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Abstract. Similar to the definition in Riemannian space forms, we de-
fine the spacelike Dupin hypersurface in Lorentzian space forms. As conformal
invariant objects, spacelike Dupin hypersurfaces are studied in this paper using
the framework of the conformal geometry of spacelike hypersurfaces. Further
we classify the spacelike Dupin hypersurfaces with constant Mébius curvatures,
which are also called conformal isoparametric hypersurface.

1. Introduction.

Since Dupin surfaces were first studied by Dupin in 1822, the study of Dupin hy-
persurfaces in R"*! has been a topic of increasing interest, (see [2], [3], [4], [8], [9], [10],
[13], [14]), especially recently. In this paper we study spacelike Dupin hypersurfaces in
the Lorentzian space form M (c).

Let R72 be the real vector space R"*2 with the Lorentzian product {,)s given by

s n+2
(X,Y)e == myi+ Y jy;.
i=1 j=s+1

For any a > 0, the standard sphere S"*1(a), the hyperbolic space H"*!(—a), the de
sitter space S7!(a) and the anti-de sitter space H}"'(—a) are defined by

S”H(a) ={z e R”+2|x = a2}, H”H(fa) ={z e R?+2|<:ﬂ,x>1 = fa2},
St (a) = {z e RIP?[(z, 2); = a®}, H{M (—a) = {z € REP?|(z, )y = —a®}.

Let M7"*(c) be a Lorentz space form. When ¢ = 0, M7 (¢) = R, When ¢ = 1,
M7 (c) =STTH(1). When ¢ = —1, M7 (¢) = HITH(-1).

For Lorentz space form M{LH(C), there exists a united conformal compactification
Q7! which is the projectivized light cone in RP™*2 induced from Ry . Using the
conformal compactification Q7! we study the conformal geometry of spacelike hyper-
surfaces in M (c). We define the conformal metric g and the conformal second funda-
mental form B on a spacelike hypersurface, which determine the spacelike hypersurface
up to a conformal transformation of M{""'(c). By these conformal invariants, it is clear
that the Mobius curvatures of a spacelike hypersurface are invariant under the confor-

mal transformations of M (c) (see section 2). The Mobius curvatures of a spacelike
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hypersurface are defined by

Ai — A
M, s = L 1<i,j,k<n,
ijs X — A >, >
where A1, - -+, A, are the principal curvatures of the spacelike hypersurface.

Similar to the Dupin hypersurfaces in Riemannian space forms, we define the space-
like Dupin hypersurface in a Lorentzian space form. Let x : M™ — M} !(c) be a
spacelike hypersurface in the Lorentzian space form M{”l(c). A curvature surface of
M™ is a smooth connected submanifold S such that for each point p € S, the tangent
space 1,5 is equal to a principal space of the shape operator A of the hypersurface M™
at p. The spacelike hypersurface M™ is called a spacelike Dupin hypersurface if, along
each curvature surface, the associated principal curvature is constant. The simple exam-
ples of the spacelike Dupin hypersurface are the spacelike isoparametric hypersurfaces in
Mt (c), which are completely classified (see [5], [6], [7], [16]).

Using the conformal geometry of spacelike hypersurfaces in MI”H(C), we can prove
that the spacelike Dupin hypersurfaces in M]""'(c) are invariant under the conformal
transformations of M"™!(¢). Like Pinkall’s method of constructed Dupin hypersurface
in R™*! ([14]), we can use the basic constructions of building cylinders and cones over
a spacelike Dupin hypersurface W"~! in R} with » — 1 principal curvatures to get a
spacelike Dupin hypersurface W"~1*% in R?Jrk with r principal curvatures. In general,
these constructions are local. Therefore we have the following result.

THEOREM 1.1.  Given positive integers vy, va, ..., v, with
v+ U2t U =1,

there exists a spacelike Dupin hypersurface in R?H with v distinct principal curvatures
having respective multiplicities v1,va, ..., Up.

For some special spacelike Dupin hypersurfaces, we have the following results.

THEOREM 1.2. Let x : M"™ — M{""*(c) be a spacelike Dupin hypersurface in
M1"+1(c) with v distinct principal curvatures. If r = 2, then locally x is conformally
equivalent to one of the following hypersurfaces.

