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Abstract. Consider a codimension 1 submanifold N C M™*1 where
M+l C R™*2 is a hypersurface. The envelope of tangent spaces of M along
N generalizes the concept of tangent developable surface of a surface along a
curve. In this paper, we study the singularities of these envelopes.

There are some important examples of submanifolds that admit a vector
field tangent to M and transversal to N whose derivative in any direction of
N is contained in N. When this is the case, one can construct transversal
plane bundles and affine metrics on N with the desirable properties of being
equiaffine and apolar. Moreover, this transversal bundle coincides with the
classical notion of Transon plane. But we also give an explicit example of a
submanifold that does not admit a vector field with the above property.

1. Introduction.

Consider a surface M C R? and let 7y : I — M be a smooth curve, where I C R is an
interval. Under some general hypothesis, one can find a unique, up to scaling, vector field
¢ tangent to M along « such that &'(t) is tangent to M, for any ¢t € I. The developable
surface

OD,(t,u) = (t) + us(t), tel, uek,

is called the tangent developable of M along ~ and has been extensively studied. Among
the scalar multiples of &, we can also choose a particular one, also denoted &, unique up
to signal, such that £’(¢) is tangent to the curve v, for any ¢ € I. The natural Darboux
frame to consider here is {7'(t),7"(t),&(t)}, where the parameterization ~(t) satisfies
~"'(t) tangent to M. Writing &'(t) = —o(t)7'(t), we have that, from the point of view
of singularity theory, the behavior of the OD., in a neighborhood of u = ¢ (t)~" depends
basically of the number of vanishing derivatives of o ([4], [5]).

In this paper, we want to generalize this construction to arbitrary codimension 1
submanifolds N* € M"™*!, where M"*+1 C R"*2 is a hypersurface. As we shall see, under
general hypothesis there exists a vector field £ tangent to M along N such that Dx¢ is
tangent to M, for any X tangent to N (Proposition 2.2). The direction determined by
¢ is unique and we call it the (osculating) Darboux direction. The hypersurface

ETn(p,u) =p+u&(p), pe N, ueR,
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generalizes the tangent developable surface of a surface along a curve and we shall call
envelope of tangent spaces of M along N. We shall verify that ETy is smooth when u is
not the reciprocal of a non-zero eigenvalue of the shape operator associated with £&. The
singularities of ETy are also studied: We show through Examples 3.5, 3.6 and 3.7 that
all simple singularities are realizable.

For a fixed vector field £ in the osculating Darboux direction, we can define a met-
ric ¢ = g¢ on N and a distinguished transversal plane bundle o = o(&), the affine
normal plane bundle ([8]). It is natural to consider a basis {£,n} of o such that
[(X1,...,Xn,n, €& =1, where {X4,...,X,,} is a ge-orthonormal basis of TN. But this
condition does not determine uniquely the vector n. In fact, any 7 = n + A does the
same job.

The main difficulty here is to choose a good vector field £ in the Darboux direction.
In the case of curves, we can choose a vector field £ in the Darboux direction such that
Dx¢€ is tangent to N, for any X tangent to N. We shall refer to this latter property by
saying that & is parallel. On the other hand, when M is non-degenerate, we can choose
& such that g¢ coincides with the restriction of the Blaschke metric of M to N and the
affine Blaschke normal belongs to the affine normal plane bundle. But this choice of ¢ is
parallel only in very special cases.

The metric g¢ and the affine transversal plane bundle ¢(§) have more desirable
properties when ¢ is parallel. Denote by w = w(ge) the volume form on N determined
by the metric g¢ and by V = V(&) the connection determined by . The pair (V, g)(£) is
equiaffine if V(w,) = 0. We can also define the cubic form C? and the metric h? relative
to the vector field n = n(&). We say that (C?,h?) is apolar if tr,2C?(X,-,-) = 0, for any
X tangent to N. We shall verify that the properties (V, g) equiaffine and (C2, h?) apolar
are both equivalent to the parallelism of €.

Consider now hyperplanes H containing the tangent space 7,N at a point p € N.
The intersection of H with M determine a codimension 1 submanifold of the hyperplane
H and thus we can consider its Blaschke normal vector n(H)(p). When we vary H, the
vector n(H)(p) describes a 2-plane called the Transon plane of T, N with respect to M
(see Theorem 6.2). In the case of curves, this is a very classic result of A. Transon ([10]),
see [6] for a modern reference. We shall verify that the Transon plane coincides with the
affine normal plane if and only if £ is parallel (Theorem 6.6).

The latter two paragraphs show that the condition of £ parallel is very significant.
So it is natural to ask whether, for a given immersion N C M, a parallel vector field &
exists or not. There are several examples of immersions N C M that admit a parallel
vector field: Curves in surfaces, submanifolds contained in hyperplanes, visual contour
submanifolds, submanifolds contained in hyperquadrics. But there are also examples
of immersions that do not admit parallel vector fields, and we give explicitly such an
example. We prove also that the existence of a parallel vector field is equivalent to the
flatness of the affine normal bundle of the immersion N C M.

The paper is organized as follows: In Section 2 we discuss the generalization of
the osculating Darboux direction and tangent developable surfaces to codimension 2
submanifolds contained in hypersurfaces. In Section 3, we study the singularities of
these hypersurfaces. In Section 4, we recall the constructions of the affine metric and
the affine normal plane bundle associated with a vector field £ in the osculating Darboux
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direction. In Section 5 we define the parallelism condition of & and show the equivalence
of this property and the equiaffinity of (V,g) and the apolarity of (C2,h?). We also
give some important examples of immersions N C M with parallel vector fields. In
Section 6 we recall the notion of Transon planes and prove that it coincides with the
affine normal plane if and only if £ is parallel. Finally in Section 7 we show an example
of an immersion N C M that does not admit a parallel vector field and prove that the
existence of a parallel vector field is equivalent to the flatness of the affine normal bundle
connection.

