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Abstract. We consider the Schréodinger operator —A + V' on R™ with
n > 3 and V a member of the reverse Holder class Bs for some s > n/2. We
obtain the boundedness of the second order Riesz transform V2(—A + V)~!
on the weighted spaces LP(w) where w belongs to a class of weights related
to V. To prove this, we develop a good-A inequality adapted to this setting
along with some new heat kernel estimates.

1. Introduction and statement of main result.

We consider the Schrodinger operator on R™ with n > 3 given by

L=-A4+V

where V' is a non-negative and locally integrable function on R"™ satisfying, for some
s > n/2, the reverse Holder inequality

RS T o

for all balls B C R™. We shall denote the set of all locally integrable functions that
satisfy (1.1) by Bs, the class of reverse Holder weights of order s.

The seminal paper by Z. Shen [26] investigated the operator L in a systematic way,
obtaining amongst other things, the LP(R"™) estimates for Riesz transforms associated to
L. Shen’s article has since inspired a host of work on the harmonic analysis related to L.
We give a partial list [1], [4], [8], [10], [11], [14], [16], [19] and refer the reader to their
references for further information.

In this article we are interested in a new class of weights introduced by Bongioanni,
Harboure, and Salinas in [10]. Our main goal is to derive a set of good-A inequalities
(modelled on the work in [6]) for these classes of weights, and then show how these
inequalities may be applied to obtain the weighted estimates for the second order Riesz
transform V2L~

These weight classes Aﬁ are defined in the following manner. Given p > 1 we say
that w € A[e if there exists # > 0 and C' > 0 such that
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for every ball B = B(x,r). The function p is the ‘critical radius’ function introduced by
Shen [26] and for a definition see (2.1) below. Observe that when 6 = 0 these weights
coincide with the Muckenhoupt classes A, but in general they form a larger class of
weights. One can also define reverse Holder type weights BqL in an analogous fashion.
See Definitions 3.1 and 3.2.

Subsequently these weight classes were further investigated in [9], [11], [32], [33],
[34]. In our article we are focused on the weighted estimates of the following Riesz
transforms

(1.2)

VL71/2’ V1/2L71/2

V2L,

First order:

Second order: V1

Before stating our main result we summarize what is known for both the weighted
and unweighted estimates of these transforms. In the following and throughout the rest
of this article, the notation s* will denote ns/(n—s) if s < n, and will denote oo if s > n.

(1) We first describe the unweighted estimates.

Table 1. Intervals of boundedness on L?(R™).
Operator: | VY/2L-1/2 | yL~-Y/2 | yL-! V2Lt
V>0 (1,2] (1,2 | p=1 | Weak (1,1)
VeB; (1,2s] (1, s%] (1, 9] (1, 5]

The first row describes the situation when V is a non-negative and locally in-
tegrable function. In this situation it is known that the operators VL™'/2 and
VY2112 are bounded on LP(R™) for all p € (1,2] (see [27], [13]). The oper-
ators AL™! and VL~! are bounded on L!(R") (see [4]), and hence V2L~! is of
weak-type (1,1).

The second row of Table 1 specializes to the situation where V' belongs to a reverse
Holder B class for s > n/2 and n > 3 and the boundedness of the above Riesz
transforms were obtained by Shen [26]. See also [4] where this is proved for all
n>1and s > 1.

(ii) We turn to the weighted estimates.

Table 2. Weighted estimates for V € B, with s > n/2 and n > 3.
Operator: | V/2L=1/2 | yL-1/2 VL1 V2Lt
wE As | Ww(1,28) | Wi(1,8) | Ww(1,s) | Wi(1,s)
we AL | Wh(1,2s) | WE(1,5*) | WE(1,5) ?

Here we use the notation introduced in [6]:
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War(po, 40) := {p € (D0, %0) : w € Atppo) N Bigo /vy }-

One can define the sets of exponents WZ(pg, qo) analogously for the weights in
(1.2).

Table 2 describes the weighted estimates for the case when V € B with s > n/2
and n > 3. For the more general setting of non-negative potentials see [2], [29].
The first row in Table 2 gives the LP(w) estimates with w a Muckenhoupt weight
and the earliest result in this direction [22] was for the operator V L™!. The second
row depicts estimates for the AL weights and was obtained for VL2 in [10],
and for VY/2L=1/2 VL =" in [34]. Since the AL classes contain the A, classes,
these estimates imply the corresponding estimates for the latter weight classes in
the first row.

We remark that by standard Calderén—Zygmund theory, the estimates on LP(R"™)
and LP(w) with A, weights for the operator V2L~! follow from that of VL~!. However
this is not automatically true for the AL weights. The following theorem completes
Table 2 above, and is the main result of our article.

THEOREM 1.1. Let L=—-A+V on R™ withn >3 and V € By for some s > n/2.
Ifwe AL and p € WE(1,s) then V2L is bounded on LP(w).

Our techniques are based on good-\ inequalities. These inequalities form an impor-
tant part of classical harmonic analysis (see [31] or [17]). Unfortunately, the operators
considered in our context are beyond the Calderon—Zygmund class of operators that are
treated in say [31] and hence there is a need to adapt these methods to the other sit-
uations. This adaptation is done in [3], [5], [6], [23] and we refer the reader to these
works for a more complete description and historical references. Our work here is also
largely inspired by [6] and part of the motivation for this work is extend the machinery
developed there to classes of weights beyond the Muckenhoupt setting. We do this for
weights in .A£ in Theorem 3.9 below, and this allows us to handle operators such as
V2L~! that can not be treated by techniques in [10], [32], [33], [34].

The other tool we need are estimates on the heat kernel of L. Let e~*F and py(z,y)
be the heat semigroup and heat kernel associated to L respectively. It is now well known
that p:(x,y) admits stronger decay than the Gaussian for large times (see [15], [21] and
Proposition 2.3 below). Our approach in this article is to study the Riesz transform
V2L~! through the formula

t

Vit :/ V2t dt, (1.3)
0

and as such we require suitable estimates on second derivatives V2p;(z,y). We obtain
these estimates in Proposition 2.4 and furthermore show that the extra decay on the
heat kernel mentioned above can be carried through to its derivatives. Loosely speaking
this extra decay allows us to overcome the global growth in the weights defined by (1.2)
when proving Theorem 1.1.

This paper is organized as follows. In Section 2 we prove the required estimates for



492 F. K. Ly
the heat kernel ps(x,y) and the heat semigroup e~*Y. The main result of this section is
Proposition 2.3. We turn to the AL weights in Section 3 and we first gather the required
definitions and properties of these weights before developing the good-A inequalities.
The key result here is Theorem 3.9. Finally in Section 3.2 we combine the heat kernel
estimates with the good-\ inequalities to prove Theorem 1.1.

We gather here some notation that we will use throughout this article. We write
/, g/ to mean the Lebesgue integral of f over the measureable set E, and the quantity
f f will be used to denote (1/|E|) [, f, the average of f over E. By a ‘ball B’ we mean
the set B = B(xp,rp), the ball centred at zp and radius 5. Given a ball B and o > 1
we define aB = B(xp, arg) to be the dilation of B by a factor of a. We also define the
annuli U;(B) = 2/B\2/ 1B for j > 1, and Uy(B) = B. Finally we follow the convention
that the symbols C, ¢ in a string of inequalities will mean a constant that may change
over the course of the inequalities, but does not depend on the essential variables.

2. Kernel estimates.

In this section we obtain the kernel estimates needed to prove Theorem 1.1.
Let n > 1 and V be a non-negative locally integrable function on R™. We define the
form Qy by

Qv (u,v) = Vu- Vv +/ Vuv
R'Vl n

with domain D(Qy) = {u € W2(R") : [, V]u|? < co}. It is known that this form is
closed and that C§°(R™) is a core for the form. See [28]. We denote by L the self-adjoint
operator associated with Qy , with domain

D(L) = {u € D(Qy) : v € L*(R"), with Qv (u, ) = /w, Yo € D(QV)}.

We write formally L = —A + V.
We need the following auxiliary function, first introduced by Z. Shen [26]: for each
x € R™ we define the critical radius associated to V' at x by

p(x) == sup{r >0: B(Z?“) /B(JM) V(y)dy < 1}. (2.1)

As an example when V(z) = |z|? then p(z) ~ 1/(1 + |z|). We remark also that when
V € B with s > n/2 and V is not identically zero, then 0 < p(x) < oo for any = € R™.
Next we collect some properties of p and V' € B, that were proved in [26].

LEMMA 2.1 ([26, Lemma 1.4]). LetV € Bs with s > n/2. Then there exists Cy > 0
and kg > 1 with
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cioto) (1+ 1) o) < Copto) (14 E) T ey

In particular if x,y € B(xg, Ap(xp)) for some A > 0, then

p(z) < Cxp(y) (2.3)

where Cy = CZ(1 + \)@rot1)/(ko+1),

LEMMA 2.2 ([26, Lemmas 1.2 and 1.8]). Ifn>1 and V € B, for some s > 1 then
there exists C' > 0 and o > 0 such that the following holds:

(a) for each A > 1 and all balls B,

TQB][ V< C)\"/S_Q()\TB)Q][ v,
B AB

(b) for all balls B satisfying rg > p(zg),

s ]{9 v= C(ﬂZxBB))U'

The operator L generates a semigroup e~ ‘% on L?(R") with integral kernel p;(z,y),
which we shall refer to as the heat kernel of L. Recall that if V' is non-negative and
locally-integrable then the heat kernel of L admits the so-called Gaussian upper bounds
(see p.195 of [24]). However if V is a reverse Holder potential then the heat kernel

satisfies stronger bounds.

PROPOSITION 2.3 ([21, Theorem 1]). Assume that V € By with s > n/2 for
n >3, ors>1 forn=2. Then there exists Cy,co,c >0 and 6 € (0,1) such that for all
z,y € R" andt > 0,

lz—y|® _ t_)°
pe(z,y) < 5—/026_60 t e C(Hp(x)Z) .

