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Abstract. This paper studies the stability of a stationary solution of
the Navier—Stokes system in 3-D exterior domains. The stationary solution is
called a Leray’s stationary solution if the Dirichlet integral is finite. We apply
an energy inequality and maximal LP-in-time regularity for Hilbert space-
valued functions to derive the decay rate with respect to time of energy so-
lutions to a perturbed Navier—Stokes system governing a Leray’s stationary
solution.

1. Introduction.

1.1. Purposes.

This paper has two purposes. The first one is to provide a new method for deriving
the decay rate with respect to time of energy solutions to incompressible viscous fluid
systems by using both an energy inequality and maximal LP-in-time regularity for Hilbert
space-valued functions. The second one is to investigate the decay rate with respect to
time of global-in-time strong L?-solutions of a perturbed Navier—Stokes system governing
a small stationary solution by the method.

There are many literature on the stability for the Navier—Stokes flow. Especially,
this paper considers the decay rate with respect to time of energy solutions to an incom-
pressible viscous fluid system. Masuda [32] used an energy inequality and the Stokes
operator to derive L°°-decay for energy solutions of a perturbed Navier—Stokes system
governing a stationary solution in exterior domains. Kato [19] applied LP-L? estimates
for the heat kernel to investigate the decay rate with respect to time of global-in-time
mild L™-solutions of the Navier—Stokes system in the whole space R™. Schonbek [38],
[39] made use of the Fourier transform and an energy inequality to derive L2-decay
for weak solutions of the Navier-Stokes system in the whole space R? when the initial
datum belongs to L' N L2. In this paper we investigate both L2-asymptotic stability
and L"(2 < r < oco)-decay rate with respect to time of energy solutions to a perturbed
Navier—Stokes system governing a stationary solution in an exterior domain. We in-
troduce a new approach to derive L"-decay for energy solutions of the incompressible
viscous fluid system by applying an energy inequality and maximal LP-in-time regularity
for Hilbert space-valued functions. This method improves one from Masuda [32]. In our
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method we use neither the Fourier transform nor LP-L? estimates for the semigroup gen-
erated by a linear operator, so our approach of this paper enables us to derive L"-decay
for energy solutions of various incompressible viscous fluid systems.

Let © be an exterior domain with smooth boundary in R3. Let us consider the
following initial-boundary value problem of the Navier—Stokes system:

ou —vAu+ (u,V)u+VII =V - F in Q x (0, 00),

V-u=0 in  x (0, 00), (1.1)

oo =0, lm u = u, ult—g = uo,

|z|— 00
where the unknown function u = u(z,t) = (u',u? u?®) is the velocity of the fluid, the
unknown function II = II(x,t) is the pressure of the fluid, while the given function
F = F(z) = (Fjr(x)) k=123 is the external force, the given positive constant v is the
viscosity coefficient, the given constant u., = (ul,,u? ,u3,) € R? is the velocity of the
fluid at infinity, and ug = ug(x) is the given initial datum. Here we use the convention:
A = 8% + 6% + 8§ and V := (61,82,83). Note that V - F' = (Zi:l 6ijk)j:1,2,3. The
model (1.1) illustrates the motion of an incompressible viscous fluid past an obstacle.
This paper studies the stability of the system (1.1) around solutions of the following

stationary Navier—Stokes equations:

—VAW + (Uoo, V)W + (w0, V)w+Vr =V -F inQ,
V-w=0 in €, (1.2)
wlon = —Uso, lim w =0.

|z|—o00

Here w = w(z) = (w',w? w3) and 7 = 7(z). A solution (w,7) of the system (1.2)

is called a Leray’s stationary solution if the Dirichlet integral [, |Vw(xz)>dz is finite
and w € L°(Q) (see Leray [29] and Heck—Kim-Kozono [14]). This paper discusses the
stability of Leray’s stationary solutions under the more general conditions:

ASSUMPTION 1.1.  The function w satisfies V - w =0 in 0 and
w € [L>(Q) N LPY(Q) N WEP2(Q)]? for some p1 € (3,00] and py € [2,00).

Here L (Q) and W'2(Q) are the weak L3-space and the homogeneous Sobolev space,
respectively. Note that there exists a solution (w, ) of the system (1.2) satisfying
Assumption 1.1. Kim-Kozono [20] and Heck-Kim-Kozono [14] showed the existence
of a unique Leray’s weak solution of (1.2) belonging to L*°°(Q) N L5(Q) N W12(Q)
when us is sufficiently small and F' is sufficiently small in a suitable norm. Borchers—
Miyakawa [5] and Novotny—Padula [35] constructed a solution (w, ) of (1.2) satisfying
sup{|z||w(z)[} + sup{|z|*|Vw(z)|} < +oo when u,, = 0 and f is sufficiently small in
their weighted norm. Remark that w € L3°° N L™ for r; > 3 if sup{|z||w(x)|} < +o0.
Remark also that Vw € L3/2° N L™ for ry > 3/2 if sup{|z|?|Vw(z)|} < 4+oco0. Many
researchers have been studying both the existence and the uniqueness of solutions to the
system (1.2) since Leray [29] and Finn [10]. See [14], [26], [41], and the references given
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there.

In this paper we investigate both L?-asymptotic stability and L>-decay of energy
solutions to the following perturbed Navier—Stokes system governing a Leray’s stationary
solution:

O — VAU + (Upo, VU + (0, V)v + (v, V)w + (v, V)v + Vp =0,
V-v=0 in Q x (0, 00), (1.3)
vlgg =0, lim v =0, v|=o = vo.

|z|—o00

Note that we check that (v,p) formally satisfies the system (1.3) if we set v = v(x,t) =
(v1, 0%, 03) == u(,t) — Uuse —w(x), p = p(x,t) := (2, t) — w(x), and vy = Uy — U — W.
We call a solution (v,p) of the system (1.3) an energy solution if there is C' > 0 such

that for all 0 < s < ¢

t
l(®)IIZ- +C/ [Vo(r)l[72dr < Jlo(s)]1Z:-

We easily see that [|v(t)| L2 tends to a non-negative constant Cy as t — oo if (v,p) is an
energy solution of the system (1.3), however, we do not know whether Cy = 0 or not in
general.

