(©2016 The Mathematical Society of Japan
J. Math. Soc. Japan

Vol. 68, No. 2 (2016) pp. 797-805

doi: 10.2969/jmsj/06820797

Coefficient multipliers of H! into £9 associated
with Laguerre expansions

By Yehao SHI and Zhongkai L1

(Received June 24, 2014)

Abstract. The purpose of the paper is to study coefficient multipliers
of the Hardy space H'([0,00)) associated with Laguerre expansions. As a
consequence, a Paley type inequality is obtained.

1. Introduction and results.

If @ > —1, the Laguerre function L%a)(x) is defined by
L3 (x) = TR LY (x)e™ /222, (1)

where 7& = (T(n+1)/T(n+a+1))*/? and L' (z) (n > 0) are the Laguerre polynomials
determined by the orthogonal relation (see [16, (5.1.1)])

/ e_”:a:O‘Lgl"‘) (x)Lgfj) (x)dx = (Tff)_Qémn.
0

The system {d? ) (2)}52, is a complete orthonormal system on the interval [0, +00) with
respect to the Lebesgue measure. For a function f € LP(]0,00)), 1 < p < oo, its Laguerre
expansion is

fed d(NL @), () = / RO @t )
n=0 0

HY(R) is the real Hardy space of the boundary values f(z) = RF(z) of the real
parts RF(z) of functions F(z), where F(z) is an element of the Hardy space H'(R?),
that is, F'(z) is analytic on the upper half plane R% = {z = z +iy;y > 0} with the norm
I = |l sy =sup [ 1P + i)l
y>0

— 00

In the present paper, we shall study the coefficient multipliers associated with Laguerre
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expansions on the space
H'([0,00)) = {f € H'(R) : suppf C [0,00)}.

Our main theorem is as follows:

THEOREM 1.1. Leta > 0 and 2 < g < oco. If a sequence {\,}0L, satisfies the
condition

2n
D l"=0(1),  as n— oo, (3)
k=n

then for all f € H*([0,+0o0)), the coefficients c%a)(f) of its Laguerre expansion (2) satisfy

oo

S e (DN < ell F1%1 o0y (4)

n=0
where ¢ is a constant independent of f.

An interesting application of Theorem 1.1 is the Paley type inequality for Laguerre
expansions, which is stated in the following corollary.

COROLLARY 1.2.  Leta > 0. If {ny} is a Hadamard sequence satisfying ngy1/ng >
p>1(k=1,2,...), then for all f € H'([0,0)), the coefficients c%a)(f) of its Laguerre
expansion (2) satisfy

D11 < ellf 1 (po,00)) (5)
k=1

where ¢ is a constant independent of f.

A function F analytic in the unit disk D is said to be in the Hardy space
HPD), 0 < p < oo, if [[Fllgr = supgc,1 Mp(F;r) < oo, where My(F;r) =
{@/2m) [T |F(rei9)|pd9}1/p. Denote by £7 the sequence space ¢4 = {{ax} : |[{ar}|lq =

(>, |ak|q)1/q < oo} for 0 < g < oo, and £ the set of bounded sequences. A sequence
{A\n} is said to be a multiplier of H?(D) into the sequence spaces £ provided {\,c, } € ¢4
whenever > ° ¢,2" € HP(D). Similarly, a sequence {A,}72, is a multiplier of
H'([0,00)) into ¢4 associated with Laguerre expansions if (4) holds.

Coefficient multipliers of the Hardy spaces HP(D) into ¢? are characterized in Duren
and Shields [4]. According to [4, pp. 72-73], the sequence {),} is a multiplier of H!(DD)
into ¢4 for 2 < ¢ < oo if and only if Ziﬁz\r [An|? = O(1). It is very remarkable that
the sufficient condition for coefficient multipliers of H! into £9(2 < ¢ < o) associated
with Laguerre expansions coincides with that of Taylor expansions. For a survey on
multipliers from H?(D) to ¢ for various p and ¢, we may refer to [12]. The original
proofs of classical theorems on coefficient multipliers depend strongly on the complex-
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variable structures of analytic functions, but this does not suit for other eigenfunction
expansions. Recently, by means of real-variable methods in harmonic analysis (see the
book [15]), [8], [9], [17] proved a series of theorems on coefficient multipliers of the Hardy
spaces HP associated with three orthogonal systems of functions, such as exponential
Jacobi functions, generalized Hermite functions, and Laguerre functions. In particular,
some Paley-type inequalities and Hardy-type inequalities in each case were described. In
our previous paper [17], we studied coefficient multipliers of the Hardy spaces H? ([0, c0))
(0 < p < 1) associated with Laguerre expansions, which is based on the duality relation
of the Hardy space HP(R) and the Lipschitz space A,-1_;(R). Analogs of the Hardy
inequality and Paley inequality in the context of eigenfunction expansions were studied
by several authors (cf. [2], [3], [5], [6], [7], [13], [14], [18]).