(2.4)
We remark that § depends on the constant kg in Lemma 2.1. Similar estimates can be
found in [15].

The following is the main result of this section. We show that the extra decay term
in (2.4) can be carried over to estimates on the derivatives. The estimates on the second
derivatives in part (c) of the next result will be needed in the proof of Theorem 1.1. The
estimates in parts (a) and (b) are needed to prove part (c).

PROPOSITION 2.4.  Assume V € Bs with s > n/2 forn >3 and s > 1 for n = 2.
Let 6 be the constant from (2.4). Then the following holds.

(a) There exists ¢ = ¢(0) > 0 and ¢; > 0 such that for each k € N there exists C, > 0
satisfying
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8

k z—yl|? . t
‘a ’ Chpee e () (2.5)

R PHT )| S e

for every x,y € R™, and t > 0.
(b) For each p € [1,s*) there exists oy, Cp,c > 0 such that for ally € R™, and t > 0,

o |:L’*y‘2 1/p C —c 1+715 ’
(/ V(e y)[P e T - dx) < Gt ) )

Also for each p € [1,2s) there exists a,, Cp,c > 0 such that for ally € R™, and t > 0,

t

\x—ylz 1/p C B t ¢
</|V1/2(x)pt(xay)‘peap t dl‘) < me C(1+p(y)2) . (2.7)

Note that oy, also depends on s.
(c) For each p € [1,s) there exists By, Cp,c > 0 such that for ally € R", and t > 0,

lz—y2 /P O o(1i—t)’

(/ [Vipi(a,y)|" e’ dm) < i) s
lz—y|? 1/p . Y

([ v@mar e a) "< Lot e

PROOF OF PROPOSITION 2.4 (a). Our approach is to work with a holomorphic
extension of the heat semigroup to an appropriate sector in the complex plane, and then
evoke Cauchy’s integral formula. This holomorphic extension is contained in

LEMMA 2.5 ([16, Corollary 6.2]).  The semigroup {e~"“} has a unique holomor-
phic extension on L?(e"*~¥ldz) for every n > 0 and y € R" in the sector Yrja =
{£ € C: |arg| < w/4}. Moreover there exists constants C,c > 0 such that

_ 2
||€ ZL”L2(e"““y‘d:c)—>L2(e"|1*y‘d;c) < Ce e

for everyy € R", z € ¥4, andn > 0.

In the following we shall write p,(x,y) to mean the integral kernel of the operator
e~ *L'. Our aim is to obtain the following pointwise bounds on this integral kernel, which
is an extension of (2.4) to complex times.

LEMMA 2.6.  Assume that the conditions in Proposition 2.4 hold. Then there exists
C,c > 0 such that for all z,y € R" and z € X5, one has

C e Rz ¢ |z—y|?
p= (2, y)| < T2 (505) et (2.10)
2z n
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Let us demonstrate how (2.10) readily leads to (2.5). Fix ,y € R™ and ¢t > 0. We
shall apply Cauchy’s integral formula to p.(z,y) in the disk

Iit):={ceC: |-t <t/2}.

Observe that T'(t) C ¥,/5. Hence p.(z,y) is holomorphic over I'(t), and so for each
k € N, Cauchy’s integral formula gives

o k! 2 (,9)
%pt(xay) - % /(;F(t) (Z _ t)k+1 dz.

Using (2.10) and noting that when z € OI'(¢) one has /2 < Rz < 3t/2 and |z — t| = t/2,
we get

(%Z)n/Z(t/Q)kJrl

2 s
Ci —01”33"@‘6(”2’35")2)/ 1d2]
aT(t)

9k lz—y|? _ Rz \° d
’f)tkpt(x’ y)‘ < Ck,/ : e Rz e C(1+p(a:)2) | Z|
T (t

= /241 €

which is (2.5). 0
To complete the proof of Proposition 2.4 (a) we give the
PROOF OF LEMMA 2.6. We claim that (2.10) follows from the following weighted

estimate: there exists C, ¢, and € > 0 such that for every y € R", n >0, and 2 € ¥/5,

_ Cen™ Rz _ (1, Rz )?
/]Rn 2 (@, y)* e ¥ da < W@ e p(y)"’)

(2.11)

Assume this estimate for the moment. Then the semigroup property, the Cauchy—
Schwarz inequality, and estimate (2.11) gives

|pz(x7y)|enlw—y\ < sz/z(%')6"|”J_‘||‘L2sz/2(-,y) en\‘—yIHL2

den’Rz RNz \9
= (i; RE o7
z n

Now fix g € (0,1/4€) and choose n = € |z — y| /Rz. Then our estimate becomes

2=yl _o(14-R2z)°
Ip-(z,y)| < (%2)”/2 6(4663—60) T e C(1+p($)2) .
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Since 4e€3 — €g < 0, this establishes (2.10).

Hence our proof of Lemma 2.6 will be complete provided we show (2.11). Accordingly
fix z,y € R", n > 0, 2 € ¥;/5 and set ¢t := Nz. Then the semigroup property implies
that

pz(‘rv y) = (67(Z7(t/1(]))l‘pt/10('a y))(l’)

Since z € ¥ /5 then z — (¢/10) € ¥4, and hence by Lemma 2.5

1/2
=) e | = ( /R [ GOy o () ) et dw)

< 060n2t’|pt/10('7y) en|~—y\HL2.

The bounds for the heat kernel from (2.4) give

- s —yl|? 1/2
) < o CF ([ e )

We shall prove that for any 68 > 0 there exists Cy > 0 and ¢y > 0 such that for all n > 0
and t > 0,

lz—yl®>
/e*O T enel gy < Oy /2 econ’ (2.12)

Combining (2.12) with the previous two estimates will give (2.11).
We shall obtain (2.12) by considering two cases: (i) nvt > 1, and (ii) nvt < 1. Fix
a constant ¢ > 8/6. In the first case we write

2

_plz—yl lz—y]
e t el Y dy

o0 |7‘2

T—y
SQ/ enlz—yl d:c+Z/ e 0T eyl gy
B(y,2cnt) j=2 7 U;j(B(y,ent))

oo
o2 i .
< e2en’t |B(y, 2ent)| + Z e~ 0Tt en’t ‘B(y, 2Jcnt)’ .
=2

Now using that 6c > 8 we have that e t(c27 =047 ¢%/8) <1, and hence

—yl? = i
/ T eyl gy o Ctn/2e3ent 1 03 e 0T (i ey
n =2
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tn/2 &

§ —nj

< Ctn/Q 3en?t +C

< Ctn/Qecenzt

where in the next to last line we have used the fact that 77215 > 1.
For the second case, with the same ¢ > 86, we write

glz=ul’
e~ eyl gy
n

lz—yl?
LS LUERCIED o B
U; (B(y,c

0o 2 s _
< Ctn/Z + 267974962Jcn\/f‘B(y’ 2]6\/E)|
=2

> 2 4i i

< Ctn/2 + 026_0?4 (2]\/£)n
=2

< otl? < o 2ecn’t,

In the second line we have used that nv/t < 1.
This completes the proof of (2.12), and hence also of Lemma 2.6.

497

O

PROOF OF PROPOSITION 2.4 (b). We will consider three separate cases: p = 2,

p <2 and p > 2.

We first obtain the case p = 2. Let ¢y be the constant in (2.4), and choose aqy €
(0, (2/3)co). We shall proceed as in [13] with some slight modifications. Let ¢ € C§°(R"™)
with 0 < ¢ < 1, support in B(0,2), |[Ve| < 1, and ¢ = 1 on B(0,1). Define for each

R>1,

@RO:=¢(§)-

Then it follows that |Vegr| < 1/R.
FixyeR™ ¢t >0, R>1, and set

n lz—y|
Inlt) =Y [ (o) e T pnla) da,
k:l RTL

Then one has
Ir(t,y) = Ig(t,y) — Ia(t,y)

where
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n lz—yl?

) = [ onten) o0 [oe) T ()] do

E=1"R"

Iﬂv—y\2

I%(t,y) Z _Owpe(z,y) pe(z,y) ak[ t @R(x)] dz.

Let us study the first term. Since ¢ has compact support then

[-—yl?

pi(y)e™ "t pr(-) € D(Qv).

Therefore since both V' and ¢r are non-negative,

Ig(t.y) < IR(ty +Z/ ) pe(x,y)%e™ T pp(z) do

=Qv (pt(ny) , pe(hy) 6“27'2@1%('))

lz—yl?
:/ Lpi(z,y) pe(z,y) e** ¢ ppr(r)dr

Iﬂv—y\2

0
= A atpt(x y)pe(w,y) et @r(r)dr.

Now using the bounds on the heat kernel (2.4) and on its time derivative (2.5) we have

lz—yl?

1 c (H' o( )2)5 —(co—az)
In(t,y) < prEu ply e t pgr(z)de.

Since as < ¢p and @i < 1 we can control the integral by a multiple of t*/2 and obtain

C —c 1+# ’
Th(ty) < e (+502)” (2.13)

For the second term we have

n o lz—y| 2cv
Tity) =3 | om@y)piley)e™ 0 | don(@) + T (@ = yi) wr(e) | do
k=1"R"
n ‘17 |2
: ; 55 /Rn Ope(.9)lIpe(.9) €22 T () da
‘,._
+Z O, y)llpe (2, )] 2 (@) da

Rn

=I5 (t,y) + 15°(L,y). (2.14)
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To estimate the first term we use the Cauchy—Schwarz inequality, the heat kernel bounds
(2.4), and that 2¢o > 3ag to obtain

n 2 2
C 3as |-—yl az |-—yl
I%1<t,y><zwlpt<,y>e 2 on|| [10epeow) e B 0n
1 t 2 2
—c(1+ L 2)5 n 2 2
Ce p(y) _ (2c0—3az) |- —y| as |-—yl

tn/2+1/2 € 2 t L |8k:pt('7y)|e 2 t YR Lo
k=1
C —c t_\°
< VIt ) (2.15)

Combining (2.13), (2.14), and (2.15), with the inequality vVAB < (¢/2)A + (1/2¢)B,
valid for all ¢, A, B > 0, we obtain

+ )
(14—t 1 1
In(t.y) < cc 0 707) (WM + W\/IR(M)) +1I7%(ty)

+ 5
14 2¢ 1
) (w L QEIR(ay)) +I32(t,y).