(1) S* (Va2 + 1) x H**(—a) c ST (1), a >0, 1<k <n—1;
(2) H*(—a) x H* *(—V1 —a2) CH} T (-1), 0<a<1, 1<k<n-—1;
(3) H¥(—a) x R * c R 0 >0, 1<k <n-—1

THEOREM 1.3. Let x : M"™ — M["*(c) be a spacelike Dupin hypersurface in
M7 (¢) with v distinct principal curvatures. If r > 3 and the Mébius curvatures are
constant, then r = 3, and locally x is conformally equivalent to the following hypersurface,

o H(VaET) x 87(a) X RY x RA71 1y ROH,
defined by

x(u/7u//7t7u1//) _ (tul7tu”7u/”),
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where v’ € HY(—va2 —1),u” € SP(a), v € R"P=971 a > 1.

REMARK 1.1. A spacelike hypersurface with constant conformal principal curva-
tures and vanishing conformal 1-form is called a conformal isoparametric hypersurfaces
(see [11]). In section 3, we prove that the spacelike Dupin hypersurfaces with constant
Moébius curvatures are in fact the conformal isoparametric hypersurfaces. Thus Theorem
1.2 and 1.3 give a classification of conformal isoparametric hypersurfaces.

This paper is organized as follows. In section 2, we study the conformal geometry
of spacelike hypersurfaces in M"™!(c). In section 3, we study the spacelike Dupin hy-
persurfaces in the framework of conformal geometry. In section 4 and section 5, we give
the proof of Theorem 1.2 and Theorem 1.3, respectively.

2. Conformal geometry of spacelike hypersurfaces in Mln"'1 (c).

In this section, following Wang’s idea in paper [15], we define some conformal in-
variants on a spacelike hypersurface and give a congruent theorem of the spacelike hy-
persurfaces under the conformal group of M} (c).

We denote by C"*+?2 the cone in Ry and by Q""" the conformal compactification

space in RP"+2,
C"? = {X e RYP3|(X, X)2 =0, X # 0},
QP = {[X] e RP"P*|(X, X)2 = 0}.

Let O(n+3,2) be the Lorentzian group of Ry ™ keeping the Lorentzian product (X,Y ),
invariant. Then O(n + 3,2) is a transformation group on Q! defined by

T([X]) = [XT), X € O™, T € O(n +3,2).

Topologically Q;’“ is identified with the compact space S™ x S*/SY, which is endowed by
a standard Lorentzian metric h = gsn ® (—gg1), where ggr denotes the standard metric
of the k-dimensional sphere S*. Then Q]! has conformal metric

[7] = {e"hlT € C=(QI*)}

and [O(n + 3,2)] is the conformal transformation group of Q) (see[1], [12]).
Denote P = {[X] € Q1o = 210}, P = {[X] € Q) |z,10 =0}, P ={[X] €
Q7 a; = 0}, we can define the following conformal diffeomorphisms,

<uu>14+1 <uu>; —1
o R @R, s | (SR S

o1 ST S QUPN\PL, e (L),
ooy HMY(—1) > QMNP wes [(u,1)].

We may regard Q! as the common compactification of RP ™ ST (1), HIM ! (—1).
Let  : M™ — M}'(c) be a spacelike hypersurface. Using 0., we obtain the
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hypersurface in Q?“, o.ox: M™ — Q?H. From [1], we have the following theorem.

THEOREM 2.1.  Two hypersurfaces x, % : M™ — M} (c) are conformally equiva-
lent if and only if there exists T € O(n+3,2) such that o.ox = T(o.0%) : M™ — Q.

Since x : M™ — M1 (c) is a spacelike hypersurface, (0. o x).(TM™) is a positive
definite subbundle of TQ?H. For any local lift Z of the standard projection 7 : C"+2 —

11 we get alocal lift y = Zooeox : U — C™ of o.ox : M — Q7! in an open subset

U of M™. Thus (dy,dy)s = p?(dz,dx), is a local metric, where p € C>°(U). We denote
by A and k the Laplacian operator and the normalized scalar curvature with respect
to the local positive definite metric (dy,dy), respectively. Similar to Wang’s proof of
Theorem 1.2 in [15], we can get the following theorem.

THEOREM 2.2. Letx : M™ — M} (c) be a spacelike hypersurface, then the 2-form
g = —((Ay, Ay)s — n?k)(dy, dy)2 is a globally defined conformal invariant. Moreover, g
is positive definite at any non-umbilical point of M™.

We call g the conformal metric of the spacelike hypersurface M™. There exists a
unique lift

Y:M— Cnt?

such that ¢ = (dY,dY);. We call Y the conformal position vector of the spacelike
hypersurface M™. Theorem 2.2 implies the following theorem.

THEOREM 2.3.  Two spacelike hypersurfaces x, @ : M™ — M (c) are conformally
equivalent if and only if there exists T € O(n + 3,2) such that Y = YT, where Y,Y are
the conformal position vector of =, T, respectively.

