(©2016 The Mathematical Society of Japan
J. Math. Soc. Japan

Vol. 68, No.1 (2016) pp. 295-346

doi: 10.2969/jmsj/06810295

LI-L" estimate of the Oseen flow in plane exterior domains

By Toshiaki HISHIDA
Dedicated to Professor Yoshihiro Shibata on his 60th birthday

(Received Sep. 2, 2013)
(Revised Apr. 8, 2014)

Abstract. We consider the initial value problem for the Oseen system in
plane exterior domains and study the large time behavior of solutions. For the
space dimension n > 3 the theory was well developed by [26], [10] and [11],
while 2D case has remained open because of difficulty arising from singularity
like log v\ + a2 of the Oseen resolvent, where ) is the resolvent parameter
and « is the Oseen parameter. In this paper we derive the local energy decay
of the Oseen semigroup and apply it to deduction of L9-L" estimates. The
dependence of estimates on the Oseen parameter « is also discussed. The
proof relies on detailed analysis of asymptotic structure of the fundamental
solution of the Oseen resolvent with respect to both A and «.

1. Introduction.

Let Q be an exterior domain in R? with smooth boundary 9. We consider the
Navier—Stokes system

Ou+u-Vu=Au—Vp, divu=0,
ulog = 0, (1.1)

U — Uso as |z| — oo

which describes the motion of a viscous incompressible fluid past an obstacle R?\ Q (rigid
body) that moves with translational velocity —uso, where u(x,t) = (u1,u2)’ and p(z,t)
respectively denote unknown velocity and pressure of the fluid, while u., € R?\ {0} is
a given uniform velocity. Because of the Stokes paradox, we do need to consider the
problem around u.,, so that the Oseen linearization works well as an approximation
of the Navier—Stokes system. Since the Navier—Stokes system is rotationally invariant,
without loss of generality, one may take

Uoo = —20ve1 with a > 0 (Oseen parameter), e; = <(1)) .

Then, by denoting u — us by the same symbol u, (1.1) is reduced to
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O+ u-Vu=Au+ 2adiu — Vp, divu =0,
ulan = 2aey, (1.2)

u—0 as |z| — oo,

where 01 = 0,,. It is an open question to clarify the large time behavior of solutions
to the initial value problem for (1.2) even when o > 0 is small enough. Toward better
understanding of this problem, it is important to study: (i) steady flows with fine de-
cay/summability for |z| — oo; and (ii) decay properties of solutions to the Oseen initial
value problem for ¢ — co. Concerning the first issue (i), it was proved by Finn and Smith
[14], [15], [34] and, later on, by Galdi [17], [18] that if « is nonzero but sufficiently small,
then (1.2) admits a steady flow (called a physically reasonable solution) u(x) = (uq,u2)”
that satisfies u(z) = O(|z|~'/?) as |x| — oo and exhibits a parabolic wake region behind
the body like the Oseen fundamenatal solution. To be precise, such an anisotropic decay
structure with wake is found only for wy, while us has no wake; as a consequence, we
have

up € LI(Q) for Vg > 3; ug € L"(Q) for Vr > 2. (1.3)

So far, the stability/instablity of this flow is unsolved, while we know the stability of
physically reasonable solutions in 3D exterior domains as long as they are small, see
Shibata [32] and the references therein. The difficulty in 2D is due to less summability
(1.3), that is not enough to show the stablity.

In the present paper we study the second issue (ii) above, that is, the large time
behavior of solutions to the initial value problem for the Oseen system

Ou — Au—2a0iu+Vp=0, divu=0 inQ x (0,00),

ulgn =0,
lon (1.4)

u—0 as |x| — oo,

u(+,0) = f.

Besides the motivation mentioned above, the linear analysis is of interest in itself. We
consider (1.4) in the standard solenoidal Lebesgue space LL(f2),1 < ¢ < oo, on which
we are able to show the generation of analytic semigroup (the Oseen semigroup) that
provides a solution operator f +— wu(t), see section 2. Our aim is to show the L4-L"
estimates (with n = 2)

lu(®)l» < Ct="/a D2l (1 <q<r< oo, g# o0), (1.5)
IVu(®)], < Ct=/anMPEAR| (1< qg<r<n) (1.6)
for ¢ > 0, where n > 2 is the space dimension, | - ||, stands for the norm of L9(Q),

V = (01,02) and 0; = O,,. For the Stokes flow (case a = 0), these estimates were
deduced by Iwashita [25] (n > 3), Dan and Shibata [8], [9] (n = 2), and Maremonti and
Solonnikov [28] (n > 2). We cannot avoid the restriction r» < n for (1.6), see [28] and
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[23] (while it is not clear whether the same restriction is essential for the case a > 0).
As for the Oseen flow (case a > 0), (1.5) and (1.6) were established by Kobayashi and
Shibata [26] (n = 3) and Enomoto and Shibata [10], [11] (n > 3), except the case of
plane exterior domains, where the constant C' > 0 above can be taken uniformly with
respect to small o > 0; that is, for each M > 0, we have C = C(M;Q,q,r) provided
a € (0, M]. This is important in the proof of stability of 3D steady flows as an application
of (1.5)—(1.6), see [32].

Our main result is Theorem 2.3 in the next section. As a special case r = g,
we see that the Oseen semigroup is uniformly bounded in LZ(f), which has not been
known until now. The large time behavior of the semigroup is definitely related to the
asymptotic behavior of the resolvent for A — 0, where X is the resolvent parameter. Look
at the fundamental solution E{(z) of the Oseen resolvent in the whole plane R2. It is of
the form (4.6) and involves the modified Bessel functions of the second kind. A typical
leading profile for small (A, &) possesses the logarithmic singularity such as log v'A + a?
unlike 3D case. To be precise, the fundamental solution has even worse terms in the
sense that the derivative 0y E§(z) is a bit more singular (than dx log v/A + o2) and that
the interaction between A and « is more complicated (than log v A + a?). Actually, those
terms arise from the pressure and it does not seem to be easy to control both parameters,
A and «. In analyzing the fundamental solution, it would be fine if we could do so on
the Fourier side as in Kobayashi and Shibata [26] for 3D case, however, we face another
difficulty for small |£]; indeed, several integrals in their analysis [26] do not converge near
& = 0 for 2D case. To get around this difficulty, in this paper, we make full use of the
asymptotic expansion of the modified Bessel functions to find the asymptotic behavior
of the fundamental solution for small (A, «). In doing so, we concentrate ourselves on
the analysis for A € C; = {Re A > 0} with small |A\|. The asymptotic behavior along
the imaginary axis is of particular importance to justify the representation formula, see
(6.1), of the semigroup. The structure (4.19) of the fundamental solution also plays a
key role.

Besides the analysis of the fundamental solution mentioned above, as in [25], [26],
[10], [22] and [24], the essential step for the proof of L?-L" estimate is to show local
energy decay properties of the semigroup in Qp = QN Br = {z € Q;|z| < R}, see
Theorem 2.1 and Theorem 2.2, by means of spectral analysis; indeed, we adopt their
argument in principle. In order to analyze the regularity of the resolvent near A = 0,
a parametrix of the resolvent is constructed with use of the Oseen resolvents in R? and
in a bounded domain near the obstacle R? \ Q by a cut-off technique, however, the
standard compactness argument provides us little information about the dependence of
the resolvent on A and a. So we have to reconstruct the resolvent especially near A = 0.
From this point of view, a key ingredient of the proof is Proposition 6.2 on some estimate
of the remaining term arising from cut-off procedure for the case A = 0 (purely Oseen
system) by use of the structure of the fundamental solution E§(x). This structure tells
us that we have the singularity like log & only in the degenerate part. A method based on
this observation was developed by Dan and Shibata [8], however, we need further analysis
with the aid of consideration of steady Stokes system, see Lemma 6.3. For the proof of
local energy decay properties, we employ a relation between the modulus of continuity
of a function and the rate of decay of its inverse Fourier transform, see Lemma 7.3.
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Unfortunately, our main result does not provide desirable situation in which the
constant C' in (1.5)—(1.6) is independent of « € (0, M]. In [8] Dan and Shibata gave the
following remarkable insight into the case a = 0: So far as the behavior in the bounded
domain Q0 = QN Bp is concerned, the Stokes resolvent goes to the Stokes flow as A — 0
in spite of the singularity like log /X of the fundamental solution. This is because the
total net force of the Stokes resolvent exerted by the fluid to the obstacle R? \ Q tends
to zero as A — 0 and, thus, the limit Stokes flow can be bounded at space infinity (the
Stokes paradox disappears). The similarity can be observed for the Oseen flow (A = 0)
for @« — 0, see [17, Chapter VII] and [30]. In order that our L?-L" estimate covers
the case of the Stokes semigroup (o = 0) discussed in [8], very probably, we have to
find analysis for small (A, «), which includes those phonomena. I believe that such an
improvement should be done in the future.