S Ce—c(1+

Choosing ¢ large enough therefore gives
C —c 1+4 °
In(t,y) < e (5r) 4 o2y,

Now using that |Vpgr| < 1/R we see that

lz—y|?

C[& .
IRty < 5 {Z/}R |Okpe (2, y)| Ipe (. y)| e 7 dw} —0
2 Jo

as R — oco. Hence by Fatou’s Lemma,

2
\r7y|2 |$_y‘

/|prt(x,y)\2ea2 7 dmg/ liminf{|V$pt(x,y)|2eo‘2 z @R(x)}dx
Rn n

—00

lz—y|?

§liminf/ \Vape(z, )P €2t or(z)dx
RTI,

R—oo
= liminf Ip(t
im inf 75 (t,y)

C  _e(14—t2)°
<liminf{tn/2+16 (+757) +I§;2(t,y)}

R—o0

)
SWLQH[C(H@)'
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This proves (2.6) for p = 2.
To obtain (2.7) for p = 2, we observe that

lz—y|? =

/nV(I)pt(x,y)Qew t sﬂR(x)dz—Qv<pt(-,y)7pt(~,y)ea2 t ¢R>_Izlz(t7y).

Since both terms have been estimated we can apply the same computations as in (2.6)
and yield (2.7). This completes the proof of Proposition 2.4 part (b) for the case p = 2.

Next we turn to the case p < 2. Let p € [1,2) and fix o, € (0,2/4). Applying
Holder’s inequality with exponents 2/p and (2/p)’ = 2/(2 — p) gives

lz—yl?

/|prt(gc,y)|pe°“’ tdx
RTL

lz—y/? lz—y!?

:/ |Vmpt(x’y)|17€2pap T e (rVapT3 g

) |z —y|? p/2 _202p-1) lz—y|2 1—p/2
< ([ Wantepen o a) ([T )

Since 4, < ag we can control the first term by a constant multiple of

s5qp/2
e U |

9

and since (2p — 1)/(2 — p) > 0 we can bound the second integral by a multiple of
(t"/2)1=p/2 Therefore

lz—y | C S (1)
/nlvxpt(x,y)l”e“” LTS St ¢ ¢ i)

which gives (2.6) for p € [1,2). Similar calculations gives (2.7) for the same range of p.
We now consider the case 2 < p < s*. We shall make use of the following estimate,
valid for each g € (2, s*),

C o1 —A)° .
IVpeC9)lly < s7arrag© (4 572) Yy eR"™, t>0. (2.16)
Assume this estimate for the moment. We shall show how an interpolation between

(2.16) and the estimate (2.6) for p = 2 yields (2.6) for all p € (2,s*). Indeed for each
p € (2,5%) set (recall that s* = oo if and only if s > n)

p+s*
q:= 2

if s* < o0,

2p if s* =00
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and «, := aa(q — p)/(q¢ — 2). Note that p and ¢ satisfy
- —2 - —2
p:2(qp)+q<p>, 0<1=P 9 1972 o
q—2 q—2 q—2 q—p
Applying Hoélder’s inequality with exponents
) -2\ ¢-2
-2 (q) _ -2
q—p p—2
we obtain

|z —y|*

y
/\Vzpt(iﬂ,yﬂpe% ¢ de

a2

:/ Vopi(z, y)| 272 e 1 |Vopy(@,y)|75= da
R”n,

5 o lz=yl? = =
s(/ Vopela,y) e dm) (/ Vi, )" d:c) .
R» n

Estimate (2.6) for the case p = 2 allows us to control the first term by a multiple of

while estimate (2.16) allows us to control the second by a multiple of

_p=2 o t s
[t%Jf‘"(q‘;l)] P (+5072) .
Combining these estimates we obtain

lz—yl? C pe(14 )
P ap pel 14+ 5
/Rn Vape(z,y)l" ™ ¢ dr < oy e Ply)

which is (2.6).
It remains to obtain (2.16). Firstly observe that the semigroup property implies

vmet(mv y) = Vwe_tLpt('7 y) (.13) (217)
Now recall from Table 1 in Section 1 that under our assumptions on L = —A + V the

Riesz transform VL~'/? is bounded on L4(R") for every q € (1,s*). This implies that
for each q € (1, s*)

Ve, <
9—q

oo
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Indeed by the analyticity of the semigroup {e_tL}t>O (see [25, Theorem 6.13, p. 74])
Veve™ gl = VIV LT 2L 2e 2 p || < VAL 2e = | S Il -
Hence from (2.17)

VP2t )l = Ve Fpe(w)ll, < \[ 19l - (2.18)

Now using the bounds (2.4), we have

L \$ lz—y|? C 5
—ae (145057 —qelZ=Y ac (14 5577
p(y) /n e 1 t dr < W@ p(y)?/

I < e
Combining this with (2.18) gives (2.16).

Finally to obtain (2.7) for p € (2,2s) we may argue in a similar fashion as above,
except in place of (2.16) we use

C (e
VO 2p0)l, < sraramre (507) wyerntso

which follows similarly from the heat kernel bounds (2.4), and the boundedness of
V2112 on L4(R") for all ¢ € (1,2s) (see Table 1 from Section 1).
This concludes the proof of Proposition 2.4 (b). O

PROOF OF PROPOSITION 2.4 (c). We shall first obtain the Proposition for p €
(1,8). The case p = 1 can then be obtained by Holder’s inequality (we omit the details for
this case). Fixp € (1,s). Let a,, be the constant in Proposition 2.4 (b), ¢; be the constant
in Proposition 2.4 (a), and ¢y the constant in (2.4). Pick 8 € (0, min {«,, pc1,peo}) and
set 3, = 3/2.

We shall require the following inequality that is in a sense based on the Calderén—
Zygmund inequality. It is inspired by a similar inequality in [12] but valid only on certain
domains of R™. The following applies to R™ and we defer its proof to the end.

LEMMA 2.7. Let p € (1,00) and f € W2?P(R"). Then there exists C = C(p,n)
such that for each 1 < j,k <mn one has

16 0;0kfIl o < C(|[FIV?0l]| 1, + VIV, + |0AS]] 1)

for every ¢ € C§°(R™).

We will prove (2.8) by using a family of weight functions {w; r(-,y)} 5 C C5°(R™)
that forms a smooth cutoff of eSlz=vl*/ ¢, and then applying an approximation argument.
Accordingly fix ¢ > 0 and let ¢ € C5°(R™) be a function satisfying the following (for
some fixed constant C):
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C

C
suppy C B(0,2vt), @ =1on B(0,V1), o] <1, |Vy| < — |V2(p‘ < T

§

Now for each R > 1 set pr := ¢(-/R). Then g satisfies:

C
er=1on B(0,RVt), |er| <1, |Verl<—%, |Vieg|<

¢
Vi t

Now define

lz—y|?

wep(1,y) = or(jz —y|)e™ 7

Then supp wy, r(z,y) C B(y,2R\/t) and one can show easily that

C gle=vl? O glz=ul
\watﬂ(x,yﬂg%eﬁ pt and |V§wt,R($7y)|§? ST (2.19)

Next define for each ¢t > 0, y € R” and R > 1,
Tr(t:y) = [wer(9) [Vip )],

We apply Lemma 2.7 with f := p;(-,y) and ¢ := wy r(-,y). Note that p.(-,y) € WP(R").
To see this recall firstly that V2L~ is bounded on LP(R") for p € (1,s) (from Table 1
of Section 1), and secondly that (0/0t)p:(-,y) € LP(R™) (due to the pointwise bounds
(2.5) on the time derivative of the heat kernel of L). Therefore one has

0

It pt(ay)

<0
p

Il = -v2e g, )|

|2
|7

so that V2p;(-,y) € LP(R™). Hence by Lemma 2.7, for each ¢t > 0, y € R”, and R > 1,
we obtain

A

Tr(t,y) < [[IV2werC )l )|, + [IVwerCo)lIVo )], + lwer (L y)Ape( )|,
= Jp(t,y) + JR(ty) + JR(t,y).

To estimate the first term we use the bounds of our constructed weight functions (2.19),
the bounds on the heat kernel in (2.4), and that 8 — pcy < 0:

lez(ty)p:/R V2w, r(z,9)[" pe(z, y)P do

5 z—ul?
C e Pc(1+ (y)z) / e(ﬁfpco)‘ tyl dx

— ¢ptpn/2

C —1)(:(1—}-#2)(S
< m@ p(y)2/
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For the second term JIQ% we observe that since s* > s then Proposition 2.4 (b) applies.
Therefore because 8 < ¢y, we may combine (2.6) with (2.19) to obtain

n

Tt y) = / Vawer(z,9)[? [Vapi(z,y)? d

lz—y|?

¢ / Vape(z,g) P T de
R’Vl

_W

C —pc(l-l—Lz)(S
< 7tp+(p*1)n/2 e p(y) .

Now for the third term
Tt y) = llwe,r (- 9) (L= V)pi (9,
lwe,m () Lpe (9l + [lwe,r () Ve (9,

LT (Gy) + TR ().