1.2. Known results.

In this paper we study the stability of L?-solutions to the system (1.3). Heywood
[15], [16] first investigated the stability of L?-solutions to (1.3) under the conditions that
w € W22(Q) and sup{|z||w(x)|} is sufficiently small. He applied the Galerkin method
and an energy inequality to show the existence of a unique global-in-time strong L2-
solution of (1.3) with the property that for each Q" C Q, [[v(t)|z2) — 0 as t — 0.
Masuda [32] and Miyakawa—Sohr [33] considered the stability of a weak solution of (1.3)
when Vw € L3 and sup{|z||w(z)|} is sufficiently small. Masuda [32] made use of the
Stokes operator and an energy inequality to show the existence of a weak solution of (1.3)
satisfying L°°-asymptotic stability. Miyakawa and Sohr [33] constructed a weak solution
of (1.3) satisfying the strong energy inequality to derive L2-asymptotic stability of their
solution. Maremonti [31] studied the decay rate for L?-solutions of (1.3) when us, = 0,
we LSNW AW for p e (3, oo, and v is sufficiently large. He applied an energy
inequality and the Galerkin approach to construct a global-in-time L2-solution of (1.3)
satisfying |[v(t)||p~ < Ct~/? as t — co. Under the condition that the initial datum is
in L' N L2 for some 1 < ¢ < 2, Borchers and Miyakawa [4] applied the bounded analytic
semigroup generated by the Stokes operator to study L?-decay for the Navier-Stokes flow
in exterior domains, i.e. the system (1.3) when u., = 0 and w = 0. Neustupa [34] derived
a sufficient condition of the stability of solutions to (1.3) when Vw € L3/? N L3. They
made use of their assumptions on the semigroup generated by the main linear operator
of the system (1.3) to show the existence of a unique global-in-time strong L2-solution
of (1.3), satisfying lim;_, o ||[Vv(t)||L2 = 0. Koba [22] applied maximal LP-regularity for
Hilbert space-valued functions to investigate L?-asymptotic stability of energy solutions
to the generalized Navier—Stokes—Boussinesq system including (1.3).
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This paper investigates the decay rate with respect to time of a global-in-time so-
lution of the system (1.3). Iwashita [18] used LP-L9 estimates for the Stokes semi-
group to derive L"(r > 3)-decay for a global-in-time mild solution of the Navier-Stokes
system in an exterior domain. Kozono and Ogawa [25] constructed a unique global-
in-time strong L3-solution of (1.3) when us = 0, w € C(Q) N L3(Q) N W13/2(Q),
and ||w]|zs + ||[Vwl||zs/2 is sufficiently small. Under the condition that the initial da-
tum belongs to L* N L? for some 1 < ¢ < 3, they investigated the decay rate with
respect to time of their solution by applying LP-L? estimates for the semigroup gener-
ated by the main linear operator of their system. Borchers and Miyakawa [5] studied
the asymptotic stability of solutions of (1.3) under the restrictions that w € L () and
sup,co{lz||w(@)|}+supyea{|z|?|Vw(z)|} is sufficiently small. They applied fundamental
properties of the analytic semigroup generated by their main linear operator to derive the
stability. Galdi-Heywood—Shibata [12] and Shibata [37] applied LP-L? estimates for the
Oseen semigroup, which was obtained by Kobayashi-Shibata [24], to show the existence
of a unique global-in-time mild L3-solution, satisfying L"(r > 3)-asymptotic stability, of
(1.3) when w € Wh(Q) and sup{(1 + |z|)(1 + |z| — 2 - too/|too|)? Jw(z)|} + sup{(1 +
|2])3/2(1 4 || — & - Uoo /|uss|) /T8 | Vw ()|} is sufficiently small for some § > 0. Enomoto
and Shibata [8], [9] improved the method from [24] to study the stability of (1.3). In [9],
they derived L*-decay for a global-in-time mild L3-solution of the system (1.3) when
lwllzs/a—a, [[w]ls/ase, |Vw|ps/erea, and ||Vw||ps/e-« are sufficiently small for some
€ > 0. Under the same assumptions in [9], Bae and Roh [2] investigated the decay rate
with respect to time of mild L3-solutions of (1.3) when the initial datum is in a weighted
Lebesgue space.

In this paper, we consider the stability of solutions to the system (1.3) under the
restriction that ||w|| 3. is sufficiently small. Kozono and Yamazaki [27] studied the
system (1.3) when use = 0, w € L¥(Q) N L=(Q) N W (Q) for some r > 3, and both
llvol| 3. and |Jw| 3. are sufficiently small. They derived LP>*°-L? estimates for the
semigroup generated by the main linear operator of their system to prove the existence
of a unique global-in-time strong L>°-solution of (1.3) satisfying L"-asymptotic stability.
Shibata [40] showed the existence of a unique global-in-time mild L?°°-solution, satisfy-
ing L"(r > 3)-asymptotic stability, of (1.3) when |lvg||s.0 and |Jw]|| 3.« are sufficiently
small by applying LP-L? estimates for the Oseen semigroup and the real interpolation
theory. Recently, Koba [23] made use of LP-L? type estimates for the Oseen semigroup
to investigate the stability of L *°-solutions of the system (1.3) when ||vg| s~ and
||lw]| 2. are sufficiently small. See Yamazaki [43] for the stability of L™*-solutions to
the Navier—Stokes system with time-dependent external force and Hishida—Shibata [17]
for the stability for the motion of an incompressible viscous fluid past a rotating obstacle
in L3>°-framework.

1.3. Main results and key ideas.
We now state main results.

THEOREM 1.2. Let v > 0, us € R?, and let w be as in Assumption 1.1. Then
there are 09 = dp(v) > 0 and co = co(2, v, Uso, w) > 0 such that if

llwl| 3,00 () < do (1.4)
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and if
Vo € H&U(Q) and ||’UO||W1,2(Q) < Cp,
then there exists a unique global-in-time strong solution (v,p):

v € BO([0,00); H ,(2)) N C((0,00); [W>2(Q)]*) N C1((0, 00); L7 (%)),
Vi € C((0,00)): [L*(Q)]),

of the system (1.3), satisfying
lim [o(0)] 20 = 0. (15)

Furthermore, if py € [6,00] and ps € [2,6], then

Jor(8) | 2y = O(¢™1*) as t — 0o,
IVu(t)|[ 22 = Ot=1/8) ast — 0o,
[0(t)| e () = Ot~ 1/19) ast — oo,

and for each 2 < q < 6
IV0(t)] gy = O~ 3/97H2/8) a5 ¢ — co.