Let {Eq, -+, E,} be a local orthonormal basis of M™ with respect to g with dual
basis {w1, - ,w,}. Denote Y; = E;(Y) and define

N = f%AY — T;(AY, AY).Y,
where A is the Laplace operator of g, then we have
(N,Y)a =1, (N,N)2 =0, (N,Yy)2 =0, (Y5,Yj)2 =05, 1<i,5,k<n.
We may decompose Ry such that
RS = span{Y, N} @ span{Y7,--- , Y, } ®V,

where V Lspan{Y, N, Yy,--- ,Y,}. We call V the conformal normal bundle of x, which is
linear bundle. Let £ be a local section of V and <&,{>5 = —1, then {Y, N, Yy,--- ,Y,,&}
forms a moving frame in R;”g along M"™. We write the structure equations as follows,
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dy =Y w;,

dN = Z Aijw;Yi + Z Ciwig,

1] 7

(2.1)
dY; = — Z Aijij — wl-N —+ Zwinj —+ Z Bijwjf,
J J J
dg = Z C’lwlY + Z BijoY;‘,
i ij
where w;;(= —wj;) are the connection 1-forms on M™ with respect to {wy,--- ,wy,}. It is

clear that A = Zij Ajjw; ®w;, B = Zij Bjjw; ® w;, C =Y, C;w; are globally defined
conformal invariants. We call A, B and C the conformal 2-tensor, the conformal second
fundamental form and the conformal 1-form, respectively. The covariant derivatives of
these tensors with respect to w;; are defined by:

Z Ci,jwj =dC; + Z C’kwkj,
J k
Z Aij rwr, = dAs; + Z Ajpwrj + Z Apjwri,
% % %
Z Bij rwr, = dByj + Z Birwij + Z By jwr;.
% k k

By exterior differentiation of structure equations (2.1), we can get the integrable condi-
tions of the structure equations

Aij = Aji, Bij = Bji,

Aijr = Airj = BijCrx — BirCj, (2.2)
Bij,k - Bik,j = 5ijCk — 5ikcj7
Cij—Cji= Z(BikAkj — BjrAki), (2.4)
%
Rijri = BuBjr — BixBji + Aikdj1 + Ajidix — Audjr — Ajkdir- (2.5)

Furthermore, we have

1
tT(A) = %(n%ﬁ — 1), Rij = tr(A)(FU + (n — Q)Alj + ZBikBkj;
k

(l—n)Ci:ZBij,j, ZBZQJ = n;l’ ZB“ =0,
J ij i

where « is the normalized scalar curvature of g. From (2.6), we see that when n > 3, all
coefficients in the structure equations are determined by the conformal metric g and the
conformal second fundamental form B, thus we get the following conformal congruent

(2.6)

theorem.

THEOREM 2.4. Two spacelike hypersurfaces ©,& : M™ — M (c)(n > 3) are
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conformally equivalent if and only if there exists a diffeomorphism ¢ : M™ — M™ which
preserves the conformal metric and the conformal second fundamental form.

Next we give the relations between the conformal invariants and the isometric in-
variants of a spacelike hypersurface in M} (c).

First we consider the spacelike hypersurface x : M™ — R?H in R’f“. Let {e1, -,
en} be an orthonormal local basis with respect to the induced metric I = <dz, dz>;
with dual basis {0, ,0,}. Let e,4+1 be a normal vector field of z, <e,41,ent1>1 =
—1. Let IT =) ij h;ij0; ® 0; denote the second fundamental form, the mean curvature
H = )", hii/n. Denote by Ay the Laplacian operator and s the normalized scalar
curvature for I. By structure equation of x : M"™ — R;’H we get that

Ayx=nHepq. (2.7)

There is a local lift of x

<zr,x>1 +1 <zr,r>1 —1

y: M — C"2, y=( 5 , T, 5 ).

It follows from (2.7) that

n
(Ay, Ay)s = nrar = — (=|IT]" + n|H[?) = —*".

Therefore the conformal metric g, conformal position vector of x and £ have the following
expression,

g= L1(|II|2 —n|H*)<dz,dz>1 := "1, Y = €7y,
n—

(2.8)
f = —Hy + (<$, €nt1>1,6n41, <, en+1>1).
By a direct calculation we get the following expression of the conformal invariants,
1
Aij = e [rimy = higH — 7ij + S (= [V7* + [H[*)dy5],
(2.9)

Bij = e_T(hij — H(Sij), Cz = B_QT(HTZ' — Hi — ZhijTj),
J

where 7; = €;(7) and |V7|> =3, 77, and 7, ; is the Hessian of 7 for I and H; = e;(H).
For a spacelike hypersurface x : M"™ — S?H(l)7 the conformal metric g, conformal
position vector of z and £ have the following expression,

g= L1(|U|2 — n|H|?)<dz,dz>; = 271,
—
Y = eT(l,m) = eTyv £ = _Hy + (ann—i-l)-

(2.10)

For a spacelike hypersurface 2 : M™ — H?"*(—1), the conformal metric g, conformal
position vector of z and £ have the following expression,



Spacelike Dupin hypersurfaces in Lorentzian space forms 469

g= L1(|II|2 —n|H*)<dz,dr> := €271,
n—
Y=¢(z,1)=€"y, {=—Hy+ (eny1,0).