IA

Using the pointwise bounds on the time derivative of the heat kernel (2.5) and that
wy, g (2,y)] < €12~/ we have

= [

C 7pc(1+ L 2)5 (Bp—pe )|$*y‘2
< ek (y) /n e VT d

p
wt,R(xa y)p dx

0
&Pt(% y)

5
C —pc(l—l—ﬁ)
— tpt+(p—1)n/2 ’

where in the last line we have used that 3, — pe; < 0. For the final term J32(¢,y) we
employ the reverse Holder properties of V', and the improved decay inherent in the heat
kernel of L, namely (2.4). Indeed one has

JE2 ()P = | V(@)pi(x, y)Pwi r(z,y)? de

Rn
c —pc(l—',-#)(s _ |£_y|2

< e p(y)2 / V(x)Pe(ﬁp pco) 7 dr

= ¢pn/2 n

t § 00 z—yl?

_ C/2e*PC(1+4p(y)2) / V(m)pe*ﬁol ty\ dr

e =0/ U;(B(y,v1)

where 3y := pcy — B, > 0. Now for each j > 1,
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|m7y‘2 j
V(z)Pe P 1 dacgefﬁof'/ V(z)? dx

/UJ(B(y,\/f)) B(y,29 V%)

< Ce=PY | B(y, 27 V1) ( ]{3 V(x) dm)p

(y,29V/1)

. p
comrpren(pen {  vo)
B(

y,Vt)

Cefﬁgéﬂ 2j(n+n0p7np) P
= pr— (t]l V(x) dx> .
B(y,V1)

In the second inequality we have used that V € B, because p < s and hence B, D B;.
In the next to last line we have used that V dx is a doubling measure. Next we remark
that if v/t < p(y), then by Lemma 2.2 (a) and the definition of p in (2.1), one has

since s > n/2. On the other hand if v/t > p(y), then Lemma 2.2 (b) implies that

t]i(yyﬂ) V() de < c(p(*/yi))a < c(p(*/yi)) o

In either case we can bound

pe _t_)° P
efT(HP(y)z) (t][ V(z) dx)
B(y,V1)

by a fixed constant independent of ¢ and y. Therefore it follows that

t
—pc(l-i-i( )2) P 00 )
3.2 p e P —Bo4? 9j(n+nop—np)
Ti*(6,9) < C — g (t]i(yﬁ) V(x)dff) {1+Zle 0T 27t
Y, j=
S5

% ()

<C tp+(p—1)n/2

Collecting the estimates for J}, J% and J3 we obtain

C —c(l-‘r ¢ 2)5
JR(tvy) < me P()

with C| ¢ independent of R. Therefore
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‘I*y|2 l/p C _ (1 t 5
2 P B = _ O elm)
(/Rn |V1pt(x,y)| e’ Tt dm) Is;;}t])L Jr(t,y) < Ay © p(¥)?/

This establishes (2.8).
To prove (2.9) we simply note that

|lz—y|? 1/p C  —e(14-ts)’
p By 2 _ 3.2 e(1+—55
([ V@ e = ae) = s 20 < e U

which follows from our previous estimates. O

This concludes the proof of Proposition 2.4 part (c), save for the proof of Lemma
2.7 which was deferred. We turn to this now.

PROOF OF LEMMA 2.7. Fix p € (1,00), f € W?P(R") and j,k € {1,2,...,n}.
Let ¢ € C5°(R™). Then the product rule gives the following
¢ 0;0kf = 0j(¢ Ok f) — 0 Onf
= 0;(0k(¢f) — fOk®) — 09 Or f
= 0j0k(0f) — 0;(fOk®) — 0j¢ O f
= 0;0k(0f) — [O;0k¢ — 0; fOrd — 0;¢ Ok f-

Taking LP norms gives
1600k 11, < 10,0k (1), + 11/ 0; 0k Bll,, + 110 f Ok, + 11056 Ok f1l,, - (2.20)

Note that the left hand side is finite because f € W2P(R") and ¢ € C§°(R™). Let us
consider each term on the right hand side in turn.

Firstly by noting that 9,6 < (3 [0k¢|) "
have

< |V¢| for every j € {1,...,n}, we

10; £ 8ll,, + 105001 f1l,, < 2[| IV 11Vl - (2.21)
Similarly [0;0,¢| < (Zj >k |6j8k¢|2)1/2 = |V2¢| for every j, k € {1,...,n}, so that

1f9,091l, < || 71929l]].. (2.22)

Next since ¢f € W2P(R") then by the Calderén-Zygmund inequality (see [30, Chapter
3, Proposition 3]) on R",

10;06(0 NI, < [[IV*(@ NI, < Cp AN, -

Now direct computations give
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282 of) = Z 0;(60;f + f0;0)
j=1

j=1

n

= (0560, + ¢ O2f + 0, 0,0 + [29)

j=1

—¢282f+f282¢+225]¢8f

j=1 j=1

= </>Af+fA¢+2V(/)-Vf.
By Cauchy-Schwarz,
A )] < [OAF| + [ FAG + 2|V VS| < [9Af]+[fI[V2¢] + 2| V||V f].
Hence
10,06 (6 FIl,, < Cp I6AFIl, + Col| FIV2SI]], + 2C, [Vl [V £ (2.23)
Inserting (2.21), (2.22), and (2.23) into (2.20) we obtain
l90;0uf1l,, < Cp llOALI, + Col FIV26l, + Co[[ VoI IV £,

and in fact
eIV 11, < D 6050k f1l, < CIOALN, + [|£1°¢l]], + VoIV A1),
Jok=1
where C' depends on p and the dimension n. This ends the proof of Lemma 2.7. O

The estimates in Proposition 2.4 (c¢) allow us to obtain the following estimates on
the heat semigroup. It will be required in the proof of Theorem 1.1.

LEMMA 2.8. Let L=—-A+V on R™ withn > 2. Then for each j > 2, m > 1,
€ (1,8), ball B, and f € L*(B) we have

1/p )
( f ot )mf|p) <ce {111, (2.24)
U;(B) B

1/p .
(f VL NI —e s )Mf|p) < ce*C‘“][ f]. (2.25)
U;(B) B

PROOF. We first prove (2.24). The first step is to write, using the binomial theo-
rem,
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oo
VQL—l(I _ 6—72BL)m _ (’z)(—l)k/ v26—(k7»23+t)L dt
0

)k A VQB_tL].(kT%po)(t) dt

k=
= / ey () V2 dt
0

where
he(t) 5= (=1D)* () L2, o0 (£)-

Now observing that >, ((—=1)* (") = 0 we can write

Therefore

< (D02 (1) < 2™ (0 ey (1)
k=0

Now by Minkowski’s inequality,

|V2L~H(I - e*’"QBL)’”f||Lp(Uj(B>) = H/O o () Ve f dt

Ly (U;(B))

[ee)
< / e O 192e ™ 11| g1 1

< [T s O [ IV .

Next for each y € B and t > 0, by estimate (2.8),

1/p
192 o) o, ) < (/ V2py (2, )|F e e ‘ dx)
U; (B
-8B le—y|? 2 B Iiy‘
< sup e ||V, y)el HLP (R™)
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1 —cdird Jt
~ 1+n/2—n/2p '

Therefore one has

1/p
1 2
VLI~ iy ) = T = e e
(]{J](B)| | 5B (y(B)

00 |B| 67c4jr2]3/t
<
([ et s ) (1
mr |B‘ 67c4jr23/t
U e ) (1)

A

Since

n n(1-1/p)
| B "B B _ 27jn(2jTB)n(171/p)’

129 B/ ~ @inpn) /e T ginfp

then it follows that for some € > 0

i n(l—1 ; n(l—1
|B| 1 < 27‘]’”‘ 2JTB ( /P) < 2]7«8 ( /p) < eg4jr2B/t
|2jB‘1/P tn/2(1=1/p) ~ Vi “\ Vi ~ ’

Collecting these estimates we obtain

5 1/P m,r?5 L, g dt
(f jwerta—esmgp) s ([ e (f 1)
U;(B) 0 3 B
mT’2
< —c4? /m B t ﬂ ][

seim iy
B
provided m > 0.

The proof of (2.25) is similar but uses (2.9) in place of (2.8) and we omit the details.
O

3. Weights associated to the Schrédinger operator.

In this section we define weights adapted to Schrodinger operators and give some of
their properties that we shall need. For further properties we refer the reader to [10],
[32], [33], [34].

Throughout the rest of this section we use the following notation. For a given ball
B and a number 6 > 0, we set
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bo(B) = <1 + p(xBB)Y' (3.1)

Here p : R™ — (0, 00) is the auxiliary weight function defined in (2.1). Observe that for
any A > 1, we have ¢g(B) < 1g(AB) < A4y(B). We will also often interchange balls
with cubes in our estimates. In this case if @) is a cube, the expression for 1y(Q) is the
same as above but with rp replaced by £(Q) (the sidelength of @), and xp replaced by
z¢ (the centre of Q).

The following maximal operator was defined in [11], [34] and will be an essential
tool throughout the rest of this section. For each 6 > 0, we set

M (@) = st s f 170 d. (32

We mention here that f is pointwise controlled by M} f. Indeed, for any f € L. (R™)
and 6 > 0, we have for almost every z,

[f(2)] < 2° Mg [ (). (3.3)

To see this, we let r» < p(x) and observe that
Fo, 1S 0BG ) M) < 20 ).
T,r

Now let r — 0 and apply Lebesgue’s differentiation theorem (see [30]) to obtain (3.3).

DEFINITION 3.1 (Weights adapted to the Schrodinger operator). Let w be a non-
negative locally-integrable function. For p € (1,00) and 6 > 0, we say that w € AIE’Q if
there exists C' = C'(w, 8, p) > 0 such that for all balls B,

() ()" oo

We say that w € AlL’e if there exists C = C(w, ) > 0 such that for all balls B
][ w < Cg(B) w(x) a.e. r € B.
B

For p € [1,00) we set AL := [Jys o AL?. We also define AL := Ui<p<oo AL
By taking 6 = 0 we see that these weights contain the A, weights. However the inclusion
is proper. For example let V = 1 and take w(z) = 1+ |z|° with € > n(p — 1). Then w is
a member of .AZ% but is does not belong to A,.