In the next section we give three theorems: the first two are concerned with local
energy decay and then the third one is L9-L" estimate. In section 3 we prepare some
estimate of the semigroup in the whole plane R2. Section 4 is the most important part,
in which we construct the fundamental solution of the Oseen resolvent and carry out
analysis of its asymptotic structure. In section 5 we consider the Oseen resolvent system
in a bounded domain. Section 6 is devoted to construction of a parametrix of the resolvent
in exterior domains. In section 7 we investigate the regularity of the resolvent near A = 0
to prove Theorem 2.1 and Theorem 2.2 on local energy decay estimates. We complete
the proof of Theorem 2.3 in the final section.

2. Results.

We start with introducing notation. The following subsets of the complex plane C
are often used:

Cy={A€C;ReA>0}, ¥r={reCTs\{0}: |\ <A} (2.1)

for A > 0. Given a domain D C R?, 1 < ¢ < oo and integer k > 0, we denote by LY(D)
and by W*4(D) the standard Lebesgue and Sobolev spaces, respectively. For the exterior
domain € under consideration, we simply write the norm || - [|; = || - || La(). For Banach
spaces X and Y we denote by £(X;Y") the set of all bounded linear operators from X to
Y'; it is also a Banach space with norm || - || z(x,y). We simply write £(X) = L(X; X).

Let us introduce the Oseen operator in the L? space, 1 < g < oo, of solenoidal vector
fields. Set

LZ(Q2) = completion of C§%, () in L9(£2)
={ue LYQ); divu=0, v-u|pn =0}

where CF,(€2) consists of all smooth and divergence free vector fields with compact
support, v is the outer unit normal to the boundary 092 and v - u|gn denotes the normal
trace of u. Here and hereafter, we use the same symbol for denoting spaces of vector and
scalar functions if there is no confusion. It is well known that the space L?(2) of vector
fields admits the Helmholtz decomposition
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LYQ)=LL(Q) e {Vpe LU Q);pe LL (Q)}

which was proved by Miyakawa [29] and by Simader and Sohr [33]. By using the pro-
jection P : LI(Q2) — LZ(€2), the Oseen operator L, is defined by

D(Ly) = {u € W24(Q) N LL(Q); ulgq = 0},
Lou = —P[Au + 2a0;u].

As for the Stokes operator A = Ly = —PA, we know the generation of analytic
semigroup (the Stokes semigroup) {e~*4},>¢ in LZ(2) due to Giga [19], Solonnikov [35],
Farwig and Sohr [13]. Furthermore, it is uniformly bounded |[e~*4f||, < C||f||, by the
result of Borchers and Varnhorn [4]. Those results follow from the resolvent estimate:
For any € € (0,7/2] there is a constant C' = C(g,, ¢) > 0 such that

IO+ A7 flly < Al (2:2)

for |arg\| < 7 — e and f € LL(Q). We also have
IV + 4 fll, < CIN2) 51, (2.3
for |argA\| < m — e with |[A] > 1 and f € LZ(2), which is a consequence of |Vull, <
C(|Aully + lullg)?||ulls’? with u = (A+ A)~1 f and (2.2). The condition || > 1 cannot
be removed if ¢ > 2 = n; in fact, if it were possible, then |[Ve A f[, < Ct=Y2|/f|,

would hold for large ¢, which yields a contradiction ([28], [23]).
It follows from ||u(|y2.0() < C(||Aullq + [Jull4) for u € D(A) that

lullwza(@) < CllLaullq + C(1 + a®)|ul, (2.4)
for u € D(Ly) = D(A). As in Miyakawa [29], by a perturbation argument from the
Stokes operator, it is easily verified that the Oseen operator generates an analytic semi-
group (the Oseen semigroup) {e~*f=},5¢ in L2(Q), so that

ILae™ o flly <Ct7HIfllg  (0<t<2) (2.5)
for f € L2(€2). Thus the solution of (1.4) is given by u(-,t) = e~tL= f. In fact, by

At Lo = [1—=2aPOi(A+ A" (A+ A)

together with (2.3), there is a constant ¢y = co(g, 2, q) such that if || > max{coa?,1}
as well as |arg \| < 7 — ¢, then A € p(—L,) and

A+ La) ' =(A+ A7) [20P01 (A + A)” ]
k=0
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that enjoys
AT+ La) ™ Fllg + MYV A+ La) ™ fllg < ClIfllg (2.6)

for A as above and f € LZ(2). Concerning the resolvent set p(—L,), we will show that
it contains C\ S, see Proposition 6.1, where

Sy ={X €C; 40*Re A + (Im \)? < 0}. (2.7)

Actually, one can construct the resolvent concretely for every A € C\ S, by using a cut-
off argument developed by Koboyashi and Shibata [26, Theorem 4.4] (n = 3), Enomoto
and Shibata [10, Theorem 4.4] (n > 3). Among ingredients of their proof, the only point
which depends on the space dimension n is the uniqueness for the exterior problem (6.2),
and it will be provided in Lemma 6.1 for n = 2. There is further information due to
Farwig and Neustupa [12, Theorem 1.2], which proves that S, is exactly the essential
spectrum of —L,, for all & > 0 and ¢ € (1,00). Although they gave a proof in the case
of exterior of 3D rotating obstacle around the e;-axis, it seems to work in 2D without
rotation as well. In this paper we will show that the semigroup is uniformly bounded,
see (2.15) with r = q.

Set Br = {z € R?%|z| < R}. We fix Ry > 0 such that R? \ Q C Bg, throughout
this paper. For 1 < ¢ < oo and R > Ry + 1 we set

LE(9) = {f € LY); f() =0 ae. [z] > R} (2.8)

from which the initial data are taken in the following theorem on local energy decay
properties of the Oseen semigroup in 2z = Q N Bp.

THEOREM 2.1. Let2<qg<oo,R>Ry+1, M >0 and0<6<1. Then there is
a constant C = C(M,0;9, ¢, R) > 0 such that

i c
le™* = Pfllwrag < pRETT 10 (log 1)1 £l (2:9)

forallt>2, fe L‘[IR](Q) and o € (0, M].

For the Stokes semigroup, the rate of local energy decay shown by Dan and Shibata
[8] is t~1 (logt)~2. Therefore, one can expect no singular behavior with respect to a in
(2.9) at least for the case § = 0, however, we could not remove a~!. When we fix a > 0
and take § = 1 in Theorem 2.1, we find that the rate of local energy decay of the Oseen
semigroup is t~2 log ¢, which is better than that of the Stokes semigroup.

REMARK 2.1.  The reason why we have the restriction ¢ € [2,00) is that we are
forced to employ L2-theory in a part of the proof. But, even for the case 1 < ¢ < 2, it is
obvious that Theorem 2.1 yields

_ c
le tLapf||W1,q(QR) < pSEST ) (logt)9||f||2 (2.10)
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for f € L[QR](Q), which is enough to proceed to the next stage (Theorem 2.2) on account

of smoothing effect of analytic semigroups. But the use of L?-theory causes unpleasant

1

behavior a™", see Lemma 7.2, while the essential part from spectral analysis yields less

singular behavior like log «r, see Lemma 7.1.

Let 1 < g < co. By (2.5) together with (2.4) it is easily seen that

B B _ 1/2, _
le™ = Pfllwrag) < C{lILae™  Pfllq+ (L+a®)[le™ e Pfllg} = le= =Pl

<O +a)t™|fl, (2.11)

for 0 <t <2and f e LIQ). It is convenient to write

_ ¢ _ _ 0
He tLanHWl,q(QR) < m t 1/2(6 + t) (1/2+6) (1og (e + t)) ||meaX{q}2} (2.12)

forallt >0, f € Laﬁx{q’z}(Q) and « € (0, M], by combining (2.11) with (2.9) and (2.10).

In the next step, we still consider the local energy decay, however, for general data
from L2(€2). By using (2.12) with arbitrary small § > 0 together with L9-L" estimate
(3.3) of the Oseen semigroup in the whole plane R2, see (3.1), we will show the following
theorem.

THEOREM 2.2. Letl < g < oo, R > Ry+1 and M > 0. Suppose € > 0 is
arbitrarily small. Then there is a constant C = C(M,e;Q,q, R) > 0 such that

_ c
e~ e fllwragan) < e Y9 £l (2.13)

forallt >2, f € LL(Q) and a € (0, M].

