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Abstract. After Galvez, Martinez and Mildn discovered a (Weierstrass-type)
holomorphic representation formula for flat surfaces in hyperbolic 3-space H?3, the
first, third and fourth authors here gave a framework for complete flat fronts with
singularities in H3. In the present work we broaden the notion of completeness to
weak completeness, and of front to p-front. As a front is a p-front and completeness
implies weak completeness, the new framework and results here apply to a more
general class of flat surfaces.

This more general class contains the caustics of flat fronts—shown also to be
flat by Roitman (who gave a holomorphic representation formula for them) — which
are an important class of surfaces and are generally not complete but only weakly
complete. Furthermore, although flat fronts have globally defined normals, caustics
might not, making them flat fronts only locally, and hence only p-fronts. Using the
new framework, we obtain characterizations for caustics.

1. Introduction.

For an arbitrary Riemannian 3-manifold N3, a C*°-map
f: M? — N3
from a 2-manifold M? is a (wave) front if f lifts to a smooth immersed section
Lg: M? — Ty N3(=~ T} N®)

of the unit tangent vector bundle 73 N® such that df (X) is perpendicular to L¢(p) for
all X € T,M? and p € M?2. Fronts generalize immersions, as they allow for singularities.
The lift Ly can be viewed as a globally defined unit normal vector field of f. However,
global definedness of Ly can be a stronger condition than desired. Sometimes p-fronts
are more appropriate: The map f is called a p-front if for each p € M?, there is a
neighborhood U of p such that the restriction f|y is a front. The projectified cotangent
bundle P(T*N?) has a canonical contact structure, and a p-front can be considered as
the projection of a Legendrian immersion of M? into P(T*N?). A p-front f is a front if
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Figure 1. A flying saucer front and a toroidal p-front.

and only if there exists a globally defined unit normal vector field, in which case we say
f is co-orientable. Otherwise, f is non-co-orientable.

For example, Figure 1(a) is a plane curve front with a globally defined unit normal
vector field. On the other hand, Figure 1(b) is the cardioid, whose unit normal vector
field is not single-valued on the curve. Rotating the first curve about its central vertical
axis gives a surface like a “flying saucer”, which is a front in Euclidean space R>. If we
rotate the cardioid about an axis disjoint from it, we get a torus with one cuspidal edge,
which is a non-co-orientable p-front.

Now let N3 be the hyperbolic 3-space H? of constant curvature —1, and

f: M? — H*(C LY

a front with a unit normal vector field v: M? — S, where S? denotes the de Sitter space
in the Minkowski 4-space L*. Then for each real number ¢

fi = (cosht)f + (sinht)v

(1.1)
vy = (cosht)v + (sinht) f

gives a new front called a parallel front of f. If f is a flat surface, then the parallel
surfaces f; are flat as well (basic properties of flat surfaces in H® are in [GMM], [KUY1],
[KUY2|). So we say that f is a flat front if for each p € M?, there exist a real number
t € R and a neighborhood U of p so that the restriction f;|y is an immersion with
vanishing Gaussian curvature. Hence each parallel front f; of f is also a flat front.
Moreover, for each non-umbilic point p € M?, there is a unique ¢(p) € R so that Tiw)
is not an immersion at p (see Remark 2.11 for details). Then the singular locus (or
equivalently, the set of focal points) is the image of the map

Cy: M?\ {umbilic points} > p — fy(,) € H,

which is called the caustic (or focal surface) of f. Roitman [R] pointed out that Cy
is a flat p-front, and gave a holomorphic representation formula for such caustics. We
remark that caustics of flat surfaces in R® and the 3-sphere S* are also flat. However,
the caustics of complete flat fronts are not fronts in general, as the unit normal vector
field of Cy might not extend globally. Moreover, they might not be complete, since the
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singular set may accumulate at the ends; they instead satisfy the weaker condition weak
completeness. The purpose of this paper is to give a broader framework for flat surfaces
in H? that contains the caustics, and to give characterizations of caustics.

After giving preliminaries in Section 2, in Section 3 we define the notion “weak
completeness” of fronts. There we also define f to be of finite type if the hermitian
part of the first fundamental form with respect to the complex structure induced by the
second fundamental form has finite total curvature, and then prove:

THEOREM A. A complete flat front is weakly complete and of finite type. Con-
versely, if f: M? — H? is a weakly complete flat front of finite type, then there exists a
finite set of real numbers tq, ..., t, such that f;: M? — H3 is a complete flat front for
allt € R\{tl,...,tn},

Section 5 is a study of p-fronts, where we prove that any non-co-orientable p-front is
the projection of a doubly-covering front, and we prove Theorem B. For a regular surface,
orientability and co-orientability are the same notion, but this is not so for p-fronts, as
this theorem shows.

THEOREM B.  Any flat p-front is orientable.

This is an important property of flat surfaces in H?3, because, there do in fact exist
flat Mobius bands in R? and S3. (For S this is a deep fact, since such a front in S? can
be of class C*°, but is never C¥, see Gélvez and Mira [GM1].)

Section 6 summarizes properties of caustics. In Section 7, we investigate ends of the
caustic C¢ of a given flat front f. The ends of C¢ come from the umbilic points or the
ends of f, called U-ends and E-ends of Cy, respectively. Calling an end regular if the
two hyperbolic Gauss maps have at most poles at the end, we prove:

THEOREM C.  For a non-totally-umbilic flat front f: M? — H3, the following
assertions are equivalent:

(1) M? is biholomorphic to M \{p1,--.,pn} for some compact Riemann surface M
containing the points p;, and f is a weakly complete flat front, all of whose ends
are regular.

(2) The caustic Cy is a weakly complete p-front of finite type, all of whose ends are
reqular.

REMARK. 1) The asymptotic behavior of weakly complete regular ends will be
treated in the forthcoming [KRUY]. 2) Generic singularities of flat fronts in H3 con-
sist of cuspidal edges and swallowtails [ KRSUY]. But although cone-like singularities of
fronts are not generic, they are still important. Several remarkable results on flat surfaces
with cone-like singularities were recently given by Gdlvez and Mira [GM2]. 3) A dif-
ferential geometric viewpoint of fronts was given in [SUY], where “singular curvature”
on cuspidal edges was introduced. Cuspidal edges on flat fronts in H® have negative
singular curvature [SUY, Theorem 3.1].

We also provide new examples, in addition to known examples, showing that the
results here are not vacuous. We characterize the known flat fronts of revolution and
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peach fronts in terms of their caustics, in Section 6. In Section 4, we prove the general
existence of complete flat fronts with given orders of ends on arbitrary Riemann surfaces
of finite topology, and in particular give explicit data for examples of genus k with 4k + 1
embedded ends for all £ > 1. Also, in Section 5, we give an example of a weakly complete
p-front that is not the caustic of any flat front.

ACKNOWLEDGEMENT. The third and fourth authors thank A. J. Gdlvez, A.
Martinez and P. Mira for fruitful discussions at Granada University. The authors also
thank the referee for a very careful reading.

2. Preliminaries.

Let L* be the Minkowski 4-space with the inner product (, ) of signature
(—,+,+,+). The hyperbolic 3-space H? is considered as the upper-half component
of the two-sheeted hyperboloid in L* with metric induced by (, ). Identifying L* with
the set of 2 x 2-hermitian matrices Herm(2), we have

To+x3 1 +iT
L4 > (.’Ii07$1,$2,$3) — ( 0 . 3 ! 2) S HGI'HI(2)7
X1 — 12 o — I3

H? = {J; = (zo, 71,29, 23) € L*; (z,2) = —1,20 > O}
={X € Herm(2); det X =1, trace X > 0}
= {aa"; a € SL(2,C)} =SL(2,C)/SU(2),
where a* = ‘a. The Lie group SL(2, C) acts isometrically on H? via
X+—aXa*  (a€SL(2,C), X € H® C Herm(2)). (2.1)
In fact, the identity component of the isometry group of H? can be identified with
PSL(2,C) = SL(2,C)/{£id}.
Let M? be an oriented 2-manifold, and let
f: M? — H? =SL(2,C)/SU(2)
be a front with Legendrian lift (see [KUY2])
Lg: M? — Ty H? = SL(2,C)/U(1).
Identifying Ty H? with 71 H®, we can write Ly = (f,v), where v(p) is a unit vector in
Tt H? such that (df (p), v(p)) = 0 for each p € M?. We call v a unit normal vector field
of the front f.
Suppose that f is flat, then there is a (unique) complex structure on M?2, called the

canonical complex structure, that is (conformally) compatible with the second fundamen-
tal form wherever it is definite, and a holomorphic Legendrian immersion
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& M? — SL(2,C) (2.2)

such that f and Ly are projections of &%, where 7: M2 — M? is the universal cover of
M?. Here, holomorphic Legendrian map means that éaf_ldéaf is off-diagonal (see [GMM],
[KUY1], [KUYZ2]). The map f and its unit normal vector field v are

« x 10
[ =&é7, v = &res3by, e3 = (O _1> . (2.3)

If we set
_ 0 6
& tdey = (w o) , (2.4)
the first and second fundamental forms ds? and dh? are given by

ds? =lw+ 07 =Q+Q + (|lw|* +10%), Q =uwb,

(2.5)
dh?® = 10]* — |w|?
for holomorphic 1-forms w and 6 defined on M2, with |w| and |0| defined on M? itself.
We call w and 0 the canonical forms of the front f (or the Legendrian immersion &%).
The holomorphic 2-differential ) appearing in the (2,0)-part of ds? is defined on M?2,
and is called the Hopf differential of f. By definition, the umbilic points of f equal the
zeros of (). Defining a meromorphic function on M? by

p=10/w, (2.6)

then |p|: M? — R, U{0,00} (R4 = {r € R; r > 0}) is defined, and p € M? is a singular
point of f if and only if |p(p)| = 1.
We note that the (1, 1)-part of the first fundamental form

dsi,y = |w|* + 0 (2.7)

is positive definite on M?, and 2ds%1 coincides with the Sasakian metric’s pull-back on
the unit cotangent bundle T} H? by the Legendrian lift Ly of f (which is the sum of the
first and third fundamental forms in this case, see Section 2 of [KUY2] for details). The
two hyperbolic Gauss maps are

A B A B
G_é’ G*—B, where gf_(c D).