Here LZ(2) and Hj ,(2) are the two solenoidal spaces defined by Section 2, p is a pressure
associated with v, and f(t) = O(t™%) as t — oo means that there are C >0 and T > 0
such that f(t) < Ct=® fort>T.

Remark that g is the constant introduced in Lemma 3.5, and ¢ the constant introduced
in Proposition 4.2. Remark also that we can choose u, = 0 in the assumptions of
Theorem 1.2. Note that our solution (v,p) is an energy solution of the system (1.3) (see
Lemma 4.1). Combining Miyakawa—Sohr [33] and Theorem 1.2, we obtain

COROLLARY 1.3.  Letv >0, us € R3, and let w be as in Assumption 1.1 such that
(1.4) holds. Assume that py = oo and py = 3. Then for every vg € L2(S2) there exists
at least one weak solution of the system (1.3) satisfying L?-asymptotic stability (1.5).
Moreover, the weak solution is smooth with respect to time when time is sufficiently
large.

Miyakawa and Sohr [33] proved that for every vy € L2Z(f2) there exists at least one
weak solution satisfying the strong energy inequality of the system (1.3) when p; = oo
and po = 3. From a weak-strong argument, we deduce Corollary 1.3. See [33] for the
definition of weak solutions of the system (1.3). See also [21, Chapters 5 and 7].

Since the assumptions on w of Theorem 1.2 are weaker than those of ([32], [31], [33],
[5], [9]), our results on both L?-asymptotic stability and L°-decay of solutions to the
system (1.3) are the generalization of a part of their results (see the previous subsection).
Note that their results on the decay rate with respect to time of their solution cannot
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directly be compared with our decay results because our assumptions are different from
their ones.

Now we compare our results with [32], [31] and [9]. Under the conditions that
Vw € L? and sup{|z|jw(z)|} is sufficiently small, Masuda [32] showed that for every
initial datum vy € L2 there exists at least one weak solution of the system (1.3) satisfying
|v(t)||p~ = O(t~'/®) as t — oo. Maremonti [31] proved the existence of a global-in-
time L2-solution of (1.3), satisfying ||v(t)||r~ = O(t7'/2) as t — oo, when us = 0,
we LSNnWwh3n Wl’p(p > 3), and v is sufficiently large. Under the assumptions that
llvolls, lwllLsra-a, ]l psava, V|| ps/ereo, and [|Vw]| ps/c-« are sufficiently small for
some € > 0, Enomoto-Shibata [9] established the existence a unique global-in-time mild
L3-solution of (1.3) satisfying |[v(t)||z~ < Ct~/2 and ||[Vu(t)||zs < Ct~/2 fort > 0. On
the other hand, under our assumptions, this paper shows the existence of a unique global-
in-time strong L2-solution satisfying |[v(t)|p=~ = O(t~'/1) and |Vu(t)|zs = O(t=/16)
as t — co. Note that our solution (v, p) is a weak solution and a mild L3-solution of the
system (1.3).

Let us explain two difficulties in deriving L2-asymptotic stability (1.5) and the decay
rate with respect to time of solutions to the system (1.3). The first difficulty is that it
is not easy to show that the semigroup generated by the main linear operator of (1.3)
is a bounded analytic semigroup even if w is sufficiently small in L*>°. The second one
is that it is difficult to derive LP-L? estimates for the semigroup generated by our main
linear operator under the restriction that ||wl|/ps.« is sufficiently small. To overcome
these two difficulties, we apply an abstract theory on linear stability in [22](see Lemma
3.2) and make use of an energy inequality for v and maximal LP-in-time regularity for
Hilbert space-valued functions. The approach is new and improves the method from [32].
Remark that we cannot derive the decay rate with respect to time of solutions of (1.3)
by just using the method from [32] since our assumptions on w are weaker than those of
[32].

Let us sketch out our method for deriving the decay rate with respect to time of
energy solutions to the system (1.3). We first change the system (1.3) into the following
abstract system:

{Ut—‘rA’U:F(’U,VU), t > Tp, (1.6)

U|t:TD = ’U(To).

Here A is the Stokes operator and F is a map (see Sections 2 and 4 for details). Secondly,
we make use of an energy inequality for v, the structure of the system (1.6), and the
Holder inequality to show that for ¢ > T}

t 1/p
o (®)]1 < Ot 1P ( / ||vt<s>||’;zds) . (L.7)
To

Thirdly, we apply maximal LP-regularity for the Stokes operator and an energy inequality
for v into the system (1.6) to observe that
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/ [lve(s)]|% 2ds < Const. < 4-o00. (1.8)
To

Combining (1.7) and (1.8) yields that for ¢t > T
v (t)|| 2 < Ct=YP, (1.9)

From an energy inequality, the structure of the system (1.6), and (1.9), we derive the
decay rate with respect to time of both ||Av(t)||z2 and ||[Vo(t)| z2. Finally, we make use
of useful properties of the Stokes operator to derive the L°°-decay for the solution v.

The outline of this paper is as follows: In Section 2 we first introduce function spaces
and notation, and then state some inequalities and fundamental properties of the Stokes
operator. In Section 3 we apply fundamental properties of the Stokes operator to study
the main linear operator of the system (1.3), and show the stability of the semigroup
generated by our main linear operator. In Section 4 we give the proof of Theorem 1.2 and
introduce our method to derive the decay rate with respect to time of energy solutions
of (1.3) by applying an energy inequality and maximal LP-in-time regularity for Hilbert
space-valued functions.

2. Preliminaries.

In this section we prepare three tools to analyze the system (1.3). The first tool is
some inequalities for functions in the Sobolev spaces and the Lorentz spaces. Using these
inequalities, we derive an energy inequality for L2?-solutions of our system. The second
one is the Stokes operator in a solenoidal L?-space L2. Applying fundamental properties
of the Stoke operator, we study basic properties of the main linear operator of (1.3). The
third one is maximal LP-in-time regularity for Hilbert space valued-functions. This is a
key tool to derive the decay rate with respect to time of energy solutions to our system.