We next define the class of reverse Holder weights adapted to the Schrodinger oper-
ator.
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DEFINITION 3.2 (Reverse Holder weights adapted to the Schrodinger operator).

Let w be a non-negative locally-integrable function. For ¢ € (1,00) and 6 > 0, we say
that w € B(IL’G if there exists C' = C'(w, q,0) > 0 such that for all balls B,

(]iwq)l/q < Cpy(B) ]{Bw-

We say that w € BL? if there exists C' = C(w, #) > 0 such that for all balls B,
w(z) < C’L/JQ(B)][ w, a.e. x € B.
B

For g € (1,00] we set B := Us>o BLY.

We remark that in the definitions one can interchange balls by cubes and obtain the
same classes of weights.

LEMMA 3.3. Let w € BSL,’Q for some 8 > 0 and 1 < s < oco. Then there exists
Cy > 0 such that for any cube Q and measurable E C @,

w(B) |E[)'*
w(Q) SCW&@(@) |

ProoF. If s’ < oo then by Holder’s inequality with exponents s’ and s,
wB) _ 1@l 1 [ _ 10| < >/ (|E|)”S
0@ ~ w@Ql " T @ ]2‘” @l
] ( ) <|E|)”S
Cy —

= Cuthp(Q) (@)1/S~

If s’ = 0o then the same conclusion holds. O

As in the classical situation these two weight classes are intimately connected. It
was shown in [10] that if w € A% for some p € [1,00), then w € 8570 for some ¢ > 1 and
6 > 0 (see [10, Lemma 5]). We give a more explicit statement of this connection in the
next result, itself modelled on [4, Proposition 11.1].

LEMMA 3.4. Letw > 0 be a measurable function. Then the following are equivalent.

(a) we AL .
(b) Forallo € (0,1), w’ € BlL/g.
(¢c) There exists o € (0,1) such that w’ € B1L/g-
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Proor. If w? € BlL/U for some o € (0,1), then the self improvement property

L
1/o4¢€

Therefore w € Bf, ., which implies that w € AL . Hence we have (¢) = (b) = (a).
We now show (a) = (b). Let w € AL and o € (0,1). Then w € BXY for some
r>1and 6 > 0 (by [10, Lemma 5]). Therefore for any o > 1 and cube @, the set

EQ:{JJEQZ w"(a:)>a]£2w”}

of these classes (see Lemma 3.5 (v) below) implies that w’ € B for some € > 0.

satisfies, by Lemma 3.3,

w(Eq) [Eg\ "
w(Q) <C“’9(Q)<|Q|) |

Then it follows that

1 1 7
\EQ|:—/ adm<—/ v dxgg.
a Jg, a Jg, fbw‘f o'

Hence we obtain that

w(Eq) < Ca™V"yy(Q) w(Q).

We choose a such that Ca~'/"1g(Q) = 1/2 (note that a > 1). Next, observe that for
each € Q\Eg we have w(z) < (af-Q w")l/g. Therefore

/wdm:/ wdx—i—/ w dx

Q Eq Q\Eq

1 1/o
/wdm—i—(a][w") / dx
2 Jq Q Q\Eo

1 1/o
/wdm+a1/U|Q|<][wU) .
2 Jq Q

Rearranging this statement gives us

1/o 1/o
][ wdx < 2a1/”(][ w”) =or/otlor /"1/;9T//U(Q)<][ w”) .
Q Q Q

That is, w° € BIL/’gT/ C B1L/a' O

IN

IN

We now describe some further properties of these weights.

LEMMA 3.5.  One has



Weights for Schrodinger operators 513

(i)  Foreach 0 >0, if 1 < p; < ps < oo then Ay’ C AL0 c ALY
(i)  For each § >0, if 1 < p1 < py < oo then BL? 5 BL? 5 BL?.
(iii) For each1 <p<oo and >0, w e Alfﬁ if and only if w' € Aﬁ,’e.
(iv) Ifwe Aﬁ for some p € (1,00) then there exists py € (1,p) with w € .Ajfo.
(v) Ifwe BqL for some q € (1,00) then there exists qo € (q,00) with w € B(ﬁ).
(vi) For eachr € (1,00), w" € AL <= w € BE.
(vil) Suppose w® € Ag(s_l)_H for some 0 € (0,00) and s € [1,00). Then w € AL if
and only if w € AL..
(viii) For each 1 <p<oo and 1 < q < oo, we have
w'e Al, 1y = weAlNBL.

(ix) Suppose pg < p < qo and w € Aﬁ/po N B(qu/p),. Then there exists py and q, such
that

L

(%)

Po<p1 <p<q <qo and weAh NB
p1

(x)  Given py < p < qo, we have

we AL me@), — o' edlnBl, .
" % (3)

P

PROOF. The proofs of (i), (ii) and (iii) follow easily from the definition of the A£
and BY classes. For the proof of (iv) see [10] and also [32, Proposition 2.1 (iii)]. Property
(v) is the self-improvement property of the BY classes mentioned in [10]. Property (vi)
is a restatement of Lemma 3.4. Indeed by replacing 1/0 by r and w” by w in Lemma
3.4 we obtain (vi).

The proofs of the next two properties are adapted from [17] and [20].

Proof of (vii). We note that AL C AL for every s > 1, and so necessity is clear. It
suffices to consider the converse. Let w € AL . Suppose firstly that 0 < o < 1. Since
w € AL then by Lemma 3.4 (or property (vi) above) we have w® € BlL/’Z for some 6 > 0.
This means that for any ball B,

<Jiw> B (]i,,(w"’”")g <Cv(B) f v

Let r := o(s — 1) + 1. Then since w” € AL,

(£ (o) zomm( fo) (o)
1/o

B)( £ wr
:Czbg/U(B)(][ wa> <]i(w0)—1/<r—1>>(”)/"
< CYt1)0/0(B).

Sy}
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That is, w € Aé’(rﬂ)e/(sg) C AZL. Suppose now that 1 < ¢ < co. Let B be a ball and

r:=o0(s—1)+1. Note w” € A% implies that w” € ALY for some # > 0. Since o > 1 we
may apply Holder’s inequality with exponents o and o’ to get

o) <o) ()
- (]{3 w0> - < ]i)(w”)l/ul)) (r=1)/0

< C¢TQ/U(B)’

We have shown that w € AX?7/(7%) AL This concludes the proof of (vii).
Proof of (viii). We first show the = direction . Assume that w? € -AqL(p—1)+1- Then

w? € AL | and by property (vi) above w € BqL. If in addition w € AL, then applying
property (vii) with 0 = ¢ and s = p we obtain w € Aﬁ . We now prove the converse
<= direction. Assume that w € Ag N BqL. Then w € BqL and this implies, by property
(vi), that w? € AL . Hence (w9)'/? = w € AL,
_ : L — gL
p=o(s—1)+1givesw? € Ay = Ay, 1),y
Proof of (ix). Firstly, property (iv) implies there exists p; such that

and property (vii) with ¢ = 1/¢ and

1< 2P and wedl.

p1 Po p1

This implies pg < p1 < p. Secondly, property (v) implies there exists ¢; such that

/ !
(QO) < (ql> <oo and we Bqu ,
p p (%)

This implies p < ¢1 < qo-

Proof of (x). The proof is almost the same as that of Lemma 4.4 from [6]. We give
the details here for convenience. Set ¢ = (qo/p)' (p/po — 1) + 1. Using properties (iii) and
(viii), we have

L L (*)/ L = AL
weA%ﬂB(%}),@w p EA(%)/(p%—l)+l_Aq

i
S

— w(q?o) (1=a) ¢ AL

and

’ —p i !
wlP EAQ/HBE&), — " () GAL6 ,
dp p’

Direct computations show
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(if) (1-q)= (1—p’)<ff,))/ and q'Z(?)/(Z_Q“LI' H

The following weak type property of the operator M’ is implicit throughout [34].

LEMMA 3.6.  For each n > 0, the operator M% is weak type (p,p) for every p €
[1,00).

Proor. We simply observe that M% is controlled pointwise by M, the Hardy—
Littlewood maximal function, and hence the weak (p,p) bound of M% is controlled by
that of M. O

The main mapping property of the operator ./\/l# we will require is the following.

LEMMA 3.7 ([32, Lemma 2.2]). Letp € (1,00) and 8 > 0. Then for each w € Aﬁ’e
there exists C > 0 such that

HM]I;IQfHLp (w) = <C Hf”LP(w)

PROOF. A proof of this result in a more general form can be found in [34, Theorem
2.2]. O

REMARK 3.8. As a consequence of Lemma 3.7, if p > s, w € Aﬁ/i and n = (p/s)’0

then the operator Mk (|- |S)1/S is bounded on LP(w). In fact, since M} is bounded on

LP/%(w) for each w € Aﬁ/e, then we have

M)y = [ k1Y s [ 117

3.1. A good-)\ inequality.

The main result of this section is the following extension of [6, Theorem 3.1] from
Ao to AL weights.

We remind the reader that the functions p, v, and the operator M% has been
defined in (2.1), (3.1), and (3.2) respectively.