Geometrically, G and G, represent the intersection points in the ideal boundary 0H? =
C U {00} of H? for the two oppositely-oriented normal geodesics emanating from f.
The transformation &5 — aéy by a = (ai;)ij=1,2 € SL(2,C) induces the rigid motion
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frafa* asin (2.1), and G and G, then change by the Mobius transformation:

a11G + a2 a11Gy + a2

G—axG= , Gi—axG, = .
a21G + a2 * T ag1Ga +a

(2.8)

REMARK 2.1 (The interchangeability of w and 6). The canonical forms (w, #) have
the U(1)-ambiguity (w, ) — (e**w,e™%0) (s € R) which corresponds to

eis/Q 0

For a second ambiguity, defining the dual éaJE of & by

b (U
gfgf(i 0>’

then é"fh is also Legendrian with f = £’fh£’ﬁ* The hyperbolic Gauss maps G, G? and

canonical forms w?, 6% of é‘)ﬁ satisfy
G'=G., Gi=G, w'=0 and ¢ =w.

Namely, the operation f interchanges the roles of w and 6 and also of G and G,.
The following fact holds (see [KUY2] for fronts and [GMM] for the regular case):

FAcT 2.2.  Let w, 6 be holomorphic 1-forms on a simply-connected Riemann surface
M? with |w|? + |0|? positive definite. Solving the ordinary differential equation

éa‘ldé":(g g) g(zo)z((l) 2)

gives a holomorphic Legendrian immersion of M? into SL(2,C), where zo € M? is a
base point, and its projection into H3 is a flat front with canonical forms (w,0).

REMARK 2.3. If |w|? + |0|? vanishes at a point p € M2, then p is called a branch
point of f. At such a branch point, f is not a front, but the unit normal vector field still
extends smoothly across p, so f can be considered as a frontal map.

REMARK 2.4. Considering H? as the hyperboloid in L*, the parallel front f; of f
is as in (1.1). As pointed out in [GMM] and [KUY?2],

et’? 0
& = &f ( 0 et/2> : (2.10)

Then the canonical forms wy, 8; and the function p; = 6 /w; of f; are written as
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w = elw, 6, =e'0 and p, =e *p. (2.11)

Fact 2.5 ([KUY1]). For an arbitrary pair (G,w) of a non-constant meromorphic
function G and a non-zero meromorphic 1-form w on M?, the meromorphic map

& — (é g‘é%) (c _ i\/g, A= GC> (2.12)

is a meromorphic Legendrian curve in PSL(2, C) whose hyperbolic Gauss map and canon-
ical form are G and w, respectively. Conversely, if & is a meromorphic Legendrian curve
in PSL(2,C) defined on M? with non-constant hyperbolic Gauss map G and non-zero
canonical form w, then & is as in (2.12).

REMARK 2.6. The & in (2.12) has a sign ambiguity, due to the square root of one
meromorphic function. So & is not defined in SL(2, C), but rather only in PSL(2, C).

Fact 2.7 ((KUY1], [KUY2]). LetG and G, be non-constant meromorphic func-
tions on a Riemann surface M? such that G(p) # G.(p) for all p € M?. Assume that

dG .
[YG—G* €iR

for every loop v on M?. Set

£(z) = c-exp /ZO 7GC£GG*7 (2.13)
where 29 € M? is a base point and ¢ € C \ {0} is an arbitrary constant. Then
G/§ €G./(G - G*))
&= 2.14
(e i) .

is a non-constant meromorphic Legendrian curve defined on M? in PSL(2,C) whose
hyperbolic Gauss maps are G and Gy, and the projection f = &£&* is single-valued on
M?. Moreover, f is a front if and only if G and G, have no common branch points.
Conversely, any non-totally-umbilic flat front can be constructed this way.

REMARK 2.8. In [KUYZ2, Theorem 2.11], we assumed that all poles of dG /(G —G.)
are of order 1. This condition is satisfied automatically since G(p) # G.(p) for all p € M2.

If we write the constant ¢ in (2.13) as ¢ = e~ (*7%)/2 (t,s € R), s corresponds to
the U(1)-ambiguity (2.9) and ¢ corresponds to the parallel family (2.10). The canonical
forms w, 6 and Hopf differential @ of f in Fact 2.7 are written as

| ¢ _dG dG.
w——*dG, 6— 2dG*7 Q—m

= EenE (2.15)
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Let z be a local complex coordinate on M? and write w = & dz and § = 6 dz. Then

we have the following identities (see [KUY2]):
oG G 0 Gl G,
o e Yaa -6 la ¢ (2.16)
s(w) =2Q + S(G), s(0) =2Q + S(G.), (2.17)
where ' = d/dz, and S(G) is the Schwarzian derivative of G with respect to z as in
G\’ 1/a" 2 )

(2.19)

and s(w) is the Schwarzian derivative of the integral of w, that is,
~IN\ A7\ 2 z
1
U5) 2B g (o= L)
2 %

w

w

Note that although the Schwarzian derivative depends on the choice of local coordinates,
the difference S(G) —S(G.) does not. If G expands as G(z) = a+b(z—p)™ +o((z—p)™),

b#0, me Z,, where 0((2’ - p)m) denotes higher order terms, then
(2.20)

1

S@) = = (1 —m 0(1)) dz2.

2

Similarly, if a meromorphic 1-form w = & dz has an expansion
(z) = c(z —p)" (1 + o(1)) (c#£0,u € R), (2.21)

(2.22)

then we have
1 2
(— ,u(u2—|— ) + 0(1)) dz?.

stw) = (z—p)?

Conversely, if w satisfies (2.22), it expands as in (2.21). For later use, we define the order
of a metric defined on a punctured disc.
A conformal metric do? on the punctured disc D* = {z €

DEFINITION 2.9 ([T)).
C; 0 < |z| < 1} is of finite order if there exist a ¢ > 0 and p € R so that do? is locally

expressed as
do® = c|z[** (1 + o(1)) |dz|*.

We define the order ordy do? of do? at the origin to be u.
Finally, we give the following proposition on our definition of flat fronts:
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PROPOSITION 2.10. Let f : M? — H?3 be a front such that the regular set is open
and dense in M?2. Then the following two conditions are equivalent.

(1) For each point p € M?, there exists a real number tog such that p is a regular point
of the parallel surface fi, and the Gaussian curvature of fi, vanishes.
(2) The Gaussian curvature vanishes on the regular set of f.

The first condition is in fact the definition of flat fronts.

ProOOF. If f satisfies (1), then f; is also a flat front for each ¢ € R (see [KUY2]).
Thus (1) implies (2) obviously. Next, we suppose f satisfies (2). It suffices to discuss
under the assumption that p is a singular point of f. Note that f has a smooth unit
normal vector field v like as in the case of an immersion. Now we shall show that the
parallel front f; is an immersion at p for sufficiently small ¢. First, we consider the case
that df vanishes at p. Since f is a front, v : U — L* is an immersion on a neighborhood
U of p and so f; gives an immersion at p for all t # 0. Next we consider the case that
the kernel of df at p is one dimensional, and take a non-vanishing vector n € 1), M 2 such
that df (n) = 0. Then we can take a local coordinate system (U;wu,v) centered at p such
that 9/0u = 7. Since f,, := df(9/0u) = 0, we have

0:<fu7VU>:7<fu1)7y>:<fvayu>a (223)

where (, ) is the canonical Lorentzian metric on L*. Since f is a front and f, = 0, we
have f, # 0 and v,, # 0. Then (2.23) implies that f, and v, are linearly independent.
Then by (1.1), f; is an immersion at p for sufficiently small ¢. (Moreover, f; is an
immersion for ¢t € R except for only one value. See Remark 2.11 below.)

Let K; be the Gaussian curvature of f; (¢ # 0) near p. Suppose that Ky, (p) # 0 for
a sufficiently small ¢9. Then any point ¢ near p satisfies Ky, (¢q) # 0. On the other hand,
since the regular set of f is dense in M?, there exists a point ¢ sufficiently near p such
that the Gaussian curvature of f vanishes around g. Then K; vanishes as long as ¢ is a
regular point of f;, and we have Ky, (¢) = 0, a contradiction. Thus we have K;,(p) = 0,
which implies (1). O

REMARK 2.11. Let f : M? — H?3 be a front and p € M? a regular point. Let
Aj (j = 1,2) be the principal curvatures of f at p. Then, the parallel front f; has a
singularity at p if and only if Ay = cotht or Ay = cotht. Suppose now that f is flat and
p is a non-umbilical point. Since A\; Ay = 1, we may assume that |A;| < 1 < [Az|. Then p
is a singular point of f; only when Ay = cotht, and such a t is uniquely determined.

3. Completeness and weak completeness.

Let f: M? — H?3 be aflat front. We say that f is complete if there exists a symmetric
2-tensor field T with compact support so that the sum 7+ ds? is a complete Riemannian
metric on M? (see [KUY1]). (Because this metric is required to be Riemannian, if the
singular set accumulates at some end of f, then, by definition, f is not complete.) We
say that f is weakly complete if the (1,1)-part ds? | = |w|* +[0]* in (2.7) of the induced
metric is complete and Riemannian on M?2. Since als%1 is proportional to the pullback
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of the Sasakian metric, this definition of weak completeness is analogous to the notion
of completeness in Melko and Sterling [MS] for constant negative curvature surfaces in
R3.