2. Darboux directions and the envelope of tangent spaces.

Consider a codimension 1 immersion N* C M"*!, where M"+! ¢ R"*2 is a hyper-
surface.

2.1. Basic equations.
Fix vector fields i transversal to M and £ tangent to M transversal to N. For X,Y
vector fields tangent to IV, we write

DXY:VXY+h1(X7Y>E+h2<X?Y)777 (1>

where VxY is tangent to N. It is straightforward to verify that V is a torsion-free
connection on N and h’, i = 1,2 are bilinear symmetric forms. For a given frame
{X1,...,X,} of TN, write

Vx X;=> TEXy, 1<ij<n, (2)
k=1

where Ffj are the Christoffel symbols of the connection.
The derivatives of 7 and & can be written as

Dx&=—-51X + 1 (X)¢+ 2 (X)n,

_ 1 2 (3)
Dxn=—5X + 15 (X)§ + m5(X)n,

where S;, i = 1,2, are (1,1)-tensors of N called shape operators and Tij are 1-forms on
N.

2.2. Osculating Darboux direction.

In this section, we generalize the notion of osculating Darboux direction from curves
v C M to codimension 1 submanifolds N C M. Given a local frame {X1,..., X, } of TN,
we say that the immersion N C M C R"*? is non-degenerate if the matrix h?(X;, X;) is
non-degenerate.

LEMMA 2.1.  The non-degeneracy condition is independent of the choice of the local
frame {X1,..., X, } of TN, of the vector field £ tangent to M and of the transversal vector

field n.

PROOF.  Suppose we fix £ and n and let {Y7,...,Y,,} be alocal frame of TN. Then
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we can write
n
Y= ayX,
j=1

for a certain invertible matrix A = (a;;). It is not difficult to verify that (h?(Y;,Y;)) =
A (hQ(Xi,Xj)) A?, thus proving that the non-degeneracy condition is invariant by a
change of basis of TN. If we change ¢ by € satisfying

E=) beXp+ B8,

then h2(X;, X;) = h?(X;, X;) and so the non-degeneracy condition is invariant by the
choice of the vector £. Finally if we write

n=> beXi+ BE+ 1,
then h2(X;, X;) = vh*(X;, X;), thus completing the proof of the lemma. O

PROPOSITION 2.2.  Assume that the immersion N C M"T1 < R"*2 js non-

degenerate. There exist a unique direction & tangent to M along N and transversal
to N such that Dx& is tangent to M, for any p € N and X € T,N. We shall call this
direction the osculating Darboux direction of N C M.

Proor. We first remark that if Dx¢ is tangent to M for any X € T,,N, the same
holds for A\, for any A : N — R. Take any & tangent to M and write

E=) aX;+&.
j=1

Then the component of Dx,¢ in the direction 7 is D27, ajh?(X;, X;) + 78(X;). Thus
we have to solve the system

Za] (Xi, X;) +72(X;) =0, 1<i<n,

which admits a unique solution by the non-degeneracy hypothesis. O

REMARK 2.3. In the case of curves, the non-degeneracy hypothesis is equivalent to
v'(t) & T, M, i.e., the osculating plane of v does not coincide with the tangent plane
of M.

Next example shows that the non-degeneracy hypothesis is necessary:

EXAMPLE 2.4. Consider M given by ¢ (u,v) = (u,v,uv) and N given by y(v) =
(0,v,0). Any tangent vector field along v can be written as B(v) = a(1,0,v) + b(0, 1,0).
Thus B'(v) = (a/(v),¥ (v),a(v) +a'(v)v). We conclude that B'(0) = (a’(0),4'(0),a(0)) is
tangent to M if and only if a(0) = 0. But then B is tangent to 7.
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REMARK 2.5. The hypersurface M C R"*2 is called non-degenerate if the (n +
1) x (n+ 1) matrix (h(X;, X)) is invertible, where

Dx,X; = Vx,X; + h(X;, X;)n,

@Xin is tangent to M and X, 11 = . In this case, the osculating Darboux direction £
is h-orthogonal to the tangent space of N. In fact, since h(X,£) = 0, for any X € TN,
we have that Dx¢ = VxX,,4+1 is tangent to M.

REMARK 2.6. To define the osculating Darboux direction ¢ we need only to know
the tangent space to M at each point of N. Thus, instead starting with a codimension
2 submanifold N contained in a hypersurface M, we could also have started with a
codimension 2 submanifold N together with a hyperspace bundle containing the tangent
space of N, without explicitly mentioning M.

2.3. Envelope of tangent spaces of M along N.
Consider a curve v C M where M is a surface in R®. The surface

OD(t,u) =~(t) + u(t) (4)

is called the developable tangent surface of M along ~ and has been studied by many
authors ([4], [5]).

We can generalize the above definition to arbitrary dimensions. Let ¢ : U C R" —
R"*2 be a parameterization of N and define the envelope of tangent spaces of M along
N by

ETn(t,u) = ¢(t) + ug(t) ()

for t € U and £(t) in the osculating Darboux direction.
Denote by {X1, ..., X, } the local frame of N given by X; = D;,¢. The hypersurface
ETy can be studied by considering F : U x R"*? — R defined by

B(t,z) = [X1(t), ..., Xn(t), £(t), x — ¢(1)] - (6)

Observe that F' = 0 is the equation of the tangent space of M at a point of N. The
discriminant set or envelope of F' is defined by

Dp = {x e R""?|F(t,2) = F}, (t,x) = --- = F, (t,2) = 0, for some
t=(t1,...,tn) €U}. (7)
Next lemma justifies the name envelope of tangent spaces given to ETy.