(2.11)

Using the same calculation from (2.10) and (2.11), we have the following united expression
of the conformal invariants,

_or 1
Aij =2 [TZ‘T]' — Tij — hin-i- 5(—‘VT‘2 + ‘H|2 + C)(Si]‘},

2.12
Bij :67T(hij *Héij)a Ci:€72T(HTi7HifzhijTj), ( )
J
where ¢ = 1 for 2 : M™ — S7H(1), and ¢ = —1 for x: M™ — H}1(-1).

Let {b1,---,b,} be the eigenvalues of the conformal second fundamental form B,
which are called conformal principal curvatures of z. Let {Ay,---,A,} be the principal
curvatures of z. From (2.9) and (2.12), we have

biieiT(/\ifH), Z:]., ,n. (213)

Clearly the number of distinct conformal principal curvatures is the same as that of
principal curvatures of x. Further, from equations (2.13), the Mébius curvatures
Ai—Aj  bi—b;
XN — A by — by

M5, = (2.14)

Combining equations (2.9), (2.12) and (2.14), we have the following.

PROPOSITION 2.1.  Let 2 : M™ — M (c) be a spacelike hypersurface. Then the
principal vectors and the conformal principal curvatures are invariant under the con-
formal transformations of M""*(c). In particular, the Mébius curvatures are invariant
under the conformal transformations of M} (c).

3. Spacelike Dupin hypersurfaces in Lorentzian space forms.

Let z : M™ — M} (c) be a spacelike hypersurface in M]"*!(c). For a principal
curvature A, we have the principal space Dy = {X € TM"|AX = AX}. Then the
spacelike hypersurface is Dupin if and only if X(\) = 0,X € D, for every principal
curvature A\. The simple examples of spacelike Dupin hypersurface are the following
spacelike isoparametric hypersurfaces in M {Hl(c).

EXAMPLE 3.1. HF(—a) x R** C R a >0, 0<k <n.
EXAMPLE 3.2.  SF(v1+a?) x H* *(—a) c STT(1), a >0, 1 <k < n.
EXAMPLE 3.3. HF(—a) x H* *(—/1 —a2) CH} T (-1), 0<a< 1, 1<k <n.

In fact, these spacelike isoparametric hypersurfaces are all spacelike isoparametric
hypersurfaces in M (c) (see [5], [7], [16]). The following theorem confirms that the
spacelike Dupin hypersurface is conformally invariant.
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THEOREM 3.1. Let x : M" — M{L+1(C) be a spacelike Dupin hypersurface, and
¢ : M (c) = Mt (c) a conformal transformation. Then ¢ox: M™ — Mt (c) is a
spacelike Dupin hypersurface.

PROOF. Let {A1, s, -, A\, } denote its principal curvatures, and {ej,eq, -+ ,en}
be the orthonormal basis for TM™ with respect to the induced metric I, consisting
of unit principal vectors. Therefore {E;, = e"e;,Ey = €"ey, -+, E, = €e,} is the
orthonormal basis for TM™ with respect to the conformal metric g = ¢*"I, and {b; =
e T (M —H), - ,b, =e (N, — H)} are the conformal principal curvatures. From (2.9)
and (2.12), we have

Ci=e¢"(—e "H; + Z(hij — Héij)(e™7);)

—e (= THi+ Y ej((hiy— Hoyy)e ) —e ™ Y ej(hij — Hbiy))
: 7 (3.15)

= (e (By) — Y e T He )
= Ez(bz) - €7TE1‘(A1')'

Noting that the principal vectors are conformal invariants, therefore x is Dupin if and
only if C; = E;(b;), which is invariant under the conformal transformation of M{"**(c)
from Proposition 2.1. O

The spacelike Dupin hypersurfaces with constant Mobius curvatures can be charac-
terized in terms of the conformal invariants.

THEOREM 3.2. Let x : M™ — M '(c) be a spacelike Dupin hypersurface with
r(> 3) distinct principal curvatures. Then the Mobius curvatures are constant if and only
if the conformal 1-form vanishes and the conformal principal curvatures are constant.