THEOREM 3.9. Fizn >0, ¢ € (1,00], £ > 1, s € [1,00), and v € BL. Assume
that F,G, and H are non-negative functions on R™ such that for each ball B with rg <
12v/n p(zp), there exist non-negative functions Hg and G with

(x) < Hp(z) + Gp(x) a.e. ¥ € B, (3.4)

][ Gp <G(z Vz € B, (3.5)

1/q
(]{?H;;) < E(MLF(x)+ H(y)), Va,y € B (3.6)
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and for each ball B with rg > 12y/np(zp),

1
o (B) ][ F < G(x), Vo € B. (3.7

Then there exists C = C(n,q,v,&,8,m,p) > 0 and Ko = Ko(m,n,& p) > 1 with the
following property: for each A > 0, K > K, and v € (0,1),

q 1/s
v({MEF > KX and G < yA}) < C( Sy ;) v({MEF > A}). (3.8

As a consequence, for all r € (0, q/s), we have

1My

L7 (v) < C(HG”LT(V) + ||H|

L)) (3.9)

provided ||M,L]FHLT(V) < oo. Ifr > 1 then (3.9) holds provided F € L*(R"™).

REMARK 3.10. We mention that the term H is an error term, which is useful in
applications. For instance it allows us to consider commutators (see Theorem 3.16 in [6]
for the case of A, weights). However we do not give any results in this direction here.

PROOF OF THEOREM 3.9. The proof is an adaptation of the proof of Theorem
3.1 from [6]. Indeed for balls B satisfying rp < 12y/np(zp) the argument is almost the
same but with the operator ./\/l,’—; in place of the maximal operator M. The key difference
is the scale rg > 12y/np(zp).

‘We begin by mentioning that it will suffice to consider the case G = H. Indeed if we
set G := G + H, then (3.5) holds with @ in place of G and (3.6) holds with G in place
of H. Henceforth we shall assume that H = G.

We shall first demonstrate (3.8). Fix A > 0 and set

Q= {z eR" : MLF(z) > A}
={z eR" : ML F(z) > K\, 2G(z) < yA}.

Note that €2 is an open set, and hence the Whitney decomposition lemma (see [18])
allows us to decompose it into a family of pairwise disjoint cubes Q = {Qj}j, with
Q= Uj Q;, and such that 4Q); meets Q for every j. Our aim is to show the following
estimate: there exists C' > 0 such that for every j for which E) N @; is not empty,

Eq ~y 1/s
I/(E)\mQj) < C(Kq + K> I/(Qj). (310)

Then since Ey C Uj EyxNQj, we may sum over all the disjoint cubes in Q to obtain
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q 1/s q 1/s
v(Ey) <) v(ExNQ;) < (éq + K) > (@) :C<f(q +;) ()
J

J
which is (3.8).
We proceed with the proof of (3.10). We shall consider two regimes.
Jo = {j :Q;€Q and ((Q;) < 20(55@_1)}
T =1{7:Q;€Q and £(Q;)>2p(zq,)}-

We first study the case j € Jy. For each such j we define B; to be the ball with the
same centre as ; but with radius rp, = (v/n/2)¢(Q;). (That is, Bj is the ‘smallest’ ball
concentric with and containing @;). Our task will be to show that for each j € Jy with
E) N Q; non-empty, the following estimate holds:

Bl =c( g+ %) 1 (311)

with C' depending only on ¢, n, 1, p, and the weak type bounds of MTL] (We remark
here that if ¢ = oo then the first term £7/K7 is taken to be zero in (3.11)). Once (3.11)
is proven we may obtain (3.10) as follows. Recall that since v € BL, then there exists
6 > 0 for which v € BSL/"G. We then apply Lemma 3.3 to v, and to the sets £\ NQ; C @,
to obtain

N\ /s 1/s
vEnnQ) <6 u@) (B0 v e (G4 g) ve). B
J

Note we have used that 1(Q;) < 3% since j € Jy. This gives estimate (3.10).

We proceed with obtaining (3.11). We shall need a localisation lemma whose proof
we postpone to the end of the section.

LEMMA 3.11.  There exists Ko > 1 depending only on n, n, and the constant Cy
in Lemma 2.1 with the following property: for each K > KO, and each ball B for which
there exists ¥ € B with MﬁF( ) < A, we have

{ExnB} c {z e R": ME(F1,5)(x) > (K/Ko)A}.
Now recall that 4Q); meets Q5. This means that there exists x; € 4Q; C 4B; with
MEF(z;) < A (3.13)
Hence applying Lemma 3.11 to the ball 4B, implies that there for all K > I,(VO,

{Exn4B;} C {o e R" : ME(Fli2,)(x) > (K/Ko)A}. (3.14)
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Now we observe that the hypotheses (3.4), (3.5), and (3.6) may be applied to the ball
12B; (since j € Jy) and hence 12B; satisfies

rap; = 12rp, = 6v/n0(Q;) < 12vnp(zq,) = 12v/np(2128,). (3.15)
Combining (3.4) with (3.14), and the fact that MY is sublinear,
|Ex N Bj| < |[{ExN4B;}|
< {z eR": ME(F1iap,) > (K/Ko)A}|
< o € R" : ME(Ghap, T1om, ) (&) > (K/2K0) N} |
+ {z e R" : ME(Hyap,1105,) (x) > (K/2Ko) A} (3.16)

Now recall that Ey N Q; is assumed to be not empty. Hence there exists 2; € QQ; C B;
with

G(z;) < z X (3.17)

o2

Let ¢, be the weak (p,p) bound of M% (from Lemma 3.6). Applying assumption (3.5),
valid because of (3.15), we obtain

2K,
1o Grap,

12B;

’{1‘ cR™: M%(GlglelgBj)(m) > (K/Qiﬁ)))\}} <

C1 2[?6
K\
127¢; K,
K

<

[12B;| G(z;)

IN

By (318)
Next suppose that ¢ < co. We apply (3.6)—again since (3.15) holds—to get
}{JI cR™: M#(nglelgBj)(.ﬁ) > (K/Qﬁ))\}‘

2[/(vocq 1
< HY
_< KX > /123j 128;

e
< (R5) @ (MEFG) + 6(@)" 2s|

—~ n Sq

where the points z; and z; satisfy (3.14) and (3.17) respectively. We insert now estimates
(3.18) and (3.19) into (3.16) to arrive at
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§ v
|ExNQj| < |ExN By SC<Kq+K Q1

where C depends on ¢, n, IA(B and the weak type bounds of Mﬁ This gives (3.11) for
the case ¢ < 0o, and hence from (3.12) we get (3.10) for those cubes Q; with j € Jp.
If ¢ = oo, then firstly notice that

M3 (Hi2p, 1128, ) || oo < [[Hi2, Ya2s, || oo < € (M7 F(25) + G(5)) < 26N
Therefore it follows that whenever K > 45?(7)7 then
{z € R" : ME(Hizp,1125,) (2) > (K/2Ko)\} = 0.

So we set Ko = 451/(0 > 1, and for each K > K we may proceed as before with estimates
(3.18) and (3.19) to obtain the following variant of (3.11):

v 1/s
Bnl=c(g) 1ol

Before concluding the proof of the case j € Jy, we remark that taking the choice Ky =
4{[?0 will allow us to cover both of the situations ¢ < oo, and ¢ = oco.

We turn to the proof of (3.10) for the case j € J». We shall require the following
decomposition lemma.

LEMMA 3.12 ([34, Lemma 3.1)).  For any cube Q with £(Q) > 2p(xq) there exists
a finite collection of disjoint subcubes {Qk}fcvzl such that Q = Uzkv:1 Q1. with the following
property: for every k € {1,..., N}, there exists x), € Qi with

S UQu) < plew) <200 Col(Q),

where Cy is the constant from Lemma 2.1.

Recall that when j € J. the cube Q; satisfies £(Q;) > 2p(xq,). Hence we may apply
Lemma 3.12 to @; and obtain a finite collection of disjoint subcubes {Qj’k}ivil, with
Q; = Ui\zl Qj.k, such that for each k € {1,...,N;} there exists z;; € Q;, with

S UQik) < o) < 2V Co L@y, (3.20)

We observe that this implies p(; ) = p(2q,,) with constants depending only on n and
Co, where zq, , is the centre of the cube Q; . Indeed, since z;x,zq;, € Q;, then

rQ,, € B<xj,k7 \/255(@“)) CVnB(zjk, p(zjk))
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and hence by (2.3) we have p(zq,,) < C3(1+ v/n)?p(z; ). The other inequality can be
obtained similarly.

Now for each j and k we set B; j; to be the ball concentric with @; ; but with radius
(Vn/2)0(Qj k). That is, B;j is the smallest ball concentric with, and containing Q; .
We claim the following property holds, whose proof we defer to the end of this section.

LEMMA 3.13.  There exists a > 1, depending only onn, n and Cy, with the following
property: for every cube Q; 1 for which Ex N Qj 1 is non-empty, one has

ExNQjx C{x€Qjr: MF(Flap,,)(z) > KA} (3.21)

TaB,, > 12v/np(zaB,,)- (3.22)

Let us fix k£ and assume that £ N Q) is not empty, since otherwise there is nothing to
prove for the cube @; . This implies that there exists a point z; ; € Q;r C aB;; with

G(Tjx) <

w\g

A. (3.23)

Let ¢; be the weak (1,1) bound of M. Then (3.21) gives

|E)\QQJ’]€|§|{LL'EQJJCM#(Fla]g]k)( >K>\}‘ K)\/
C1 ~ Y
< 7o) |aBj k| Yn(aBjk) G(Zjk) < C? Q.| - (3.24)

In the third inequality we have applied hypothesis (3.7)—since the ball aB; ; satisfies
(3.22)—and in the final inequality we used (3.23), the doubling property for the Lebesgue
measure, and that

Yn(aBjk) < ay(Bji) < C,

which follows from (3.20). We remark that the constant C' in (3.24) depends only on n,
71, Co and is independent of j and k.

In a similar fashion to estimate (3.12), we apply Lemma 3.3 to v € BSL,’O and the
sets Ex N Qjr C Qj,1 and evoke (3.24) to obtain

FrN O, 1/s 1/s
v(ExNQjk) < Cyho(Qj k) (Aij') v(Qjk) <C <7> v(Qjk)
|Qj.k] K
where C' depends on n, Cy, n and v. Summing this over k gives
NJ

1/s N q 1/s
E)\QQ] Zl/ E)\OQ]k <C( ) ZV(Qj,k)S (f{q—i_;) I/(Qj)

k=1 k=1
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which gives (3.10) for j € J. Note that when ¢ = co we end the estimate at the second
inequality. This concludes the proof of (3.10), and hence of (3.8).