LEMMA 2.7.  The envelope Dp of F coincides with the hypersurface defined by
Equation (5).

PrOOF. Observe that
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n

th‘ (t,.’E) = a’i(t)F(ta (E) + Z hz(Xiv Xl) [Xla /IR 7Xn7£a T = d)(t)] ) (8)
=1
where a; = 71 (X;) + >, 'Y}, and 7 is placed at coordinate [ of the bracket. Since
the matrix (h?(X;, X;)) is non-degenerate, F = F;, = --- = F; = 0 if and only if
F=G,=---=G, =0, where
Gl:[le"‘vna"'vXnvé-?x_¢(t)]' (9)
This implies 2 — ¢(t) = ug, for some u € R, thus proving the lemma. O

The regression points of F' are points of its discriminant set where its Hessian Dy F’
is degenerate.

LEMMA 2.8.  The regression points of F' correspond to points where u is the recip-
rocal of some non-zero eigenvalue of Si.

PROOF. We may assume that [X71,..., X,,n,&] = 1. At a point of the discriminant
set of ', we have F = G; = --- = G,, = 0. Using that the matrix (h?*(X;, X;)) is non-
degenerate, it is not difficult to see that, at D(F), the matrix (F},¢,) is degenerate if and
only if the matrix ((G;);,) is degenerate. Differentiating Equation (9) we obtain that, at
D(F)v

(Gi)tj = — [Xh...,?],...,Xn,Sl(Xj),.T —¢(t>] + [Xh...,?],...,Xn,f, —Xj]
where 7 is placed in coordinate ¢. Thus, at these points,
(Gi)tj = ’LLSij — 5ij

where s;; is the (7, j)-entry of the matrix of Sy in basis {X1,..., X, }. We conclude that
the matrix ((G;)s;) at D(F) is exactly uS; — Id, thus proving the lemma. O

Next corollary gives condition for the smoothness of ET)y:

COROLLARY 2.9. If uw is not the reciprocal of a non-zero eigenvalue of Sy, the
hypersurface ETy is smooth.

Proor. Consider the map G : U x R*"*2 — R™*! given by

G(tv‘r) = (F(tvx)thl(tvx)a-'-aFt (tﬂz))'

n

Then ETy = G~1(0) and we shall verify that 0 is a regular value of G. But

DG:[OF””].

Fyt Fia
By the above lemma, F}; is non-degenerate. On the other hand, by considering derivatives

in the direction 7 one easily verifies that F,, # 0. This shows that 0 is a regular value of
G, thus proving the corollary. O
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3. Singularities of the envelope of tangent spaces.

In this section we study the singularities of ETy. We begin with the case of curves,
where a complete classification is given. For the general case, we show by examples that
any simple singularity can occur.

3.1. Singularities of the tangent developable surface.

Let M C R? be a surface and v : I — M a smooth curve. Denote S1v/(t) = o (t)7'(t)
and Sao/(t) = p(t)y'(t), where n(t) = ~"(t). We may assume that [v/'(t),n(t),£(t)] = 1,
for any ¢ € I, which implies that 7{ + 77 = 0. The Frenet equations are then

()" =mn

W= —py =i+ 18
¢ = —o +it.

Next proposition is proved in [4] using Euclidean invariants. We give here a proof using
affine invariants.

PROPOSITION 3.1.  Let v : I — M be a smooth curve and ty € I with o(ty) # 0.
For ug = 07 (o), we have that, at OD.(to, u),

1. OD(v) is locally diffeomorphic to a cuspidal edge if [0y — o7{](to) # 0.

2. OD(v) is locally diffeomorphic to a swallowtail if [0y — o7i](to) = 0 and [0y —
o7ili(te) # 0.

REMARK 3.2.  We shall see in Section 5.1 that it is possible to parameterize ~y
such that 7 = 0. With such a parameterization, the formulas of the above proposition
become much simpler.

We shall need a well-known result from singularity theory ([3], [4]).

LEMMA 3.3.  Let F : IXR" — R denote anr parameter unfolding of f(t) = F(t, o).
Assume that f(t) has an Ag-singularity at t = to. The unfolding F(t,z) is R-versal if
the k x r matriz j*~'F, has rank k, where j*g denotes the k-jet of g.

Now we can prove Proposition 3.1.
PRrROOF. In the case of curves, F: I x R® — R is given by
F(t,z) = [y'(£).6(t), z —~(1)].- (10)
Then F; = G + 71 F, where
G(t,x) = [n(t), £(t), = — v (B)].

Thus F' = F; = 0at t = tg if and only if & = ~y(to)+A(t0)E(to). Moreover Gy = H—1—puF,
where
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H(t,x) = o) [y'(t),n(t), x — ()]

Thus F = F, = Fyy = 0 at t = to if and only if o(tg) # 0 and A(tg) = o (o).
Differentiating again we obtain

Ho=""H-tH+rloF. (11)
g

Thus F = F; = Fy; = 0 and Fyyy # 0 at t = tg if and only if 2 = v(tg) + 071 (¢0)&(tg) and
oy —7io # 0. In this case, F has an A, singularity. Differentiating once more we obtain,
at points where F' = F;, = F;; = Fyy =0,

Hy(to, ) = (op — o) )0~ to).

We conclude that F' = Fy = Fyy = Fyy = 0 and Fyyyy # 0 at t = to if and only if
x = 7(to) + o (to)&(to), [0 — omi](to) = 0 and [0y — o1i]¢(to) # 0. In this case, F has
an Ajs singularity.