Let us first introduce function spaces. For m € N, 1 < p < 0o, and 1 < ¢ < o0, the
symbols L1(Q), W™1(Q), LP9(€) denote the usual Lebesgue space, Sobolev space, and
Lorentz space with norms |- |[zo(= || - | ag@). [[- s (= || - s ey)s and |- [[zoa(=
| -l zra(0)), respectively. Furthermore,

C3 () = {f = (f1, 12 %) € [CE Q) V- f =0},
Lr = 12(Q) = O ()

Gp(Q) == {f = (f'. f*, f°) € LP(Q); f = Vg for some g € L7, (D)},
W“’(Q) ={f € L (V); IV llLe < +o0},
IVl

(Q) ( )H HLP’ Wol’f(Q) ::m 7
Hé(Q) = WH'”W”, Hy () = ml\-l\wm-

Here

1/p
19l = [V Loy o= ( / IVf(w)I”dm) |
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See [3] and [1] for the Lebesgue spaces, Sobolev spaces, and Lorentz spaces. Throughout
this paper, we always consider L4(€2), W™4(Q), LP4(2), C5°(Q), C55, (), LL(U), G,(Q),
Whe(Q), WyP(Q), Wolf(ﬂ), HL(), and Hj () as real-valued function spaces. We
write its complexification of a real Banach space X as X ¢ iX. Here i is the imaginary
unit, and @ the direct sum. By (,-), we define the usual L?-inner product, that is, for

all f = (1, 2. %), g = (", 6%, 6°) € [T2(Q) @ L2 ()]
= x €T = 2 3 x a7 x T
>—/Qf( z)d /{f )+ P ) + P @)g (@) }de,

where 7 is its complex conjugate of g.

Let X be a Banach space and &7 a linear operator on X. The symbols D(</),
R(</), and N (&) represent the domain of &7, the range of &, and the null space of <7,
respectively. When &7 generates a Cp-semigroup on X, we write the semigroup as et .

We will use the symbol C' to denote a positive constant. We write C'(1;,72) if the
constant C' depends on certain quantities 77, 7z.

Let us recall the weak Holder and Sobolev inequalities.

LEMMA 2.1 ([27, Proposition 2.1]). Let 1 < p1,p2 < 00 and 1 < q1,q2 < o0. Set
1/p=1/p1+1/ps. Then there is C = C(p1,p2,q1,q2) > 0 such that for all f € LP171(Q)
and g € LP>%2(Q)

1fgllzra < Cllfl[LorallgllLrae, where ¢ :=min{gy, g2}

LEMMA 2.2 ([20, Lemma 2.1], [26, Lemma 2.1]).  Let p € [2,3). Then there is
C = C(p) > 0 such that for all g € W, (Q)

gl se/a—m e < CIIVg|lLe-

Combining Lemmas 2.1 and 2.2, we have a key inequality to construct an energy
inequality.

LEMMA 2.3.  There is C > 0 such that for all f € L*>*°() and g € Wy ()

1f9ll> < CllfllLs= Vgl > (2.1)

Using the Extension theory and the Gagliardo—Nirenberg inequality, we obtain

LEMMA 2.4. (i) Let 2 < p < 6. Then there is C = C(p) > 0 such that for all
f e Hg(Q)

1£lzr < CIAIE PV AIEE =,
(ii) Let 2 <p < 6. Then there is C = C(p,Q) > 0 such that for all f € W22(Q)

IV flle < OV £GP @) g (Bnm 0/ G0,
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(iii) Let 6 <p < co. Then there is C = C(p,Q) > 0 such that
for all f € HY(Q)NW22(Q)

Iflle < C|VF] 5O/ @) g &0/ Cr)

where (p+6)/(2p) :==1/2 and (p — 6)/(2p) :=1/2 if p = 0.

PROOF OF LEMMA 2.4.  We only prove (iii). Fix p € [6,00]. Applying the Ex-
tension theory, the Gagliardo—Nirenberg inequality, (i), and (ii), we check that for each
fe  Hy(Q)nWw?2(Q)

1£lle < C@DNFIZ 1 llzo + 1V Fl12o) PO P
< CEDIVAE IS,
Note that the above constant C(p, ) is independent of f. Therefore we see (iii). O
Next we study the Stokes operator. Let v > 0. Let P be the Helmholtz projection
such that P : [L2(Q)]® — L2(Q) and (I — P) : [L2(Q)]? — G2(). See [42, 2.5.2

Lemma in Chapter II] for the Helmholtz projection. We define the Stokes operator A in
L2() @iL%(Q) as follows:

Af == P(—vA)f,
D(A) = [L2(Q) N [W2(Q) N W2A(Q)P] @ i[L2 0 W2 0 W22,

We recall some fundamental properties of the Stokes operator A. From [42, Chapter I1]]
and [11, Chapter V], we have

LEMMA 2.5 (Fundamental properties of the Stokes operator (I)).

(i) The operator —A generates a bounded analytic semigroup on L2(2) &iL2(Q).
(ii) There is C = C(,v) > 0 such that for all f € D(A)

[fllw=2 < C[I(A+1)f|>- (2.2)
(ili) D(AY?) = H} ,(Q) and for all f € D(AY?)
1AM £l 2 = w2V £]| - (2.3)
(iv) For all f € D(A)
1AM £l e < I FIZE AL (2.4)

Since A is a non-negative selfadjoint operator, we easily see the property (i).
Combining Lemma 2.4, (2.2), and (2.3), we derive properties of the Stokes operator.

LEMMA 2.6 (Fundamental properties of the Stokes operator (II)).
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(i) Let 2 <p < 6. Then there is C = C(v,p) > 0 such that for all f € D(AY/?)