We say that a flat front f is of finite type if ds%’1 has finite total curvature. A
2-manifold M? is said to have finite topology if there exist a compact 2-manifold M and

. . ——2 . R

finitely many points py,...,p, € M such that M? is homeomorphic to M \{p1,...,pn}-
A small neighborhood U; of a puncture point p;, or even just the puncture point p; itself,
is called an end of f. An end p; is complete (resp. weakly complete) if ds? (resp. dsil)
is complete at p;.

PROPOSITION 3.1. A complete flat front is weakly complete and of finite type.

PrROOF. Let f: M2 — H? be a complete flat front, then f is weakly complete
by [KUY?2, Corollary 3.4]. We now show that dsf | for f has finite total curvature:
By [KUY2, Lemma 3.3], M? is biholomorphic to M \ {p1,...,pn} for some compact
Riemann surface M . By completeness, there exists a neighborhood U; of each p; so
that U; \ {p,} contains no singularities. Hence [GMM, Lemma 2] implies

w=2"wy, 0=2"6y (u,v€ R), (3.1)

where z is a local coordinate with z(p;) = 0, and wy, 6y are single-valued holomorphic
1-forms on U; which are nonzero at p;. Thus, the order of dsi at p; is finite (see
Definition 2.9). Recalling the formula (see [F], [S])

1

2 .. (= Kap,)dA = —x(M") + 3 ord,, (ds? ), (3.2)

j=1

where K4,z and dA denote the Gaussian curvature and area element of (M2, dsil), and

X(M2) the Euler number of Mz, we see that dsi | has finite total curvature. O

PROPOSITION 3.2. When f: M? — H3 is a weakly complete flat front of finite
type,

(1) M? is biholomorphic to M \{p1,...,0n}, for some compact Riemann surface M
and finitely many points p1,...,pn € Mz,

(2) dsi1 has finite order at each p;, and the canonical 1-forms w, 0 are of finite order,
and

(3) Q is a meromorphic differential on M.

PROOF. (1): By Huber’s theorem, M? is diffeomorphic to Ve \{p1,...,pn} since
dsi1 is complete with finite total curvature. In fact, they can be biholomorphic, as the
Gaussian curvature of ds? | satisfies Kgs2, <0 ((3.5) below implies Kae2 | < 0).

(2): We shall show that each of |w|?, |#|> has finite order at p;. Take a local
coordinate z such that z(p;) = 0. Since |wl|, |0 are both single-valued on M?, there
exist real numbers p, v € [0,1) such that wo 7 = > #w and § o 7 = €2™*¥@ for the deck
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transformation 7 associated to a loop wrapped once about p;. Thus
w=2z"vy and 6=2z"0,, (3.3)

where wy, 0y are single-valued holomorphic 1-forms on a punctured neighborhood D*(e) =
{0 < |z| < €}. The function p in (2.6) can be written as

p= ==, (3.4)

where pg = 6y/wp is a single-valued holomorphic function on D*(¢).
First, we show that pg has at most a pole at z = 0, that is, not an essential singularity.
Consider a constant mean curvature 1 surface

—~—

fi: D*(e) — H?

—_~—

of the universal cover D*(¢) into H® with Weierstrass data (g1, w1) = (p,&? dz), where
w = @dz (see [UY]). Since the induced metric ds? by fi and dsi; are

dsi = h*|dz*,  dsiy=hldz’, h=(1+|p)ef
dsi1 is positive definite, so f; is an immersion. Also,
defdAdsf = 2dei1dAdsi1 (35)

holds, where K2 (resp. deil) and dAgg2 (resp. dAdS%,l) are the Gaussian curvature
and area element with respect to the metric ds? (resp. ds? ;). The induced metric ds? is
well-defined on D*(g), because |w| and || are single-valued. Since f is of finite type, the
total curvature

/ KdSZdAdSQ
D*(E) 1 1

is finite. Then [Br, Proposition 4] implies pg in (3.4) has at most a pole at z = 0. So if
wo in (3.3) has at most a pole at z = 0, the same is true of 6y and (2) will be proven.
Taking the dual as in Remark 2.1 if need be, we may assume |p(0)| < oo. In a sufficiently
small neighborhood of z = 0, we have

dsiy = (1+ |pl*)|wl* < krlw]* = ki|2|*[wol* < kalwol?
for some constants ki, ks > 0, since p € [0,1). Completeness of ds7; implies ka|wol? is

also complete at z = 0. Hence, wp has at most a pole at z =0 ([O, Lemma 9.6]).
(3): Since @ = wb, assertion (3) is immediate from the proof of (2). O
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Propositions 3.1 and 3.2 yield:

THEOREM 3.3. A flat front f: M? — H? is complete if and only if

(1) f is weakly complete and of finite type, and
(2) the set of singularities, denoted by Xy C M?, is compact.

PROOF. Proposition 3.1 shows that completeness implies (1), (2). Now suppose
(1), (2) hold. Proposition 3.2 implies M? is biholomorphic to Vi \{p1,...,pn}, and that
f’s canonical 1-forms w, 6 are of finite order. Since |w| and |0| are well-defined, w and 6
are in the form (3.1), and at least one of |w|?, |#|? is complete, at any p;. If [p(p;)| =1
for p = /w at some p;, then p would be locally holomorphic at p; and (2) would not
hold, so |p(p;)| # 1 at every p;. To prove completeness of f, we must show ds? = |w+ 0|
is complete at all p;. Without loss of generality, we may assume ord,, |62 > ord,, lw|?,
so |w|? is complete at p;. So

ds® = |w + 012 > ||w| — 16]|° = |w]?|1 - |ol|.

Since |p(p;j)| & {1, o0}, it follows that ds? is complete at p;. O
Proposition 3.1 and the following theorem prove the introduction’s Theorem A.

THEOREM 3.4. Let f be a weakly complete flat front of finite type, with n ends.
Then the parallel fronts fi of f are complete except for at most n values of t.

PrROOF. By Theorem 3.3, we need only show compactness of the set of singularities
Y (t) of f; away from at most n values of t. Since f is weakly complete and of finite type,
we can set M2 = M~ \{p1,...,pn} for some compact Riemann surface Mz, and w, 6 are
both of finite order at each p;, by Proposition 3.2. Then the function

ol
ol =|2]: 3 — Ry U 0.)

is well-defined and continuous. The closure of the singular set X(t) in M s

= —2
S(t) ={pe M ; |p(p)] = e*}.

Thus X(t) is compact when {p1,...,p,} NE(t) is empty. Let {p;,,...,p;,.} be the subset

of ends such that |p(p;,)| # 0,00. Taking the unique ¢;, € R so that p; € X(t;,) for

each k, i.e. |p(pj.)| = exp(2t;,), 3(t) is compact for any t € R\ {t;,,...,t;, }. O

DEeFINITION 3.5. Let f: e \ {p1,...,pn} — H? be a weakly complete flat front,
and (U, z) a complex coordinate of M with z(p;) = 0. Suppose that all ends are regular,
i.e. G and G, have at most poles at py, ..., pn, and that both G and G, are non-constant.
By a suitable motion in H?, we may assume G and G, have no poles at pj. Then we
have, with m,m, € Z,
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Figure 2. A peach front (Example 3.7) on the left, and a genus 1 complete front
with 5 embedded ends in the middle (Example 4.6) with its caustic on the right.

G(z)=a+bz"+0(z™) and G.(z) = as + b.2™ + o(z"), (3.6)
where a,a, € C, b,b, € C \ {0} and o(z™) and o(2™~) are higher order terms. We set
T;Dj (G) =m, ij (G*) = M

to be the ramification numbers of G and G, at pj, respectively. Moreover, we define the
multiplicity of f at the end p; to be

m(f,p;) = min{m, m.} (= min{r,, (G),rp, (G*)})

If f is complete at an end p, m(f,p) = 1 if and only if the end p is properly embedded
[KUY2]. Roughly speaking, the multiplicity of a complete end is the winding number
of a slice of the end (see [KRUY]). We have the following:

PrOPOSITION 3.6. Let f: M \{p1,.--,pn} — H? be a weakly complete flat front
whose ends are all regular. If Q has at most a simple pole at an end p;, then |w|? and
0|* have finite orders at p; and the following identity holds:

m(f,p;) = min {|1 + ord,, |w|?

1+ ord,, |0%|}. (3.7)

)

ProOF. Using a complex coordinate z with z(p;) = 0, assume G and G, expand
as in (3.6). As @ has at most a simple pole at p;, (2.17) and (2.20) give

1/1—m?

s(w) = ;< S 0(1)> i, s(0) = Z—IQ (1 '2’”5 + 0(1)> dz2.

So, by Section 2, |w|? and |#|? are of finite order (and well defined) at p;. Thus w and 6
are of the form in (3.1), and

p=ordy, |w|* =+tm—1, fs = ordy, [0]° = £m, — 1.

Hence m(f,p;) = min{m, m,} = min{|p + 1|, |« + 1|} satisfies (3.7). O
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Next, we give a weakly complete example that is neither complete nor of finite type.

EXAMPLE 3.7 (The peach front in [KUY?2]). Let b€ C be a non-vanishing com-
plex number. We define rational functions on C U {co} by

By Fact 2.7, we get a holomorphic Legendrian curve

Z e/t g(z —b)ez/®

c
& = )
- ,—z/b Ez/b
ce be
with
_ 1 —2z/b 4 9_02 22/b g ds2 . = lwl2+ 1912 > 2 dz|2
w= -3¢ z, = 32¢ z, 511 = |w|” +10] 7|b?| 2|7,

which implies that f = £&* is a weakly complete flat front in H3, called a peach front.
As the singular set of f given by |f| = |w| accumulates at z = oo for all ¢, f and its
parallel fronts are all not complete. By Theorem 3.4, f is not of finite type. As we will
see in Section 6, the peach fronts are characterized by the property that their caustics
are horospheres. Figure 2 shows the peach front for b = ¢ = 1.

