ

b ðp� 1Þ�2=ðp�1Þ
e�2=ðp�1ÞðcðxÞ þ ððC þ 8pÞD2 þNDÞeÞ�1=ðp�1Þ

b ðp� 1Þ�2=ðp�1Þ
e�2=ðp�1ÞðcðxÞ�1=ðp�1Þ � C0eÞ

holds. r

Now, we prove Theorem 1 by Theorem 6.

Proof of Theorem 1. Let d 0 ¼ minfd;min
x AW

f ðxÞg. We take g1 A W 2;2NðWÞ

with qg1=qn ¼ 0 on qW and c1 > 0 such that

k f � ðesc1g1Þ
�1=ðp�1Þk

CðWÞ

a k f � g1
�1=ðp�1Þk

CðWÞ þ kg1
�1=ðp�1Þ � ðesc1g1Þ

�1=ðp�1Þk
CðWÞa d 0=4
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holds. We also take lkb 0 and ck A H 2ðWÞ ðk ¼ 1; 2; . . . ; nÞ satisfying �sck ¼ lkck

in W and qck=qn ¼ 0 on qW such that kesc1g1 �
Pn

k¼1 ckkH 2N ðWÞ is su‰ciently small.

Then, we have

f �
X

n

k¼1

ck

 !�1=ðp�1Þ
�

�

�

�

�

�

�

�

�

�

�

�

CðWÞ

ð2:4Þ

a k f � ðesc1g1Þ
�1=ðp�1Þk

CðWÞ

þ ðesc1g1Þ
�1=ðp�1Þ �

X

n

k¼1

ck

 !�1=ðp�1Þ
�

�

�

�

�

�

�

�

�

�

�

�

CðWÞ

a d 0=2:

We put c ¼
Pn

k¼1 ck, D ¼
Pn

k¼1ð1þ elkT0ÞkckkC 2ðWÞ and d ¼ min
x AW

cðxÞ. Then,

by Theorem 6 with t0 :¼ �T0, there exist C0 > 0 and e 00 > 0 such that for any e 0 A ð0; e 00�,

the blow-up time of the solution uðx; tÞ of (1.1) with initial data

uðx; 0Þ ¼ ðp� 1Þ�1=ðp�1Þ
T

�1=ðp�1Þ
0 1�

e 02

T0

X

n

k¼1

elkðT0�e 0ÞckðxÞ

 !

is larger than T0 and the inequality

ðp� 1Þ2=ðp�1Þ
e 0ð2=ðp�1ÞÞuðx;T0Þ �

X

n

k¼1

ckðxÞ

 !�1=ðp�1Þ
�

�

�

�

�

�

�

�

�

�

�

�

CðWÞ

aC0e
0

holds. Hence, from (2.4), the conclusion of Theorem 1 follows with e0 :¼

ðp� 1Þ2=ðp�1Þ minfe 00; d
0=2C0g

2=ðp�1Þ and C :¼ ðp� 1Þ�1=ðp�1Þ�2
T

�1=ðp�1Þ�1
0 D. r

We prove Theorem 2 by combining Theorem 1 with Theorem 6 of [32].

Proof of Theorem 2. [Step 1] In this step, we show the following.

Let C0 ¼ ððp� 1Þ=2Þ�1=ðp�1Þ. Then, for any u0 A C2ðWÞ satisfying qu0=qn ¼ 0 on

qW and

ku0ðxÞ � ck
C 2ðWÞamin

c

2
;

cp

2pþ1N

� �

;

the solution uðx; tÞ of (1.1) with the blow-up time T satisfies

uðx; tÞaC0ðT � tÞ�1=ðp�1Þ

in W� ½t0;TÞ.

Let vðx; tÞ denote the function 2suðx; tÞ þ uðx; tÞp. Then, we have vðx; t0Þ ¼

2su0ðxÞ þ u0ðxÞ
p
b�2Nku0 � ck

C 2ðWÞ þ ðc� ku0 � ck
C 2ðWÞÞ

p
b 0. As well as Proof

of Proposition 7 in [32], we can also see qv=qn ¼ 0 on qW and vtbsvþ pup�1v.

Therefore, we have 2ut � up ¼ vb 0. Because 1=2a ut=u
p holds, we obtain ðT � tÞ=2

a
Ð T

t
ð1=2Þ dsa

Ð uðx;TÞ
uðx; tÞ ð1=upÞ dua uðx; tÞ�ðp�1Þ=ðp� 1Þ.