Throughout the paper, A = O(B) or A < B means that A < ¢B for some positive
constant ¢ independent of variables, functions, n, k, etc., but possibly dependent of
some fixed parameters and fixed m. Ng = {0,1,2,...} denotes the set of all nonnegative
integers. If n® or k% appears in some estimates, then it will be understood as the constant
1 for n =0 or k = 0, regardless of whether a is positive or negative.

2. Prelimineries.

In order to apply the duality of H!(R) and BMO(R), we must extend £l (x) from
the half line R to the whole line R in the same way as [17]. If /2 > 0 is not an integer,
then we define

(@) X or x 5
N (m):{ﬁn (), forz >0; ©)

0, for x <0.

If /2 > 0 is an integer, we shall use the function

1, for x > 0;
e1/.'E
Y(x) = (1—el/x)exp(—m+1>, for —1<x<0;
0, for x < —1.

It is clear that ¢)(x) € C(R). Furthermore, for k > 1, the k-th derivative ¥»*)(z) of (x)
satisfies lifrll+0w(k) () = 1igr£ o ¢ *)(z) = 0 by routine evaluations, which implies that

Y(z) € C®(R) and |¥) (x)| < ¢, where ¢ is a constant independent of x.
We define, for even integer a > 0,

LE (@) = p(na) L3 (x). (7)

We see that the coeflicients csla)( f) are independent of the choice of an extension
/j%a)(x).

The estimations of the higher order derivatives for Laguerre functions in [14, Lemma
1 and Lemma 2] are valid for L (x) instead of E%a)(x) on the whole line R.
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LEMMA 2.1 ([17, Corollary 2.4]). Let a >0 and M = [a/2] . Then for xz € R,
(1) if «/2 is not an integer,
(L) (@) S n™, m < M; (8)
(ii) if a/2 is not an integer,
(LY AD (@ + h) — (LM (2)] S n2R°, a/2=M+6, 0<5<1; (9)

(ili) if «/2 is an integer, (8) is true for all m € Ny.

For given @ > —1 and 7 > 0, a precise estimate of the Laguerre polynomials is given
by (see [1], [10], [11])

[L0(@)| S e PueP ) VA 1 =) 18(@),  (10)
where v = 4n 4+ 2a + 2, and

1, for 0 <z <v;

—ple — p|3/2
@ (z) = { exp <77|xl/21/|>7 forv<a<(1471)y;
v

e ¢, for(1+1)v<=z

for some given positive constants n = n(«, 7) and £ = {(«, 7). The unified and simplified
form as (10) is stated in [8], which prefer to use 4n instead of v for convenience in
subsequent applications.

LEMMA 2.2 ([8, Lemma 2.1]). For given « > —1 and 7 > 0, there exist positive
constants 1 and & such that

|L£f“) (Jc)’ < em/Qna/2x—a/2%r(La) (x) (11)
holds for all x > 0 and n > 0, where
'//léa)(x) _ xa/2(n—1 + x)_“/2‘1/4(n1/3 tlo— 4n\)_1/4<1>n(:c), (12)

and

1, for 0 < x < 4n;

_ —4 3/2
D, (z) = ¢ exp (M), fordn <z < (1+ 7)dn;
n

e ¢ for (14 1)dn < z.
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A direct consequence of (12) is
|$1/4lﬂéa)(z)| 5 n71/12,

and \x1/4///,ga)(z)| attains this bound near the point = 4n. But in the most part of =
it has a much smaller bound as a multiple of n=1/4,

To establish the main result of the paper, the next lemma is fundamental.

LEMMA 2.3. Let o > 0. For any interval I C R and for all j < k, j, k € Ny, one
has

A (o) (a) ] e 1
o ~v0‘ < J -

Proor. If k/2 < j < k, then by Lemma 2.1,
a > 0. In what follows, we assume that j < k/2.
If @/2 > 0 is not an integer, for any interval I C R, by (6) we have

i Ez(f)(w)fﬁ-a)(w)dm| < |1 for all

/ L ()L (x)da = / L\ (2) L5 () da.
I 1n[0,00)
If a/2 € Ny, for any interval I C R, since .CN,(CQ)(:U) =0 for x < —k~! by (7), therefore

/ L\ (@) L4 (2)da = / L\ (@) £ (z)da + / L\ (@) £\ (z)da.
I IN[—k—1,0)

IN[0,00)

By Lemma 2.1, the first term on the right hand side above is dominated by ck~!. Since
j < k/2, it is easy to see k=1 < j73/4k~1/4 which yields the required estimate. It
remains to estimate fm[o,oo) E,ga)(;v)fg-a) (x)dx for all @ > 0. In proving (13), we may
assume I C [0,00). Otherwise we can divide I by 0 into two parts if it contains 0 as
an interior point. By (6) and (7), £ (x) = [,%a)(m) for all x > 0. In view of (1) and
Lemma 2.2, since 7& = O(n~%/2), it follows that |££,a) ()] < ///,S‘l)(x) with z > 0. We
have