4. Examples.

Let M? be a Riemann surface and do? a flat metric compatible to the conformal
structure of M? (we call do? a “flat conformal metric”). Then there exists a developing
map (as a holomorphic map)

@:M2—>R2:C

such that do? is the pull-back of the canonical metric of R?, where 7: @/2 — M? is the
universal cover of M?2. The differential dy is a holomorphic 1-form on M?, and

do? = |dp|*. (4.1)

Such a 1-form dy is determined up to multiplication by a unit complex number. We call
dy the associated 1-form of the metric do?.

For example, a flat front f: M? — H? without umbilics gives two flat conformal
metrics [w|? and |#]? globally defined on M?, with associated 1-forms w and 6. (At an
umbilic point ¢ of f, one of w and @ will vanish, see (2.5). So one of the metrics |w|? or
|6]? will degenerate at q.)

To construct examples, we introduce the following result.
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THEOREM 4.1.  Let M? be a Riemann surface and |w|? be a flat conformal metric
on M? with associated 1-form w. Let G be a meromorphic function on M?2. Suppose that
do? = |w|? + |0]? is a smooth and positive definite metric on M?, where

(4.2)
Then the map f = &% : M? — H? given by (2.12) gives a flat front with canonical
forms w and 6, Hopf differential Q, and G as one of its hyperbolic Gauss maps.

Theorem 4.1 follows directly from Fact 2.5 and (2.17). Moreover, we have:

PROPOSITION 4.2. In the situation of Theorem 4.1, suppose also that M? is bi-
holomorphic to M \{p1,-..,Pn}, for some compact Riemann surface M. Then each
end p; of f is weakly complete if p; is a pole of Q of order 2.

Proor. If @ = wf has a pole of order 2 at p;, we have
ord,, [w|* + ord,, [6]* = —2.

Thus min{ord,, |w|?, ordy, |6|°} < —1 and ds7 ; is complete. O

Here we construct higher genus flat fronts with regular ends, for which the ends
might not be embedded. We begin with the following result, due to Troyanov:

Facr 4.3.  Let M be a compact Riemann surface with pi,...,pn € MQ, and let
W1y, iy be Teal numbers which satisfy

XA +3 "y =o.
j=1

Then there exists a flat conformal (positive definite) metric do? on M? = M \
{p1,...,pn} such that ordy, do? = p; for each j = 1,...,n. Such a metric is unique
up to homothety.

This fact is proved in [T] for p; > —1, but the same argument works for any real
numbers ;. For the metric do? in Fact 4.3, the formal sum p1py + - -+ + p,,py, is called
the singular divisor of do?. With it, we can prove the following:

THEOREM 4.4.  Given any compact Riemann surface M and meromorphic func-
tion G on e with branch points p1,...,pn, there exists a complete flat front f: e \
{p1, .-, pn} — H? with all ends p; regular and with hyperbolic Gauss map G.

PROOF. By a suitable motion in H?, we may assume G has no poles at pi, ..., pn.
Let m; be the ramification number of G at p; (see Definition 3.5). We can choose an
n-tuple of real numbers p1, ..., ty, such that p; #+m; —1 (j=1,...,n) and
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9 n
X(ML) + > Sy =0.
Jj=1

By Fact 4.3, there exists a flat conformal metric do? on M? = M \ {p1,...,pn} with
singular divisor p1p1+- - -+ pnpn. Then we can write do? = |w|? where w is a holomorphic
1-form on ]WQ, see (4.1). By Theorem 4.1 we can construct a flat front f: M? — H? from
the data (G, w). Moreover, since |w| is well-defined on M2, any given deck transformation
of M? changes w to e’®w for some 3 € R. Hence f is single-valued on M? by (2.12),
that is, f: M? — H3. Since p; # £m; — 1, Q has a pole of order 2 at each p;, by (2.17).
Then by Proposition 4.2, f is weakly complete at p;. Then, since ord,, |w|? and ord,, Q
are finite, ordy, |6]2 is as well, so f is of finite type. Then by Theorem 3.4, there exist
infinitely many complete flat fronts in the parallel family of f, all with hyperbolic Gauss
map G. Since G has no essential singularity, each p; is a regular end (see Proposition
5.6 below). O

REMARK 4.5. Let M- be a genus k hyperelliptic Riemann surface with associated

meromorphic function G: M - Cu {oo} of degree 2 having branch points p1,...,p,
(n = 2k + 2). Take a suitable integer m and reals vy, ..., v, < —1 so that

m
XA +n+Y v =0
j=1

. . =2 . .
Choosing points q1,...,qm € M~ \ {p1,...,Pn}, there exists a flat conformal metric
do? = |w|? whose divisor is

m n

> vigi+ )
j=1 =1
Then the flat front constructed from (G, w) is well-defined on

—2
M2 =M \{p17"‘7pn7q17"'7qm}~

Moreover, each g, is a regular end (see Proposition 5.6), and since G does not branch at ¢;,
it is a properly embedded end (Proposition 3.12 of [KUY?2]). Then, since ord,, |w|*> =1
and p; is a branch point of G with multiplicity 1, (2.20), (2.22) and (2.17) yield that Q
has at most a simple pole at p;. So we expect that generically @ has a simple pole at
each p;. Hence ord,, |0|*> = —2 and Proposition 3.6 gives m(f,p;) = 1, implying that p,
is an embedded end. Thus we can expect the existence of many higher genus flat fronts
with embedded ends. If m = 1, such an f might have genus k with 2k + 3 embedded
ends (one end from ¢; and 2k +2 ends from the p;). In fact, when & = 1 such an example
is given explicitly in [KUY2]. So the next natural question is:

PROBLEM. Is there a complete flat front in H? of genus k > 1 with 2k+2 embedded
ends?
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Even when k = 1, no such examples are known; the problem was raised in [KUY2,
Remark 3.17] for k = 1. The following examples are related to this problem.

EXAMPLE 4.6. We construct flat fronts of genus k > 1 with 4k + 1 embedded ends,
which are canonical generalizations of the 5-ended genus 1 fronts in [KUY2]. Choose a
polynomial ¢(z) so that

(a) p(z) = 22F +a12" "1 + -+ ap_12 + ay, where a; # 0, ap # 0, and
(b) ¢(z) has only simple roots, and
(¢) (z¢(2)) = w(z) + z¢'(2) also has only simple roots.

Consider the genus k hyperelliptic Riemann surface defined by w? = 2¢(z). Set

_ _h () — 2
G =w, G, = o where h = h(z) = ST (2kzp(z) — 2°¢/(2)). (4.3)
Then we have
G GdG  p(z)+z2¢'(2)  (2k+1)dz (4.4)
G-G., G?2-G.G 2(zp(z)—h(z) 2z ' '

Clearly G is of degree 2k + 1. Since h/w has only simple poles and only at the zeros of
©(z), G« has degree 2k. Thus deg G + deg G, = 4k + 1. By (4.4),

§—ex/ G
P GG,

has only purely imaginary monodromy. Moreover, (4.3) implies

= (2kH1)/2 (4.5)

G—-G,=—(w?>—h)= (p+ z¢"). (4.6)

1
w

2
(2k+ Dw

So applying Fact 2.7, we get a flat front
f:M? = \{(z,w); z(p(2) + 2¢'(2)) =0} — H>.

By (4.6), f has exactly 4k + 1 ends, since the ends are the zeros of z((2) + 2¢/(z2)).
Note that z = oo is not an end, since G(00) = 0o and G,.(c0) = 0. By (4.5) and (2.15),
one canonical 1-form is w = —z~¥+1)dG, and f could have been made using Fact 2.5
as well, with this w. As

li ! 1,,,2 ! / /
- - - 2
w w w

we have by (4.6), (4.4) and (2.15) that

C2k4+1 zhp— h(ch)’/QdZ2 _ _(2k+ 1)2 W - (h/z)(zgo)’/2d22

@= 2z w?(w? — h) 2 zw? (¢ + z¢’)
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Figure 3. A genus 2 flat front with 10 embedded ends, coming from a variant of

the approach in Example 4.6. It is defined on the closed Riemann surface M=
{(z,w) € (CU{oo})?; w? = 2(2* —1)(2* — 9/4)} with 10 points removed, and with
data G = w and G« = (bw — 2z(dw/dz))/5. Because G and G, have no common
branch points, the surface is a front with embedded ends. The portion shown here is

the image of one sheet in M over the quadrant {ze CU{oo}; Rez>0,Imz > 0}
in the z-plane, and is one-eighth of the full surface. The planar boundary curves of
this portion lie in planes of reflective symmetry of the full surface. The four ends
appearing in the boundary of this portion are marked with black dots.

Here, dz/w has no poles and zeros at the zeros of w. Since aj # 0, the origin z = 0 is
a pole of order 2 of @, and thus it is a weakly complete end, by Proposition 4.2. On
the other hand, ) has simple poles at the other ends. However, w has zeros at the ends
other than z = 0, by (4.4). Hence the orders of ||? are less than —1 at such ends, and
then they are weakly complete. Any branch point of G in M’ must be a zero of (z),
and thus must be an end of f, so G has no branch points on M? \ {z = co}. Moreover
aiar # 0 implies that G, does not branch at z = co and z = 0. Thus f has no branch
points anywhere on M2, by Theorem 2.9 of [KUY2]. Since f is weakly complete and
of finite type, there exist infinitely many complete fronts in the parallel family of f, by
Theorem 3.4. By equality of the Osserman-type inequality ([KUY2, Theorem 3.13]), all
the ends of f are properly embedded.