To complete the proof, we must prove that F' is an R-versal unfolding of f. Observe
that F,(t,x0) = +/'(t) x £(t), where x denotes vector product. For an A point we write

¥ (to) x f(tO)]

J Fi(to,xo) = |ﬂ//(t0) x &(to)

which has rank 2. For an A3 point we write
32 Fy(to, wo) = 7" (to) x &(to)

Since o(tg) # 0, this matrix has rank 3. By Lemma 3.3, F' is a versal unfolding of a point
Ay, k=23, 0

3.2. Realization of simple singularities of ETy.

In this section, we give several examples of singularities that occur in ETx. Through
these examples, we show that any simple singularity can appear in ETy. We recall that
any simple singularity is R-equivalent to Ay, k > 2, Dy, k > 4, Eg, E7 or Eg (see
[3, Chapter 11]).

Consider M C R"*2 given by the graph of f(¢,y), t = (t1,...,t,). Then M is given
by

w(t7ﬁl/) = (t17"'>tn7y7f(t7y)) .
Thus
1/125,; = (eiao,fti); ¢y = (Oa ]-,fy)a

where e; = (0,...,1,...0) with 1 in the component i. We shall assume that f = f;, =
fy = 0 at the origin, for any 1 < ¢ < n. Let N be the submanifold y = g(¢) and assume



Equiaffine Darboux frames for codimension 2 submanifolds 1339

that g;, = 0 at ¢t = 0, i.e., the tangent space of N is generated by {e;}, 1 < i <n.
Let @ = (z1,...,Znt2) and write the vector field £ as

§t) = ai(t)vr, + 1y

i=1

Then F(t,z) = det (¢, (t), ..., %, (t),&(t), z — 1(t)) can be written as

F(t,z) = det (1, (1), .., 1, (1), 1y (1), 2 — (1)) -

We conclude that
F=f—@nat Y fulei—t)+ fy(wni —9),
i=1

where f, fi,, f, are taken at (¢, g(¢)).

LEMMA 3.4.  Assume that (f1,¢,(0)) is the identity matriz and fy,(0) = 0, for any
i. Then 1, is the Darbouz direction at 0. Moreover, the shape operator Si at the origin

is given by (fi,1,4(0)).

PRrROOF. First observe that 1, (0) = 0, for any ¢. This implies that ¢, is the
Darboux direction at the origin. Moreover

n

&, = D (@), br + Y aithrer, + Py,

i=1 i=1

Since these vectors are tangent to M and 9,4, %y, are parallel and transversal to M,
we obtain

&y = D (0:)1, %, (12)
This implies that
Z aifeie; + fye; = 0. (13)
i=1

Observe that a; = 0 at 0. Differentiating Equation (13) and taking ¢ = 0 we obtain
(a;)t;(0,0) = = ft,4,4(0). Now Equation (12) implies the second part of the lemma. [

Lemma 3.4 explicitly provides the Darboux direction and calculates the shape opera-
tor S7 at the origin, thus indicating the way to find the realization of simple singularities
of the envelope of tangent spaces of M along N. We shall now describe examples of
functions f(¢,y) and g(t) such that the corresponding families F'(¢,x) given by Equation
(6) are versal unfoldings of functions F(¢,z0), o = (0,...,071,0) € ETy, with singular
points of type Ag, k > 2, Dy, k > 4, Eg, F7 and Eg at t = 0. In each of the following
examples, o is eigenvalue of S7, simple in case of Aj and double in cases of Dy and Fj.
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To simplify the formulas we have taken sometimes o = 1.

ExaMPLE 3.5. (1) Let
2 1 o
ty) = —+=t>+ —t*
fltyy) =5 + 0+ 5t

and g(t) = 0. Then, close to (0,071,0),

1 1
F(t,l‘l,ﬂfg —1—0'_1,1‘3) = _§t3 + %t2$2 + <2t2 +t> Ty — I3,

which is a versal unfolding of an A, point.
(2) Let

14 2
t 4y t
flty) = 2+24 +2 Yy

and g(t) = 0. Close to (0,071,0),

1 1.
F(t,iﬂl,.ZQ +0’71,1'3) = 77t4 —+ gt2£C2 =+ <6t3 +t> Tl — T3,

8 2

which is a versal unfolding of an A3 point.
(3) Let

1 o
[t ta,y) = 5(75% +t3) + 575%29 + 3t

For o = 1, choose g = —t3 — 3t1to. Then, close to (0,0, 1,0),

1 1
F=1t— 51&5 + (t — tHzy + (8 + ta)wa + §t§x3 — 4

which is a versal unfolding of an A4 point.
(4) For general k > 3,let 0 =1, t = (t1,...,lk—2), e, n =k — 2,

fty) = Itl2+ 5t y+2tj“g,

and

Then, close to (0,...,1,0),

k—2

1
=kt _ Zt tar(t =)+ ) ity + ) + tlaeg -

2
j=2

Tk,
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which is a versal unfolding of an A, point.

EXAMPLE 3.6. (1) Let

o
—(t2 2y + 3 + tyt2

1
—(t2 +2) + 5

f(ti,ta,y) = 5

and g = 0. Then
g
F =263 + t1t3) — wq + 21 (ty + 33 +13) + 2o(ta + 2t1t2) + 5(t% +t2)x3

which is a versal unfolding of a D, point.

(2) For a general k > 4, take
k=2 k=2
|f|2 (t2 H)+ T A s+ Yt + Y TR,
=3 j=3

and g = —Z Jt; t] 2 . Long but straightforward calculations show that, close to
0,...,1,0),

1w 1
F=(2— k)it — 21,42 — 3 > o+ 5(t% + 1)y
=3

k—2 k—2
Y @ T ) o |t 2t + Y (2 )] ety
j=3 =3
k—2 )
tay [+ B—-DE2 85+ (-2 75t |
=3

which is a versal unfolding of a Dy point.

