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Abstract. We investigate the time-periodic Stokes equations with non-
homogeneous divergence data in the whole space, the half space, bent half
spaces and bounded domains. The solutions decompose into a well-studied
stationary part and a purely periodic part, for which we establish LP esti-
mates. For the whole space and the half space case we use a reduction of
the Stokes equations to (n — 1) heat equations. Perturbation and localisa-
tion methods yield the result on bent half spaces and bounded domains. A
one-to-one correspondence between maximal regularity for the initial value
problem and time periodic maximal regularity is proven, providing a short
proof for the maximal regularity of the Stokes operator avoiding the notion of
R-boundedness. The results are applied to a quasilinear model governing the
flow of nematic liquid crystals.

1. Introduction.

For n > 2 and a domain 2 C R™ we consider the time-periodic Stokes system

Ou — Au+ Vp=f inR x Q,
divu=g in R x £, (1)
u=10 on R x 09,

u(t+T,-)=ul(t,-).

Here, T' > 0 is the length of one period, and the forcing term f and the function g are
also assumed to fulfill the periodicity condition. We are interested in the following types
of domains Q C R™:

e the whole space R™,

o the (upper) half space R := {z = (2/,z,) € R" : z,, > 0},

e a bent half space R := {x = (2/,2,) € R" : ,, > w(a’)}, where the w : R""1 - R
is a Lipschitz function in Wfoi (R™~1) such that the gradient V'w is bounded in

R™ 1 or

e a bounded domain with boundary of class C'':!.
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Our aim is to establish maximal LP-L%-regularity estimates for solutions to (1), where
p,q € (1,00). For the Cauchy problem the maximal L? regularity estimates have been
studied by many researchers. For example, for the Stokes operator, such estimates are
established by Solonnikov [30] using potential theory, by Giga and Sohr [20] using Dore
and Venni’s theory [11], and by Shibata and Shimizu [29] based on Weis’ theorem [32].
As for maximal L? regularity estimates in the case of nonzero divergence as in (1), the
reader is referred to the results of Farwig and Sohr [16], Filonov and Shilkin [17] and
Abels [1]. On the other hand, Kyed [22] recently established maximal L? regularity
estimates for the time-periodic problem on 2 = R". In this paper we generalize the
previous results in the following points:

e the results of [1], [17] are extended to the time-periodic problem, and
e the result of [22] is extended to more general domains €.

In order to wove in the periodicity condition already on a functional analytic level, we
consider the locally compact abelian group G := T x R™ :=R/TZ x R™. We will fix the
Haar measure i defined on G by choosing

1 T
/Gfdy,.—f/o | pdadt, f € Co(G).

Note that the topology and the differentiable structure on G is inherited from R x R™,
see [22] for details. In particular, we may speak about function spaces like the space of
compactly supported smooth functions C§°(G), the Schwartz—Bruhat space S(G) and the
space of tempered distributions §’'(G) [5], [28]. Introducing the time-periodic domains

QT =T xQ
as open subsets of G, we can formulate (1) equivalently as

Ou — Au+Vp=f in Qr,
divu=g in Qp, (2)
u=20 on 00T,

where we have used the notation 9Qr := T x 92 for the spatial boundary of Q. One
main advantage of the notion of G is the possibility to introduce a Fourier transform F¢,
which constitutes a homeomorphism from &'(G) to &'(G), where G is the Pontryagin
dual of G.

In analyzing the time-periodic problem it is useful to introduce a time averaging
projection, as is discussed by Galdi and Kyed [19], [22]:

1 T
Pre=g | fega=1ess fecy@n.

where * denotes the convolution on the torus group T and 1t is the constant function 1.
By Young’s inequality we have ||P f||req.) < || fllLe (0. Here, LP(Qr) is the anisotropic
Lebesgue space with exponents p = (p,¢) in time and space, respectively; see Section
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2 for details. Clearly, Pf is independent of time and it holds P? = P. Therefore,
P LP(Qr) — LP(Qr) and Py := id — P are continuous projections and thus induce a
decomposition

LP(Qr) = LYQ) & LY (Qr),

where LY (Qr) := P, LP(Qr) and where we have used that P f is independent of time in
order to identify PLP(Qr) with LY(€2) in virtue of the isometry || P f{|La(q) = [P fllLe x)-
It should be noted that estimating derivatives of P f and P, f in a similar way, we obtain
likewise a decomposition of higher order Sobolev spaces and of solenoidal spaces.

As in [22], we will solve problem (2) by decomposing it into a stationary problem
and a time-dependent problem. That is, by applying P and P, to (2), respectively, the
Stokes problem is decomposed into to the following two problems.

(I) Stationary problem in L7()™:

—Au+Vp="Pf in Q,
divu =Py in 2, (3)
u=20 on 0f).

The estimates for solutions in the L7 framework are well known; see e.g. [14], [15].
For the convenience of the reader the results are summarized in Section 3. Our major
assumption on Pf here is Pf € L1(Q)" for some ¢ € (1,00). However, in unbounded
domains, the condition Pf € LI(Q)™ is in general too weak to ensure that the solution
u satisfies divu = Pg even when Pg = 0. Therefore, we often need to replace the
divergence condition by Vdivu = VPg, that is,

—Au+Vp="Pf in Q,
Vdivu = VPyg in Q, (4)
u=20 on Of).

The equation (4) can be solved under mild conditions on given data such as P f € L9(2)"
and Pg € WI’Q(Q), q € (1,00). On the other hand, for example in the application to a
Navier—Stokes type system as is discussed in Section 6, it is sometimes crucial to solve
(3) exactly rather than (4). Therefore, additional conditions on Pf and Pg have to be
imposed in these cases.

(IT) Time-dependent problem in LY (Qr)™:

ou—Au+Vp=P,f in Qf,
divu="P, g in Qr, (5)
u=20 on Ot .

The analysis of (5) is the main subject of this paper, and is discussed in Section 4. The
main results are stated in three theorems depending on the type of domains: For the
whole and the half space, this is Theorem 4.6, for bent half spaces Theorem 4.8, for
bounded domains Theorem 4.11.
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As for the time-dependent (periodic) problem (5), we can expect the existence of
solutions which decay at spatial infinity under the mere assumption P, f € L (Qr)”
even for unbounded domains. This remarkable feature also has an impact on the corre-
sponding initial value problem: it allows us to give a fast and straightforward proof of
the maximal LP regularity for the Stokes operator on L4(Q) without using the notion of
R-boundedness. We discuss this subject in Section 5. In fact, it follows directly from the
abstract theory on the equivalence between maximal LP regularity (for Cauchy problems)
and time-periodic maximal LP regularity, to which we contribute also in Section 5. This
abstract theory was firstly established by Arendt and Bu [3] for generators of semigroups
which are invertible. In Theorem 5.1 of this paper we extend their result to possibly
non-invertible generators.