Finally, we shall show that ¢(z) = 22 — 2czF~1 — 1 satisfies the above conditions
(b), (c) for a suitable ¢ € R. When k =1 and ¢ = 0, f is just the example in [KUY2,
Example 4.6]. When k > 2, we set ¢ = k/(k — 1). Then

¢ (z) = 2k2F 2 (ZFT — 1),

Let p # 0 be a zero of ¢/(2), so p** =1 and p?p(p) = 1 — p? — 2k/(k — 1). If p(p) =0,
then p? = (1+k)/(1 — k) and |p| # 1. So ¢(2) has no double roots. Now

(z)" = 2k2""2((2k + 1)2MT — k).

Let g # 0 be a zero of (z¢)”. Then we have ¢**1 = k/(2k + 1). Hence |q|* = (k/(2k +

1))2/(k+1) is not a rational number. On the other hand,



Flat fronts 283

kY 26k
2 N (9k 41 _ _ _ 2
T (z0) e= = 2k + D 5577 k—1 2k+1 ¢
If (2¢)'].=q = 0, we have ¢* = k?(1 + k)/((2k + 1)(1 — k)) € Q, a contradiction. Thus
both ¢ and (z¢)’ have only simple roots, and ¢(z) satisfies conditions (b), (c).

5. p-fronts.

Now we consider flat p-fronts, starting with a proof of Theorem B.
THEOREM B. Let f: M? — H?3 be a flat p-front, then M? is orientable.

As noted in the introduction, the other space forms R? and S% admit flat Mobius
bands (see Gélvez and Mira [GM1]). So Theorem B is special to H3. Kitagawa [Ki]
proved the orientability of compact flat surfaces in S3.

PROOF OF THEOREM B. As f is a p-front, for any p € M? there exists a neigh-
borhood U, C M? of p such that f lu, is a front. We may assume that U, is simply
connected. Then as noted in Section 2, there exists a unique complex structure on U,
such that both hyperbolic Gauss maps G and G, are meromorphic.

Since f|y, is a front, at least one of G or G is not branched at p, by Theorem 2.9 of
[KUY2|. Without loss of generality, we may assume G and G, are finite at p. Choosing
U, sufficiently small, we have a local complex coordinate z = G|y, or z = G|y, on U, at
each point p € M?. Since GoG~! and G, oG, ! are identity maps and either Go G ! or
G, oG is well-defined and holomorphic on U, for each p € M2, the transition function
on U, N U, for two distinct points p and ¢ is always holomorphic. So we can extend this
local complex structure on U, to all of M?2. O

When we consider a flat p-front, we always regard M? as a Riemann surface with the
complex structure given in the proof of Theorem B. Note that co-orientability is defined
in the introduction.

THEOREM 5.1.  Let f: M? — H? be a non-co-orientable flat p-front with universal
cover m: M? — M?. Then there exists a Legendrian immersion

& : M? — SL(2,C)

and a covering transformation T : M? — M? such that

0 3
@w@Q(J(ﬁy
We call this & the adjusted lift of the p-front f. Conversely, if a lift & satisfies
Epor =& ]E for some covering transformation 7, f = &5 &7 = 5}1 (& ]E)* is non-co-orientable.

PROOF OF THEOREM 5.1. Take a holomorphic Legendrian lift &p: M2
SL(2,C) of f; it is determined up to right-multiplication by a matrix in SU(2). We now
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change &, to an adjusted lift. The flat front f = E06y M? — H3 satisfies for = f. The
unit normal vector of f is 7 = &yez&y, by (2.3). If p1,pa € 7 1(p), then 7(p1) = £(p2).
So there exists a (unique) representation d: 1 (M?) — {£1} such that

poT =6T) (T em(M?),

where the fundamental group m(M?) is identified with the covering transformation
group. Since f is non-co-orientable, § is surjective. Letting M? = M? / Kerd with
associated nontrivial covering involution o on M2, i = &oesdy is single-valued on M?,
so f = &by M? — H3 is a flat front because its unit normal vector ¥ is well-defined,
and 7o o = —. Since M? is universal, there exists a lift 7: M2 — M2 of 0. As 7 is
holomorphic and &85 = (& o 7)(&p o T)*, there exists an SU(2)-matrix

R=(* 1) (bl laP=1)

qg D

such that &y o7 = &R. Since Voo = —U, we have &yesd; = —EyResR* &, so ResR* =
—es, implying p = 0. Thus

3 0
& = &ova, where a = ( i/a ) ,

0 i/q

satisfies f = &3} and &yoT = Q?JE O

COROLLARY 5.2. Let f: M? — H? be a non-co-orientable flat p-front. Then there
is a double cover : M? — M? such that f = fo#: M? — H? is a front. Moreover,
there exists a covering transformation 7: M? — M? with f o = f satisfying

Gor G, wor=0, for=0 and Qor=Q,

I
2
2
(o)
\\'
I

where G = G o7 and Gy, @, 0, Q are defined similarly.
Thus, for a p-front, the Hopf differential @ and dsi ; = |w|? 4 |0]* are well-defined.

DEFINITION 5.3. A non-co-orientable flat p-front f is called complete (resp. weakly
complete, finite type) if its double cover f as in Corollary 5.2 is complete (resp. weakly
complete, finite type).

PROPOSITION 5.4. Let f: M? — H? be a flat p-front. The following hold:

(1) If f is complete, then it is weakly complete and of finite type.

(2) If f is weakly complete and of finite type, there exists a compact Riemann surface
M such that M? is biholomorphic to M \{p1,...,0n}, for finitely many distinct
points pi,...,Pn IN M. Moreover, ds%l has finite order at pi,...,pn and Q

—2
extends to a meromorphic 2-differential on M.
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Figure 4. The p-front in Example 3.7 that is not globally a caustic on the left, and
the caustic with dihedral cross Z? symmetry for the fronts produced by G = z*
and G, = z7° and M? = C\ ({z; 2° = 1} U0) on the right.

PROOF. (1) follows immediately from Proposition 3.1. To show (2), M? is biholo-
morphic to M \{p1,...,pn} by Huber’s theorem, just as in the proof of Proposition 3.2.
We will call the points {p1,...,p,} the ends of f (Definition 5.5). Suppose an end p; is
co-orientable, that is, the restriction of f to a sufficiently small punctured neighborhood
of p; is co-orientable (see Definition 5.8). Then Proposition 3.2 implies w, 6 have finite
order at p;, and @) is meromorphic there. If p; is not co-orientable, we take a punctured
neighborhood U7 of p;, and let U;‘ be its double cover. Lifting f\U; to f: U;‘ — H3, fis
now a weakly complete co-orientable end of finite type. Its canonical 1-forms @, § are of
finite order, and d3f ; = |@[*+ 6]? is complete and of finite order, and its Hopf differential
@ extends meromorphically across the puncture of UJ’-‘, by Proposition 3.2. Noting that
déil is actually well defined on U and equals dsi1 there, and that Q projects to the
Hopf differential of f |Uj* on U, the proof is completed. ]

To observe the behavior of ends of p-fronts, we review properties of regular ends of
fronts:

DEFINITION 5.5. A p-front f: M? — H? is said to be of finite topology if there ex-
ists a compact Riemann surface M such that M? is homeomorphic to M \{p1,---,pn}
Such points p1, ..., p, are called the ends of f.

An end of a weakly complete flat p-front of finite topology is said to be of puncture-
type if it is biholomorphic to a punctured disc, and to be annular if it is biholomorphic
to an annulus {z; r < |2| <712}, 0 < 7rp <1y < 00.

A puncture-type end p of a weakly complete flat front is said to be regular if both
G, G, have at most poles at p, and to be irregular otherwise.

For a weakly complete flat p-front, a puncture-type end p is said to be regular if the
corresponding end p of f is regular, and to be irregular otherwise.

PROPOSITION 5.6.  For an end p of a flat front of finite type, the following condi-
tions are equivalent:

(1) The end p is regular.
(2) One of G, G, has at most a pole at p.
(3) The Hopf differential Q has at most a pole of order 2 at p.

PROOF. This was proven in [GMM, Theorem 4] for complete ends. Reading that
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proof carefully, one sees that it applies to flat fronts of finite type as well. O

PROPOSITION 5.7. Let f: M? = M \ {p1,...,pn} — H? be a weakly complete
flat front whose ends are all regular. Then f is of finite type if and only if the Hopf
differential has at most a pole of order 2 at each end.

PrOOF.  One direction follows from Proposition 5.6, so we prove the other direction
here. Choose an end p;. By (2.22), w and 6 have finite order at p; if and only if s(w)
and s(6) have at most poles of order 2. Since G, G, are meromorphic at p;, S(G) and
S(G ) have at most poles of order 2. Then (2.17) implies that ord,; @ > —2 if and only
if s(w) and s(6) have at most poles of order 2. O

—2
DEFINITION 5.8. For a weakly complete flat p-front f: M~ \ {p1,...,pn} — H?3,
an end p; is called co-orientable if the restriction of f to a sufficiently small punctured
neighborhood of p; is co-orientable, and is otherwise called non-co-orientable.