ExAaMPLE 3.7. (1) Consider

1
|t|2 (t2 +t2)y + 13 4 t5 + titots + 2t totsy + titaty + 3titatay

and g = 0. Then

1
F=—-2t3-3t; — 5(t§ +13) — 26 + wa(t1t3 + tg) + 23(tits +t3)

4y (b1 + 313 4 t3ty + tots) + wo(ty + 45 + t1ts + 2ty taty)

1
+ x5 (Q(tf +12) + 2ty tots + 3t1t§t4>

which is a versal unfolding of an Fjg point.
(2) Let
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1 1 ,
f= 5|1t|2 + 5(t% + 12 u 13 4 11t F titots + 2t tatsu + t3toty + 3titatyu + tats + 2tatsu

and g = 0. Then

1
F = —2t3 — 3,5 — 5(t§ + 15+ 12) — a7 + a5(t3 + t5) + 34 (E3te + ta) + T3(t1te +t3)
+ 21(t1 + 2t1tats + 13 + 385 + tats) + a(ts + 3t1t3 + 2oty + tits + tits)

1
+ z6 (Q(t% +13) + Btitaty + 2t1tats + 2t§t5) :

which is a versal unfolding of an E7 point.
(3) Let

1 1
f= glt\2 + 5(1?% + 12w+ 13 + 15 + titots + 2ty totsu

+ titats + 3titatau + tats + 3tatsu + titste + Atitateu

and g = 0. Then

- 14 1
F =23 — 4t5 — 5(t% + 15+ 2+ 7)) + aa(tith + ta) + x3(tate + t3) + a5(t5 + t5)
+ zg(tith + t6) + 21 (t1 + 3] + thta + tots + titg)

+ 25 (ta + 515 + tits + 2t1taty + 3t5ts + 3titts)

1
+ 7 (2({{ +13) 4 2ty tots + 3titaty + Atitats + 3t§t5> — 3,

which is a versal unfolding of an Eg point.

4. Affine metrics and normal plane bundles.

4.1. Affine metric of a vector field.
Fix a vector field ¢ in the osculating Darboux direction. For a local frame
{X1,...,X,} of TN and X,Y € TN, define

GE(XaY) = [Xla“'aXnaDX}/ag]'
It is proved in [8] that

Ge(X,Y)
9¢(X,Y) = Sy ¥
det Ge(X;, X;)

(14)

is a metric in N (see also [9, Chapter 6]). Assuming [Xi,...,X,,n,§] = 1, we get
that G¢(X;, X;) = h*(Xi,X;). Thus the non-degeneracy hypothesis of the matrix
(h*(X;, X;)) implies that the metric g¢ is also non-degenerate.
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4.2. Affine normal plane bundle.

Assume for the moment that we have chosen a transversal bundle oy generated by
{&,m}. Take a ge-orthonormal frame {X7, ..., X, } of the tangent space of N and change
the basis of o1 by writing 171 = uf; + A§. By choosing a suitable u, we may assume that
[X1,...,X,,m,€& = 1. Note that A remains arbitrary and h*(X;, X;) = §;;.

Now we shall make a particular choice for the transversal bundle. Write

n=m—>_ 75 (X)X
k=1

Direct computations show that Dx,n is tangent to M, for 1 < ¢ < n, and so Dxn is
tangent to M, for any X tangent to N. The transversal bundle o generated by {&,n} is
called the affine normal plane bundle.

It is proved in ([8, Propositions 3.5 and 3.6]) that the affine normal plane bundle
o is independent of the choice of the initial bundle oy and the ge-orthonormal basis
{Xi,...,X,} of the tangent space of N. Thus o depends only on the choice of the
vector field €. We shall denote it by o = o(€). The results of this section are summarized
in next proposition:

ProprosITION 4.1.  Given a codimension 1 submanifold N C M of a hypersurface
M C R™*2 and a vector field & in the osculating Darbouz direction, Equation (14) defines
a metric g¢ in N. There exists a vector field n transversal to M such that

[Xla"'vXnanvf]:lv (15)
for any ge-orthonormal frame {X1,..., X, } of N, and

=13 =0. (17)

The transversal vector field 7 satisfying Equations (15), (16) and (17) is not unique. In
fact, any vector field 7 of the form

N =1+ AE, (18)

for some scalar function A, also satisfies these equations. Conversely, any vector field
7] satisfying Equations (15), (16) and (17) is given by Equation (18), for some scalar
function .

4.3. Blaschke metric and affine normal.

In this section we assume that M C R"*? is non-degenerate (see Remark 2.5).
Denote by ( the affine Blaschke vector field of M C R"*2 and by h the Blaschke metric
of M ([7]). We shall investigate the conditions under which ¢ belongs to the affine normal
plane (see [9, Theorem 5.15]).
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LEMMA 4.2.  Assume that £ is a vector field in the osculating Darbouz direction
and let ¢ be the affine Blaschke vector field of M C R"2. Let {Xi,...,X,} be an

h-orthonormal local frame of TN. The following conditions are equivalent:

. h(&8) =1.
AXy, .., X0, &} h-orthonormal local frame of TM.

—_

[\

3. [le"'7XnaC7§] =L

N

AXa, ., X} ge-orthonormal local frame of TN .
5. The metric g¢ is the restriction of the Blaschke metric of M to N.
6. ¢ is contained in the affine normal plane bundle.