This paper is organized as follows: In Section 2, we introduce basic notation and
definitions. We devote Section 3 to collecting the known results concerning problems
(3) and (4). The treatment of problem (5) is carried out in Section 4. This section is
further divided into Section 4.1, where we introduce a reduction of the Stokes system
to n — 1 heat equations, and Sections 4.2 — 4.4, where we treat the whole space, the
half space, the bent half space and bounded domains, respectively. In Section 5 the
relation between maximal LP regularity for abstract Cauchy problems and time-periodic
maximal LP regularity is discussed. Finally, we give an application to the nonlinear
simplified Ericksen—Leslie model governing the dynamics of nematic liquid crystal flows
in Section 6.

2. Preliminaries.

Throughout the paper, T > 0 denotes the time period and T := R/TZ the corre-
sponding torus. The locally compact abelian group G := T x R" is called periodic whole
space. For a domain  C R™ we introduce Qr := T x Q and denote by C™(Qr), k € Ny,
the space of m-times differentiable functions and by C§°(Qr) the space of smooth and
compactly supported functions in time and space. Furthermore, we introduce the notion
C(Qr) = {uq, | u € CF(G)}. Here, the differentiable structure on Qr is inherited
from R x Q.

Let p := (p,q) € (1,00)%. Then we introduce the anisotropic Lebesgue spaces
LP(Qr) := LP(T; L%(Q)) with norm

1/p
1 T
[ullLe r) = f/ [u(®)[Taq) dt :
P (Qr) T Jo La(Q)

Since the topology and differentiable structure of G is inherited from R; x R? and since
we deal with sufficiently smooth domains only, we can also define the anisotropic mixed-
derivative Sobolev spaces
———— w12,
W1,2,p(QT) — Cgo (Q’ﬂ‘) w1,2,P(Qp)

lullwrze@y == Y. 00 ullueen + [102ullLe s -
la|<1,B8|<2

)
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Note that for domains ) satisfying the segment condition we have

Wl’z’p(QT) ={f € LP(Qn) | [ fllwr2» 0y < oo},

where the derivatives which appear in the norm || f[|w1.2.p(q,) are to be understood
in the sense of distributions. In the context of Stokes and Navier—Stokes equations
on unbounded domains, the concept of homogeneous (mixed-derivative) Sobolev spaces
wo’l’p(QT) appears naturally. Such spaces are defined as

— —|IV-|l
Wo’l’p(QT) — C(O)O(Q']I‘) LP(Qr) .

The dual space of W\O’l’p/(QT), where p’ := (p/,¢') and p’, ¢’ are the respective Holder
conjugates, will be denoted by W%~ 1P(Qr) := [WOLP (Qr)]* and is endowed with the
norm

||g||wo,*l,p(9’ﬂ‘) = sup &
0#£peCE () ||VS0||LP'(QT)

A subscript | always denotes the projected part with respect to the complement projec-
tion P, defined in Section 1. In all cases, we use corresponding notations for function
spaces defined on €) rather than Qr, i.e., for function spaces corresponding only to the
space variable x. In particular, we denote homogeneous Sobolev spaces by

[IV-llLa (o)

_ _ N e
Whe(Q) == Cg(Q) L and  WPI(Q) = Cp@) M

We denote the closure of C§°,(Q2) := {u € C§°(Q)" | divu = 0} in the topology of LI(Q2)"
by LZ(Q2). It is well known that

LL(Q) = {u e LY(Q)" | divu = 0,n - ujpq = 0}

for sufficiently smooth domains, see e.g. [18, Theorem II1.2.3]. Furthermore, we intro-
duce the space L2(Qr) := LP(T;LZ(Q)).

Fourier variables of time-periodic functions will be denoted by k € (2n/T)Z, where
T > 0 is the time period. Note that with this notation, k£ is not an integer in general.
Moreover, we introduce the notation (27/T)Z* = (2n/T)Z \ {0}.

Concerning the boundary of the bent half spaces, we have to make certain regularity
and smallness assumptions. Therefore, we give the following definition.

DEFINITION 2.1.  Let K > 0. We say that w € COL(R* 1) n W2 (R"1) is of type
K, or Ko, respectively, if ||V'w||c < K and if

(K1) n>2and ||[V%0||e < K, or
(K2) n>3and [|[V?w||pn-1.00@n-1y) < K.

REMARK 2.2. If K > 0 and n > 3, then the condition K5 is fulfilled whenever
||| : |V’2w||Loo(Rn71) < K or ||V’2w||Lnf1(Rnf1) < K.
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3. The stationary problem.

The stationary problem (4) has been solved in [14], [15]. The results can be sum-
marized as follows.

PROPOSITION 3.1.  Letn > 2, q € (1,00) and let @ = R™ or Q@ = R'. Then for
every Pf € LY(Q)", Pg € Wl’q(ﬂ), there exists a unique solution (u,p) € Wg’q(Q)” X
WLa(Q) to (4) satisfying

V2ullLao) + IVDllLa) < (P fllLaq) + IVPYllLe@)) (6)
with ¢ = c¢(n,q) > 0.

PROPOSITION 3.2. Let n > 3, ¢ € (1,n — 1) and assume furthermore that
w € COLRM M) N WL R is such that for simplicity w(0') = 0. Then there exists
a constant K = K(n,q) > 0 such that if w is of type Ko, then for all Pf € LI(R])"
and Pg € W\l’q(Rz) there exists a unique solution (u,p) € WQ’Q(RZ‘,)" X Wl*q(Rz) to (4)

satisfying the estimate

IV?ullLagn) + 1VPllLa@n) < ¢(IPfllLan) + IVPgllLan)) (7)
with a constant ¢ = ¢(n,q,w) > 0.

REMARK 3.3. 1. The uniqueness assertions in Proposition 3.1 and Proposition
3.2 are to be understood in the respective homogeneous Sobolev spaces, i.e., only
up to a constant for the pressure p and up to a linear polynomial a + Az, where
a € C" and A € C™", for the velocity field u. However, in the half space and in
bent half spaces, more information can be obtained due to the boundary condition.
To be more precise, the velocity field wu is

e unique up to a linear term bx,,, where b € C", if 2 = R}, or, more generally,

e unique up to a linear term Az, where A € C™" and A(x’',w(a’)) = 0, if
Q = R?. In particular, if w is nonlinear, the velocity field w is unique. If
however w is a linear transformation, say, w(z') = d'7 - 2’ with d’ € R"~1,
then u is unique up to a vector field of the form Ar where A = a,, @ (—d'T, 1)
with a column vector a,, € C".

Moreover, for any of the domains, we can employ the Sobolev embedding to solve
(3) exactly if ¢ € (1,n) by singling out a special divergence data with Pg € L¢ ()
and a special solution with Vu € L% (Q), where ¢* := ng/(n — ¢) is the Sobolev
index corresponding to q.

2. In [14], Proposition 3.2 is not stated with condition K, but with the conditions
from Remark 2.2. However, revising the proof, a simple calculation as in (26) below
shows that is suffices to assume K.