[Step 2] By Theorem 6 in [32], we have the following.
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There exists e 00 > 0 such that for any positive constant e 0 and function v0 A CðWÞ with

e
0
a e

0
0 and kv0 � f k

CðWÞa e
0
0, if the solution vðx; tÞ of

vt ¼ e
02
svþ vp in W� ð0;T 0Þ;

qv

qn
¼ 0 on qW� ð0;T 0Þ;

vðx; 0Þ ¼ v0ðxÞ x A W

8

>

>

>

<

>

>

>

:

ð2:5Þ

with the blow-up time T 0 satisfies vðx; tÞaC0ðT
0 � tÞ�1=ðp�1Þ

in W� ½0;T 0Þ, then the

blow-up set is contained in the set S :¼ fx A W j f ðxÞbmax
y AW

f ðyÞ � dg and the blow-up

profile v�ðxÞ satisfies

v�ðxÞ � f ðxÞ�ðp�1Þ � max
y AW

f ðyÞ

 !�ðp�1Þ
0

@

1

A

�1=ðp�1Þ
�

�

�

�

�

�

�

�

�

�

�

�

�

�

CðWnSÞ

a d:

[Step 3] In this step, we prove Theorem 2 by Steps 1, 2 and Theorem 1.

By Theorem 1, the following holds. There exist C and e1 > 0 such that for any

e A ð0; e1�, there exists ue

0 A C2ðWÞ with que

0=qn ¼ 0 on qW and kue

0ðxÞ � ck
C 2ðWÞaCe

p�1

such that the blow-up time of the solution ueðx; tÞ of (1.1) with initial data ueðx; 0Þ ¼

u e

0ðxÞ is larger than T0 :¼ ðp� 1Þ�1
c�ðp�1Þ and the inequality

keueðx;T0Þ � f ðxÞk
CðWÞa e

0
0

holds.

Now, we take a constant e0 > 0 such that e0a e1, e
p�1
0 a e

02
0 and Ce

p�1
0 a

minfc=2; cp=2pþ1Ng hold. Let 0 < ea e0.

Then, by Step 1 and kue

0ðxÞ � ck
C 2ðWÞaCe

p�1, the inequality

ueðx; tÞaC0ðT � tÞ�1=ðp�1Þ

holds in W� ½0;TÞ, where T is the blow-up time of ueðx; tÞ. Hence, as we put e 0 ¼

e
ðp�1Þ=2 and vðx; tÞ ¼ eueðx;T0 þ e

02
tÞ,

vðx; tÞaC0ðT
0 � tÞ�1=ðp�1Þð2:6Þ

holds in W� ½0;T 0Þ, where T 0 ¼ e 0�2ðT � T0Þ is the blow-up time of vðx; tÞ. The

function v also satisfies the equation (2.5) with v0ðxÞ ¼ eueðx;T0Þ. Therefore, by Step

2 and (2.6), the blow-up set of v ¼ eue is contained in the set S :¼ fx A W j f ðxÞb

max
y AW

f ðyÞ � dg and the inequality

eue

�ðxÞ � f ðxÞ�ðp�1Þ � max
y AW

f ðyÞ

 !�ðp�1Þ
0

@

1

A

�1=ðp�1Þ
�

�

�

�

�

�

�

�

�

�

�

�

�

�

CðWnSÞ

a d

holds. r

Variable instability of a constant blow-up solution 1015



Acknowledgments. I wish to thank Professor Kazuhiro Ishige for bringing this

problem to my attention. I also thank Professor Eiji Yanagida for helpful discussion,

and the referee for useful comments.

References

[ 1 ] D. Amadori, Unstable blow-up patterns, Di¤erential Integral Equations, 8 (1995), 1977–1996.

[ 2 ] P. Baras and L. Cohen, Complete blow-up after Tmax for the solution of a semilinear heat equation, J.

Funct. Anal., 71 (1987), 142–174.

[ 3 ] J. Bebernes, A. Bressan and V. A. Galaktionov, On symmetric and nonsymmetric blowup for a weakly

quasilinear heat equation, NoDEA Nonlinear Di¤erential Equations Appl., 3 (1996), 269–286.

[ 4 ] H. Bellout and A. Friedman, Blow-up estimates for a nonlinear hyperbolic heat equation, SIAM J.

Math. Anal., 20 (1989), 354–366.

[ 5 ] J. Bricmont and A. Kupiainen, Universality in blow-up for nonlinear heat equations, Nonlinearity, 7

(1994), 539–575.

[ 6 ] L. A. Ca¤arrelli and A. Friedman, Blow-up solutions of nonlinear heat equations, J. Math. Anal.

Appl., 129 (1988), 409–419.

[ 7 ] X.-Y. Chen and H. Matano, Convergence, asymptotic periodicity, and finite-point blow-up in one-

dimensional semilinear heat equations, J. Di¤erential Equations, 78 (1989), 160–190.

[ 8 ] Y.-G. Chen, Blow-up solutions of a semilinear parabolic equation with the Neumann and Robin

boundary conditions, J. Fac. Sci. Univ. Tokyo IA, 37 (1990), 537–574.

[ 9 ] S. Filippas and W. Liu, On the blowup of multidimensional semilinear heat equations, Ann. Inst. H.
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