In view of (1.5) with n = 2 and r = oo, we formally observe that the decay rate
t=1/4 is reasonable. Note that this rate cannot be improved even though we use (2.12)
with # = 1. On the other hand, if we used (2.12) with § = 0, the decay rate in (2.13)
would be t~1/7 logt, however, this is not enough to show Theorem 2.3 below. For the
Stokes semigroup as well, the rate t~!(logt)~2 of local energy decay for f € L‘[IR](Q) is
important in [8] since it is summable for large ¢. As an immediate consequence of (2.13),
we obtain

C

al—i—e

le=%e Fllwraany + 10~ Fllraton < =z A+ (1Lafle+ 1) (214)

forall t >0, f € D(L,) and « € (0, M]. In fact, (2.13) yields

_ _ ¢ _
10ee™" % fllaan) = lle™  Lafll can) < 5z t7/l1LaS g

for ¢ > 2. On the other hand, by (2.4) we have
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le™ " fllwracan) + 10 Flla@m) < lle fllweay + e Lo fl|La(q)

< C(ILafllqg + 11 £llg)

for 0 <t < 2. These estimates imply (2.14).
The main result on L-L" estimate of the Oseen semigroup reads as follows.

THEOREM 2.3. Let o > 0. Then

le= e £l < Ct M £ (1<g<r<oo), (2.15)
le= flloo < Ct= Y (logle + )| flg (1 <q<r=o0), (2.16)
Vet Ee fll, < CHHat =12 g (I<g<r<2=n), (2.17)
[Ve e flla <Ct™ (logle + 1) fl;, (1<g<r=2=n) (2.18)

for allt > 0 and f € Li(Q). Concerning the constant C > 0, given arbitrary large
M > 0 and small e > 0, there is a constant C = C(M,e;,q,7) > 0 such that C < C/aP
provided « € (0, M], where

14+e, 1/g—1/r<1/2
p= /a=1/ / for (2.15),
24¢e, 1/q—1/r>1/2
14+¢e, g>2
= or (2.16), 2.19
p {2+€, i< for (2.16) (2.19)

L aET e (217) and (2.18)
== or . an . .
r 24¢, g<r

REMARK 2.2. For the marginal cases, the rate of decay given in (2.16) and (2.18)

does not seem to be sharp. In fact, the Stokes semigroup e *4 satisfies
le™ fllo < CEYIYIfll, (1< g < o00), (2.20)
Ve flle < Ct79fll,  (1<g<2) (2.21)

for t > 0 and f € L1(QY), see [8], [9] and [28]. It is worth while noting that (2.21) with
q = 2 can be deduced by a simple weighted energy method. One can also apply the
energy method to the Oseen system (1.4) to obtain

[Vetheflly < O(Vat™ 4 + 172 £ (2.22)

with some C > 0 independent of «.
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3. The Oseen semigroup in the whole plane.

In this section we give estimates of the Oseen semigroup in the whole plane RZ2,
which solves

Oyu — Au — 2001u = 0, u(-,0) = f in R? x (0, 00).

It is of the explicit form

u(z,t) = (Ua(t)f) (x) = . G(z + 2ate; —y,t) f(y) dy (3.1)

where G(z,t) denotes the heat kernel
Gz, t) = — e~ 1#I°/4, (3.2)

If in particular the vector field f satisfies div f = 0, then div v = 0 as well as 0;u — Au —
2a01u + Vp = 0 with arbitrary function p that depends only on time ¢.

Let 1 < ¢ <r < oco. Obviously there is a constant C = C(j, ¢, r) independent of «
such that

IV Ua () fllr@ey < OV f Lo ge) (3.3)

for all t > 0, f € L9(R?) and integer j > 0. One can also deduce a kind of local energy
decay easily.

LEMMA 3.1. Letl < g <r < oo and R > 0. Then there is a constant C =
C(q,r,R) > 0 such that

[Ua(®) fllwzrr) + 110:Ua(t) fllLr(Br)
< C(l + a2>t—1/q+1/7“(1 + t)_l/erHW%q(Rz) (34)

for allt >0 and f € W29(R?).
PrOOF. By the equation we have
10:Ua(t) fllr(Br) < [AUQ(®) fllLr(Br) + 20/101Ua(t) fllLr (Br)-
From (3.3) we obtain
IV U () fllr(Br) < CIVIUa(t) fllpoe ey < Ct27H9)| fl| Loy
for all t > 0 and integer j > 0. By Lg2, = —A — 2a0; we denote the generator of

the semigroup U, (t); then, it has the same estimate as in (2.4). Since f € W24(R?) =
D(Lg2 ), we have
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HUa(t)fHW?”"(BR) < ||Ua(t)f||wz,r(R2)
< OllLg2,aUa()f | 2r@2) + C(L + o) [Ua(t)f |l z2)

< Ct_l/q—i_l/r{||LR2,af||LQ(1R2) + (1 + 042)||fHLq(JR2)}

for all ¢ > 0. Summing up the estimates above, we conclude (3.4). O

Let Pre = (65 + R;Ri)1<j k<2 be the Helmholtz projection in the whole plane,
where R; denotes the Riesz transform. Then the operator Pg: is bounded on L"(R?)
for every r € (1,00). Set L”(R?) = PgoL"(R?) for 1 < r < oo, which consists of all
u € L"(R?) satisfying div u = 0. We note the duality relation Ly "™ (R2) = L7 (R2)*.
Although Pg: is not bounded on L*(R?), we have the following lemma, which will be
needed in the last section.

LEMMA 3.2. Let r € (1,00). Then, for each t > 0, the operator Uy(t)Pgz on
Cs°(R?) extends uniquely to a bounded operator from L*(R?) to L"(R?). Furthermore,
forr € (1,00] there is a constant C' = C(r) independent of a such that

VU (£) Pre f || £ g2y < Ot/ £[ 11 ey (3.5)

for allt >0, f € L'(R?) and integer j > 0.

PROOF. Let r € (1,00) and f € C§°(R?). Since U, (t)* = U_,(t) also satisfies
(3.3), we have

(Ua®Pf )| = [(f;U—a@)@)] < |[fllLr @) 1U-a(t)pll Lo @2)

< CY il ey llpll e ray
for all € Ly ""Y(R2). By duality we find that Ua(t)Pf € L.(R?) with

1Ua(®)PfllLrmzy < C 7| fll L2 (2

for some C' = C(r) > 0 independent of t, « and f. By density U, (¢)Prz extends uniquely
to a bounded operator from L'(R?) to L” (R?) together with the same estimate as above.
We have also (3.5) even for r = oo and/or j > 1 on account of semigroup property and
(3.3). This completes the proof. O

4. Fundamental solution of the Oseen resolvent.

In this section we consider the solution

(03 [e3 — — r
u=ASf = EX *f, p=1 —W*f (41)

of the resolvent equation in the whole plane
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Au— Au — 2adu+ Vp = f, divu=0 inR? (4.2)

for suitable external force f, where E{(x) is the fundamental solution of the Oseen
resolvent. Indeed we can derive the standard estimate |A|[|ul/paw2) < C||f|La(m2) for
large |A| with |arg\| < 37/4 (say) and all f € LI(R?) (1 < ¢ < o0), yielding the
generation of analytic semigroup, but the point here is to analyze the resolvent for small
(A, &) under the assumption that the support of f is compact. This section is devoted
to such analysis especially for A € Cy = {\ € C;Re A > 0}.

Everything relies upon the fundamental solution, which is given by

|EPI- @€

O Jef —2aienier)

B3 =
_ / e MG+ H)(z + 2atey, t) dt (4.3)
0
where

I= (0jr)1<jk<2, E® &= (&&k)1<) k<2

and F~! denotes the inverse Fourier transform. In (4.3),, G(z,t) is the heat kernel given
by (3.2) and

[eS) o) e—|x|2/4s TR I
H(z,t) = @ ds = S e A
() /t v G(w,s)ds /t drs ( 452 23) s

e_‘z|2/4t €T ® x
At |z|2

-1
- 2m|z|?

(1— e loF/4 4 {1(1 — e lelP/ary _ (4.4)

mlz[?

Note that (GI + H)(x,t) and (GI + H)(z + 2ate;,t) are, respectively, fundamental
solutions of unsteady Stokes and Oseen systems. In (4.3); we have

A+ €2 = 2aié; #0  for all € € R2 and A € C\ S,, (4.5)

where S, is given by (2.7). As shown in [26, Lemma 3.1] and [10, Lemma 3.1], the
Fourier multiplier theorem leads us to the first assertion of the following lemma. The
remaining assertions are easily implied by the Hardy-Littlewood-Sobolev inequality and
embedding relations.