PrOOF. 1t is easy to verify the equivalence between items 1,2 and 3. It is also easy
to verify the equivalence of 3 and 4, while the equivalence between 4 and 5 is obvious.
Finally, since Equations (16) and (17) always hold, item 6 is equivalent to Equation (15),
thus to item 3. O

5. Parallel vector fields.

Consider a vector field ¢ in the osculating Darboux direction of N C M. We say
that £ is parallel if Dx¢& is tangent to N, for any X tangent to V.

5.1. Darboux frames for curves.

Consider a smooth curve v C M, where M C R? is a surface. We shall assume that
the osculating plane of v does not coincide with the tangent plane of M.

Let v(¢), t € I, be a curve contained in a surface M. We say that the parameteriza-
tion is adapted to M if v"'(t) € T.,4;yM, for each t € I. Observe that when  is contained
in a hyperplane, the affine parameterization (s) satisfies v"”(s) = —u(s)y'(s), where
w(s) is the affine curvature of v, and so this parameterization is adapted to M.

LEMMA 5.1.  Assume that v"(s) & TysyM, for each s € I, i.e., the osculating plane
of v does not coincide with the tangent plane of M. Then v admits a unique, up to linear
changes, adapted re-parameterization.

PROOF. Let ¢ be a new parameter with the change of variables given by s = s(t).
Then

Yt = VsSt,
Vet = YssS7 + VsStt,
Yett = ’Ysssstg + 3VssStStt + Vs Sttt
Let v be a co-normal vector field of M, i.e., v(Z) = 0, for any Z tangent to M. Then

Yerr € TyyM if and only if v(vy) = 0, which is equivalent to solve the following
differential equation
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V(VSSS)S? + SV('YSS)StStt =0.
Since s; > 0, this equation is equivalent to
AS% + 3B5tt = 0,
where A = v(vsss) and B = v(7,s). Since B # 0 by hypothesis, the lemma follows. O

Assume now that (¢) is an adapted parameterization of v and let £ be a multiple
of & satisfying [y'(t),7"(t),£(t)] = 1. Differentiating this equation we obtain that &'(t)
is tangent to 7, and so & is parallel. We shall call the frame {+/(¢),~7"(¢),&(t)} the affine
Darboux frame of v C M. The structural equations of this frame are given by

(Y1) = 7"(®),
(Y'(#)" = —p(t)y' () + T()E(1),
§'(t) = —o(t)y'(t

5.2. Equiaffine transversal bundles.

Fix a vector field £ in the osculating Darboux direction and let o = o(&) be the affine
normal transversal bundle described in Section 4. Then the corresponding connection V
given by Equation (1) depends also on the choice of £&. Thus we write V = V(§).

Consider the volume form w, induced by the metric g = g¢. We say that the pair
(V,g) is equiaffine if V(wy) = 0. Let {X1,...,X,} be a g-orthonormal local frame of
TN. Since

Vxwg=—Y wo(X1,...,Vx,Xj,. .., X Zr”,
j=1
where Ffj are the Christoffel symbols of the connection, we conclude that (V,g) is
equiaffine if and only if
Th+T%5 4+ 417, =0, 1<i<n. (19)
PROPOSITION 5.2.  The pair (V(£), g¢) is equiaffine if and only if £ is parallel.

Proor. Differentiating [X1, ..., X,,n,&] = 1 in the direction X; we obtain

Z Ik + 1 (X;) = 0.

Since ¢ is parallel if and only if 71 (X;) = 0, for 1 < i < n, the proposition is proved. [
5.3. The apolarity condition.

The cubic forms are defined as

CUX.Y,Z) = (Vxh')(Y. Z
C(X,Y,Z) = (Vxh*)(Y, Z) + (X)W (Y, Z) + 3 (X)h*(Y, Z

_|_
E
e
=
=
XN
_|_
3
>
>
it
=
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One can verify that the cubic forms are symmetric in X, Y, Z.
Take any 7 in the affine normal plane described in Section 4.2. In this case, h?
coincides with g¢ and the cubic form C? can be written as

C2X,Y, Z) = (Vxh)(Y, 2). (21)
The cubic form C? is apolar with respect to h? if
trh202(Xa ) ) = 07 (22)

for any vector field X € T'N.
Consider a ge-orthonormal basis {X1,...,X,}. Then the apolarity condition for
(C2,h?) is equivalent to Equation (19). Thus we conclude the following proposition:

PROPOSITION 5.3.  The following statements are equivalent:
1. The cubic form C? is apolar with respect to h?.
2. The pair (V, g) is equiaffine.
3. The vector field & is parallel.

5.4. Examples.
We now give some examples of submanifolds NV C M that admit a parallel vector
field &.

ExXAMPLE 5.4. When n = 1, the vector field £ defined in Section 5.1 is parallel. As-
sume that y(t) is an adapted parameterization. Then +/(¢) is ge-unitary and {£(¢),~v"(¢)}
is a basis for the affine normal plane o(§).

EXAMPLE 5.5.  Hyperplanar submanifolds. Assume N = M N H, where H is a
hyperplane. Fix a point pg € N and let £(py) be a vector in the osculating Darboux
direction at pg. We can extend £ to a vector field along N in the osculating Darboux
direction such that £(p) = £(po) + e(p), where e(p) € H, for any p € N. Then Dx¢ €
HNT,M =T,N. The metric g¢ defined by Equation (14) coincides with the Blaschke
metric of N C H and the affine Blaschke normal { of N C H belongs to the affine normal
plane.

EXAMPLE 5.6.  Visual contour submanifolds ([2]). Suppose that all lines & meet
at a point O. Then we can choose & = A\ such that £(p) = O — p. Differentiating we
obtain —S; X + 71 (X)¢ = —X. We conclude that S; = Id and 7{ = 0. Thus £ is parallel.