Proor. It suffices to prove that the Mobius curvatures M, are constant implies
all conformal principal curvatures b; are constant and the conformal 1-form vanishes.
First, for any tangent vector X € T'M™, it is not hard to calculate that

X(bi) = X(b;)  X(bi) — X(be)  X(bj) — X(bg)
bi— b, bi—be b by

from M being constant for all 1 <4, 7,k < n. Hence there exist 1 and € such that

X(bj) =pbj+eforj=1,--- ,n. (3.16)
It is then immediate that (2.6) implies e = 0 and b X (b1) + - - - + b, X (b,) = 0, which
implies ¢ = 0. Thus all by,--- , b, are constant. The conformal 1-form vanishes, C = 0
from the equation (3.15). O

Like as Pinkall’s method in [14], we construct a new spacelike Dupin hypersurface
from a spacelike Dupin hypersurface.
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PROPOSITION 3.1. Let u : M* — R]fﬂ be an immersed spacelike hypersurface.
The cylinder over u is defined as follows:

o MEXRYF S R RYF =R a(p,y) = (u(p), y)-
If w is a Dupin hypersurface, then cylinder x is a spacelike Dupin hypersurface.

PROPOSITION 3.2. Letu: M* — S’f“ be an immersed spacelike hypersurface and
R* the half line of positive real numbers. The cone over u is defined as follows:

o MY x RT xRV = Ry a(p,tyy) = (tu(p),y).
If u is a Dupin hypersurface, then cone x is a spacelike Dupin hypersurface.

In general, these constructions introduce a new principal curvature of multiplicity
n — k which is constant along its curvature surface. The other principal curvatures are
determined by the principal curvatures of M*, and the Dupin property is preserved for
these principal curvatures. It is easy to prove Theorem 1.1 using these constructions.

Next we give a spacelike Dupin hypersurface which is a cone over a spacelike isopara-
metric hypersurface in S’f“(l), which is a spacelike Dupin hypersurface with three con-
stant conformal principal curvatures.

ExaMpLE 3.4. Let p,q be any two given natural numbers with p + ¢ < n and a
real number a > 1, consider the spacelike hypersurface of warped product embedding

Z Hq(_\/ﬁ) x SP(a) x R x R*P~271  RiHL
defined by
2l o 4" = (st "),
where o/ € HY(—v/aZ = 1), u" € 87(a), u”" € R0,

Next we give some conformal invariants of the spacelike Dupin hypersurface x. Let
b =+a? — 1. One of the normal vector of x can be taken as

b
entl = (%u’, au”,O).

The first and second fundamental form of x are given by

I =t*(<du,du'>y + du” - du’) + dt - dt + du”" - du',
a

Il = —<dm,den+1>1 = —t(b

<du',du’'>; + gdu” du').

Thus the mean curvature of x

[ Utk
nabt
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and

n

or n 2 5| pn—p)b* —2pga®b?® + q(n — q)a*  «
B2 —nH?| = .
¢ —1 %: i " (n—1)t2 2

From (2.8) and (2.12), the conformal 1-form C = 0, and the conformal metric and
the conformal second fundamental form of x are given by

2
g =a’<du du'> + odu’ - du”" + %(dt cdt 4+ du"" - du"") = §1 + Go + §3,

3.17
B:Zszwz®w]a (Bij):(bla'”ab17b27"'7b2,b3a"'7b3)a ( )
- —— — —
K q p n—p—q
where
pb* — (n — q)a’ qga® — (n —p)b* pb* + qa?
by = , bo = , b3 = :
naba nabo naba

Furthermore, from (3.17), we have the following facts:
(1) If ¢ > 2, then (H%(—+/a2 — 1), ;) has constant sectional curvature —1/b%a?.
(2) If p > 2, then (SP(a), g2) has constant sectional curvature 1/a%a?.
(3) If n —q—p>2, then (Rt x R""P~971 g3) has constant sectional curvature —1/a?.

4. The proof of Theorem 1.2.

To prove Theorem 1.2, we need the following Lemma.

LEMMA 4.1. Letxz: M™ — MI”H(C) be a spacelike hypersurface without umbilical
points. If the conformal invariants of x satisfy C = 0 and A = uB+ Ag for some constant
W, A, then x is conformally equivalent to the spacelike hypersurface with constant mean
curvature and constant scalar curvature.

PrOOF. Since C =0 and A = uB+ \g, from structure equations (2.1) we get that
AN =AY — pd€ =0
and
d(N — Y — u&) =0.
Therefore we can find a constant vector e € R3™ such that
N —-XY —ué=e. (4.18)
Therefore
<e,e>9 = —p? — 2\, <Y,e>y = 1.