Note that we assume condition K5 in Proposition 3.2. In particular we are restricted to
n >3 and ¢ € (1,n — 1). However, the problem
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A —Au+Vp="Pf in R”,
divu =Py in R?, (8)
u=0 on OR? ,

has been solved by [15] for large resolvent parameters |A| under the assumption K, and
therefore they could prove the following on bounded domains, see also [6] in the case
n =3 and [31] in the case n = 2, 3.

PROPOSITION 3.4. Letn > 2, ¢ € (1,00) and let Q be a bounded domain with
a CHl-boundary. Then for every Pf € LI(Q)", Pg € WH4(Q), there exists a unique
solution (u,p) € W24(Q)" x Wh4(Q) to (3) satisfying

lull w2y + 1VPllLa@) < c(IPfllLs) + IVPYllLao) 9)

with ¢ = ¢(n,q,Q) > 0.

4. The time-periodic problem.

4.1. Reduction of the Stokes system.

In this section we recall the result of [27], which provides a reduction for the Stokes
system based on the isomorphism to the space of solenoidal vector fields when the fluid
domain is the whole space or has a graph boundary. Here, let us assume that 2 = R" or
Q = R7 and introduce the linear operators W : L(Q)" — L¢(Q)" ' and V = (V', V,,) :
LY(Q)"~ 1 — LIY(Q)" as

Wu=u'+ Su, ,
Viw=w+SUS - w, Vyw=-US-w, (10)
with
Sf=V'(=a)"12f,
Uy = (801 [ e gt ) "

where we extend g by zero to the whole space in the case 2 = R"}. Since S is a singular
integral operator it is classical that S is bounded in L? for ¢ € (1,00) and hence:

1S f l[Lo@n-1y < CllfllLa@n-1).- (12)

Moreover, we rewrite Ug = ]-"ngnlm]-"Rn g with the homogeneous multiplier m(§) :=
en(|€1/(in +1€'])), and obtain by standard Fourier multiplier theory the estimate
1Ugllra@ny < CllgllLamn). In the half space case it holds

HUgHLq(m) < C||9||L«(R¢) ) (13)

since Ug vanishes on the lower half space if ¢ vanishes on the lower half space. In
particular, (12) and (13) imply the boundedness of W and V' in L9(2). The key properties
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of W and V are stated as follows.

LEMMA 4.1 ([27]).  Let Q =R"™ or Q =R". Then the following statements hold.
(i) The operator W satisfies
{VpeLI()" | pe Ll (Q), Ap=0in Q} C Kerpq (W),

loc

where Kerpo (W) = {f € LY(Q)™ | W f = 0}.

(ii) Rangq (V) = LL(Q).

(ili) WV = 1 on LY(Q)" ! and VW = I on Li(Q). In particular, the restriction
Wlps : LL(Q) — LY(Q)" "t is an isomorphism and its inverse is given by V. Moreover,
for any m € N the map Wlpa : W™4(Q)" N LL(Q) — W™2(Q)"~! is an isomorphism
with its inverse V, and there are positive constants C and C' such that

CIVWallLa(e) < IV Lo < CIIVT WL (14)
for any uw € W™4(Q)" NLL(Q).

REMARK 4.2. Although the properties of W in the solenoidal Sobolev space
Wma(Q)* N LL(Q) and (14) are not explicitly stated in [27], these are easily obtained
from the results in L2 () and the definitions in (10) and (11).

Moreover, it is clear that the results transfer to the time-dependent case, if we replace
L(€2) by LP(Qr) and similarly for Sobolev and solenoidal spaces.

4.2. The whole space and the half space.
In this section we consider (5) in Qr = G or Qp = T x R}. We start with two
preparational lemmata, dealing with the problems

Aug=g in Qr,
{&Lug =0 on 0Qr, (15)
and
Otw—Aw:h inQT,
{ w=10 on 0t . (16)

It should be understood that the boundary conditions are omitted in the whole space
case Qr = G.

LEMMA 4.3.  Letp € (1,00)? and assume g € Wifl’p(QT). Then there is a unique
uy € WHP(Qr) solving (15) in a weak sense, and there is ¢ > 0 such that

HVU’Q”LP(QT) < C”Q”WO,—LP(QT) . (17>
Moreover, if m € {0,1} and g € W™P(Qr) in addition, then Vu, € W)'P(Qr) and

IV ugllLe0r) < CIV™gllLe @) - (18)
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PrOOF. By [15], there is for almost all times ¢ € T a unique solution uy(t,-) €
WH4(R™) in the weak sense to

Auy(t,-) = g(t,-) in R™,

with a corresponding a priori estimate. Integrating over time yields the result for Qp =
G. In the half space case, the result follows easily via a reflection argument. The
additional regularity follows by the uniqueness assertion when solving (15) with u, and
g replaced by 0;uy and 0;g, respectively. O

LEMMA 4.4.  Let p € (1,00)? and h € LY (Qq)". Then there exists a unique

solution w € Wi’zp(QT)” to (16), and the following estimate holds:

lw, Ow, V2wlle (e < cllhllier) - (19)
If additionally h € LS (Qr)™ for some s € (1,00)?, then w € Wi’Q’S(QT)".

PROOF. Assume first Qp = G. Note that it suffices to assume h € P, S(G).
Therefore, an application of the Fourier transform yields the representation formula w :=
Fo'mFeh € PLS'(G), where

0, if k=0,
k€)= 1 2
m(k,§) . ke lZ*.

ik + |€]? T
In [22], the symbols m, ik-m and (i§)*-m, |a| < 2, have been shown to be LP multipliers
for p = (p,p). However, since the proof in [22] rests on the Marcinkiewicz multiplier
theorem, it follows by the work of Besov [4] that the general case p € (1,00)? is covered
as well. Consequently w € W'*P(G) and

l|w, Osw, V0| Lo rn) < cl|BllLe(c)-

Since we have an explicit representation formula for w in terms of an everywhere defined
multiplier, we obtain uniqueness on the level of tempered distributions. This observation
also implies the additional regularity assertion.

In the case Qr = T x R}, the reflection principle immediately yields existence and
the a priori estimate. For the uniqueness, let w € Wiz’p(QT) be a solution to (16) with
data f = 0 and let h € Lﬂ’_/ (Qr) be arbitrary. Then due to the existence part we find
vE Wi’z’p/(QT) such that 9v — Av = h and v[srr = 0. Defining 9(t, z) := v(—t, z), we
conclude

(w, h>L2(Q,ﬂ.) = —(w, Oy + A1~)>L2(QT) = <8tw — A”LU, 17>L2(QT) =0,

and hence w = 0. The regularity assertion follows now by the reflection principle and
the uniqueness in the whole space. The proof is complete. O

In order to formulate our main theorem of this section, we introduce the space
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YP(Qr) == {(f,9) € L} (Qr)" x WIP(Qr) | 89 € W HP(Qr)},

(20)
||(f7g)HYf(QT) = ”fHLP(Q—,r) + ”VQHLP(QT) + Hat9||Wo,_1,p(QT)~
REMARK 4.5. The assumption 0;g € Wi;l’p(QT) and the Poincaré inequality
with respect to the time variable imply that g € W(j_’_l’p(QT). Hence, together with the
condition Vg € LY (Qr)™ we have g € LY (Qr).