Since (3.8) holds we may prove (3.9) using the same approach as the final part of
the proof of Theorem 3.1 from [6, pp. 20-21]. In fact the proof is identical but with MTL]

in place of the Hardy—Littlewood maximal operator M, and BSL/e in place of By. We
omit the details. O

We end this section with the proofs of the lemmata that were deferred during the
proof of Theorem 3.9.

Proor or LEMMA 3.11.  This proof is an adaptation of the localisation lemma
from [3]. Let € Ex N B. Then it follows that

G(2) < 2, (3.25)
MLF(z) > KA. (3.26)

The latter property ensures that there exists a ball B containing = such that

1
i) ]{3 F>EK (3.27)

Then we necessarily have
rg < 12¢v/np(xp). (3.28)

Suppose otherwise. Then hypothesis (3.7) applies to B. Combining this with (3.25) and
(3.27), we arrive at the statement

1 v

which is impossible, since K > 1 and v € (0,1). Therefore the ball B necessarily satisfies
(3.28).
From Lemma 2.1 and (3.28), since # € B C 12/n B(xp,p(zp)), we have

p(zp) < Cip(x), (3.29)
where C; = C3(1 + 12y/n)? > 1. This gives

7 n
TB _ 2rp _
B)Y> 1+ > (2C "(1—}—) = (2C1) ", (B(x,2rR)).
0= (14 525 ) = o (14 275 ) = (200 0, (Bl 200)
Now note also that B C B(z,2rp) C 3B so that |B| > 37" |B(z, 2rp)|.

Therefore
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KX |B(x,2rp)| ¢y (B(x,2rp))
/B(UC,ZTB) r> /BF > KA |B| Q/Jn(B) = 3n (2611)77

This implies

1 ][ K
—_— F>—=\ (3.30)
wﬁ(B(xv QTB)) B(z,2rp) Ky
where I?E) = 3"(2C1)". Now since K > If(vo, then in fact

|
—_— F>A\
¢n(B($72TB)) B(z,2rp)

and this combined with the point Z from the hypothesis implies that = ¢ B(x,2rg), for
otherwise this contradicts ML F(Z) < X. This final fact implies that B(z,2rp) C 3B,
and combining this with (3.30) gives

T o Pl a1 P
wﬂ(B(xa2TB)) B(z,2rp) 3B 7/’77(3(90,27”3)) B(z,2rp) [,50 .

This last step ensures ML (F1,5)(z) > (K/K)A. O

Proor or LEMMA 3.13. Let x € E\ N Q;i. Then arguing as in the proof of
Lemma 3.11 we see that there exists a ball B containing z satisfying

1
o (B) ]{BF > K\, (3.31)
rg < 12v/np(xp), (3.32)
p(zp) < Cip(x) (3.33)

where C; = C2(1 + 12y/n)%.
We claim now that there exists a > 1, depending only on Cj, n and 7, such that
(3.22) holds and
B C aBjy. (3.34)
Let us demonstrate this claim. This will involve repeated application of (2.3).

Since both z,x;, € Qjx, then the distance between z and z;; is at most the
diameter of @; ;. That is,

|z — 2 k| < diam(Qjx) = vV l(Qj k)

It follows that € B (2, vRl(Qjx)) C 2v/n B(xjk, p(;k)), and hence



Weights for Schrodinger operators 523
p(x) < Ca p(zjk) (3.35)

where Cy = C3(1 + 2,/n)?. We now combine (3.33) and (3.35) with (3.20) and (3.32) to
obtain

rg < 12v/np(zp) < 12¢/nCy p(x)

n

s

< 12\/"§Cl 02 p(xj7k) < g g(@j,k) = Q0TB; >

where ag = 48CoC1C2+/n. Therefore it follows that B C (1 + 2aqg)Bj k. Next we set &
to be a number such that

TaB; > 12\/77/)(17@].,,9) :

Note that this number exists because we recall that p(zq, ) ~ p(z;r) = £(Qjr) = B, ,
with constants depending on Cy and n. In fact, p(zq,, ) = Csp(x;,k) where C5 = C3(1+
Vvn)?, so that a(v/n/2)0(Qjk) > 12/nCs p(zj), which holds provided & > 43,/nCoCs
by (3.20). On choosing o = max {1 + 2ayg, &}, the estimate (3.22) and the claim (3.34)
both hold.

Finally to obtain the inclusion (3.21), we see that (3.34) with (3.31) implies

1 1
Flap,, = —— 1 F> KA.
WB)]{; Las; wn<B>]{3 -

It necessarily follows that

ME(Flap,,)(z) > KX,

and as a consequence (3.21) holds. This ends the proof of Lemma 3.13. g

Next we show how Theorem 3.9 may be applied to the study of operators in the
following result. It is inspired by and formalizes the method used in [7]. We shall apply
this tool to prove Theorem 1.1.

THEOREM 3.14. Let 1 < pg < qo < 00 and T be a linear operator. Assume that
for each G € (po,qo) and n > 0 there exists a family of operators {Ap}p indexed by balls
and a collection of scalars {a; };io such that the following holds.

(i) T is bounded on LI(R™).
(ii) For every ball B with rg < 12y/np(xp), and every f € L2 (R™) supported in B,

N\ 1/ 1/po
( f |ABf|q> <a ( f |f|p°) Coviz0 o (336)
U; (B) B

N\ 1/ 1/po
(f wa-ang) <a(firm) 7 wize e
U;(B) B
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(iii) There exists C > 0 such that for every ball B with rg > 12\/np(zg) and f €

L R"),
1 AV
(W]{B|T*fq> <CME(AT)(@)YT,  VaeB. (3.38)
n
(iv) The constants {a;} satisfy 3, ;27 < oo,
Let p € (po,qo) and w € Aﬁ/po N B(qu/p),. Then T extends to a bounded operator on
LP(w).

PROOF OF THEOREM 3.14. The proof is an adaptation of the argument in [7],

2]. We fix p € (po,qo) and w € AL, NBEL . Denote by T* the adjoint of T. Then it
P/Po (q0/P)

will suffice to prove that 7™ is bounded on Lp/(wlfp/), because this is equivalent to the
L?(w) boundedness of T (see [6, Remark 4.5]). We shall apply Theorem 3.9 to T*.
Firstly, by Lemma 3.5 property (ix), there exists numbers p; and ¢; such that

po<p1<p<q<gqgo and weAl NB{ .

Then it follows from property (x) of Lemma 3.5 that
1-p’ L L
Then there also exists 8 > 0 such that
1—p’ L,
w € .Ap, Ja

We now apply Theorem 3.9 to the following datum. For each f € L°(R"™) we set

/ / /
p p p

§:i= ", q:= =, ri==, n =10,
p T T

F = |T*f|q1 , H :=0, vi=w'?,

Let ¢ = q1. Take {Ap}p and {a;}; to be as in the hypotheses. We shall show that
conditions (3.4)—(3.7) hold with

Gp =261 (I = Ap)"T*f|"  and Hp:=207" [AT*f|",

and G is a fixed constant multiple of M[ (| f |q1) (with the constant to be specified later).
We first check condition (3.4). By noting that (I — A%) = (I — Ap)*, one has

Fa) = [T f(@)|% = |(I — Ap)*T" f(x) + ART" f(2)|"

< 207H[(I = AR)T* f()| " + 297 [ART* f(2)| "



Weights for Schrodinger operators 525
= GB(.%‘) + HB(.’)S)

We now check condition (3.6). Let B be a ball with rg < 12y/np(zg). We first

write
1/q L O\ /P N\ 9/Ph
(fm) " = (f eioimpar )" s (f apree)
B B B

To estimate the integral we apply duality to T and A% with some g € LP*(B,dz/ |B|)
with norm 1, to obtain for each x € B,

1/aqy N\ 1/Ph o
(Fms) "< (frrat) " < f e <o {0 siian
B B B iz U;(B)
oo ' 1 y 1/q;
<N ainy, (2B <]l T f >
]z::o n(2B) ¥y (27B) 2J'B| |

1 q 1/q1
oL Ao )
(W(Z]B) ]ij(B)| 59|

’ , o . /a
< M,I;(|T*f|ql)($)1/ql 223(71-"-77) (]{] |ABg|q1> ) (3.39)
Jj=0 j

3(B)
In the last line we have used that since rp < 12y/n p(xp), then
¥, (27B) < 27 4p,(B) < 277 (1 +12y/n)" (3.40)

valid for every 7 > 0. Now from (3.36) with exponent ¢ = ¢;, we have for each j > 0,

1/q1 1/po 1/p1
( f |ABg|q1) <o ( f |g|P°) <a, ( f g|pl) —a,,
U;(B) B B

where we have used Holder’s inequality (with exponents pi/po and (p1/po)’) and the
normalisation of g. Inserting this estimate into (3.39) gives, for each = € B,

1/q4} , L > _ , ,
( f H%) < ME (T 1) ()55 3 029000 < Oy (1T £ () /%
B

J=0

by hypothesis (iv). Hence (3.6) holds with H =0 and & = C}.
Next we check condition (3.5). Let B be a ball with rg < 12v/np(xp). We first
write



526 F. K. Ly

/4y , , /44 ) /44
<][ GB) = <][ 20 |(I — Ag)*T* f|™ d;z:) < (][ |(I — Ap)*T* f|" d:z:) .
B B B

We apply duality again now with I and (I — Ap)*T* with g € L9 (B, dz/|B|) of norm 1.
Then for each = € B,