‘ / £ ()£ (w)da| < ‘ / A @) (). (14)
I I
Dividing the last integral above into five parts, we write
5 5
/1 M (@)t (w)dr = /I M (@)t (2)dr =D Qy, (15)
j=1"1 j=1

where
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B=iee<ky B=Iek T e
Is=I({e:j ' <2<2jy;  Li=I{|{z:2j <z <2k
Iy=I({z: x> 2k}

Using Lemma 2.2, we deal with each @; as follows:

QIS [ M @) o ) e S [
Il Il

Q2] < k71/4/ 2= Y44y §j73/4k71/4;
Iy

Qo) SHAT [ a2 S K
I3

104] < kfl/“j*l/u/ 2 V2dg < KA,
14

Q5] < k71/12j71/12/ Ve < k7257102 g,
I5

Substituting these estimates into (15) proves that ’ I; ///k(a)(x),///;a)(a:)dx’ hS
G734 YA 4 kY4514 I with § < k/2. Furthermore, inserting this into (14), we get the
desired inequality (13). O

3. Proof of Theorem 1.1.

Now we prove Theorem 1.1. Our approach is based on the duality of H(R) and
BMO(R).

ProOOF. We first note that the conclusion for 2 < ¢ < oo follows from that for
q = 2. Indeed, let v, = [A,|%/2, then (3) implies

2n 2n
Sl =D A1 =0(),
k=n

k=n

and, since |c£f‘)(f)| S Iz (j0,00)) by Lemma 2.1 with m = 0, we obtain

Z;) ‘)‘ncgla)(fﬂq S Hf||(11q_12([0700)) Z;) ‘Vncgza)(f)lz S ||f‘|?{1([o,oo))-

Now we turn to the proof of the theorem for ¢ = 2. We fix a sequence {b,, }°, € ¢? and
forn=20,1,2,..., put
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2) = nbili (). (16)
k=0

By the duality between H! and BMO, we have ’ffooof(x)gn(a:)dx’ <
||gnHBMO||f||H1([O,oo)), that iS,

(a)

\ < llgnlsnto L £l .00, an

where |g|lBmo = sup;(1/[I]) [} |9(t) — gr|dt with supremum taken over all intervals I of
the real line R, and g; = (1/|I|) [, g(t)dt with |I| being the length of I. We shall show
that g, (z) is a BMO function and

n 1/2
lgnllero < (Z |bk|2> (18)
k=0

for all {by}32, € ¢2. Once (18) is established, then from (17) we deduce that

(>ro |)\;€c§f‘)(f)|2)1/2 S 111 ([0,00))» Which proves the theorem by letting n — oo.
To prove (18), we have only to find a constant 7, for any interval I, such that

ﬁ / lgn(2) = nilda S (Z |bk2)1/2. (19)

k=0

For an interval I, let m = [|I|~}], the integer part of the number |I|~!, and choose
x7 to be one of the end points of I. If n < m, then applying Lemma 2.1,

19n(2) = gn ()| (Dbﬂ)(li)w%“)(x)Ei”(m)ﬁ)
< (kzzowk?) (éumzﬂx—m%),

where 0 = a/2 for 0 < a/2 < 1, and ¢ = 1 otherwise. By the condition (3) with ¢ = 2,
summing by parts gives > ;_ [A\e|?k%° < n?7, then

n
90 () = gu(1) Z\bm (nle —21))7 S 3 el
k= k=0

Hence (19) holds with n; = g, (z1).
If n > m, we again choose z; to be one of the end points of I to obtain

90(2) = @1)| < lan(0) g}l | T ML)

m<k<n
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Hence by what has been verified,

m

1/2
i [lan@) = an(enlie < (Zwk?) T Fpn. (20)

k=0
where Fy, ., = [I|7! [ | > m<k<n )\kbkﬁ,(ca) (I’)|d£€ But for F,, ,,, we have

S b (x

m<k<n

Z 7 IbrAsb, |1|‘/E(a) (@) £ (2)de .

m<k<n m<j<n

mn—

By symmetry, it suffices to treat the part >0 _, ., >, j<;- For these j &, 117t <
m + 1 < j, and by Lemma 2.3,

j1/4 N |I|_1 j1/4
k1/4j3/4 ~ l/4°

1 Aa) \ Fle)
| [ e @ < I

Thus the evaluation of Ffln is reduced to showing the following inequality
2
Sea= XY BLLE S
m<k<n m<j<k m<k<n
For the purpose we rewrite S, ,, as

U4
Z Z (1208 [* + [Arbs] )k1/4

m<k<n m<j<k

1 by |? . 1 . Ak|?
R DS Y DN VAN DA SRCEY

m<k<n m<j<k m<j<n i<k<n

n
3
3
IA

Under the condition (3) with ¢ = 2, summing by parts again implies

12.:1/4 1/4 |)\k| —1/4
Z'Ajlj Sjk i Zk1/4 ~ )
i<k k>j
incorporating thebe into (21) proves that Spn < D2, cr<n |b|?, moreover, F,, <
(X cnen |b&l? ) . Inserting this into (20) proves (19) with n; = gm(z1).
The proof of Theorem 1.1 is completed. U
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