EXAMPLE 5.7. Suppose M is a hyperquadric and N C M is arbitrary. Using the
notation of Remark 2.5, we have that h(§, X) = 0, for any X € T,N. Take & such that
h(€,€) = 1. Differentiating and using that the cubic form C of M C R"*2 is zero we get
h(@xf,ﬁ) = 0. Thus Vx¢ € T,N and so £ is parallel. It is not difficult to see that in
this case the affine normal Blaschke vector field is contained in the affine normal plane
bundle and the metric g¢ is the restriction of the Blaschke metric of M to N (see [7]).



Equiaffine Darboux frames for codimension 2 submanifolds 1347

5.5. Blaschke metric and the parallelism condition.

In this section we shall assume that M C R"*? is non-degenerate (see Remark 2.5).
Denote by ¢ the affine Blaschke vector field of M C R™*2 and by h the Blaschke metric
of M. We shall also assume that ¢ is parallel and look for conditions under which ¢
belongs to the affine normal plane.

PROPOSITION 5.8.  Let & be a parallel vector field along N and assume that h(€,£) =
1 at a certain point pg € N. The conditions of Lemma 4.2 hold if and only if C(X,&,€) =
0, for any X € TN.

Proor. Assume that h(¢,€) = 1. Differentiating this equation in the direction
X € TN and using that £ is parallel we obtain C(X,&,£) = @(X,@{) = 0, for any
X € TN. Conversely, if C(X,&,£) = 0 we obtain X (h(£,€)) =0, for any X € TN. Thus
h(§,€) =1at N. O

EXAMPLE 5.9. Consider the surface M C R? graph of

Fley) = 5% +47) + &~ 3a?),
where ¢ # 0. Let v = N be the intersection of M with the plane y = 0. Take £ parallel as
in Section 5.1. Then the affine plane is generated by {£,n}, where 7 is the affine normal of
v (see Example 5.4). Since 7(0,0) = (—¢/3,0,1), £(0,0) = (0,1,0) and ¢(0,0) = (0,0, 1),
where ¢ denotes the affine Blaschke normal of M, we conclude that, if ¢ # 0, { does not
belong to the affine normal plane.

6. Transon planes.

6.1. Transon planes for curves.
The following theorem is a very old result ([10], [6]):

THEOREM 6.1.  Given a surface M C R3, a point po € M and a vector T € T,, M,
consider sections of M by planes H containing T and passing through py. Then the affine
normal vectors n = n(H) of these sections at py belong to a plane. This plane is called
the Transon plane of pg € M in the direction T .

The statement of this theorem needs an explanation: A parameterization y(s) of
v = M N H by affine arc-length is defined by the condition [y'(s),v”(s),&] = 1, for some
constant vector field &y. Then the affine normal at pg = y(so) is just v”(so). We remark
that, instead of a constant vector field &;, we may also consider here a vector field £ in
the osculating Darboux direction of v C M such that £(p) = £(po) + e(p), e(p) € H, for
any p € vy, where £(po) is any vector in the osculating Darboux direction of v C M at pg.

6.2. Transon planes in arbitrary dimensions.

Let M C R"*2 be a hypersurface, pg € M and T an n-dimensional subspace con-
tained in T, M. For a hyperplane H containing 7', consider the vector field ¢ along
N = M N H given by &(p) = &(po) + e(p), e(p) € H, as in Example 5.5. The metric gg
in N is, up to a constant, the Blaschke metric of N, and if we choose the unique n € H
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satisfying Equations (15), (16), (17) and (18), then 7 is the affine Blaschke normal of
N CH.

Next theorem says that, as in the case of curves, this affine normal plane at pg is
independent of the hyperplane H, and we shall keep the name Transon plane for it.

THEOREM 6.2. Given a hypersurface M C R"*2, a point py € M and an n-
subspace T' C T,y M, consider sections of M by hyperplanes H containing T and passing
through po. Assume that one section Hy N M is non-degenerate in the sense of Section
2.2. Then H N M is non-degenerate for any H and the affine normal vectors n = n(H)
of these sections at py belong to a plane.

PrOOF. Assume that pg is the origin, the tangent to M is the plane z = 0 and
that Hy is the hyperplane y = 0. The non-degeneracy hypothesis implies that we can
find a local coordinate system such that M is given by

1
z= 5@% + a4+ ay®) + Ps(z) + yPa(x) + y* Pu(z) + Poy® + O(4)(2,y),  (23)

where a € R, Py(z) is homogeneous of degree k in « = (z1,...,2,) and O(4)(z,y)
denote terms of degree > 4 in (z,y). Consider the hyperplane H) of equation y = Az.
The projection of these sections in the zz-hyperplane is given by

1
z= i(x% 22 4 ar?2?) + Py(x) + A2 Pa(x) + N222 Py () + PoA322 + 0 (4) (2, 2), (24)

where O(4)(z, z) denote terms of degree > 4 in (z, z). This curve can be re-written as

. %(ﬁ +ooo22) + Py(3) + O(4)(), (25)

where O(4)(z) denotes terms of degree > 4 in x. This implies that the projection of the
affine normal vector does not depend on A. O

6.3. Transon planes for general submanifolds.

LEMMA 6.3. Let N be the image of N by the projection © : R"*2 — H in a
hyperplane H along the constant direction &(po). The Blaschke affine normal ) of N at
po belongs to the Transon plane.

PrOOF. We may assume that N is defined by y = P(z, 2z) +O(3). Then the same
argument as above proves the proposition. O

Denote by 7 the vector field along N such that 7(7(x)) = n(x) and by X = 7,(X)
the projection of X in H. Let n be the transversal vector field along N in the affine
normal plane bundle such that 7 is parallel to H.