LEMMA 4.1. Leta >0 and1 < q < oco.

1. Let \ € C\'S,. Then AY is a bounded operator from L1(R?) to W*4(R?). Further-
more, the function C\ S, 2 XA — AS € L(LI(R?); W24(R?)) is analytic.

2. The operator VII is bounded on L4(R?). If 1 < q < 2, then II is bounded from L4(R?)
to L9 (R?), where 1/q. = 1/q — 1/2.

3. Let \€ C\ S,. If f € L(R?) satisfies f(z) =0 a.e. |x| > R for some R > 0, then
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V2ASf, VIIf € L"(R?), Vr e (1,q]; SfeL"(RY), Vre(l,00),
vre (1,q. ifqe(1,2),

Vre (1,00) ifq€[2,00),

Vr € (2, g4 if g € (1,2),

Vr e (2,00)  ifq€[2,00),

ASf € L™(R?), {

If € L"(R?), {

where 1/q, = 1/q—1/2 for q € (1,2). All of them in L"(R?) are estimated from above
by Cr||fllLa(r2)-

To derive a representation of E(x), following [20, Appendix] by Guenther and
Thomann, we use the Laplace transform (4.3), rather than (4.3);. Then, by a lengthy
but elementary calculation, we obtain

5
- ZE
j=1
= 1e_o‘l'l KO(\/ A+ a2 |33|)

2

1
L e Ko(v/s(A+ a?s) |a]) ds
0

47

T Qx
47 |z]

1
N alr ® 614+ e 8 x) / se” " Ko(v/s(A+ a?s) |a]) ds
7I

0

1
e=215\ [s(h + as) Kl(\/s(/\—FaQs) |z|) ds
0

2 —axySs

a?|rle; @ ey L g2
= ) 0Tt Ki(v/s(A+ a?s) |x]) ds (4.6)

for Re A > 0 and @ > 0, where the branch of /- is chosen so that Re /- > 0 (thus
arg VA + o2 < w/4 and so on) and

. (4.7)
st o ()8

are modified Bessel functions of the second kind (order 0/order 1, respectively); these
integral representations are valid for z € C,.. For the representation (4.7), see for instance
Watson [36, 6.22].

In fact, by using the simple relation (1—e~%)/o = fol e~ ?%ds, the Laplace transform
of the coefficient of I in H(x + 2ates,t), see (4.4), is
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-1 00 — At
7/ e (1 _ ef|z+2atel\2/4t)dt
21 Jo |z + 2ater]?

_ / / e |a:+2atel|2s/4td dt

_ -1 efowcls/ 75()\+o¢ s)|z|?t/4 71/t dt ds
87T 0 t

which implies the second term E3', () since (1/2) J5* exp[—(22t/4+1/t)](dt/t) coincides
with the RHS of (4.7), for z > 0 and, therefore, for |argz| < m/4 by unicity theorem
for holomorphic functions. The derivation of the first term EY')(x) is even easier and
classical. Using the relation

1/1—e" !
(6 —e") z/ se 7% ds
g g 0

we can rewrite the Laplace transform of the remaining part of H(x + 2ate;, t) as

/OO Y 1— e_|33+20(t61|2/4t e_|33+20(t61|2/4t (x + Qatel) ® (.’If + 20{t€1) it
e _
0 7| + 2ate |? 47t |z 4+ 2ateq |?
= / / 5€7|x+2at61|2 S/4t d (fE + 20&t61) (‘/E + 2at€1) dt
167t2
= I3+ 14+ I

with

167

_ TRT / e—amls/ —6(A+Ot s)|z|*t/4 _1/t dt ds
4r|x|? 0 2

1
Iy = Oé(.’L' ®er+e ® JI) /OO e—At/ Se—\w+2atel\28/4t ds%

I3 = l’@l‘/ —)\t/ se |w+2atel|25/4td d

8

_ Oé(.’L' Qe t+e1® JI) /1 ge—ams /OO e—s()\+o¢2s)|ac\2t/4 e—l/t @ ds
8 0 0 t ’

2 o] 1
a‘e; @ ep _ _ 2
Is = / e )\t/ se |z+2ater|” s/4t ds dt
0

2|12 1 e}
_ o ‘.’L’l e1e; / 826—a11.s/ e—s()\+a25)|w|2t/4 e—l/t dt ds.
167'(' 0 0

By the same reasoning as in the second term, we obtain sz(x) from Iy. Since we have
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1 [ 22t 1\ldt =z [ 22t 1
el el =i e[ (T ) =R

for z > 0, see (4.7),, it follows from unicity theorem for holomorphic functions that the
same relation holds for |arg z| < 7/4, and thus I3 and I5 respectively yield E3' () and

The representation (4.6) also covers the case A = 0 (the Oseen fundamental solution),
which was derived by Guenther and Thomann [20]; in this case, another representation
of E§(x) without s-integral is also available (even standard), see [17], [27] and [30].
Indeed (4.6) can be regarded as a generalization of the result in [20], but to the best of
my knowledge it is not found in any other literature.

REMARK 4.1. The representation (4.6) itself covers the case o = 0 (fundamental
solution of the Stokes resolvent) as well. Actually, E9(x) of our form coincides with
the fundamental solution given by Borchers and Varnhorn [4]. This is verified by the
relations

E_EKl(z), /0 \/EKl(\/Ez)dszi—éKl(Z)—gKo(Z)

22 23

/01 Ko(Vsz)ds =

But (4.6) never covers the case (A, @) = (0,0), in which the Stokes fundamental solution
is given by

E(z) = Kbglxl')lu m]. (4.8)

i EE

As clarified in [20], one needs the centering technique to recover E{(z) from the funda-
mental solution (G1+ H)(z,t) of unsteady Stokes system.

REMARK 4.2. If A € C\ S,, see (2.7), that is equivalent to Re v A + a2 > «, then
the fundamental solution E{(z) decays exponentially as |x| — oo by the asymptotic
behavior of the modified Bessel functions (4.7) for |z] — oo, see [36, 7.23]. This gives
another interpretation of boundedness of the operator Ay on L?(R?), 1 < ¢ < oo, for
such A\, see Lemma 4.1.

We also provide the representation of 0¥ ES(z) (k = 1,2) for later use:

5
ONES (x) =Y ONES)(x)
j=1

a1, Ka(VAFa2le))
47 ‘/)\-’-042
]I 1
+ ﬁ/ e am1s i Ki(v/s(A+ a?s) |a]) ds
0

8T A+ a?s
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TR ! —Qx1s
4202 [ on {\/; L (V5Oh+ aZs) |a)
+|x|sf<1<¢mw>}ds

alz|(r®@er +e1 @ §3/2e—ams
-skeg et [ e BTl b

a?lzle; ®e ! —ams S 82
e ool - (5Fm) (VO )

n |z|s K{(\/me}dS’ (4.9)

A+ a?s

ORES (x Z 3A

T e [EL (VA APJal) ] K (VA+ o?|a])
- 87 (A + a2)3/2 A+ a2

-y {(f/ +(v/50nF a%9) )

167 A+a?
|z|s
Nt ot K (v/s(A+a?s) |z]) ¢ ds

1 _
N TR x eaxls{(\/g Kl( s(A+ a?s) |$|)
0

167|z| A+ a2s)3/2

b (s as) )

A+ a?s
253/2

+ A KU (T % o) | ds

/2
a|x|(x®el+el®x)/l _ s s
_ arisy _ [ —— K A+ a?

167 0 ‘ A+ a?s 1Vt as) o)

ZL’SQ
o KU/ a% o) | ds

A+ a?s

9 1 3/2
3
+a|x|€1®@1/e—%s{(s Ky (Vs(A +a?s) [x])
0

167 A+ a2s)5/2
_als

(A4 a2s)?

|33|2 5/2

K (v/s(A+ a?s) |z])

KL (V50 %) o)} s

(4.10)
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We recall the asymptotic expansion of the modified Bessel functions ([30, Lemma
2.7])

2

Ko(z) = —logz+1log2 —~v — Zz(logz —log2 +7v — 1) + (log 2)O(z*),
(4.11)

1 1
Ki(z) = 2 + ;<logz —log2 -+~ — 2) + (log 2)O(2%)

asCy 2 z — 0, where v = limy, . ( >y (1/k)—logm) is the Euler constant. Through-
out this paper, log z is understood as the principal branch so that Im log z € (—7/2,7/2)
for z € Cy.