THEOREM 4.6.  Let p € (1,00)2 and (P f,P1Lg) € YP(Qr). Then there exists
a unique solution (u,p) € WP (Qr)" x WOHP(Qr) to (5) on Qr, and the following
estimate holds.

[, Dy, V2, Vpllio(ary < cll(PLfPLg) v - (21)

If additionally (P f,P1g) € YE(Qr)"™ for some s € (1,00)?, then (u,p) € Wi_’z’s(QT)” X
WO (Qr).

PROOF. Let uy be the solution to (15) obtained in Lemma 4.3. From the as-
sumptions on P, g we can infer V'u, € Wi’Z’p(QT)”*l, where we have written V'
for the gradient with respect to the first n — 1 space variables. Set v = Vw. Here,
V i LP(Q)"! — LP(Q) is the isomorphism in Lemma 4.1 and @ := (w — V'u,) with w
being the solution to (16) with right-hand side h = WPP, f + (0; — A)V'u, € LP(Q)" 1,
where P : LI(Q)" — L42(Q) is the Helmholtz projection. Note that for Qr = G, W is
simply the solution to (16) with right-hand side h = WPP, f, while in the half space
case this is not true due to possibly non-trivial boundary values of V'ug.

Let Vp, be the pressure field defined as Vp, = QAv with Q := id — P. Then,

arguing as in [27], we can check that (v, Vp,) solves

0w —Av+Vp,=PP, f in Qr,
divo =10 in Qr, (22)
v=—Vu, on IO .

For the convenience of the reader we give a sketch of the proof here.

Clearly w € W}*P(Qp)"~! by Lemma 4.4, whence @ € W *P(Qp)"! and so
v=Vuw e W}yﬁp(ﬂq) as well as w = Wwv by Lemma 4.1. Moreover, since w solves
Ow—Aw = WPP f+(0,—A)V'ugy in Qp we see that v solves v —VAWv = VIVPP, f
in Qr, while

VAW =VWAv = VIVPAw,

for W commutes with A by its definition and QAwv is the harmonic pressure and therefore
WQAv =0 by Lemma 4.1. Since VIV = id on LP(€2) we finally observe that 0;v — Av +
Vp, = PP, f in Qr for Vp, = QAw. It is straightforward from the definition of V'
that v" = @ on 99, which yields v = —V'u, on 9Q by the Dirichlet condition of w.
Moreover, on the one hand 9,,u, = 0 on 99, since u, solves (15), and on the other hand
v, =v-n =0 on 90 since v € L2(Qr). Therefore v = —Vu, on 9Q. That is, (v, Vp,)
solves indeed (22).
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Furthermore, we have the estimates ||Vpy||Ley) < ¢||V0|Le(0,) and

||Ua atvv v2U”Lp(ﬂ'ﬂ‘) < C||U~}7 8,5121, V2UN}HLP(Q’JI)
S c|[WPPLf + (0r — A)V'ug||Le )
S V(IPLflle(0n) + IV PLgllie @) + 18P LIl 0. 1001y -

Here we have used Lemma 4.1 and Lemma 4.4. Now we define (u, Vp) as

u=Vuy +v,
Vp=Vp, + QPLf + Vo, —VP.pg,

which satisfies (5) on Qp with the a priori estimate (21).

Next we show the uniqueness. Let (u,p) € WP (Qr)™ x {N\%l’p(QT) be a solution
with homogeneous data (P, f,P,g) = (0,0). Then in particular v € LP(Q7) and by
applying the Helmholtz projection, we conclude that Wu = WPu € W}_’Z’p(QT)"_l
solves (16) with homogeneous data. Hence, Wu = 0 by Lemma 4.4. Since VW =id on
LP(Qr) by Lemma 4.1, it follows u = VWu = 0 and consequently also p = 0.

Similarly, the regularity assertion of Theorem 4.6 follows from the regularity asser-
tion of Lemma 4.4. The proof is complete. O

4.3. The bent half space.

We consider bent periodic half spaces G, := T x R, that are merely small perturba-
tions of the half space G, i.e., if w is close to the zero function in a certain sense. Given a
Lipschitz continuous function w : R*~! — R, we define the transformation ¢, : G, — G
defined via

bo(t,x) == (t, %) :== (t, 2", 2, — w(z')).
For a function u defined on G, we introduce a function 4 defined on G4 by setting
w(t, @) = u(od,1(t, ).

PROPOSITION 4.7.  Let p € (1,00)?, w € COYR™ 1) N WEHR* 1) and K > 0.

For m € {0,1,2}, the mapping u + @ is an isomorphism between W*™P(G,) and
WOmP(G L) as well as between WOLP(G,,) and WOHP(GL) and between W% ~1P(G,,)
and WO—LP(GL), if w is either of type Ky or of type Ko when q € (1,n — 1).

ProOOF. It is readily seen that ¢, : G, — G is a bijection with Jacobian equal to
1. If we denote by 9;, V and similar expressions the corresponding differential operators
with respect to the variable & € G, then using d,w = 0 we see

diu(z) = (éi - (&w)én)a(f),
&@u(m) S (515] - (@w)éjén - (@w)gﬁn - (818]w)5n (23)
+ (0) (93 ) ().

Hence, there is C'= C'(n) > 0 such that
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[ullLe(c.) = lallecy) -

/ = ~ (24>
IVullLec,) < CA+IV'@llo) Ve ey ) »
and
IV2ullie(c.) < C(L+ [ V'wlloo) 21V Lo ()
+ C(V*w)dpil| e - (25)

From (24) it follows immediately that the mapping v — @ is an isomorphism be-
tween WO P (G,,) and WO™P(G, ) for m € {0,1} as well as between WO’I’p(Gw) and
WOLP(G,).

In order to deal with the second derivatives, assume first that we are in the case Ks.
Then the estimate of the term ||(V’ Qw)énaHLp(G .y becomes non-trivial. Assume for now
that 9, is smooth and compactly supported and write 9,u(t,-) = ¢ € CF (M) for a
fixed but arbitrary ¢t € T. By the generalized Sobolev embedding theorem there exists a
constant ¢ > 0, such that for all z,, >0

(s Zn)llLsa@n-1y < C”@/‘P('ajn)”L‘l(R"*Iﬁ

where s > ¢ is defined via 1/(n — 1)+1/s = 1/q. Therefore, we obtain by the generalized
Holder inequality

oo
H(V’Qw)wlliqm)gc// IV2w| (-, )| da’ iy,
0 Rr—1

[e°)
§c||v’2w||in,1,w(RH)/o (s )l sa(@n-1y) dEn

< chH@/(PHiq(Ri)- (26)

Hence, integrating over time, we obtain
(VW) 0nillLe(c,) < K|V Onilliea,) < cK||V2l|rec,)- (27)
If w is of type K7, we can immediately estimate
(VW) illLe(cy) < Kl VillLeay) < Kllillwozr(c.)- (28)

Collecting (24), (27) and (28), the mapping u — @ is also an isomorphism between
WOo2P(G,) and WO2P(G ).