6— 2 3p—6 2
1 fllze < C|If|ISTP P AV/2 p) (B3p=6)/ ), (2.5)

(ii) Let 2 <p < 6. Then there is C = C(Q,v,p) > 0 such that for all f € D(A)

IV fllze < CIAY2 LIS CO () fll e + || A 12) Cr=0/ @), (2.6)

(iii) Let 6 < p < co. Then there is C = C(Q,v,p) > 0 such that for all f € D(A)
Ifllze < CIAY2 LBV CD (| £l 2 + |AS | 12) @=0/ @P), (2.7)

where (p+6)/(2p) :==1/2 and (p —6)/(2p) :=1/2 if p = 0.

Finally, we state maximal LP-regularity (maximal LP-in-time regularity for Hilbert
space-valued functions). Since —A generates a bounded analytic semigroup on L2 @iL2,
it follows from [6] that A has maximal LP-regularity.

LEMMA 2.7 (Maximal LP-regularity). Write H = L2(Q2) ©iL2(Q). Let v > 0 and
1 < p < oo. Then for each T € (0,00] and (F,Wy) € LP(0,T;H) x (H,D(A))1-1/pp-
the system

W,+ AW = F, t € (0,T),
Wi=o = W,

has a unique solution W satisfying

Wil Lo o,7;22 () + [ AW || r (0,722 ()
1/p
<G <||F||LP(OTL2 @) + IWollz2() + (/ | Ae™ tAWOHLZ(Q) ) ) )

where Cp, > 0 is independent of (T, F,Wy). Here (H, D(A))1_1/p, is the real interpola-
tion space between H and D(A).

See [13], [7], [28] for maximal LP-regularity and [30, Proposition 6.2] for the real inter-
polation norms. See also [36] and [21, Appendix A].

3. Linear operators.

In this section, we study the main linear operator of the system (1.3). Let v > 0,
Use € R?, and let w be as in the Assumption 1.1. Let P be the Helmholtz projection
and A the Stokes operator defined by Section 2. Multiplying P into the system (1.3), we
obtain the following abstract system.

{Ut + Ly = —P(U,V)’U, t > 07 (31)

’U|t:0 = Pl}o.
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Here Lv = P(—vAv+ (oo, V)v + (w, V)v+ (v, V)w). To study the main linear operator
of the system (3.1), we define

Bf:= P((UOO,V)f—i- (’ULV)f—I— (f7 V)w),
D(B) :={f € L3(Q) ®iL2(Q); Bf € L7(Q) ®iL;(Q)},

Lf:=Af+ Bf,
D(L) := D(A) N D(B).

From Lemmas 2.5 and 3.3, we observe that D(L) = D(A) and that the operator —L
generates an analytic semigroup on LZ(2) @ iL2(2). The aim of this section is to prove
the following linear stability.

LEMMA 3.1.  There is 6g = do(v) > 0 such that if
|wl|pa.ee < do
then for each f € L2(Q)
dim le="* fll2 = 0.
Here §q is the constant introduced in Lemma 3.5.

In order to prove Lemma 3.1, we shall apply the following abstract theory:

LEMMA 3.2 ([22, Lemma 4.1]). Let H be a Hilbert space and || - ||z its norm.
Let o : D(«/)(C H) — H and # : D(#)(C H) — H be two linear operators on H
such that D(o7) C D(A). Define Lv := v+ Bv and D(L) := D(«/). Assume that
—a/ generates a bounded analytic semigroup on H. Assume that there are 0 < a < 1,
0< B <1, and C1 > 0 such that for all ¢ € D(<7)

12l < Cull®elg (el + 1 ellm)' e (3.2)

Suppose that there is Co > 0 such that for all ¢ € H and s,t > 0(s < t)
le™"“ |7 + Co /t 77 gl|3dr < [le™ ¢||3;- (3.3)
If the range R(X) is dense in H, then for each ) € H
i e~ gl =0, (3.4
To this end, we study the linear operator B.

LEMMA 3.3 (Properties of the operator B).

(i) Assume that 3 < ps < co. Then there is C = C(Q, vV, oo, w, p1,p2) > 0 such that
for all f € D(A)
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IBflle < CLIAY flle + AV FIE T2 (1 Flles + 1ALl 2) ™
+ A2 P2 (1 N + JAf[[22) @2 =277}, (3.5)

(ii) Assume that 2 < ps < 3. Then there is C = C(Q, v, Uso, w,p1,p2) > 0 such that
for all f € D(A)

IBfllz2 < CLIAY2 flla + [ A2 FIEE 70 (1f 2 + 1A 1] 2) /P
FIAE RIS e + (AL 22) P2y (36)
(iii) There are C = C(Q, v, uso,w) >0 and 0 < o« < 1 such that for all f € D(A)

1Bfllz2 < CIAY2flIg2 (11122 + [ASl22)' 3.7)
where o = a(p1, pa).

(iv) For each € > 0 there is C = C(Q, v, Uno, w, p1,p2,€) > 0 such that for all f € D(A)

IBfllz> < el AfllL2 + Cl fll L2 (3.8)

(v) Assume that 6 < p; < oo and that 2 < py < 6. Then there is C =
C(Q, v, un0,w,p1,p2) > 0 such that for all f € D(A)

IBfllzz < CIIAY2FIZ2 (1 f e + I Af ] p2) 2. (3.9)

ProoF OF LEMMA 3.3 . We first show (i) and (ii). Fix f € D(A). A calculation
gives

IBfllz> < (oo, V) fllL2 + 1w, V) fll L2 + [I(f, VIwl| 2.
From (2.3), we have
(ttoos V) fll 22 < C(vyus) | AV2 £ 2.
Applying the Holder inequality and (2.6), we check that

(w0, V) fllz2 < Clliwll oo [V £ ]| s -2
< O vyw, p1) || A2 BD P fll e + (| Afl|z2)/P

The Holder inequality shows that

1(f, Vw2 < C2)[Vwllzez [ fl pare /a2

Using (2.5) and (2.7), we see that

Hf||L(2P2)/(p2—2)
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=[O IA2F (1 F ] 2 + AF ] g2) P22 it py € [3,00),
T\ Q)| AV LI (| fll e + | Afll22) P/ i py € [2,3).

Consequently, we obtain (3.5) and (3.6).