By making full use of (4.11), one can find the following pointwise estimates of the
fundamental solution. We observe that the local energy decay like ¢t =2 is hopeless in
Theorem 2.1 because of the behavior |A\|~! near A = 0 in (4.14) below. This is not the
case for the model operator A+2a0; without pressure, for which faster local energy decay
of the associated semigroup is obtained. In fact, the worst term comes from E5' ) (x) and
ES'\(x) in (4.6) (see also Remark 4.3 below).

LEMMA 4.2, Let R > 0,A > 0 and M > 0. Then there is a constant C =
C(R,A, M) > 0 such that

1 1
|E§‘(m)|<C< logm +'10g x|'—|—1>, x € Br \ {0}, (4.12)
C a? / ot
EY < —1 — 1+ — 4.1
|j‘u§pR|a)\ )\(I)| = a2 0og <|)\ + + |)\2> ) ( 3)
sup |RES(x) < — S (4.14)
wien S AN+ 0?) |

for A € 5 and « € (0, M], where ¥p is given by (2.1). The case A = 0 is also covered
only for (4.12).

PROOF. We first look at (4.9) to show (4.13). Set

_p— Oy
o e

- __° 1
l,A(x) 47T(A+Oé2) 3
I 1 e—0T1S
L3 \(x) = 87/0 N aZs ds,

1
L3 \(z) = 9La@gc/ se” 1% log /A + a?sds,

8t Jo

Lﬁf)\(x) = ds,

—a(z®e +e1@x) /1 seTow1s
8w 0 Ata?s

gA(x):_azel(@el/ e,
: 47 o (A4 a?s)?
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which are respectively dominant parts (that is, the most singular parts) of a,\EﬁA(x)
(j =1,...,5) for small (A, «) on account of (4.11). Concerning O\EY',(z), the leading
term of modified Bessel function does not contribute to Lg () by some cancellation and
thus it is less singular for small (A, «). Since

AN+ a?s|? = A2 +2a%sRe A+ ats® > [A]2 + ats?,

/1ds</1d9110 i2+ 1+a74
0 |/\+0425|_ 0 /\)\|2—|—0¢4$2 a2 g ‘)\| ‘)\|2 )

1

1
1
_ <
/ |)\+a25| / ﬁ/7w2+a4 3¢ T VPPt N T VPt ad

1 s 1 s 1 ot
———ds < ——ds = — 1 1+ —
/o At alsp? ‘9—/0 E+ats @7 204 °g< +|A|2>

When |\| and a are so small that [A| + a? < e™™/4, we have

we get

|log VA + 0423|2 = (log |V X+ 0423|)2 + (arg VA + a25)2 < 2{log(|A]* + a452)1/4}2

where arg (+) is understood as the principal branch so that | arg v'A + a2s| < w/4. Hence

1
/ s|log VA + a?s |ds<—/ s log (|A]* 4 a*s?) ds
0

1(1+10 1 > M <1+0‘4>
NG EPPtat)  1vzat BT P

1
< 1+1
= 4f< e |A|2+a4>

for small (A, «) as mentioned above. Let A € ¥j,a € (0, M] and |z| < R, and the
constants C' below depend on A, M and R. We then obtain

C C 2 at
Lo\(2)| € ———0 Lg (@) < 5 log J1+ |,
| 17/\( )| |)\|2+Oé4 | 2,)\( )l <|)\| |)\|2>

Ca
LS\ (z)] < C(l + ) [Lia(@)] <

C at 2C a? a4
L2 (@) < g (14 %) < 221 (I
AN < v (145 ) < 3 °g<|x| | +|A|2>

Since 1/vt2 +1 < ¢ log (1/t + /1 + (1/t2)) for all t > 0, we put t = |A|/a? to find

log

1
AP+t
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1 co a? ot
S I o ey PR 4.1
N °g<|A Y w) (419)

Thus, collecting the estimates above yields (4.13). Similarly (4.12) is verified by using
(4.11) and so omitted. Finally, the worst term of 93 E$(x) given by (4.10) comes from
OALS 5(z) and OrL¢ () (no other parts cause the behavior [A[~' below near A = 0).
The essential parts are respectively given by

1 ds ! ds 1 L, a? T
N2z = 2 12 = 2 P o S o e
o [A+a?s| o AP+ats?  a?()l AL T 2Al/AE + o

1 1 2
a2/ ;zsdsﬁff/ AT T s = 5
o A+ as| o (A7 +a*s?)3/ IAVIAR + a (A + /A2 + af)
- 1
T AWVIAP A+ et

We thus conclude (4.14). O

REMARK 4.3. By (4.15) the RHS of (4.13) is bounded from below (away from zero)

1 < 1 1 a? 4 i at
N R e a
VAT A ar B\ A2

as long as a € (0, M] and |A] < A. Note also that the RHS of (4.13) goes to C/|}]
as a — 0. The reason why the RHS of (4.13) is not related to that of (4.12) can be

interpreted as follows. The leading term of Ef, () for small (), «) is essentially given
by

like

Las

1
E?,A(SC)N/ 10g(>\+0423)d8:10g()\+a2)_/

———ds~ EY\(z) + E&\ (x).
0 [ s B+ P)

This behaves like EY' ) () because the leading term of E¥', () is bounded for small (A, a).
However, look at the leading term of aAE;A(m):

o ! 1 1 ! a’s o o
O\ES \(7) ~ N Tals ds = T o2 + . Ot ats? ds ~ O\EY ) (7) + O\EF 5\ ()

which behaves like O\Ef', (7); actually, it is singular for A — 0 even for fixed o > 0,
unlike O\ EY ().

As a consequence of Lemma 4.2, we have the estimate of the solution operator (4.1).

PROPOSITION 4.1. Letl < g< oo, R>0,A >0 and M > 0. Then there is a
constant C = C(q, R, A, M) > 0 such that
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o 1
IAS fllwra(r) < C( log 1o + 1) I1fll a2y, (4.16)
C 2
lONAS fllwraBr) < IOg ‘/\| 1+ ‘/\|2 I £l La(r2), (4.17)
2 A O
10X AS fllwra(Br) < I £ a?) 11l a2 (4.18)

for X € p, a € (0, M] and f € LY(R?) with f(z) = 0 a.e. |x| > R, where ¥, is given
by (2.1). The case A =0 is also covered only for (4.16).

PROOF. By the assumption on f and (4.12), we have

A f(z)] < /| Bl Wl

o

for z € Bg with C = C(2R, A, M), where Bagr(z) = {y € R?% |y — x| < 2R}. We thus
find

log

+ 1)||f||L1<BR> e

log

: ! £
N 9 Li(B
Al + 2 |z — -] La/(a=1) (Bag(z)) (Br)

145 Loy < CHAS Loy < c( log

1
ta? + 1) Ilfll o m2)-

To consider VAY f, we give the representation of 0, E{(z) (m = 1,2), where 0y, = 0y,,,:

m°

I
amEﬁA(x) == _Ml{ mKl(mva — ad1m KO(\/WM)}

2

I m
OmEg \(z) = E/o e‘”ls{xﬂ\/s()\ +a2s) K1 (v/s(A + a2s) |z])

+ abim s Ko(v/s(A+ a?s) |z|) } ds

o em QT +TR€En Tm(r® )
amEs,,\(x) = ( - )

4|z 4r|x|3

1
X/o e\ /s(A + a?s) K1 (v/s(A+ a?s) |a]) ds

1
TR —azys ) Tm 2 ,
axs A A 2
+47T|1" | e {ms( + a?s) K (v/s(A+ a?s) |z|)

— b1 5v/s(A + a2s) Kl(\/s()\ + a?s) |z|) } ds
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1
amEz)\(:c) _ alen ® 614: e1 ®em) / ge—aT1s Ko( /s()\ + a2s) m) ds

0

1 p—
n a(:c®614+ el ®$)/ eazls{ ‘wrs\/s(/\Jrazs) Kl(\/s()\+a25) m)
™ 0 x

— abi, 8* Ko(v/s(A+ a2s) |z|) } ds,

2 —axis

o’z e1 Qe Lg%
Om B = - = - — K A 2 d
s (2) PR o Va0t am 1(Vs(A + a2s) |z|) ds

2 1
+M/ e—oz;ms{wmsZ Ki( S()\+Oé23) |.’17|)
0

47 ||

QO01m, 83
BV wp (i—i—oﬁs) Kl(\/s(x\ + a?s) |x|)} ds.