1/Q1
A in '
(][ ) < f Ul - an) |<22 ][(B)mmf )9l
e in ; 1 Y 1/q;
I )5 £,

1 1/Q1
S I— Ap)gl®
. (W(?]B) ]{J,-(B) I 2 )

|f|‘h 1/q1 93 (n+mn) <][
Z U

1/Q1
T - Amgl™) . B
3 (B)

In the last line we applied (3.40) again. Now for each j > 2, estimate (3.37) with exponent
q = q1 gives

1/q: 1/po 1/q1
( fora- AB>g|q1) < aj< f |g|p0) < ( f |g|‘“> —ay, (342)
U;(B) B B

where we have used Holder’s inequality (with exponents g1/po and (q1/po)’) and the
normalisation of g. For j = 0,1 we use hypothesis (i) with ¢ = ¢; to give

1
f - ang® s g [ 10 Amgl”
U, (B) 1B| Jan

1 / s
s [+ | |ABg|q1}.
|B|{ B kZ:O Uk(B)

For the summands we use the approach as before, namely applying (3.36) for & > 0, and
Holder’s inequality to get

1/q1 1/po 1/q1
(][ ABQ|QI> < Oék(][ |g|p0> < Ozk(][ 9|q1) = Q.
Uk(B) B B

Collecting these estimates we have for j = 0,1,

fooma-ang® s flom+ 2 f (dngl”
U;(B) B =0 Ui (B)
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< ][ 9|+ afrakn, (3.43)
B

k=0

which is finite because the expression >, 28" is finite. Inserting (3.42) and (3.43)
into (3.41) gives

1/q; , (2 ,
(][ GB) < ME(|1%) ()5 {Zajgj(n+n) +C}
B

=2

< CoME(|f1) () /4 (3.44)

for each = € B. /

Now let G(z) := Cs /\/l#(|f\q1)(x)1/qi, where C5 = max{é, Cs}. Here C is the
constant from hypothesis (iii), and C5 is the constant from (3.44). With this choice of
G, firstly estimate (3.44) implies that (3.5) holds, and secondly estimate (3.38) implies
that (3.7) holds.

We have shown that (3.4)—(3.7) holds. Therefore, since v € BE
Theorem 3.9 allows us to conclude that

— L
(p /p ), = Bs/7 then

[MET*F1) || 1y < ClIME(F1)]

L) L) (3.45)

for some C > 0, depending only on v, ¢, n, &, s, n, 7 Cj3, and hence only on w, p, P,
q1, C1, Cs, C. Recalling that r = p/q} and v = w'~ P we observe that the LP’ (wi= -7 )
boundedness of T* now follows, because

17" A ) < 27IME (T FI) |y < ClME(A1%)]

o b SO - (340
The first inequality in (3.46) holds by the pointwise control of the operator Mﬁ (see
(3.3)). The second inequality in (3.46) follows from the conclusion (3.45) above. The final
inequality in (3.46) follows from the boundedness of the maximal operator M} (|~|q1 ) Ha
on L”'(u). Indeed, Remark 3.8 applies in this situation because firstly p’ > ¢}, secondly
v=w"" e Aﬁ,’eq,l, and lastly n =10 = (p'/¢})'0

By duality, (3.46) implies the boundedness of T' on LP(w). O

3.2. Proof of Theorem 1.1.

We first consider the operator V2L~'. We apply Theorem 3.14 to T = V2L~
po=1q = s, and Ap = e "5L. Fix § € (1,s) and n > 0. We shall show that
conditions (i)—(iv) of Theorem 3.14 hold. For simplicity we shall write ¢ to denote ¢
throughout the rest of this proof.

Firstly the LI(R™) boundedness of T" holds from Table 1 of Section 1, and so Theorem
3.14 (i) holds easily. Next we check conditions Theorem 3.14 (ii) and (iv). Fix a ball B
and a function f € L¥(R") supported in B. We have (via the bounds (2.4) on the heat
kernel of L):
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(4

i (B)

1/q ]
|ABf|q> gcle-014]]i|f|, (3.47)

if j > 0. Note that the constants C1,c¢; depend on g and n only. Indeed, for each j > 2,
z € U;(B), and y € B, we observe that |z — y| > 2/rg/4, and hence the bounds (2.4)
imply that

sup |eBEf(@)| < sup /|pr (2.9)] 1£ ) |dy<e‘c‘“][|f|

zeU;(B) erJ(B
By Holder’s inequality these bounds give for each j > 2 and ¢ > 1

(F o) < (£ (o))" .

J

The same approach gives for j = 0,1

1/q
(f pass) < fin
U;(B) B
These two estimates give (3.47).

J
Next we recall from Lemma 2.8, and in particular estimate (2.24), that

. 1/q )
<][ |V2L~H(I - e"“BL)f’q) < Cyeme? ][ Ifl, Vj>2. (3.48)
U, (B) B

Let us take o; = Ce=Y for j >0, where C = max {C4,Cs} and ¢ = min {¢1,c2}. Then
Theorem 3.14 (iv) is satisfied, and by (3.47) and (3.48), conditions (3.36) and (3.37) are
also satisfied. This proves (ii) and (iv).

Finally we turn to condition (iii) of Theorem 3.14. Let f € L?(R™) and fix a ball
B with rg > 12y/n p(zp). We write

f= ZflUj(B) = ij
j=0

Jj=0

Then

To estimate the terms for j = 0,1, we use that 7™ is bounded on LY (R™), and that
Yy (2B) < 274, (B) to obtain, for any « € B,
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1 *,a)”f C(rt .q>1”
(wnw)]i'T L) s wn<B>|B|/B'ff'

<o(LoE) " (g f)

< CME(FI7) ()7 (3.50)

Note that C depends on n,q and 7. To estimate the terms for j > 2, we first write

T f5(y)| = V2py(z,y) f(2) dz dt’

U;(B)

1/‘1/ [e%s} 1/q
q 5 q
: </rfj(B> J > /0 </UJ-<B>szt(Z’y)| dz) dt (3.51)

by Hoélder’s inequality. Next, using that 1, (27 B) < 2974, (B) we have for any = € B,

1/q' 1/q'
q _ iBY |99 B 1/q’< 1‘ q’>
(/Uj(B) d ) (v (2'B) [2'B]) (27 B) /UJ«B) 4

< (y(B) | B]) /¢ 20 tm/a" pE (| £19) ()1 (3.52)

Therefore using (3.51) and (3.52) we obtain, for each j > 2,

1 y , 1/q
(m )
1 N Ve q 1/q'
= wn( )1/q (/U_(B) |f|q ) (é(/ ||V2pt HLq(U (B)) dt) dy)

J
< I/ | B9 pME(| 1) (@) T(j,q, B) (3.53)

where

q 1/4'
1608 = (£, ([T 1900y ) )

Now we estimate the final term in (3.53) by using the heat kernel bounds in Proposition
2.4 (c). For each j > 2 and y € B, we have |z — y| > 2772rp. Hence for all t > 0 estimate
(2.8) gives

a2 _ ]2
||V2pt ||L<1(U ) ||V2pt(-,y)eﬂ“‘ yI*/t o—Bal-—vl /tHLq(Uj(B))

< e‘C4j7"ZB/tHV2pt('7y) €BQ|4_y|2/tHLq(Uj(B))
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<4 0/2* e—eHTh/t —c(1+t/p(1)*)"

< W% e—c4jr25/t e—c(l-l—t/'r'%)g. (354)

In the last step we used that since rp > 12y/np(xp), then for each y € B, by Lemma
2.1,

p(y) < Cop(xp) (1 + p(ZBB)> < Co <121/ﬁ + 1) rp=C'rp.

Estimate (3.54) gives us

dt
t1+n/2q’

o0 j 5
I(j,q,B) < C / = rh/tme(144/75) = C{Z; + 11;} (3.55)
0

where

2772
T — B 67c41r2B/t6—c(1+t/r2B)8L
J 0 tl+n/2q"’

oo
e —ctird Jt_—c(14t/r ° dt
11; = / . e B/lg ( %) prEnyo

To estimate the first term we observe that since t < 27r% then e~ HTE/t < =¥ 5o that

T, < Ce=? Pry o\ gy
i=ve 0 4% ti+n/2q’

Ce—<? 2rg p
< . t
T i(n/2q) 20 /O

Ce—<? Ce=c?’

- 7S ; 3.56
9i(1+n /") 1/4 yi/a (3.56)

since 0 < & < 1. To estimate the second term we observe now that ¢ > 27 rzB implies that

_ 29 036
e o(1+t/3) < e 2" and hence

II < o e—c(l-‘rt/’r'zB)s dt
7 2372, ti+n/2q’
r oo —c29° —c29°
S Ce_cgjé/ 1+d€2 / S ,Ce / ’ S Ce / s (357)
2ip3, £/ 21n/2¢' 4 ry

By collecting (3.56) and (3.57) into (3.55), and then inserting the result into (3.53), gives
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for each j > 2,

1 N Ve . ) N , ,
<Z/J(B) ][B |T*fj|q > < ¢ itntm)/d g—e2 M#(Ut‘q )(m)l/q (3.58)
n

for any € B. Finally on combining (3.58) with (3.50) into (3.49) we have, for every
T € B,

1 A d ) / ~ / )
(?HB) ]{3 |T* £|? ) < C./\/l#(|f|‘1 )(x)l/q {1 + Z2j(n+n)/q o2 }
n

Jj=2

< CuME(1fI7) ()M

which gives us (3.38) with C = Cj.
Therefore Theorem 3.14 applies and we obtain the required result for T = V2L~!.
The proof of Theorem 1.1 is complete.

REMARK 3.15. Finally we mention that the same approach used in the proof of
Theorem 1.1 can be applied to give new proofs of the weighted estimates for the operators
VLY2 V12012 and VL™!. These estimates are known—see Table 2 in Section 1 and
the works [10], [33]. However we leave the details to the interested reader.
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V2L7! is still new.
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