From (2.6) and A = uB+ \g, we get tr(A) = n\ = (n?x —1)/2n, therefore x is constant.
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To prove the Lemma we consider the following three cases,
Case 1: e is lightlike, i.e., u? + 2\ =0,
Case 2: e is spacelike, i.e., u? + 2\ < 0,
Case 3: e is timelike, i.e., 2 4+ 2\ > 0.
First we consider Case 1, e is lightlike, i.e., u2 +2X = 0. Then there exists a
T € O(n + 3,2) such that

e=(-1,0,-1) = el = (N — \Y — ué)T.

Let 2 : M" — R?“ be a spacelike hypersurface whose conformal position vector is
Y =YT, then N = NT,¢ = €T, and

E=N—-\Y —uf, <Y,e>y =1, <€,&>9 = pu. (4.19)

Writing

Y:e*(<£’£>1+1 _ <z, z>1 —1

2 »&s 2

)=€"4, &= —Hy+ Jni1,

then from (2.8) and (4.19), we obtain that

e =1, H=—pu.

Since Y = ((<z,7>1 + 1)/2,7,(<Z,7>1 — 1)/2), then g = <dZ,dz>; = I and the
normalized scalar curvature of I, ky; = k. Therefore the mean curvature and the scalar
curvature of the hypersurface T are constant.

Next we consider Case 2, e is spacelike, i.e., u?> + 2\ < 0. Then there exists a
T € O(n+ 3,2) such that

e=(0,v/—p2—2\) =eT = (N = \Y — ué)T.

Let z: M™ — H?H(—l) be a spacelike hypersurface whose conformal position vector is
Y =YT, then N = NT,¢ = €T, and

E=N—-\Y —uf, <Y,e>y=1, <€,&>9 = pu. (4.20)

Writing Y = €7(z,1), £ = —H(z,1) + (en41,0), then from (2.11) and (4.20), we obtain
that

e%:; ]_{: _M

=2 = 2N V=2 =2
Since <dz, dz>9 = —(u24+2))g, the normalized scalar curvature of I, ks = r/(—p2—2M\).
Therefore the mean curvature and the scalar curvature of the hypersurface & are constant.

Finally we consider Case 3, e is timelike, i.e., u?> + 2\ > 0. Then there exists a
T € O(n + 3,2) such that

&= (—V2\+pu2,0) = eT = (N = \Y — ué)T.
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Let 2 : M™ — S?H(l) be a spacelike hypersurface whose conformal position vector is
Y =YT, then N = NT,¢ = €T, and

E=N—-\Y —u, <Y,e>y =1, <€,&>9 = pu. (4.21)

Writing Y = €7(1,%), £ = —H(1,%) + (0,e,11), then from (2.10) and (4.21), we obtain
that
_ 1 _ _
eT = —— H = M

V2N + 2 V2N 2

Since <dz,dz>; = (2\ + p?)g, the normalized scalar curvature of I, ky = #/(2)\ +
u?). Therefore the mean curvature and the scalar curvature of the hypersurface Z are
constant. g

Now we prove Theorem 1.2. Let x : M™ — M]""!(c) be a spacelike Dupin hy-
persurface with two distinct principal curvatures. We take a local orthonormal basis
{E1, -+, E,} with respect to g such that under the basis

(BU) - dzag(bla 7b17b2,"' ,bg).
—_— ——

k n—k

Using the equation (2.6), we have

b 1 [(n—=1)(n—k) b -1 /(n-1)k
T k TPy n—k
From (3.15), we can obtain that
C=0. (4.22)

From equation (2.4), we know that [A, B] = 0. Thus we can take a local orthonormal
basis {F1,--- , E,} with respect to g such that under the basis

(Bij) = diag(bl, s ,bl, bg, e ,bg), (A”) = diag(al,ag, e ,an). (423)
SN—— ——

k n—=k

Since by, by are constant, using the covariant derivatives of B, (2.3) and (4.22) we can
obtain

Bij1=0,1<i,5,1<n, wia=0,1<i<k k+1<a<n,
which implies that
Riqia =0, 1<i<k, k+1<a<n.
Combining the equation (2.5), we have

—bibsta;+a,=0,1<i<k k+1<a<n,



Spacelike Dupin hypersurfaces in Lorentzian space forms 475
thus
ap = " =0ak, Qg41 =+ = Qn-

Using the covariant derivatives of A, we can get

Aij,a:07 Aaﬁ,zz()? 1§ZaJ§k7 k+1§a76§n (424)
Since Eq(a1) = Ajia =0, Ei(an) = Aqa,i = 0, combining b1bs + a; + a, = 0 we know
that a; = --- = ag, agy1 = --- = a, are constant. Thus
(Aij) = diag(ay,- -+ ,a1,a2," - ,az).
—_— ——
k n—k

Let p = (a1 — az)/(by — b2) and A = tr(A)/n, then
A=puB+ Ag.