Note that VA f involves the term

(e = [ ET0E T g,

|z —yl?

however, it is harmless by the Hardy-Littlewood-Sobolev inequality. In fact, when ¢ €
(2,00), we take r € (1,2) such that 1/r = 1/q+1/2 to obtain ||J f|| a2y < CllfllLr(Br) <
Cllfllzag)- When g € (1,2), we take r € (2,00) such that 1/r = 1/¢ — 1/2 to get
1T fllLaBr) < ClIfllorBr) < Cllflla@e). The case ¢ = 2 is treated similarly. Since
the asymptotic behavior of VO¥E¢(z) (k = 0,1,2) for small (), a) is respectively better
than (4.12)—(4.14), we obtain (4.16)—(4.18). O

The following structure of the fundamental solution (4.6) plays an important role to
construct a parametrix of the resolvent in exterior domains, see section 6.

LEmMMA 4.3.  We have the decomposition

ES(z) = EQ(2) + % [(log ;) I+ J] + F*(z) +5%(z), (4.19)

=E§ ()
where EJ(x) is the Stokes fundamental solution (4.8), J is the constant matrix given by
J=(og2—v—-1)T+ (e1 ®e),

and

1
sup |[F*(x)| 4+ [[VF*||11(Br) = O(alog a) as a — 0, (4.20)
lz|<R
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sup |V*S¢(x )|<p(|/\|> a€ (0,M], \€ Xy, k=0,1, (4.21)
|z|<R

with a function p = p , , satisfying p(e) = O(e log é) as € — +0 for given R, A, M >0
arbitralily, where ¥ is given by (2.1).

PROOF. We first derive the structure of the Oseen fundamental solution E§(x)
given by (4.6) with A = 0, which was already shown by [30, (2.19)—(2.21)]. By Df(x)
we denote the part of E(z) (j = 1,...,5) which is never small even if o is small, while
the remaining term (together with its spatial gradient) goes to zero as @ — 0 as in (4.20)
(note that VF*(z) possesses the logarithmic singularity at + = 0). By (4.11) we find

1 1 log2 — v
D¢ =—1 I I
To(r) ( Ogax> + ,

27 || 27
-1 1 —(log2 —vy+1)
DY =—|log— I+ ———=1
2.0(7) 47 ( 8 a|:c|> + 47 ’
TR T o e1 ey

D?of,o(x) = 47r|m|2’ D470(37) =0, Dgo(x) = an

We collect these terms to obtain the decomposition of E§ (x) in (4.19).
We next estimate the difference

o\ (@) = B(@) — ESo(a)  (Gi=1,....,5)
Given R, A, M > 0, let |z| < R, A € 35 and a € (0, M]. Since

Ko(VA+a?z|) — Ko(alz]) = /01 Ko (VA + a2 |z]) dt

it follows from (4.11), that

1 5 L
‘Ko(\/m\ﬂ) _ Ko(a ‘mm < \)\Qﬂ / ’K1(\/m|$|)| dt < C|)\|/ )\tjlrtoﬂ
0 0

X+ a2[1/2

which yields

(4.22)

Similarly, we have

| Ko (v/50+ ) [a) — 1r<0(as|g;\|<c|x\/MHQ%|

and
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1
V5Ot a%s) Ky (Vs + as) |a]) — as Ky (as|a])| < C|A dt

lz] Jo |At+ a?s]
which together with |\t + a?s|? > |A|?t? + a*s? imply

1S ()] + |55 ()]

1 g1
<o [ [ s
o Jo A2 + ats?

2
Al e/ 1 1
= C\2| log <—|— 1—|—2>ds
«o 0 s s

2 AlJo? + /14 N2 /ot +1
:Olog<|/\2|+ 1+/\|4)+C|§\|log<| ot 1+ AP/ + ) (4.23)
a a a Al/a? + 1+ [A)/at =1

We also find

Lot ar C|
o < < . 4.24
|S47/\(m)|_0a|)\|/0 5/0 S S (4.24)

Finally, using

‘m(\ﬁumzs)m)Kl(as|x)‘<cu bt

s(A+a?s) as = slzl Jo [M+ a2s]?
we obtain
1 L o /|A|

dt C|A| 41

o 2 o 1

ssa@) < o s [ mtmas = S [Tt Sas

1 1Al QA at
= Ctan™! =5 + —log 1+—|A|2 : (4.25)

Collecting (4.22), (4.23), (4.24) and (4.25), we are led to (4.21) for k = 0.
Concerning VS¢, (z), we should use some cancellation (with respect to z) in the
leading term. For instance, for j =5 (a delicate case), it follows from (4.11) that

_o®lzfer ® ey

1
3,00 = L8 [

47

" {Jsuioﬁs) <¢s<x+1a25>|:c| +> - a1<a1|| *'“>}d8

=: I{(z) + (remainder)

with
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—de; ® ey 1 g-azis
I (x) = ds.
X (@) 47 /0 A+ a2s

Then we have

S ds < C‘)\Mlm

1
mla < )\5m N T 9 | =
013w < ColAayy, [ g e < S5

for m = 1,2, where 0, = 0,,,. Since V(remainder) can be easily treated (as in the
argument above for S{(x)) to obtain better estimate |V (remainder)| < C|\|, we find

vsga @) < S

The other terms VS]‘?f)\(x) for 1 < j < 4 are also discussed in the similar way. This
completes the proof. O

REMARK 4.4. We note that the structure of E§(x) with respect to a in the first
three terms of (4.19) is essentially the same as that of EY(x) (fundamental solution of
the Stokes resolvent) with respect to A, see [8, (2.7)].

By (4.19) one can write A f = A§f + S§ * f with

Agf:A8f+41ﬂ[(1og;> ]1+J]rf+Fa*f (4.26)

where
T R L

Let f € LY(R?) fulfill f(z) =0 a.e. |z| > R. Then (4.20) together with

[F % fll Lo (Br) < 1 F*||oe (Bor) If 21 (BR)>
[(VE?) % fllLasr) < IVE|| 21 (Bom) I fllLa(Br)

implies (4.27) in the following proposition. Similarly, (4.28) follows from (4.21).

PROPOSITION 4.2. Letl <qg<oo, R>0,A>0 and M > 0. Then

1
|E“ * fllwrar) = O(alog a) as a — 0, (4.27)

« «@ >\
1435 = 45wy < 78 (g )Wl € @M AEE,  (429)

for f € LYR?) with f(x) =0 a.e. x| > R, where X is given by (2.1) and p = p,p
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is the function as in Lemma 4.3.

In the remaining part of this section, let A = 0. The following lemma on the
continuity of A§ f with respect to a > 0 is needed in section 6.

LEMMA 4.4. Letl < q < oo and R > 0. Suppose that f € LY(R?) satisfies f(z) =0
a.e. |x| > R. Then the function o — ASf with values in W19(Bg) is continuous on
(0, 00).

ProOOF. For a > 3 > 0, it follows from (4.19) that

E§ (@) - (@) = 1= (10w )14 F(0) - )

has no singularity at x = 0. As in the proof of Proposition 4.1, we find

sup |AGf(x) = Agf(2)] < sup |Eg (x) = B @)/ fl|Ls(m)-
lz|<R lz|<2R

Since (a,x) — E$(z) is uniformly continuous in any compact set of (0,00) x R?, we
conclude that the RHS of the estimate above goes to zero when (o — ) — 0. In
view of the representation of VEg(z) given in the proof of Proposition 4.1, concerning
V(E§ () — Ej(x)) = V(F*(z) — F*(z)), one can divide F*(z) into F®!(z) + F*2(z)
such that V(F®!(z) — F#1(z)) has no singularity at « = 0, while V(F®?2(z) — F7?(x))
possesses the logarithmic singularity at = 0 whose coefficient is proportional to (o — ().
Therefore, as in the proof of Proposition 4.1 again, we have

sup |V (A3 f(x) = AJf(@)| < sup |[V(F (@) = P @)l 5

z|<R |z|<2R
+ C (o — B)|| log Iflla(BR)-
|z — ‘ La/(a=1) (Bypg(x))
By the same reasoning as above, we obtain the assertion. O

For later use, we finally summarize some other knowledge of the case A = 0, in
particular, asymptotic behavior of the Oseen fundamental solution

E(()l,n () E&lQ (17)>
E&21(x) Eg;zz(x)

Eg(z) = (
for large |x| and L%-estimate of the solution operator AS. The details are found in the
book by Galdi [17, Chapter VII]. Let & > 0 and R > 0. Then

|E§ (2)] < Cla| /2 = Cla|=""D/2 for |a] > R, 129)
4.29
Ey € L"(R*\ Bg) forVr>3=(n+1)/(n—1),
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where n is the space dimension. To be precise, the only component having anisotropic
decay structure (slow decay in the wake region) is E¢';; (), while the other components
have better decay and summability properties. We have also

VE§(2)] < Clal ™ = Claf ™2 for |s] > R,
(4.30)
VE§(x) € L"(R*\ Bg) forVr >3/2=(n+1)/n.