Moreover, let F' € Wo’fl’p(Gw) and define F via [F, @] = [F,¢] for all $ €
WOLP(G,). Then using (24), we get

L » 17, &)
N lg-1ma,) = ¢ e IVEILe L)
WoLe(Gy) oxpewin(c,) I VOILeGs)

5 ¢l
< s et = [ Flgoi,): (20)
0£pEWLP(G,,) VellLec.) W-Lr(Gy)
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where ¢ = ¢(n,w) > 0. O

We can now give the main theorem of this section, namely that there is a unique
solution to the Stokes resolvent problem on the bent periodic half space, given that the
bending is small in some sense. The space Y (G,,) has been introduced in (20).

THEOREM 4.8.  Let p € (1,00)? and w € COL(R*~1) ﬂWfo’i (R™=1). Then there is
a constant K = K(n,q) > 0 with the following property:
If

e w is either of type Ky or of type Ky when q € (1,n — 1), and if
o (PLf,PLg) €YP(GL),

then there exists a unique solution (u,p) € Wi’Q’p(Gw)” X \/N\%l’p(Gw) to the problem (5)
on G,. This solution satisfies the a priori estimate

[, By, VZu, Vpl|Le () < cl(PLS, Prolyrc.), (30)

where ¢ = ¢(n,p,w) > 0 is a constant. If additionally (P f,P1g) € Y} (G,) for some
s (1,00)? and if K < min{K(n,q), K(n,s)}, then (u,p) € Wi*%(G,)" x WI*(G,).

PROOF.  Our perturbation argument will be carried out on certain suitable Banach
spaces. Namely, for Qr = G and Qp = G, we introduce

X2(0r) = (WLHP(0n) N WGP () x WP (0), (31)
and equip them with the norms
[u, pllx® (@n = llu, Ayu, V2u, Vpllre oy
Define operators S, : X?(G,) — YP(G,,) and Sp, : XP(G) — YP(G,) via

Oy — Au + Vp) (32)

—divu

Sp(ur) = (

and a similar expression for S,,. Observe that S, : X®(G) — YP(G ) is an isomorphism
due to Theorem 4.6. In virtue of (23) we obtain

Sp(uap) © d)z;l = S’p(ﬂ7ﬁ) + Rp(ﬂ’aﬁ)7 (33)
where the remainder f%p is given by

= —| Vw820 + 2(0, V'w) - VOnii + (A'w)dnt — (0, V'w)dpp
fip(0:0) = (0, V'w) - By '

It is our goal to show that Ry, : XP (G, ) — YP(G,) is relatively small with respect to
Sp in the operator norm. Note that we can estimate the YP-norm of R, (@, p) by
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|Ro (i) lgp () < 4K+ K[l + K dnllie,)
2 5 o~ 5 o~
+ (A0 niilec,) + Kl|Obuiilgo o, (34)

The third term is estimated by ||(A/2w)a~nﬂ”Lp(G+) < cK||tllwo2.p () in virtue of (27).
Taking into account the trivial estimate

||at‘§na||wo,—1,p(g+) < HataHLP(G+)a (35)
it finally follows from (34), (35) and Ehrling’s lemma

||RP(71>]5)”Y/E(G+) S CK(l + K)H'EL, 8tﬂ7 @2{]’? 6ﬁ||Lp(G+)
< CK(+ B)lIS5 e (@ Dllgr e

where C' = C(n,p,w) > 0. Hence, if we choose K > 0 sufficiently small, then Sp + Rp :
XP(G4) — YP(Gy) is an isomorphism and so is Sp : XP(G,) — YP(G,,) by (33) and
Proposition 4.7. In particular, we have the a priori estimate (30). As for the regularity
assertion, it suffices to apply the above argument to the spaces X} N X5 and YP NY?}
instead of X and YP, which gives the existence of the solution (us,ps) in XT N X5.
Then the uniqueness in X% implies (u, p) = (us,ps). The proof is complete. O

4.4. Bounded domains.

For the study of bounded domains Qr = T x 2, we consider again the operator
Sp : XP(Qr) — YP(Qr) given by (32), where X} (Qr) and Y (Qr) are defined as in (31)
and (20), respectively.

LEMMA 4.9. Let Q C R™ be a bounded domain with boundary of class CY' and
p € (1,00)2%. The operator Sp : X5 (Qr) — YP(Qr) is injective and has a dense range.
Moreover, there exists a constant ¢ = ¢(n,p, Q) > 0 such that for (u,p) € X} (Qr) and
(f,—g) == Sp(u,p) it holds the estimate

||’U,7 atuv v2u7 Vp”LP(QT)
< c(l(f, 9)llypian + lullie @) + [10cllwo.rer @n)))- (36)

PROOF. For k € (2n/T)Z*, we denote by f(k) the k-th Fourier mode of a T-time-
periodic function f with respect to the time variable, i.e.,

T
f = 3 [ e ar. (37)

If (u,p) € XP(Qr) satisfies Sp(u,p) = (0,0) then (a(k), p(k)) € (W2(Q) N Wy (Q))" x
W\l’q(Q) solves

ikiu(k) — Au(k) + Vp(k) = f(k)  inQ,

diva(k)= g(k)  inQ, (38)
a(k) =0
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with (f(k),g(k)) = (0,0). By [15, Theorem 1.2] we have (a(k),p(k)) = (0,0). Since
k € (2m/T)Z* was arbitrary and since (%(0),p(0)) = (0,0) by the assumption (u,p) €
XP(Qr), it follows (u,p) = (0,0). Therefore, Sy is injective.

Next we show that the range of Sy, is dense in Y (Qr). To this end introduce the
notation

fm(t):Fm*f(t)a (39)

where F), is the m-th Fejér kernel with period T. By the vector valued Fejér theorem,
see e.g. [2, Theorem 4.2.19], the trigonometric polynomials ( f,,, g,,) converge to (f,g) in
YP(Qr) for any (f,g) € YP(Qr). On the other hand, it is known [15, Theorem 1.2] that
(38) is uniquely solvable in (W27(2) N Wé’q(Q))n x Wha(Q) for a given (f(k),§(k)) €
La(Q)™ x (WI’Q(Q) N W_I’Q(Q)). Hence, trigonometric polynomials belong to the range
of Sp, which implies that the range of Sp is dense in Y (Qr).