A co-orientable regular end p of a flat p-front f can be considered as a regular end
of a flat front, and we have already defined its multiplicity m(f, p) (Definition 3.5). We
also now define the multiplicity of a non-co-orientable end. Let

f:D*(e)={z;0<|z| <e} — H?

be a non-co-orientable end at p. Then there exists a lift (as a front) f: D*(¢) — H? of
f, where D*(¢) is the double covering of D*(¢). We set

m(f,p) = m(f,p)/2 (5.1)
and call it the multiplicity of the end p of f. Thus we have defined the multiplicity of
any regular end of a weakly complete p-front, taking its value in £ Z. Let f: M? — H®
be a weakly complete flat front with regular ends. If f is co-orientable, the hyperbolic
Gauss maps G, G, of f are single-valued on M? and we set

deg ¥y = deg G + deg G,

which we call the total degree of the Gauss maps of f. When f is non-co-orientable, there
exists a lift f: M? — H® of f, where M? is the double cover of M?, and we set

deg ¥y = (deg¥y) /2.
It follows from [KUY2, Theorem 3.13] that
deg ¥ > #{non-co-orientable ends}/2 + #{co-orientable ends} (5.2)
for a weakly complete flat p-front of finite type whose ends are all regular. When f is

complete, equality implies all ends are properly embedded. We note that complete ends
are automatically co-orientable: Suppose a complete end p of a p-front f: M? — H3
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is non-co-orientable. Take the double cover M?, the lift f: M? — H?® and a complex
coordinate z of M? around the (unique) lift p of p € M’ with z(p) = 0. Since p is also a
complete end, f is of finite type and the canonical forms are written as

w=cz"(1+0(1))dz and 0 =c.2" (1+0(1)) dz,

where ¢, c, are non-zero constants and u,u, € R. Here, by Corollary 5.2, we have
le| = |ex] and g = p.. Hence we have |p| = |#/@0] = 1 + o(1), which implies that the
singular set of f accumulates at p, contradicting that p is a complete end.

EXAMPLE 5.9 (Weakly complete p-fronts with 3 ends). This example is of interest,
because it is neither a front nor globally a caustic (see Remark 6.8). Set

22+E 22 _
b

d G, =

z+b OB b—

f (be R\ {0,+1})

which are defined on the Riemann surface M? = C \ {0, +1}. Then Fact 2.7 gives a flat
front f,: M? — H? with hyperbolic Gauss maps G and G,. We also have

G Z -
e=crom [ G20 = Y5-I 0

w=—c2(2 4224+ 1)z z -1z + 1) dz,
0=—c(22—2b2+ 1)z (z— 1)z + 1) dz/4.

Now we set ¢ = v/2. Then wor = 6 holds, where 7: M? 5 2 — —z € M2, Then
EpoT =46 ]Eb, and hence we have a well-defined flat p-front

fo: M? = (M?/ ~) — H3,

where z; ~ zo if and only if z9 = 4+2;. The three ends of f, are at z = 0 and z = c©
and z = £1. The ends at z = 0, z = 0o are non-co-orientable, and the end at z = 41 is
co-orientable. f;, satisfies equality in (5.2).

6. Caustics.

Roitman [R] showed that the caustic Cy (or focal surface) of a flat surface f is also
flat, and gave a representation for C in terms of f. In [KRSUY, Section 5], Roitman’s
representation is described in the terminology below: Let f: M? — H? be a flat front
with hyperbolic Gauss maps G,G,. Let qi,...,¢n € M? be the umbilic points of f.
Then we can choose a single-valued square root

8 = +/dG/dG,

defined on the universal cover Mc of M. = M?\ {q1,...,qm}. The caustic Cyis
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Cy =67 M, — H3,

Vi [(G+BG. i(G-BG.) (Vi 0
e = Qﬁ(G—G*)( 1+4  i(1-P) )(o 1/ﬁ)€PSL(27C), (6.1)

where i = e™/%.  Note that & € PSL(2,C) because of the sign ambiguity of
V2B8(G — G.). The SU(2)-matrix diag(v/i,1/+/i) in Equation (6.1) is not essential, and
is included only so that & changes to (g’cﬂ when [ changes to —/f, i.e. so that &, becomes
an adjusted lift. The hyperbolic Gauss maps G, G, and the canonical forms w, 6. of
the caustic C'¢ are

_(G+B8G. G- G,

(GC,GC*)—< 15 1.5 ) (6.2)
128+ 1) G
. = 4{G_G* dG, — dlog (dG*)}’ (6.3)
(2B 1) dG

These two forms can be also expressed using Q(= wf), p(= 0/w) of the original front f,
as can the Hopf differential Q. = w.0. of Cy:

(6.5)

dlogp 2
4 )

1 1
wczi\/§+1dlogp, 9c=—i\/§+1dlogp, Qc=Q+<

where the sign of /@ is chosen so that (6.5) is compatible with (6.3) and (6.4).
PROPOSITION 6.1.  The caustic of a flat front is a p-front.

ProOOF. By Theorem 2.9 of [KUY?2], it suffices to prove that w. and 6. have no
common zeros. Let p be an arbitrary point on the caustic. Since p is not an umbilic point
on the original front, i.e., Q(p) # 0, it follows from (6.5) that at least one of w.(p), 0.(p)
is not zero. O

EXAMPLE 6.2 (Caustics of rotational flat fronts).  Since the horosphere is totally
umbilic, it has no caustic. For other rotational examples:

(1) the caustic of a hyperbolic cylinder is a hyperbolic line,
(2) the caustic of an hourglass is also a hyperbolic line,
(3) the caustic of a snowman is a hyperbolic cylinder,

where hourglasses and snowmen are fronts of revolution with single conical singulari-
ties and cuspidal edge singularities, respectively (see [KUY?2, Example 4.1]). In fact,
snowmen are characterized by their caustics, as Proposition 6.3 shows:

PROPOSITION 6.3. Let f be a flat front with caustic C¢y. Then f is locally a
snowman if and only if Cy is an open submanifold of a hyperbolic cylinder.
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PROOF. Asseen in Example 6.2, a flat front of revolution has a hyperbolic cylinder
as its caustic if and only if it has a nonempty cuspidal edge set, so we need only show
that if C'y is a hyperbolic cylinder, then f is a surface of revolution.

Assume Cj: M? — H? is a hyperbolic cylinder, so we may assume M? is an open
subset of C'\ {0} and

where ¢ € R\ {0} (see [KUY2, Example 4.1]). Then by (6.5), the Hopf differential Q
of fis

1 9 a? dz? 2 1
Q=20 —w)? = -LZ (a=4—cg ,

and the function p satisfies

2b 1 2
dlogp = ~ dz, and then p=—kz? (b =5 + 64),

where k # 0 is a constant. Thus, we compute § = /Qp and w = Q/6 as

Vk

0=-"—"az""tdz, w=——az"""1dz.

2 2k

Hence f is a part of a surface of revolution. O

One can check that the caustic of a peach front (Example 3.7) is a horosphere [R].
Peach fronts are also characterized by their caustics:

ProrosITION 6.4. A flat front is locally a peach front if and only if its caustic
is totally umbilic, i.e., is locally an open submanifold of a horosphere. In particular, a
peach front is the only flat front whose caustic is a horosphere.

PrROOF. Assume the caustic is totally umbilic, that is, Q. = 0. Taking the dual
lift if necessary, we may assume G, is constant, and then applying a rigid motion of H?>
if necessary, we may assume G, = 0. It follows from (6.2) that G?/G% = dG/dG., so
1/G. —1/G is a constant. By a suitable motion of H3, we can change G and G, to 1/G.
and 1/G, and then G, = G + constant. If G branches, then G, also branches, so the
flat surface f produced by G and G, would not be a front, by Theorem 2.9 of [KUY?2].
Hence we may assume G = z is a coordinate for the front f, proving the assertion. [

REMARK 6.5. Propositions 6.3 and 6.4 show that if the caustic C¢ is complete
without singularities (so is a cylinder or horosphere, see [GMM, Theorem 3]), then the
original front f must be a snowman or peach front.

THEOREM 6.6.  Any flat p-front is locally the caustic of some flat front.
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Proor. For f: M? — H? a flat p-front, take any p € M?. Take a simply con-
nected neighborhood U of p, so the canonical forms we, 0. of f are single-valued on U.
Set

Qs = —i(eiswc — 6_1‘596)2 (s € R).

Then @y is a well-defined holomorphic 2-differential on U. If Qs(p) = 0 for all s, then
w(p) = 6(p) = 0, a contradiction, so we can choose a real number sy so that Q,,(p) # 0.
Determine w and 6 by

wd = Qs g:p, where  p = p(z) = exp (/ 2(ei50wc+e‘”oec)>(7é 0).

20

These w, 6 yield a flat front FF = &&™* by solving (2.4), and the caustic of F' is f, up to
a rigid motion of H3. O

REMARK 6.7. The above proof implies that for a given p-front f, there is locally
a two parameter family of fronts F; ; whose caustics are f. One of these parameters is
the signed-distance t of parallel fronts and the other is the s in the proof above.

REMARK 6.8. The “locally” condition is necessary in Theorem 6.6, as there are
flat p-fronts that are not caustics globally. In fact, the f,: M? — H? defined in Example
5.9 is not a caustic over M? if b ¢ %Z: Suppose, by way of contradiction, that f; is a
caustic of some forig: M' — H3. By (6.5), we have

=1\ (2421 22241 [z+1\%
4 Qorig:Z — dz.
z4+1 z2(22 —=1) 2(z2—-1) \z-1

It follows that Qorig is not well-defined at z = 0 if b ¢ %Z , contradicting that foig is
well-defined. Hence the class of p-fronts is strictly larger than the class of flat fronts and
their caustics.

7. Ends of Caustics.

First, we recall the properties of regular ends from [GMM] and [KRUY]. Recall
that if the meromorphic 2-differential @ on M expands as

Q = 2"{qo + 1z + 0(2)} d2? (g0 #0)

. . . =52 . . .

in a complex coordinate z at a point p € M~ with z(p) = 0, the integer k is called the
order of @ at p and is denoted ord, Q. If £ = —2, the number ¢y is independent of the
choice of coordinate system. We call qg the top term coefficient of Q at p.