The worst one is actually d2E¢1;(7) and the other derivatives have better decay and
summability properties. By the Fourier multiplier theorem we find

V2AS fllpare) + allorAS fll Loz + | VILf|| Larey < C| f]

La(R?) (431)

for « > 0,1 < g < oo and f € LI(R?); moreover, we have V(A5 f)2 € LI(R?) as well
for the second component (A§f)2 and this is a particular feature of the 2-dimensional
case (although we don’t need it in this paper). By using (4.29), (4.30) and (4.31), we
conclude this section with the following lemma, which corresponds to the third assertion
of Lemma 4.1 for A € C\ S,. Since the pressure is the same as in Lemma 4.1, it is
omitted.

LEMMA 45. Leta > 0 and 1 < q < oco. If f € LI(R?) satisfies f(x) = 0 a.e.
|x| > R for some R > 0, then

VPAGf € L'(R?), Vre (1,4,

Vr e (3/2,q:) ifq€(1,2),

[eY T 2
VAGf € L"(R%), {Vr € (3/2,00) ifq € [2,00),
Ayf e L™(R?), Vre (3,00),

where q. € (2,00) is determined by 1/q. = 1/q—1/2 for q € (1,2). All of them in L"(R?)
are estimated from above by Cr| f| pa(r2)-

ProoF. The first assertion is obvious. We will show the assertion only for VA§ f
since the last one can be discussed similarly by using (4.29). We fix r € (3/2,00).
Suppose f € LI(R?) satisfies f(z) = 0 a.e.|z| > R, and consider

VA f ()" < ( | wEpE- y>||f<y>|dy)
<1 [ VB e~ )W)l do

For |z| > 2R and |y| < R, we have |z — y| > R and, therefore,

IVAG fllLr 2\ Bor) < IVEG | Lr@2\Br) I fll1
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follows from (4.30). On the other hand, by embedding relation we have

vre(lg) ifqe(1,2),
VASf e L] R? )
of loc(R7) {VT € (1,00) if g € [2,00).

The proof is complete. O

5. The interior problem.

Let D be a bounded domain in R? with smooth boundary dD (but the space di-
mension n = 2 does not play any role in this section). We will construct a solution of
the interior problem for the Oseen resolvent system

(5.1)

Au— Au—2a01u+Vp=f, divu=0 in D,
u|aD =0

and investigate its asymptotic behavior with respect to A and «. Of course, one can
obtain the resolvent estimate like (2.6) for large |\|, however, this is not our aim. What
we need is not the behavior for [A\| — oo but the estimate near (A, ) = (0,0). Indeed
our result for the interior problem is covered by [26] and [10], but we give it in our
convenient form for completeness.

We fix a subdomain Dy C D with |Dg| > 0 (positive Lebesgue measure) and, we
find a solution of (5.1) subject to

/D p(z) dz = 0. (5.2)

In the next section we will take the pressure with || Do p(x) dz = ¢ for a specified constant
¢o, however, this general case can be easily reduced to the case (5.2) by subtracting the
constant cg|Dyp|, see (6.7). The only thing by this reduction is lack of the Poincaré
inequality [|p||ze(py < C|IVpllLe(p)-

Let 1 < ¢ < oo. The solenoidal space LZ(D) and the Stokes operator Ap = —PpA
on that space are defined in the same way as in section 2, where Pp denotes the Helmholtz
projection (Fujiwara and Morimoto [16], Simader and Sohr [33]). Then u = MJf :=
ABlPD f together with the associated pressure p = N f solves the Stokes problem

—Au+Vp=f, divu=0 in D, ulop =0 (5.3)
subject to (5.2) and satisfies (Cattabriga [5], Galdi [17, Chapter IV])
105 fllw2a(py + ING fllwrapy < CllfllLaco) (5.4)

from which we see that M{ and VM are compact operators in LI(D) by the Rellich
theorem.
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We will show the following proposition.

PROPOSITION 5.1.  Let aw > 0, A € (C\ S,)U{0} and 1 < ¢ < oo, where S, is given
by (2.7) for a. > 0 and Sy = (—00,0]. Then there exist operators My and N§ from L(D)
into W24(D) x WH4(D) such that the pair (M{f, NOf) provides a unique solution of
(5.1) subject to (5.2) for all f € LY(D) and that it is analytic in (C\ Sy) U{|\| < p} for
some p > 0. It also enjoys the following properties.

1. Let M > 0 and let K be a compact subset of (C\ So) U {0}. Then, for every integer
Jj >0, there is a constant C = C(j, M, K; D, q) > 0 such that

13 MS flwa (o) + AN fllwracpy < Clifllg (5:5)

fora€[0,M], A€ K and f € LY(D).
2. Let ag > 0 and let K be a compact subset of (C\ S,)U{0}. Then

sup (MR f = M3° fllw=a(py + INSf = Ny fllwracpy) = Ol — a),
S

as (0,00) > — g (5.6)

for f € LY(D).
3. Let \g € (C\ S,)U{0} and M > 0. Then

OquM (M3 f — M3, fllwzapy + [INXf — N§0f||W1,q(D)) = O(]A = o)),

as C\Sou X — Ao (5.7)
for f € LY(D).

PROOF. We intend to find the solution of the form (u,p) = (Mg, NJg) with a
suitable g € LY(D). Since

M — Au—2001u + Vp =g+ AMJg — 200, Mg, divu=0 inD, ulsgp=0

and since M and 9, M are compact, in order to prove that 1 + AM{ — 200, M is
invertible in L4(D), it suffices to show the injectivity by the Fredholm alternative. Let
g € LY(D) satisfy (1 +AM{ —2ad,MJ)g = 0. Then the pair (u,p) = (Mg, NJg) obeys
(5.1)—(5.2) with f = 0. Since we have u € H?(D) and p € H*(D) (even though ¢ is close
to 1) by bootstrap argument with the aid of regularity theory for the Stokes system, we
multiply the equation by =, integrate and take the real and imaginary parts to find

(Re N JulZap) + IVulZa ) = 0, (Im A)lJul22p) — 2aIm/D(81u) dz = 0.

When Re A > 0, we get u = Vp =0 at once (by (5.2), p=0). Even if A € C\ S, with
Re A < 0, the equalities above imply that
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(Im >\)2||U||Az2(p) < 4042||VU||2L2(D)||U||%2(D) = —4a2(Re )\)HU”;(D)-

Thus the condition 4a?Re A + (Im A\)?2 > 0 yields u = Vp = 0; in any case, we obtain
g = 0. We thus find that the pair

w=MQf =M1+ AMJ — 200, M)~ f € W>4(D), 5.
5.8
p=N{f = NJ(1+ M — 220, M)~ f € Wh(D)

provides a unique solution of (5.1) subject to (5.2) for all @ > 0, A € (C\ S,) U {0} and
f € LYD). Since (A, @) — 1+ AM{ — 200, MY is continuous from (C\ S,)U{0} x [0, c0)
to L(LY(D)), so is (A, @) — (1 + AM{ — 2a0; M§J)~L. In fact, for any (Ao, ) € (C\
Sa) U {0} x [0, 00), if

A= ol MGl 2(za(py) + 2l — o101 M | 22 (1))
1

= 2+ roMg - 20001 Mg) " £(za(py) )
then we obtain the Neumann series representation
(14 MM — 200, M)~
= (1 + MM — 2000, MJ)™*
X i [— {0 = 20) MY — 2( — )y MY} (1 + MM — 200, M) ]"  (5.10)
k=0
which implies
(1 4+ AMG — 2001 Mg) ™" — (1 + XM — 20001 M3) 7| £ a1
<21+ AoM — 2a081M8)_1H2L(Lq(D))
X (IA = XollIMG | £Lapyy + 2l — ol [0 MR || £(La(Dy) ) - (5.11)
Therefore, for any M > 0 and compact set K C (C\ S,) U {0} we have
(1 + AMG — 200 M) ™ 2o py) < O (5.12)
provided a € [0, M] and A € K. As a consequence, for such « and A, (5.4) yields
M3 fllwzapy + INX fllwrapy < Cu il fllq (5.13)

for f € L9(D). Furthermore, (5.11) and (5.12) together with (5.4) imply both (5.6) and
(5.7) immediately. We next fix ag > 0 and A\g € (C\ Sq,)U{0}, and set o = a in (5.10).
Then we find the analyticity of (1 + AM{ — 20901 M{) ™! with respect to A and, hence,
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so is (My°, Ny°).