Finally let us prove (36). The proof follows a well-known localisation method. We
choose finitely many balls B; C R", j € {1,...,m}, where (after a possible rotation and
translation that we will suppress in the following) each j € {1...,m} is of one of the two
types:

e type R™: if B; C Q,
e type R : if B;NnoQ # 0.

Moreover, we choose corresponding smooth cut-off functions ¢; € C§°(R") with
suppvy; C B; and Z;n:l ¥; = 11in . Note that we can choose the balls in such a
way that the boundary graphs w; fulfill the regularity and smallness assumption in The-
orem 4.8, see [14], [15] for details.

Since (f, —g) = Sp(u, p), we obtain for j € {1,...,m}

O (ju) — A(ju) + V(¥;p) = fj,

div (1) = 0, o
where
fi =i f = 2(V;)Vu — (Avj)u+ (Vi) (1)
gi =9+ (Vi) - u.
Depending on whether j € {1,...,m} is of type R™ or R, we interpret these equations

as problems in G or G, respectively.
Assume j € {1,...,m} is of type R, . We can apply Theorem 4.8 to problem (40)
to obtain

(s, 150, V2 (5u), V(@5p) e,y < €ll(Fi29i)llvean,)-
By the Poincaré inequality, the definition of f; and g, yields

1fillLe@n) < CW) U fllLe e, + lullworea.,) + IPllLec.,)):
IVgillLe@n < C@5)(IVdllLea.,)) + lullworr@,,))-
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We still need to estimate the term ||8tgj||vv\0,_1)p(c ). Let v e C3°(Gy,) and define

wj
vg := v — 1/|B| [gvdxz, where B C R™ is a ball containing supp Vy; N R, - As vy has
vanishing mean in B, the Poincaré inequality yields constants c;,co > 0 such that

IV (@500)llLe ) < 1llVollier ) »
1(V85)vollwo.rwr (o) < c2lVOller ) -
Note that
[0rgj,v] = —[div (¢ju), Opv] = —[0pu, V(jv0)] + [Oru, (Vh;)vo].

Therefore, we can calculate

Hatgja UH
||atgj||/\o,71, < sup
W P(GWj) O#UECSO(G*%) ||V’U||Lp/(ij)
|[Oyu, V]|
<c _sup W + CQHatu”[wovlwp’(Q)]’
0£0eW0. 1.0 () 1| Y VIILP ()
= 1| hgllggo 1wy + 21l sy (42)

Finally, if j € {1,...,m} is of type G, the same calculations can be performed
using the periodic whole space result in Theorem 4.6 instead of the bent periodic half
space result in Theorem 4.8. Summing up the finitely many inequalities obtained for
j €{1,...,m} yields estimate (36) with the additional terms ||p||rpq.) and ||Vu|e .
on the right-hand side. However, since the pressure is defined only up to a constant, we
can assume that the mean of p vanishes. In virtue of the Poincaré inequality and the
existence of the Helmholtz projection we thus have

[PllLe @) < el VDllLe@n < cll(f, 9llye@n- (43)

Moreover, the term ||Vul|;p(o,) can be absorbed by a standard interpolation argument.
The proof is complete. O

Next we show that the last three terms in (36) can be omitted for the case p €
[2,00)%. This will show that Sp, : XT(Qr) — YFP(Qr) yields an isomorphism at least
when p € [2,00)2. The general case p € (1,00)? will be proved later in Theorem 4.11 by
a duality argument.

LEMMA 4.10. Let p € [2,00)2. Then, under the assumptions of Lemma 4.9 the
following estimate holds.

1w, Oru, VZU, VP”LP(QT) < c[|(f, g)”Yf(QT) . (44)

PrOOF. Firstly we consider the case p = (2,2). By [15, Theorem 1.2] the solution
(a(k),p(k)) € (W22() ﬁWé’2(Q))n x WH2(Q) to (38) satisfies the estimate

(B l[a(k) ||z ) + IV2a(E) L2 () + [VD(R) L2
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< O(IF Rz + V(R 20y + K19 Ig-1.20))

By the Plancherel theorem we obtain (44). Next we consider the case p = (p, q) € [2,00)2.

First we note that with d;u = f + Au — Vp and (43) it holds for a € (0,1/2q)
HatU”[wowlvp’(QT)]/ < c(|I(f VQ)HYf(QT) + H—AUH[wOJ:p’(QT)]/)

< c(I(f, Vllyran + (=) ullLe @),

and thus we have from (36) by a standard fractional powers argument

l[w, By, V21, Vpllie ) < c(lI(f, Vo)llye@n + ullie ) -

Now we will show (44) by a contradiction argument. If (44) does not hold then we
would find sequences (ug, pr) C XF (Qr), £ € N, such that

e, Opre, Vuy, Vpellie(on) = 1, for all £ € N,

H(féagé)nyf(QT) — 0 as £ — oo,

where (f¢, —gs) := Sp(us, pr). Suppressing the notion of subsequences, we thus have the
weak convergence

we —u in WP Q)" n WP (Qr).

From (43) we immediately obtain ||Vp||ie(o,) — 0. Using the convergence of f; and g,
we deduce that (u,0) € X} (Qr) solves

atu—Au:O inQT,
Vdivu =10 in Qr,
u=20 on 0N).

By the boundary condition we conclude that even divu = 0 and consequently Sp(u, 0) =
(0,0). By Lemma 4.9, Sp, is injective and consequently u = 0. Since we are on a bounded
domain, the embedding W12P(Qr) — WHLP(Qp) <5 LP(Q7) is compact, which yields
the contradiction

L= Jim [lug, Opue, V0, Vel o on)
< Jlim c(I(fe: go)llye(aq) + llwellLeor)) = 0.
Consequently, estimate (44) has to hold. O
We are now in the position to state the main result for the case of bounded domains.

THEOREM 4.11.  Let p € (1,00)% and (P.f,PiLg) € YP(Qr). Then there exists
a unique solution (u,p) € WEP(Qr)™ x WOHP(Qr) to (5) on Qr, and the following
estimate holds.

”ua 875”3 vzua VPHLP(QT) < C” (PJ-fv PJ_g)”Yf(QT) (45)
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If additionally (PLf,P1g) € Y3(Qr) for some s € (1,00)%, then (u,p) € W} *(Qr)" x
Wi (Qr).

PROOF. Firstly we consider the case p € [2,00)%. By Lemma 4.9, the operator
Sp : XT(Qr) — YP(Qr) is injective and possesses a dense range in Y (Qr). Lemma 4.10
shows that the range is closed. Hence, Sy, is even surjective and therefore an isomorphism.
This completes the proof for p € [2,00)2.