From Lemma 4.1, up to a conformal transformation, we know that e” is constant. Com-
bining (2.9), we know that the principal curvatures of = are constant. From the classifica-
tion of spacelike isoparametric hypersurfaces (see [5], [7], [16]), the Dupin hypersurface
x is a spacelike isoparametric hypersurface in M. {’H(c) up to a conformal transformation
of M (¢). We finish the proof of Theorem 1.2.

5. The proof of Theorem 1.3.

Let M" be a spacelike Dupin hypersurface in M7 (c) with (> 3) distinct principal
curvatures. If the Mobius curvatures are constant, then C' = 0, which implies [A, B] = 0.
Therefore we can choose a local orthonormal basis {Ej,--- , F,} with respect to the
conformal metric g such that

(Azj) = diag(ah e 7a’n)>

(Byy) = diag(b,- - .by) = diag(by, -~ by~ by b b))
Using the covariant derivative of B, we have
(by — bj)wj = ZBij,kwk- (5.26)
k
For some b;, in this section we define the index set
[b;] == {m[bn, = b;}.
Since the conformal principal curvatures {b1,bs,--- ,b,} are constant, we have the fol-

lowing results,
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Bij,k = 0 when [bz] = [b]] or [bz] = [bk],

B..
wij = ik when [bi] # [bs]. (5.27)
b, — b,
k
Using (5.27) and the second covariant derivative of B;; defined by
Z Bijuiw = dBij i + Z Byj rwi; + Z By pwij + Z Bijiwik,
1 1 1 1
and the following Ricci identities
Bijij — Bij,ji = Z By Ryiij + Z BiRijjis
1 1
we have
2B2
Rijij = Lk when  [b;] # [b;]. 5.28

kg[bi]v[bj]

Under the basis {E1,--- , En}, (Aij) = diag(a1,--- ,ay,). Using the covariant derivative
of A, we have

(ai = aj)wij = ) Ayjaeor.
k

From the second formula in (5.27), we obtain the following equation,

%Bij}k = Aij,k’v when [bl] ;é [bj] (529)
]

To prove Theorem 1.3, we need the following lemmas.

LEMMA 5.1.  Let p1,--- , pr, be 7(> 3) distinct real numbers, and ¢ a real number.
Then there does not exist any real coefficients {F;;i} satisfying

(i) Fiji = Fjir, = Figj,

(i) e = piny = > ¢

k#i,j

(Fijn)?
pi — pr)(pj —p

(5.30)

k)

PrROOF. We assume that there exists a group of real coefficients {F;;i} satisfying
(5.30). We will find a contradiction to prove the lemma.
We can assume that p; < ps < --- < p,. The equation (5.30) implies that

e—pip2 20, € =pap3 >0, -+, €= prpr41 20, -+, €= pr_1pr 2 0. (5.31)
For fixed induce 7, the matrix

(Fiji)?
(pi — Pk)(ﬂj — pr)(pi — Pj)

Sjk =
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is antisymmetric for indices j, k, thus

S Eon oy (Figu)” 0 (5.32)
i, i o (o= o) (g = pi)(pi = )

The proof of the lemma is divided into two cases: (1), p1 <0, (2), p1 > 0.
For case (1), p1 < 0, we have pips > p1p3 > -+ > p1p,. Combining (5.31), we have

e—pip2 20, e =p1p3 >0, -+ ,e = pipr > 0.

Thus

wgoa pj#pla
P1 — Py

which is a contradiction with the equation (5.32) for ¢ = 1.
For case (2), p1 > 0. Then p, > pr—1 > -+ > p1 > 0. Combining (5.31) we have
€2 PrPr—1> prpr—2 > - > ppp1, that is

€= pPrpr—1 >0, €= prpr—1>0,--+ ;€= prp1 > 0.
Thus

ETPLI >0, pj # pr
Pr — Pj

which is a contradiction with the equation (5.32) for ¢ = r. Thus we finish the proof of
the lemma. O

LEMMA 5.2. Let M™ be a spacelike Dupin hypersurface in M (c) with r dis-
tinct principal curvatures. If r > 3 and the Mdbius curvatures are constant. Then the
conformal second fundamental form is parallel, that is Bij, =0, 1 <1,5,k <n.