DEFINITION 7.1. A weakly complete regular end p of finite type is cylindrical if w
and 6 have the same order at p, i.e., ord, |w|? = ord, |#|?. A complete regular end is
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regular end

finite type infinite type
| ‘ | |
complete incomplete incomplete
co-orientable co-orientable co-orientable
| non-co-orientable non-co-orientable

horospherical | hourglass-type

cylindrical  cylindrical

cylindrical snowman-type

Figure 5. Classification of weakly complete regular ends.

(1) horospherical if ord, @ > —1,

(2) of hourglass-type if it is non-cylindrical with ord, @ = —2 and positive top term
coefficient of Q,

(3) of snowman-type if it is non-cylindrical with ord, @ = —2 and negative top term
coefficient of Q.

The hyperbolic cylinder, horosphere, hourglass and snowman ([KUY2, Exam-
ple 4.1]) are typical examples of such ends, respectively.

Fact 7.2 ([GMM], [KRUY]). A complete end of finite type is an asymptotic
covering of a hyperbolic cylinder, horosphere, hourglass or snowman when the end is
cylindrical, horospherical, of hourglass-type or of snowman-type, respectively.

Let f: M? — H? be a weakly complete flat front with a regular end p. We define

(dG/dG.)(p) if [(dG/dG.)(p)| < [(dG./dG)(p)|,
a(p) = (7.1)

(dG./dG)(p) if |(dG/dG.)(p)| > |(dG./dG)(p)|.

This number is called the ratio of the Gauss maps at the end p. The value of « plays an
important role in criteria for the shape of regular ends:

PROPOSITION 7.3.  Let p be a weakly complete regular end of a flat front f. Then
a(p) is contained in [—1,1], and is independent of rigid motions of H®. Moreover, p is

(1) not of finite type if and only if a(p) =1,

(2) horospherical if and only if a(p) =0,

(3) of snowman-type if and only if a(p) > 0 and a(p) # 1,
(4) of hourglass-type if and only if a(p) < 0 and a(p) # —1,
(5) cylindrical if and only if a(p) = —1.

In particular, the end p is complete if a(p) # +1.

PROOF. Since the proof of Lemma 3.10 of [KUY2, page 165] is still valid for
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incomplete or non-finite-type regular ends, that is, G(p) = G.«(p) holds at any regular
end p, (2.8) implies (dG/dG.)(p) is invariant under rigid motions of H?3.

By definition, « is invariant under the operation in Remark 2.1, so exchanging G
and G, and applying a rigid motion of H? if necessary, we can take a complex coordinate
z such that z(p) = 0 and

G,=2z", G= azm+l(1 +0(1)), (7.2)

where m > 1 and [ > 0 are integers and a € C'\ {0}.
Then € in (2.13) is given as

Z —a(m 21
g:cexp/ 1_(azj:f)0(zl)dz (ceC\ {0}) (7.3)

and the Hopf differential is calculated by (2.15) as

m(m + az'"2(1+ o(1))

(1—az!+ O(Zl))2 - (7

Q:_

If I > 1, then dG/dG, = 0 at p, that is a(p) = 0. In this case, ordg @ > —1 because
of (7.4). Hence p is a horospherical end. Conversely, ordg @ > —1 implies [ > 1.

Next, suppose | = 0 and a = 1. In this case, a(p) = 1 and (7.3) implies that £ has
an essential singularity at z = 0. Then by (2.15), w has an essential singularity at 0,
which implies that p is not a finite type end. Conversely, p not of finite type will similarly
imply I =0 and a = 1.

Finally, we assume | = 0 and a # 1. By the period condition in Fact 2.7 and (7.3),
we have a € R, which implies a(p) € R. Moreover, exchanging G and G, and rechoosing
z if necessary, we may assume

dG
a(p) = =a€[-1,0)U(0,1). (7.5)
dG. o
In this case, (7.4) implies ordg @ = —2. Hence the end 0 is cylindrical if and only if

ordg |w|? = —1. Substituting (7.3) with [ = 0, a = a(p) into the first equation of (2.15),
we have

w=2"Ta " b4o(1))dz  (beC\{0}).
Hence the end 0 is cylindrical if and only if a(p) = —1. Otherwise, the top term coefficient
of @ at 0 is obtained as gy = —a(p)m?/(1 — a(p))2. So we have the conclusion. O

From here on out, we study the ends of caustics Cy, which arise from the umbilic
points and ends of f. In the former case, we call them U-ends, and in the latter case, we
call them E-ends. We consider U-ends first:
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THEOREM 7.4 (Properties of U-ends). Let f: M? — H3 be a non-totally-umbilic
flat front and let p be a point in M?. Let C¢ be the caustic of f.

(1) If p is an umbilic point of f, then p is a reqular end of Cy with multiplicity

m(Cy,p) = (ord, Q)/2.

In particular, p is non-co-orientable if and only if ord, Q is odd. Moreover, p
is a cylindrical end of finite type, and the singular set of Cy accumulates at p.
However, the end p of Cy cannot be an end of a cylinder itself.

(2) Conversely, if p is an end of Cy, then it is an umbilic point of f.

PROOF. (1) Taking a rigid motion of H3, if necessary, we may assume G(p), G+ (p)
are both finite. Since p € M? is not an end, G(p) and G.(p) do not coincide. Thus,

(G—G4)(p) #0, oo (7.6)

Since p is an umbilic point, we have Q(p) = 0. It follows from (2.15) and (7.6) that
dGdG.|, = 0. Therefore, at least one of dG|, and dG./|, is zero. We may assume that
dG|, = 0 (if necessary, we take the dual &7 instead of &). Then dG.|, # 0, because
Y; = (G,G,) is an immersion (Theorem 2.9 of [KUY2]).

Using another rigid motion of H?, if necessary, we can take a local coordinate z
centered at p, i.e. z(p) =0, such that

G«(z) = 2. (7.7)
With this coordinate z, the hyperbolic Gauss map G expands as

G(2) = ap 4 amz™ + ame1 2™+ (ag,am #0), (7.8)

where m > 2. We remark that ord, @ = m — 1, and dG/dG., is computed as
dG/dG, = ma,z""'h(z)  (h(0) =1), (7.9)
where h(z) is holomorphic in z. In particular, (dG/dG,)(0) = 0. It follows from (6.2),
(7.7), (7.8), (7.9) that G.(p) = Gex(p)(= G(p)), so p is an end of Cy. Then (6.2), (7.7),
(7.8) imply G, and G, are meromorphic at p (on the double cover of a neighborhood of

p), so p is a regular end of Cy. In particular, substituting (7.7), (7.8), (7.9) into (6.2),
we have

Ge=ag — am/mamz(m_l)/2h1(z) + 0(2(’"_1)/2)7

Gew = ag + aoy/magm 2™ V20 (2) + o(2(m=1/2),

where h1(z) is a holomorphic function in z such that hy? = h, with o(z("~1/2) denoting
higher order terms. The multiplicity of the end p is



294 M. KokuBu, W. RossMAN, M. UMEHARA and K. YAMADA
1 1
m(Cy,p) = §(m -1)= 3 ord, Q.
It follows from (6.3), (7.9) that

_2(B41)2 dz b, 1
dw, = c—C. dz—(m—l)z — hdz—z(l—m+0(1))dz. (7.10)

Similarly, by (6.4), (7.9),

40, = %(1 —m+o(1))dz. (7.11)

Hence, ord, |wc|? = ord,, |f.|?> = —1. This implies that p is a weakly complete cylindrical
end of finite type. Moreover,

0. m—1+4o0(1)

Pe s e T m—1+o(1)

in particular, p.(p) = 1. So the singular set {|p.| = 1} accumulates at p.

Finally, we show that p is not an end of a hyperbolic cylinder. Suppose, by way
of contradiction, that p is an end of revolution, so 0. = kw. for some k € C, in a
neighborhood U, of p. Comparing the coefficients of 1/z in (7.10) and (7.11), k is
necessarily +1 and 6. = w.. Then (6.3), (6.4) give dG/dG. = 0 on U, contradicting
(7.9).

(2) Suppose now p € M? is an end of Cy, that is, G.(p) = Ge.(p). Without loss of
generality, we may assume G(p) # 00, G.(p) # oo and G(p) # G.(p). Then (6.2) gives
(dG/dG.)(p) = 0 or oo, so one of dG, dG, is zero at p, and so p is umbilic. O

REMARK 7.5. The claim in Theorem 7.4 that p is a non-co-orientable end of C
if and only if ord, @ is odd follows in this way: The end p is non-co-orientable if and
only if the deck transformation associated to a once-wrapped loop about p switches w,
and 6. with respect to a local adjusted lift, by Corollary 5.2. Then non-co-orientability
is equivalent to ord, @ being odd, by (6.5).

We shall next consider E-ends. To avoid confusion, we denote by (f;p) the end p of
f, and by (Cy;p) the end p of Cy.

Suppose that the multiplicity of the end (f; p) is m, i.e., m(f,p) = m € Z . Without
loss of generality, we may assume that G(p) = G.(p) = 0, and that ,(G.) = m,
rp(G) = m + k, where k is a non-negative integer. There exists a local coordinate z
centered at p such that

Gi(z) = 2™ (7.12)
With this coordinate z, G expands, with h(0) = a4+ # 0, as

G(2) = amk2"™ T + ampppr 2T 4= 2 RR(2). (7.13)
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The case of “k > 0” or “k = 0 with a,, # 1” in (7.13).
By (2.15), we have

mzF=2hy(2)

G - 17

Q:_

where hi(z) = (m + k)h(z) + zh/(2). Since h1(0) = (m + k)h(0) = (m + k)amir # 0,

ord,Q =k —22> -2, (7.14)
We can also compute that
dG 1 .
= — . 1
G = m” hi(z) (7.15)

The equations (6.2), (7.15) yield

(2m+k)/2 k/2h h (2m+k)/2 k/Qh_ h
GC(Z):Z {Vmz +\/71}’ GC*(Z):Z {vmz \/71}

NN i — 2

Therefore, r,(Ge) = rp(Gey) = m + (k/2). It follows from (7.14) that

m(Cy¢,p) =m+ (k/2) = (1/2)ord, Q + m + 1.