Next we consider the case p € (1,2]2. It suffices to show the a priori estimate of the
form (45), for the assertion is then shown by the same argument as in the case p € [2, 00)2.
Let (u,p) € X (Qr) and set (f, —g) = Sp(u,p). By taking the truncation operator (39)
if necessary, we may assume that all data are smooth in the time variable. We use a
duality argument. For any ¢ € LE/(QT) set ¢(t) = p(—t) and set (v,r) = S;,l(—gé,()),
which is well-defined since p’ € [2,00)%. Then 9(t) = v(—t) and 7(t) = r(—t) satisfy

00+ A0 —Vi=y, divo=0in Qr,
and 0(t) = 0 on 9. By the integration by parts we have

8tu, 00+ AD — V7~’>L2(QT)

(Opu, ©)r2(0r) = (
= (Opu — Au, 010)12(0r) + (049, )12 ()
=
=

[ = VD, 0:0) 12000 + (09, T)r2(0n)
[y 0i0)12() + (01, T)L2 ()

The result for the case p’ € [2,00)? yields
[(f5 0e0)r2am) | < [ fllLe o) 1060 Lor 0y
< dlfllee@n lellie @) -
and
‘<at977:>L2(QT)| < H3t9||w\o,71.p(m)HVfHLp'(QT)
< CHatg”Wo,—l,p(QT)H‘PHLP/(QT) :

Hence we have

9rtllimcan) < el Flim@n + 10:glg0, 1m(cry)- (46)
Then we rewrite the equations Sp(u,p) = (f, —g) as
—Au(t) + Vp(t) = f(t) — Opu(t) in Q,
divu(t) = g(t) in Q,
u(t)=0 on 0f)

for each t € T. By [15, Theorem 1.2] again, we have

lu(t), V2u(), Vp(t)llLs () < c(lf @)y + 10eu)la) + 1Ve®)lLaw)
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for each ¢, which implies (45) by taking the LP norm in the time variable and taking into
account estimate (46).

The general result for p € (1,00)? follows by interpolation of LS and L* with s =
(s,2) and r = (2, r) for suitable s,r € (1,00).

Since Q7 is bounded, the regularity assertion follows from the existence result for
p = (p,q) and s = (s,t) and the uniqueness result for the exponent r = (r,r) with
r :=min{p, q, s,t}. The proof is complete. O

5. The initial-value problem.

In this section, we demonstrate the impact of the time-periodic problem on the initial
value problem by giving a short and direct argument which shows that the Stokes operator
Ay admits maximal L? regularity on LZ(Q) for Q = R”, = R"} and sufficiently smooth
bounded domains 2 C R™. Recall that a generator —A of a C; semigroup on a Banach
space X is said to admit maximal LP regularity on (0,T), if for every f € LP(0,T; X)
the unique solution to the abstract Cauchy problem O,u + Au = f, u(0) = 0 satisfies
u € LP(0,T; D(A)NWLP(0,T; X) := Ep(A). Weis’ theorem [32] states that maximal L?
regularity is equivalent to R-boundedness of the resolvent family {t(it + A)~! | t € R}.
This characterization has been used extensively to show maximal regularity of various
differential operators, in particular for the Stokes operator A, : D(A,) C LL(Q2) — LL(),
where 4, := —PA and D(A,) :== W24(Q)" N W ()" N LL(Q).

We shall show that the notion of R-boundedness can be avoided completely in the
case of the Stokes operator, by extending the abstract result of Arendt and Bu [3]. For
convenience let us introduce the notion of the abstract maximal LPregularity for the time-
periodic problem as follows. We say that A admits time-periodic maximal LP regularity

n (0,7), if for every f € LP(0,7T;X) with fOTf dt = 0 the abstract time-periodic
problem

Ou+ Au=f in (0,7), u(0) =u(T) (47)

is uniquely solvable in LP(0,T; D(A)/Ker A)NWP(0,T; X). We note that, in the above
definition, the condition fOT f dt = 0 is added in order to cover the case when A is not
invertible.

Recall the notation i(2w/T)Z* := i(2w/T)Z \ {0}. Then we have the following ab-
stract result on the equivalence between maximal LP regularity and time-periodic maxi-
mal LP regularity.

THEOREM 5.1. Let —A be a generator of Cy-semigroup on a Banach space X.
Then the following assertions are equivalent.
(i) The operator A admits mazimal LP regularity on (0,T) for all T > 0.
(ii) For any T > 0 satisfying i(2w/T)Z* N o (A) = () the operator A admits time-periodic
mazimal LP regularity on (0,T).
(iii) The operator A admits time-periodic mazimal 1P regularity on (0,T1) for some
T, > 0.

REMARK 5.2. The above equivalence is proved in [3, Theorem 5.1] in the case
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of an invertible generator —A. Theorem 5.1 of the present paper seems to be new for
generators which are not necessarily invertible. This case is important for applications
since elliptic operators such as the Laplace operator and the Stokes operators are not
invertible in general if the domain is unbounded.

Proor oF THEOREM 5.1. We may assume that —A generates a C-analytic semi-
group on X. In fact, it is well-known that maximal L? regularity implies the analyticity
of the semigroup, see e.g. [10]. On the other hand, if A admits time-periodic maximal LP
regularity, then identifying I”(0, T; X) with LP(T; X) and performing a Fourier transform
on the torus T, we obtain ||]-'T_1ik(ik + A)_lf’]I‘fHL;D(’H‘;X) = [|0¢ullLr(r;x) < cllfllue(r;x)-
Thus, m : (27/T)Z — L(X) defined by m(k) = ik(ik + A)~! is an (operator-valued) L?
multiplier and hence bounded. In other words, {ik(ik+A)~! | k € (2r/T)Z*} is bounded
in L(X), yielding again the analyticity of the semigroup. The assertion (ii) — (iii) is
easy, for —A is the generator of Cy-analytic semigroup, and thus, i(27/11)Z*No(A) =0
holds for sufficiently small 77 > 0. The result (iii) — (i) follows from [23, Remark 3.2],
where it is applied to the Dirichlet Laplacian. For the convenience of the reader, we give
a proof here. Recall that for analytic semi-groups e *4 on a Banach space X, we have
the following characterization of the trace space at t = 0:

(X, D(A))1-1/pp ={z € X | A"z € LP(0,T; X)} = {u(0) | u € Ex(A)},

see [26, Corollary 1.14, Proposition 6.2]. Let now f € LP(0,77;X) and write f =
Pf+P.LfeXaLl(0,T1; X). By assumption, there is a solution v € Er, (4) on (0,77)
to O;v + Av = P f. The characterization of the trace space shows e *4v(0) € Er, (A).
Define w € LP(0,Ty; X) via w(t) := f(f e~ (=9)APfds. Since Pf € X does not depend
on time, it follows that w € Ep, (A). Thus,

ui=v+w—e “0) € Er(A)

is a solution to dyu + Au = f, u(0) = 0, on (0,77). Therefore, A admits maximal L?
regularity on (0,77), and thus, by [10], on (0,7) for any T > 0.