Next we prove (iii), (iv), and (v). From (2.4), (3.5), and (3.6), we see (iii). Applying
(2.4) and the Young inequality into (3.7), we observe that for each ¢ > 0 there is C' =
C(Q,v,un0,w, p1,p2,€) > 0 such that for each f € D(A)

IBfllz= < CIFISEE U f e + [ Afllzz)t o2
< el|lAfllzz +C| fll2,

which is (iv). It is easy to check that

Therefore we have (3.9) from (2.4), (3.5), and (3.6). O
We shall study the linear operator B without a break.
LEMMA 3.4. There is C, > 0 such that for all g € L2(Q) N D(A) and f € D(A)

[(Bg,g)| < Cullwl| 2. [ Vgll3-,
(B, f) + (f, Bf)| < Culjw| .= ||V £]|22.

PROOF OF LEMMA 3.4. Fix g € L2(Q2) N D(A). Integrating by parts, we observe
that

(Bg,9) = ((uco, V)g,9) + (w0, V)g, 9) + ((9, V)w, g)
= (V- (g@w),g)
=—{(g®w,Vyg).

Using the Cauchy—Schwarz inequality and (2.1), we see that

[(Bg, 9)| < Cllg @ wl|z=[[Vgl| L
< Cllwlps. Vgl Za-

Let f € D(A). Similarly, we obtain

(BS, f) + (f,Bf)] < Cllwlpa= IV £II7.

Here we used the fact that

<(uoo,v)f7 f> + <f> (uooav)f> =0,
((w, V) f, /) +(f, (w,V)f) =0
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Therefore the lemma follows. O

Lemma 3.4 gives one key lemma to show the stability of the semigroup e*~.

LEMMA 3.5.  There is 09 = 0o(v) > 0 such that if ||w||ps.e < &9 then for all
g€ L2(Q) N D(A) and f € D(A)
v
(Bg,9)| < 5IVlLe, (3.10)

(BS.£)+ (f, BRI < SIS (3.11)

Proor or LEMMA 3.5. Let C, be the constant appearing in Lemma 3.4. Set
do = v/(2C,). From Lemma 3.4, we easily obtain (3.10) and (3.11). O

From Lemma 3.3, we see that D(L) = D(A) N D(B) = D(A). Since the Stokes
operator —A generates an analytic semigroup on L2 @ iL2, we apply a perturbation

o

theory on analytic semigroups and the assertion (iv) of Lemma 3.3 to find that the
operator —L generates an analytic semigroup on L2 ¢ iL2.
Let us now discuss the adjoint operator L* of the operator L.

LEMMA 3.6. Let L* be the adjoint operator of the operator L in LZ(Q) ®iL2(Q).
Then

L*f = P(—vAf — (oo, V) f = (w0, V) f = (f, V)w),
D(L*) = D(A).

Moreover, the operator —L* generates an analytic semigroup on L2(Q) @ iL2(£2).

PrROOF OF LEMMA 3.6. Define

{B’f = P(—(ttoo, V) — (w, V) f = (f, V)w),
D(B):={f¢€ Li(Q)@iLQ( );B'f € LQ(Q)@ILQ( )}

L'f = P(-vAf = (v, V) f = (w, V) f = (f, V)w),
D(L') := D(A) N D(B).

By the integration by parts, we check that for all f,g € D(A)
(Lf,g)=(fL'g)=(f L"g).

This shows that L* = L' on D(A). By an argument similar to that in the proof of Lemma
3.3, we see that for each ¢ > 0 there is C' = C(Q, v, uno, w, p1, p2,€) > 0 such that for all
feD(4)

IB'fllz> < el Afllze + Cllfllz2-

This implies that D(L') = D(A) N D(B’) = D(A). Since —A generates an analytic
semigroup on L2 & iL%, we apply a perturbation theory on analytic semigroups to find
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that —L' generates an analytic semigroup on L2 @ iL2. We make use of an argument in
[22, the proof of Lemma 3.11] to conclude that L* = L' and D(L*) = D(L") = D(4). O

Next we consider the two linear operators L and L* when ||w/| 3.« is sufficiently small.
LEMMA 3.7.  Let &g be the constant appearing in Lemma 3.5. Assume that
||wHL3,oo < dg.

Then the following three assertions hold:

(i) For all p € LZ(Q) ®iL%(Q) and s,t > 0(s < t)
t
el +v [ IVe " Epla dr < e Eol, (3.12)
t
e s+ [ 19l dr < e F Gl (313)

(ii) There is C = C(Q, v, U0, w) > 0 such that for all ¢ € D(A)

[pllw22 < ClI(L + 1)@ L2, (3.14)
[pllw=> < ClI(L" + 1)ol| > (3.15)

(ili) The range R(L) is dense in L2(Q2) &iL2(Q).

PROOF OF LEMMA 3.7. We first show (i). Fix p € L2(Q) ®iL2(Q). Set V(t) :=
e 'Ly, A direct calculation gives

LIV = (V) + V)
= (~LV,V) + (V,—LV)
= — (AV.V) — (V,AV) — (BV.V) — (V, BV).

By the integration by parts, we have
d
SV @3 + 2V ()3 = ~(BV.V) — (V. BV).

Using (3.11) and integrating with respect to time, we observe that for s,¢ > 0 (s < t)

t
V7 + V/ IVV(r)ll72 dr < [V (s)ll72,

where V(0) = . This is (3.12). Similarly, we have (3.13).
Next we prove (ii). Let f € D(A). We use (3.8) with € = 1/2 to obtain

[Afllze <L+ D) fllz2 + /2 Aflle> + Cll 22

Since || fllL2 < C|(L + 1) f]| 52, we have
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[Afllze < CI(L+ D) fl 2 (3.16)

Combing the assertion (ii) of Lemma 2.5 and (3.16) gives (3.14). Similarly, we obtain
(3.15).
Finally, we show (iii). Assume that D(L) = D(L*) = L2 N D(A). Take f € D(L*)
such that (L* f, f) = 0. By the integration by parts, we have
. v
0= (L"f, f) = £, LF) = SV

This implies that f = 0. Therefore we see that N(L*) = {0}, where N(L*) is the null set
of L*. Since L is a closed operator, we conclude that R(L)NLZ is dense in L2. Therefore
we deduce (iii). O

Let us derive the stability of the semigroup e *~.