Proor. We assume that there exists a B;,j,x # 0, we will find a contradiction to
prove the lemma.
We consider the pair (a;,b;) and let W denote the set of all of the pairs, that is,

W = {(a1,b1), (a2, b2), -, (an,bn)}.

For a number 4 (including oo) and an index i fixed, we define the set of pairs

Silu0) = o, be) € W] =3 = s b # b} f(as, 00)).

Since Bjgj,k # 0, from (5.27), we know that b;, # bj, # by. Using (5.29), we have

Aig — Gjo Aiojo,k _ Aiok,jo _ Qi — Ak
b

- bjo Bi0j07k Biokyjo bio — by,

10

Let Aiojo,k/Biojo,k = Mo- For (ai,bi), ((lj,bj) S Sio(,uo), we have (ai - aj)/(bz - bj) = Mo,
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thus there exists a constant € such that
a; = pob; + ¢, (ai,b;) € Siy(1o)-
Thus
Rijij = —bibj + a; + a; = —(b; — o) (bj — po) + p§ + 2¢, (as, b;), (aj,b;) € Siy (ko).

Let b; = b; — po and € = p2 4 2¢. From (2.5) and (5.28), we have

(Bijix)? 2 73 s =
Riji; =2 P = 2e+ pg — bib; =€ — b;b;. 5.33
R M bt L ) (5:33)

Since b;, # bj, # by, the number of distinct pairs in S;,(¢o) must be equal or more than
three. Thus there exist r (> 3) real numbers b;,, b;,, bg, - - - , by satisfying (5.33)

e—bb= 3 2(Bij.)”
Yy — =~ = = =~
ke,br#bi b; (bi - bk)(bj - bk)

which is a contradiction with Lemma 5.1. Thus we finish the proof of the Lemma. O

Next we give the proof of Theorem 1.3. From the equation (5.28) and lemma 5.2,
we have

2BZ
Rijij = E : ij, =0, b; #b;. (5.34)
bi —br)(b; — b
wio oy (0~ b (0 = Bi)

Cram 1. The number of distinct principal curvatures r = 3.

We assume that r > 3, we can take four distinct conformal principal curvatures
b1, b2, b3, by. Using (5.34) and (2.5), we have

7b1[)2 +a; +ag = 0, 7()1[)3 +a; + az = 0,
—boby + a9+ a4 =0, —bgby + a3+ as =0,

which implies (b; — bg)(ba — b3) = 0. This is a contradiction, thus the number of the
distinct principal curvatures r = 3.
Now we assume that

(Bl]) = diag(bl7' o ablaan"' 7b2,b37' t ,bB), bl < bQ < b3.
From (5.34), we have a; = a;, [b;] = [b;], and
—b1b2 +ay +ag = 0, —blbg +a; + az = 0, —b2b3 +as +az = 0.

Thus we can get

_bibatbiby—boby _ bibatboby—bibs _ bybatbiby —biby
- y W2 — - .

ai 2 ) , as 9

(5.35)
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Using the covariant derivative of B and B;;; = 0, we have

which implies
dwi = Z Wiy /\w]‘. (536)
JE[ba]

Let V,, = span{E;|j € [b;]}. The equations (5.36) imply that the distributions Vj,,
W, and V;, are integrable. Let M, Ms, M3 be integral submanifolds of Vi, Vi,, Vi,
respectively. Locally we can write

Mn:M1XM2XM3.

Let
g1 = Zw?a 1€ [b1]7 g2 = Zwi27 (XS [bQL g3 = ng, (&S [b3]
Then we have

(M™,g) = (Mi,g1) x (Mz,g2) x (M3, g3).

From (2.5) and (5.35), we have the following results:

(1) If dimM; > 2, then (M7, g1) has constant sectional curvature (b — b1)(b; — b3) < 0.

(2) If dimMsy > 2, then (Ms, g2) has constant sectional curvature (by — b1)(bs — b2) > 0.

(3) If dimMs > 2, then (M3, g3) has constant sectional curvature (be — bs)(bs — b1) < 0.
Let ¢ = dimM;, p = dimMs and n — p — ¢ = dimMs. From example 3.4, we can

find local isometries:

¢1: (Mi,91) = (Hq(—\/ﬁ),gl),
¢ (Ma, g2) — (SP(a), §2), ¢3: (Ms,gs) — (RY x R*P7471 ga).

Therefore, we obtain a local diffeomerphism
¢ = (¢1,02,03) : M™ — HI(—v/a% — 1) x SP(a) x RT x R*7P~971,

From (3.17), we see that the diffeomorphism preserves the conformal metric and the
conformal second fundamental form. we know that M™ is conformally equivalent to the
hypersurface given by example 3.4.
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