Finally we prove (i) — (ii). Let 7' > 0 be such that i(27/T)Z* No(A) = (). We note
that there is A > 0 such that A + X\ + ip is invertible on X for any p € R. In particular
1 € p(e”TA+N) see e.g. [12, Corollary 1V.3.12]. Therefore [3, Theorem 5.1] implies
that A + A admits time-periodic maximal L? regularity on (0,7). Let f € LP(0,T; X)
with fOT fdt = 0. By the choice of T, for any k € (2n/T)Z*, there exist unique solutions
u(k),v(k) € D(A) to the problems

(ik + A)a(k) = f(k), (ik+ A+ X ok) = f(k),

respectively. Here, the Fourier modes f(k) are defined as in (37), and we will set
%(0) := #(0) := 0. Then the Fourier inverses u and v are well-defined at least as X-
valued tempered distributions. By the time-periodic maximal LP regularity of A + \ we
immediately obtain v € Er(A). Hence, v,, := F,, xv — v in Er(A) by [2, Theorem
4.2.19], where F,,, is the m-th Fejér kernel with period T. Using this fact, we shall show
that also w,, := Fy;, * u converges in Er(A). For this purpose we observe that
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m+1 pucvrys
A = . )
— o - A —1/: A —1 ikt
nlt) = 5 2 3 ik A N ks )7 e

where M; := {k € (2r/T)Z* | |k| < 27mj/T}. Since —A generates an analytic semigroup,
we have the estimate

P C
. —1/: -1 <
Ik + A+ 27 ik + A7 W) < e

c 27,
< lflerorx), ke 72"

1F ()l x

Therefore, the Fourier series of u — v converges in BC([0,T]; X), and its limit is v — v.
Consequently, the same is true for its arithmetic mean F,, * (u — v). In conclusion,
U = Uy + Fip % (u—v) — w in BC([0,T]; X) as m — oo. Since the problem

w4+ (A+ XNw = Auin (0,7), w(0) =w(T)

is uniquely solvable in Er(A), and since each Fourier mode of w — (u — v) vanishes,
we finally obtain v := v + w € Ep(A). Thus, the function u is a solution to (47) as
desired. If u/ € Er(A) is another solution to (47), then o(k) := (k) — @/ (k) solves
(ik + A)o(k) = 0 for all k € (2n/T)Z. Hence ©(0) € Ker A and o(k) = 0 for k # 0 due
to i(2r/T)Z* N o(A) = 0. This shows u = ' in LP(0,T; D(A)/Ker A). The proof is
complete. O

In view of the preceding sections, Theorem 5.1 implies the maximal LP regularity
of the Stokes operator on the whole space, the half space and on sufficiently smooth
bounded domains. We emphasize again that while the result itself is well-known, it is
the simplicity of its proof that is striking.

COROLLARY 5.3. Let p,q € (1,00), T > 0 and assume that Q@ = R™, Q = R or
Q C R™ is a bounded domain with a CY'-smooth boundary. Then the Stokes operator A,
on LL(Q) admits mazimal LP regularity on (0,T).

Proor. It is well-known that — A, generates an analytic semi-group. By Theorem
4.6 and Theorem 4.11, respectively, A, admits time-periodic maximal L? regularity.
Hence, Theorem 5.1 applies. (|

6. Nematic liquid crystal flow.

In this section, we apply the linear theory to a time-periodic nonlinear model. Given
an exterior force f = (fy, f4) € LP(Qr)?", consider the time-periodic problem
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O — vAu +u-Vu+ Vp = f, — kdiv([Vd]T[Vd]) in Qrp,
od —oAd+u-Vd= fq+0|Vd*(d+dy) in Qr,
divu =0 in Qr,

(u,d) =0 on 0Qr,

(LCD)

where v,0,k > 0, dy € R™ with |dyg| = 1. The domain Q is assumed to be the whole
space R™, the half space R} or a bounded domain of class CHl. System (LCD) is a
modified version of the so-called simplified Ericksen—Leslie model describing a nematic
liquid crystal flow. Here, the function v denotes the velocity of the flow, p the pressure
and d the deviation of the macroscopic molecular orientation dy. The constants v, o and
Kk represent viscosity, the competition between kinetic energy and potential energy and
the microscopic elastic relaxation time for the molecular orientation field, respectively.
Note that one usually includes the condition that the molecular orientation is a vector
field of constant norm 1. Since we will allow for general, small time-periodic forces
f € LP(Qr)?", one cannot expect such a condition to be fulfilled in our case. However,
due to the smallness of the forcing terms, it is always guaranteed that the solution stays in
a neighbourhood of dy. The model itself bases on the continuum theory of liquid crystals
developed by Ericksen and Leslie, see for example the survey article [13], and has been
considered for the first time by [24] and [25]. Studying this model in a time-periodic
setup is of particular physical interest, since most of the forces that drive the system in
real life applications are triggered periodically, be it a mechanical pumping of the fluid
as a whole or an electromagnetic pulsing in order to control the molecular orientation;
see [7] for a comprehensive study of the physics of liquid crystals. In [21], the simplified
Ericksen—Leslie model was treated on bounded domains in a non-periodic setup using
quasilinear theory based upon the maximal LP-regularity of the Stokes operator. In a
similar manner, with the linear theory developed in the previous sections, we shall prove
the following result in the time-periodic case.

THEOREM 6.1. Let n > 2 and suppose that Q C R™ is a bounded domain of class
CHL. Suppose T > 0 and let p = (p,q) € (1,00)? satisfy 2/p+n/q < 1. Then there is
e > 0 such that for all f = (fu, fa) € LP(Qr)?" with ||f||1e.) < € the problem (LCD)

admits a solution
(u,d,p) € WH2P(0)27 % WOLP Q).
Moreover, the molecular orientation (d + do)/|d + do| is well-defined on Q.

A particular problem arises in the case of the unbounded domains, where we will
be restricted to dimensions n > 4 due to the regularity loss in the steady-state part.
In order to deal with unbounded domains at all, we use again the projection P to split
LP(Qr) = LI(Q) & LY (Qr). Then, we introduce for ¢ € (1,00) and r € (1,n/2) the
domains

D(Arg) = W29(Q)" N W27(Q)" N W™/ (@) nLpr/ (=20,

s

D(AT q) — \/N\Zq(Q)n n \/N\2,T‘(Q)n n \’N\é,nr/(n—r) (Q)n n Lnr/(n72r) (Q)n ,

s



Maximal reqularity of the time-periodic Stokes operator 1425
D"(Q) := D(A;q) x D(Ayq) -
Moreover, for s,p € (1,00)? we introduce the intersection spaces

L¥P(Qp) := L3(Qr) N LP(Qr),
WH2SP(Qr) := WH23(Qp) N WP (Qr).

THEOREM 6.2. Let T > 0 and let s = (s,7), p = (p,q) satisfy s,r € (1,00),
p,q € (1,00). Assume furthermore r < n/3 and 2/p+mn/q < 1. Then there is € > 0 such
that for all f = (fu, fa) € LSP(Qr)*" with || f||rerm < € the problem (LCD) admits a
solution (u,d,p) € L