LEMMA 6.4.  We have that
L. h2(X,Y)(po) = h3(X,Y)(po), for any X,Y tangent to N.
2. V(2)(X,Y, 2)(po) = V(H)(X, Y, Z)(po), for any X, Y, Z tangent to N.
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Thus n is apolar if and only if 7 is apolar.

Proor. Write m(p) = p+ A(p)€(po). Then 7. X = X + X(N\)&(po), which implies
that X (\)(pg) = 0. Differentiating again we obtain

Dym.X = Dy X +YX(NE+ X(A\)Dyé.

This implies that h?(X,Y) = h?(X,Y) for any p and V¢ X = VyX at py. If
{X1,...,X,}is an h-orthonormal frame, then { X1, ..., X,,} is an h?-orthonormal frame.
Thus

is equal, at pg, to

Vx, hA(Xi, X;) = —h*(Vx, Xi, X;) — B2 (Vx, Xj, Xi),
thus proving the lemma. O
Next lemma is a general result concerning codimension 1 immersions:

LEMMA 6.5. Let S C R""! be a hypersurface, po € S, and let ¢ be a transversal
vector field such that Dx( at pg is tangent to S, for any vector field X tangent to S. If ¢
is apolar at pg, then ((po) is a multiple of the affine normal vector. Conversely, if ((po)
is a multiple of the affine normal vector, then C is apolar at pg.

PrOOF. Let ¢ denote the affine Blaschke normal vector field and

¢= ZazXz +4¢.
=1

Writing
Dx,X; = Vx, X; +h(Xi, X;)¢ = Vx, X, + h(Xi, X;)C,
we conclude that h(X;, X;) = dh(X;, X;) and
I =T+ h(X;, Xj)a.

Moreover, since Dx, ¢ is tangent to S at pg, we conclude that, at po,

Xk((S) = —52 alh(Xk,Xl).

=1

Choose a basis {X,..., X, } h-orthonormal. Then
C(Xp, Xi, Xi) = Xp(8) — 20T%,, C(Xp, X, X;) = —2T%,.

Since C is apolar,
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n

0=> C(X, Xi, X;) — (n+2)day.
=1

Thus C is apolar at po if and only if ax(pg) = 0, for 1 < k < n, which is equivalent to ¢
multiple of (. O

THEOREM 6.6.  The affine normal plane coincides with the Transon plane if and
only if & is parallel.

Proor. By Proposition 5.3, £ is parallel at pg if and only if n is apolar at py. By
Lemma 6.4, n is apolar at pg if and only if 7 is apolar at py. From Lemma 6.5, 7 is a
multiple of 77 at pg if and only if 77 is apolar at py. Finally 77 belongs to the Transon plane,
by Lemma 6.3. O

7. Existence of parallel vector fields.

7.1. Submanifolds that admit parallel vector fields.
In this section we characterize the submanifolds N that admit a parallel vector field
£. We begin with the following lemma:

LEMMA 7.1.  There exists a parallel vector field & if and only if i is exact.

PrOOF. Fix a vector field &, in the osculating Darboux direction and look for A
such that & = A&, is parallel. Differentiating this equation we obtain

Dx (&) = X(Né + A (=SX + 7 (X)&) = =ASX + (X (A) + A7 (X))&-
Then X(A\) + A (X) =0, for any X € T,N, if and only if 7| = —d(log())). O
Since Dx¢ is tangent to M, we can write
Dx¢=—81X + V¢, (26)

where V¢ = 71 (X)¢ is the affine normal connection.
Consider the normal bundle connection V+ defined by Equation (26). The normal
curvature Rt is defined as

RH(X,Y)E = Vy V€ — Vx Vi€ + Vix yé

We say that the normal bundle is flat if Rt = 0, for any X,Y € T,N, & = A\ (see
[1, Chapter 6]).

PROPOSITION 7.2.  There exists a parallel vector field & if and only if the normal
bundle is flat.

PROOF.  Observe that V& = 74 (X)&. Thus

Vi Vi€ =Y (X)& + 1 (X)7 (YV)o.
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Now straightforward calculations shows that
RH(X,Y)éo = (Y7 (X) = X7/ (V) + 7 ([X,Y]) & = dri (X,Y)éo.
Using Lemma 7.1 we prove the proposition. O

7.2. Example: A submanifold without a parallel vector field.
We now give an explicit example of an immersion N C M that does not admit a
parallel vector field.

ExampLE 7.3. Take M to be the graph of

1
(w% + x% + y2) + 5 (klx%y + kgxgy)

NN

f(z1,m2,y) =
and N given by the intersection of M with y = x1x5. Thus N can be parameterized by

d(wy, w2) = (21, 2, 2122, f(21, T2, T122)) -
Let X1 = ¢, and X2 = ¢,,. Then the vector field &(z1, z2) = (&1, &2, &3, &4),

51 = k%.’ﬂ% — k21’1$g — 2]@1]432.%%1’2 — k1x1 — X2
62 = k‘%l‘:ls — ]{)11‘%352 — lekgl‘ll‘g — k‘gl‘g — X

€3 =1+ 2(ky + ka)z122 + 3k1 koadas
& = —% (k127 + 2z120 + koad) + (KT — kiko)xlas + (K3 — kiko)2123
+ %klkgxgxf (kle + 2x120 + k‘QJ?%)
is tangent to M and Dx, ¢ € T, M, for i = 1,2. Moreover,

Tll(Xl)(ﬂfl,l’Q) =21+ (3]91 + 2]{}2)1’2 + 0(3)
Tll(Xg)(xl,.’L‘g) = (2]€1 + 3]432)1‘1 + 22 + 0(3)

We conclude that dr{ (X1, X2)(0,0) = k1 — ko # 0 and thus 7 is not a closed form.
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