The equations (6.3), (6.4) and (7.15) yield

o - (i{Q(Zk/QZ{ZTT/FnF B } B Zi)dz’ (7.16)
40, = (i{ 2(zk/2;’{27_—1\/m)2 - k} - Zi)dz. (7.17)

These imply that ord, |w.|? = ord, |f.|* = —1, hence (Cy;p) is a cylindrical end of finite
type. Moreover, by (7.16), (7.17), we can prove

1 if k>0,
lim = = fa—1\2
20 we (“ ) if k=0, ap # 1.
Vam + 1
Thus, the singularities of Cy accumulate at p (i.e., lim, o |6./wc| = 1) if and only if

k > 0 or k = 0 with negative real number a,,.

The case of “k = 0 with a,, = 1” in (7.13).
Now G is written as
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G(2) = 2"+ a2t + a2+ =2 a2t o2,
where I > m, a; # 0, and o(-) denotes higher order terms in z. One easily gets
ord, @ =2(m—1)—-2l=2(m—-1-1) < —4.

In particular, ord, ) is an even number. On the other hand,

dG  mz™ a2t 4 L .
= =1+ —azm —m 1
dG, mzm—1 + m ™ +o(z™"), (7.18)
8= 55; =1+ %alzl_m +o(z!=™m). (7.19)

Then (6.2), (7.19) yield

Ge(z) = 2™ (1+0(1)),  Gen(z) =2 (Z _ZQm + 0(1)).

Hence, regardless of whether | = 2m or [ # 2m, it follows that min{r,(G.), 7p(Ges)} =
m. Therefore we have, for any [, that

m(Cy,p) = m.

Next, we investigate we, 0. around p. It follows from (7.18) that

dG N\ _ (ll—m) g l-m—1
dlog (dG*> = ( iz +o(z ) | dz.

Then by (6.3), (6.4) and (7.19), we have

1(2m —1)

49C: l—m—1
: ( 2m

ap + o(l))dz, dwe = 2m1 (Sm + o(l))dz.

Hence

ord, |we|>=m—1—1 and ord, |0.]? ,
>l-m—-1=m-1 ifl=2m

so ord, |0.|> > 0, ord, |w.|* < —2. Hence (C;p) is a non-cylindrical end of finite type.

Summary of the above argument.
Under the situation above,

e Assume that k > 0, or k = 0 with a,, # 1. Then
(i) ord,Q@=k—-2> -2,
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(i) m(Cy,p)=4ord,Q+m+1,
(iii) (Cy;p) is a cylindrical end of finite type,
(iv) the singularities of C'y accumulate at p if and only if & > 0, or k = 0 with
A, < 0.
e Assume that k = 0 with a,, = 1. Then
(i) ord,@=2(m—10—-1) < —4,
(i) m(Cr.p) =m,
(iii) (Cf;p) is a non-cylindrical end of finite type,
(iv) the singularities of C'y do not accumulate at p.

Using Fact 7.3 and Remark 7.5, we can restate these conclusions as:

THEOREM 7.6 (Properties of E-ends). Let f: M? — H? be a non-totally-umbilic
weakly complete flat front, with a regular end p (see Definition 5.5). Then p is also a
weakly complete regular end of Cy. Moreover:

e Iford, @ > —2, then the end (Cy;p) has multiplicity m(Cy,p) = %ordpQ +
m(f,p)+1, and (Cy; p) is non-co-orientable if and only if ord, Q) is odd. Moreover,
(Cy;p) is a cylindrical end of finite type. The singularities of Cy do not accumulate
at p if and only if (f;p) is of snowman-type.

e Iford, @ < —2, then ord, Q@ < —4 and is necessarily an even integer, and the end
(Cy;p) has multiplicity m(Cy, p) = m(f,p). In particular, (Cy;p) is co-orientable.
Moreover, (Cy;p) is a non-cylindrical end of finite type.

Finally, we prove Theorem C in the introduction.

PrOOF OF THEOREM C. (2) follows from (1) by Theorems 7.4, 7.6. We now as-
sume (2) and prove (1). By Proposition 5.4, the domain of Cy is biholomorphic to a
compact Riemann surface minus finitely many points, so the same holds for f as well.

Let p be an arbitrary end of C'y. By Corollary 5.2 and Proposition 3.2 and assump-
tion (2), C lifts to a double cover on which its canonical 1-forms w. and 6. have finite
order at p. By (6.5), Q@ = —(we — 0.)?/4, and ord, Q is finite. Since w. has finite order
and G, is meromorphic, each component of &, has finite order at p, by (2.12) for Cy. By
(6.1), the components (&;);; of & satisfy

. 4
V2i\/B 4Q

((6e)21 — (Bo)22)" = (m>4 =3

Therefore dG and dG, have finite orders at p, so G and G, do as well. Hence f has a
regular end at p.

Next we shall show that f is weakly complete (at any E-end p). Without loss of
generality, we may assume G(p) = G.(p) = 0. If ord, Q < —2, then

dsty = |wl* +16]° = (|0 + 1817 dz]® > 2(0f]|dz|* = 2|Q]|d=]?,
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where w = & dz, 8 = 6dz and Q = Qdz2. So obviously f is weakly complete at p. Let
us consider the case ord, @ > —1. Then there is a local coordinate z giving

G.=2z" and G=z""(a+o0(1)), (a#0,k>1). (7.20)

Therefore, dG/(G — G..) has order k — 1 at z = 0, and so is holomorphic at z = 0. Then
¢ in (2.13) is a holomorphic function which does not vanish at z = 0. This implies that

f is weakly complete at z = 0, because of (2.15) and (7.20). O
References

[Br] R. Bryant, Surfaces of mean curvature one in hyperbolic space, Théorie des variétés mini-
males et applications, Astérisque, 154—155 (1988), 321-347.

[F] Y. Fang, The Minding formula and its applications, Arch. Math., 72(6) (1999), 473-480.

[GM1] J. A. Gélvez and P. Mira, Isometric immersions of R? into R* and perturbation of Hopf
tori, preprint.

[GM2] J. A. Galvez and P. Mira, Embedded isolated singularities of flat surfaces in hyperbolic
3-space, Calc. Var. Parial Differential Equations, 24 (2004), 239-260.

[GMM] J. A. Gélvez, A. Martinez and F. Milan, Flat surfaces in hyperbolic 3-space, Math. Ann.,
316 (2000), 419-435.

[Ki] Y. Kitagawa, Periodicity of the asymptotic curves on flat tori in S2, J. Math. Soc. Japan,
40 (1988), 457-476.

[KRSUY] M. Kokubu, W. Rossman, K. Saji, M. Umehara and K. Yamada, Singularities of flat fronts
in hyperbolic space, Pacific J. Math., 221 (2005), 303-351.

[KRUY] M. Kokubu, W. Rossman, M. Umehara and K. Yamada, Asymptotic behavior of flat surfaces
in hyperbolic 3-space, in preparation.

[KUY1] M. Kokubu, M. Umehara and K. Yamada, An elementary proof of Small’s formula for null
curves in PSL(2, C) and an analogue for Legendrian curves in PSL(2, C), Osaka J. Math.,
40(3) (2003), 697-715.

[KUY?2] M. Kokubu, M. Umehara and K. Yamada, Flat fronts in hyperbolic 3-space, Pacific J.
Math., 216 (2004), 149-175.

[MS] M. Melko and I. Sterling, Application of soliton theory to the construction of pseudo-
spherical surfaces in R?, Annals of Global Analysis and Geometry, 11 (1993), 65-107.

0] R. Osserman, A survey of minimal surfaces, Dover Publications Inc. (1986).

[R] P. Roitman, Flat surfaces in hyperbolic 3-space as normal surfaces to a congruence of
geodesics, preprint.

[S] K. Shiohama, Total curvatures and minimal areas of complete open surfaces, Proc. Amer.
Math. Soc., 94 (1985), 310-316.

[ST] I. M. Singer and J. A. Thorpe, Lecture notes on elementary topology and geometry, Scott,
Foresman and Co., Glenview, Ill. (1967).

[SUY] K. Saji, M. Umehara and K. Yamada, The geometry of fronts, preprint; math.DG /0503236,
to appear in Ann. of Math.

T M. Troyanov, Les surfaces euclidiennes a singularités coniques, Enseign. Math. (2), 32
(1986), 79-94.

[UY] M. Umehara and K. Yamada, Complete surfaces of constant mean curvature-1 in the hy-

perbolic 3-space, Ann. of Math., 137 (1993), 611-638.



Flat fronts

Masatoshi KOKUBU

Department of Natural Science
School of Engineering

Tokyo Denki University

2-2 Kanda-Nishiki-Cho, Chiyoda-Ku
Tokyo 101-8457, Japan

E-mail: kokubu@cck.dendai.ac.jp

Masaaki UMEHARA

Department of Mathematics

Graduate School of Science

Osaka University

Toyonaka

Osaka 560-0043, Japan

E-mail: umehara@math.wani.osaka-u.ac.jp

299

Wayne ROSSMAN

Department of Mathematics
Faculty of Science

Kobe University

Rokko

Kobe 657-8501, Japan

E-mail: wayne@math.kobe-u.ac.jp

Kotaro YAMADA

Faculty of Mathematics

Kyushu University

Higashi-ku

Fukuoka 812-8581, Japan

E-mail: kotaro@math.kyushu-u.ac.jp