PROOF OF LEMMA 3.1. Applying Lemmas 3.2 and 3.7, and the assertion (iii) of
Lemma 3.3, we see that for each f € LZ(Q)

lim |le L f|l2 =0
t—o00
when ||wl|p3. < dg, where g is the constant appearing in Lemma 3.5. O

4. Nonlinear stability and decay properties.

This section derives L?-asymptotic stability and the decay rate with respect to time
of energy solutions to the system (3.1). Let v > 0, us, € R?, and let w be as in
Assumption 1.1. We first construct an energy inequality for solutions of (3.1).

LEMMA 4.1.  Let &g be the constant appearing in Lemma 3.5. Let vo € Hj ,(9),
T € (0,00] and,

ve BC(0,T); Hy ()N C((0,T); D(A)) N CH(0,T); L (%))
Suppose that
[wlr2.e < do.

Assume that the function v is a strong solution of the system (3.1) on (0,T). Then for
all s,t >0 with s <t <T

l@®)72 + V/ IVo(r)Z2dr < [lo(s)]1Z2- (4.1)

PROOF OF LEMMA 4.1. Multiplying (3.1) by v, and then integrating by parts, we
obtain

57 o7 +vIIVet)z: = —(Bu(t), v(?)).
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Here we used the fact that ((v,V)v,v) = 0. Using Lemma 3.5 and integrating with
respect to time, we have (4.1). O

Applying Lemmas 3.1, 3.7, 4.1, and arguments similar to those in [21, Chapters 7
and 8] or [22], we obtain the following proposition.

PROPOSITION 4.2.  Let dg be the constant appearing in Lemma 3.5. Assume that
||wHL3,oo < do.

Then there exists co = co(Q, v, Uso, w) > 0 such that for every vy € H&,U(Q) with
[lvollwie < co the system (3.1) has a unique global-in-time strong solution:

v € BO([0,00); Hy,(€2)) N C((0,00); D(A)) N CH((0, 00); L5 (),
satisfying
Jim [[o(0)]| 2 = 0. (4.2)
Next we discuss the uniqueness of the strong solutions of the system (3.1).

LEMMA 4.3.  Let v be a global-in-time strong solution obtained by Proposition 4.2
of the system (3.1). Let Ty, Ty > 0 such that Ty < Ty. Suppose that

o€ WHP(Ty, Ty; L2(Q)) N LP(Ty, Ty; D(A)) for some 1 < p < co.
Assume that U satisfies the following system:

{@ +Lo=—Pw, Vv, Ty<t<T,

f}‘t:To = ’U(To).
Then v =10 on [Ty, T1).

PROOF OF LEMMA 4.3.  Since v € C1((0,00); L2(2)) N C((0,00); D(A)), we ob-
serve that

v € WHP(To, Ty; L3 (Q)) 0 LP(To, Ty; D(A)).
The embedding theorem ([30, Corollary 1.14]) implies that

WLP(Ty, Ty; L2(Q)) N LP(Ty, Ty; D(A)) € BC([To, Th); (L2, D(A)1-1/p.p)
C BO([Ty, Th); LE(9)).

Set V=V (t) =v(t) — 0(t). It is easy to check that V satisfies the following system:

Vi+ LV =0, Ty <t<Ti,
V‘t:TOZO.
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Since —L generates analytic semigroup on L2, we see that V =0 on [Ty, Ty). Therefore
we conclude that v = ¥ on [Ty, T1). O

Finally, we derive the decay rate with respect to time of an energy solution of the
system (3.1) to complete the proof of Theorem 1.2.

PrOOF OF THEOREM 1.2. Let §p, cg be the two constants appearing in Lemma
3.5 and Proposition 4.2, respectively. Assume that |[w||zs. < do. Let vo € Hg ,(Q) with
llvollwi.2 < co. From Proposition 4.2, there exists a unique global-in-time strong solution
v of the system (3.1) with the initial datum vy, satisfying (4.2). By an argument similar
to that in the proof of Lemma 4.1, we check that for all s,¢ > 0 with s < ¢

t
l(®)I17> + V/ IVo(n)lZ2dr < [lu(s)]1Z-- (4.3)
S
To derive the decay rate with respect to time of v, we prepare the following lemma.

LEMMA 4.4.  There is Ty > 0 such that for all t,s > 0 such that Ty < s <t

el < / lon(r) | adr.

PROOF OF LEMMA 4.4. We first show that there is Ty > 0 such that for all s,z > 0
and h € (—1,1) with Tp < s <t

[o(t +h) —v(®)l|L2 < llv(s + h) —v(s)] L2 (4.4)

Fix h € (—1,1). Set Q(t) :== v(t + h) — v(t). Since v is a strong solution of (3.1), we
observe that

Q1(t) = ve(t+ h) — ve(t)
=—{Lo(t+h) = P(v(t+h),V)u(t + h)} + {Lo(t) + P(u(t), V)u(t)}
=—LQ(t) — P(v(t), V)Q(t) — P(Q(t), V)u(t) — P(Q(t), V)Q(?).

A simple calculation gives

HQ (172 = (Q:(1), Q1))
= (=LQ(t) = P(Q(1), V)Q(t) — P(Q(t), V)u(t) — P(Q(), V)Q(t), Q(¢))-

By the integration by parts, we have

2dt

3 dtIIQ( Z: +vIVQ@)IIZ2 < [(BQ®), Q)]+ [{(Q(), V)u(t), Q1))]-

From Lemma 3.5, we obtain

(BQ(1), Q(1)] < Z||VQ(1)]2-.
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Using the integration by parts, the Holder and the Gagliardo—Nirenberg inequalities, we
check that

[((Q(t), V)u(t), Q1) = | = (R ®v,VQ)|
< ClQllellvll Lz VQI| 2
< Cllo(®)] s IVQ) |72
As a result, we have

1d

5 IR + ZIVQIE: < Cllo(®)la IV Q) 3=

Integrating with respect to time, we obtain

t t
IRz +V/ IVQ(T)I[72dr < |Q(s)[Z2 + sup II’U(t)IILs/ IVQ()|I72dr.

s<T<00

Since v € BC([0,00); Hj ,(£2)), we use the Gagliardo-Nirenberg inequality to see that

sup [[u(r)|[zs < C sup (Jo(n)|32IVo(r)]157)

s<T<00 s<T<00
1/2
<C sup Ju(r)]%"

s<T<00

From (4.2), we find that there is T > 0 such that for all s > Ty

v
sup |Jv(®)|lLs < 7
s<T<00

Thus, if s,t > Ty and s < t, then

t
v
Q)72 + 5/ IVQ()[[72dr < [|Q(s)|72
Therefore, there is Ty > 0 such that for all ¢ > s > Ty

Q)2 < Q(s)lIze-
This proves (4.4). From (4.4), we see that for Ty < 7 <t and h #0

v(t + h) —v(t)

v(t 4+ h) —v(7)
h

L2 L2

Since v € C1((0,00); L2(£2)), we let h — 0 to check that

[oe(8)]| L2 < Jlve(7)l| L2

Integrating with respect to 7, we find that for Ty < s <t



392 H. KoBa

loe®llz2 < =~ / lon(7) | 2 dr.

Therefore the lemma follows. O

Now we return to the proof of Theorem 1.2. We now assume that p; € [6, 00] and
p2 € [2,6]. Let Ty be the constant appearing in Lemma 4.4. It is clear that for each
T > Ty, v satisfies

{vt + Av=—-Bv— P(v,V)v, t € (Ty,T),

U|t:Tg = U(To).

Fix T > Tp. Using maximal L*-regularity (Lemma 2.7) and Lemma 4.3, we see that
there is C4 > 0 independent of T such that

T T
[ liedr+ [ avlzar
To To
T
Cy <||U(To)||§v2>z +/ | — Bv— P(U,V)vH%dT) : (4.5)
To
Here we used that fact that
1
| 1e Ao @) adr < AT < CONo(T) iy
0

An easy computation gives
Cyll = Bv — P(v, V)v||z2 < 16Cy(||Bo|2 + | P(v, V)o||72). (4.6)
By (3.9), we have
16C || Bul72 < ClAY?0||Z: [[v]Z2 + ClIAY 2072 ]| Av]| 7.

Since ab < ea? + b?/(4¢) (a,b > 0, > 0), we obtain

T T
w@/|ww;mgc/|mmﬂéwmm
To To

1 T T
+f/|mﬂ;m+c/|mww;m. (4.7)
4 T(] TO

Using the Holder inequality and Lemma 2.6, we check that

1P(v, V)vllz2 < Cllvflz=l[Vol|z2
< CJ| A2l 322 ([[v]] 2 + | Av] 1) 2. (4.8)

The formula: ab < ea® + b*/(4¢) (a,b > 0, > 0) shows that
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T T
1604/ 1P(o, V)o|[Ladr < c/ 1AM 2084 0|22 dr
To

To
1 T T
+1/ \|Av||‘;2d7+c/ |AY 0] Bdr. (4.9)
T() TU
From (4.3) and (2.3), we have
[ee]
/ 1AM 20(7)|Badr < C < +oc. (4.10)
0

Since v € BC([0,00); Hj ,(£2)), we see that

sup (Jlo(7)|lz2 + [[Vo(7)]|L2) < C < +00. (4.11)

0<7<00
Applying (4.6), (4.7), (4.9), (4.10), and (4.11), we have
T 1 (T
04/ | = Bv— P(v,V)v||]2dr < 7/ | Av||7-dt + Cy, (4.12)
To 2 TO
where Cy is independent of 7. Combining (4.5) and (4.12) gives
T 1 (T
[ Moliedr 5 [ vladr < Cllo(@)yes + G
To To
Since the two constants Cy and Cy do not depend on 7', we can tend 7" to oo to have

o0 1 o0
/ [|ve||72dT + 5/ |Av||72dT < C < +o0. (4.13)
To

To

Applying Lemma 4.4, the Holder inequality, and (4.13), we check that for Tp) < s < ¢

1 t
Ol < 52 [ Tullodr

1 t 1/4
< Goa (/ ||ut(r)§2d7>

(t
< Ot —s)~ V4

A

Here we choose s = ¢/2 to see that
[ve(t) ||z = Ot~ 4) as t — oc.
Next we show that

IVo(t)| r2(q) = O ~Y/?) as t — 00,
o)) = O(t~1/19) as t — oo.

Since v is a strong solution of (3.1), we use the integration by parts to observe that
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v|[Vo(t)||Z: = (Av,v)
= <_Ut — By — P('U7 V)’U,’U>
= (—vy,v) — (Bv,v).

By the Cauchy—-Schwarz inequality and Lemma 3.5, we have
v[Vo(t) 2 < o)l 0@l + SIVo@)Fa-
This gives
IVo(t)][z2 < CW)llvoll lve ()| 75 < Ct7/% as t — oo, (4.14)
From the structure of the system (3.1), we check that

|Av(t)|r2 = || — ve — Bv — P(v, V)| 2
< lve@llzz + 1Bu@) 22 + [[P(v, V)o()] 22

Since ab < ea® + b?/(4¢) (a,b > 0,e > 0), it follows from (3.9) and (4.8) to see that
1Bo(llz= < ZlAO]z2 + CIAY 0@ 210 22 + ClA o (t) 2
and that
1P, Vo@)lzs < ZIAv@)lzs + CIA 2o 2 02 + C1AY 20 (0) 2.
As a result, we have

|Av(#)][ 22 < C(lve(®)] 22 + [|AY 00|15 + [ AY20(t)]| 12 + | AY20(t)32)
<Ot VA p otV L orV/8 4 o318,

Therefore we find that
v(t)||2 = O(t™ as t — oo. .

A O(t=1/16 4.15
By (2.3), (2.7), (4.14), and (4.15), we check that

o)z = Ot /19 as t — oc.
Finally, we prove that for each 2 < ¢ < 6

[Vo(t)|| agqy = Ot~ B/17Y2/8) as t — oo, (4.16)

Fix 2 < ¢ < 6. Using the Gagliardo—Nirenberg inequality and (2.2), we see that

IVo@)llze < CIVu@ Y2 o155
< CIV@IE 2 (lo(@) 22 + 1 Av(2)] 12) />~
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From (4.3), (4.14) and (4.15), we have (4.16). Therefore the theorem is proved. O

Remark that the proof of Lemma 4.4 is based on [32].
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