Finally, for any M > 0 and compact set K C (C\ S,) U {0}, let us show (5.5) for
a€[0,M], A € K and f € LY(D). Since we already know (5.13), we will consider the case
j > 1. By taking the differentiation of (5.1), we find that the pair (M f,O\N5f) €
W24(D) x WH4(D) is a solution of (5.1)-(5.2) with f replaced by —M¢f € L4(D). By
uniqueness of solutions, we see that

MR =—(M{)*f,  O\N§f=—NMS /.
By induction we find
RMS [ = (“1YVJHMEY . OINSf = (~1YJINS (MR S,
Thus, (5.13) implies (5.5) for every j > 1 as well. We have completed the proof. O

6. Construction of the resolvent in exterior domains.

For the proof of Theorem 2.1 we need spectral analysis. We have the Dunford
integral representation formula of the semigroup in terms of the resolvent (A + L)~
Here and in what follows we simply write L = L,. In Proposition 6.1 below it is proved
that the spectrum of —L is contained in S, given by (2.7) along the same argument as
in Kobayashi and Shibata [26, Theorem 4.4]. It thus seems to be impossible to take the
same path of integration as in Dan and Shibata [8] for the Stokes semigroup (a = 0).
Let f € L‘[IR} (), see (2.8). What we need is then to study the asymptotic behavior of
ON(A+L)"'Pf for A — 0 (and o — 0 as well) which ensures its summability near the
origin, see Lemma 7.1 in the next section. This enables us to justify the representation
formula (which was also used in [26], [22] and [24])

—tL _ Tt . -1
e ""Pf = 571 / e 0, (it + L) Pfdr (6.1)

— 00
in Wh4(Qgr) provided f € L[qR} (), when we perform integration by parts and then move
the path of integration to the imaginary axis. When we derive faster decay than ¢t~!, we
have to study further regularity of x(A + L)"!Pf near A\ = 0, see Lemma 7.4.
In order to carry out this strategy, given f € L?R} (©), we construct a parametrix of
solutions to the problem
{)\u—Au—2a81u+Vp=f, divu=0 inQ, (6.2)

u|3Q =0

where A € (C\ S,)U{0}. The behavior along the imaginary axis is particularly important
for us. Let {A$,II} be the solution operator (4.1) for (4.2) in the whole plane R2,
and {M{, N¢} that for (5.1)-(5.2) given by Theorem 5.1 with the bounded domain
D = Qp,y2 = QN Bpr,+2 and
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Dy ={z € R} Ry < |z| < Ro + 1}. (6.3)

We take a cut-off function ¢ € C°°(R?;[0,1]) such that

70, Jal = Ro +1 '

and employ the Bogovskii operator B in the annulus Dy, that is, the function w = Bg €
C§°(Dy)? is a solution specified by Bogovskii [1] among many solutions to

divw =g in Dy, wlop, =0

for given g € C§°(Dy) with fDo g(z)dx = 0. Note that B extends uniquely to a bounded

operator from WE?(Dg) to WET19(Dg)? on account of estimate
V¥ Byl pa(poy < CIV*gllLa(py), (1<g<oo, k=0,1,...), (6.5)

see [3] and [17].
Given f € L[qR] (Q), we set
v=RYf = (1= )ASf +vMf + B[(ASf - MY f) - Vi,

_ (6.6)
c=Q%f =1 -YIf +yNYf

where f is understood as its zero extension (resp. restriction) to R? (resp. g, 12) and
the pressure Ny f in Qg 42 is chosen in such a way that

Ng f = N{f + |Dy| | (f)(@) de. (6.7)

Because of this choice, we have the Poincaré inequality
If = N |y < CIVALL = NS D) oy = CIVALE = NS Pllzaipy- (68)

When « > 0, it follows from Lemma 4.1, Lemma 4.5, Proposition 5.1 and embedding
relations that

V2RSf, VQSf e L™(Q) Vre (1,4,

N ; Vre (2,q.] ifqge(1,2),
@ e L {Vr € (2,00) if g €[2,00), (6.9)
N i, Vre(l,q.) ifqe(1,2) .
VRS feL"(Q) {Vre (Loo) ifge (200 if A e C\ Sq, (6.10)
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vr e (3/2,q« ifqe(1,2),

Vr € (3/2,00) if ¢ € [2,00) (6.11)

VRSf € L7(Q) {

where 1/q. =1/q—1/2 for ¢ € (1,2), and
SfeLl™ () Vre(l,oo) ifAeC\ Sy RGfeL"(Q2) Vre(3,00). (6.12)

The pair (v, o) should obey

A —Av —2a01v+ Vo= f+TYf, dive=0 in§, (6.13)
’U|aQ = 0 '
where
I f = 2V - V(ASS — MY f) + (A¢ + 20010) (AR f — M f)
— AB[(ASf — MY [) - VY] + AB[(ASf — M3 f) - VY]
— 2001 B[(ASf — M3 f) - V] — (Vo)(ITf — N3 f). (6.14)
Note that the operator Ty is bounded (even compact) from L'[IR](Q) into itself provided
R> Ry + 1.
In order to show that 1 4 75 is bijective in L?R](Q), we begin with uniqueness of

solutions to (6.2) under weak assumptions at space infinity.

LEMMA 6.1. Let a > 0, A € (C\ So) U{0} and 1 < ¢ < co. Suppose that

(u,p) € W2IQ) x WE1(Q) solves (6.2) with f = 0 in the sense of distributions. If

loc loc

u € L™ (Q) and Vp € L*(Q) for some r,s € (1,00), then u =0 and p is a constant.

PROOF. By regularity theory for the Stokes system we may assume (u,p) €
HE (Q) x HL_.(92) (even though ¢ is close to 1). We first show that (u,Vp) enjoys
better decay/summability properties (like the fundamental solution) for || — oo than
those we have assumed. We use a cut-off technique. Consider

u=(1-¢)ut+Blu-Vy], p=Q0-9¢)p
which obey (4.2) in the whole plane R? with

f =2V - Vu+ (AY + 2a019)u — AB[u - V]
+ AB[u - V¢| — 2001 Blu - VY] — (V¢)p,

where the cut-off function ¢ is as in (6.4) and B is the Bogovskii operator in the annulus
Dy, see (6.3). Set v = A f and o = IIf, see (4.1). Since f € L?(R?) satisfies f(z) =0
for |z| > Ro + 1, the pair (v,o) belongs to the class specified in Lemma 4.1 or Lemma
4.5 (with ¢ = 2). We note that w = @ — v and 7 = p — o are tempered distributions
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(see Chemin [7, Proposition 1.2.1], from which V7 € §’'(R?) implies 7 € &’(R?)) which
satisfy (4.2) without external force. For A € C\ S, we see from (4.5) that w and 7 are
polynomials. This is also the case for A = 0 since |£|? — 2ai&; # 0 for £ € R?\ {0}. The
summability assumptions on v and Vp imply that w = 0 and 7 = pg with some constant
po- Since u(z) = u(z) = v(z) and p(z) = p(z) = o(x) + po, for |x| > Ry + 1, we find
that (u,p — pp) has the same summability as in (6.9)-(6.12) (with ¢ = 2). We now take
© € C5°(R?;[0,1]) satisfying ¢(x) = 1 for |z| < 1 and ¢(z) = 0 for |z| > 2, and set
vr(x) = ¢(x/R). We multiply Au — Au — 2a01u+ V(p — pg) = 0 by ¢rt and integrate
to obtain

A <pR|u|2dJ;+/

Qar Qor

- 2a/ or(1u) -m—/ (p— po)(@- Vi) di = 0
Qar R<|z|<2R

<pR|Vu|2d$+/ (Vor - Vu) -ude
R<|z|<2R

where (Vg - Vu) -u =3, (0;¢r)(9;ur)u;. Note that
_ -1 2
Re pr(O1u) - wdr = — (O1pR)|ul” d.
Qp 2

R<|z|<2R

When Re A > 0, we take the real part and let R — oo to obtain ||[Vu|3 = 0 because

1
lim — u(z)|* de =0, (6.15
RE—oo R R<\z\<2R| ( )
1
lim / (IVu(@)| + |p(z) — pol)|u(z)|dz =0 (6.16)
R—oo R Jpo|s<2r

which follow from the summability of (u,p — pg) deduced above. This implies (u,p) =
(0,po). When XA € C\ S, with Re A < 0, we have u € L*(Q) as well. Thus, taking the
real and imaginary parts, letting R — oo and using (6.15), (6.16), we get

(Re A)Hu”% + ||Vu||§ =0, (Im )\)||u||§ —2a Im/ (O1u) -udx = 0.
Q

As in the proof of Proposition 5.1, we obtain (u,p) = (0,po). This completes the proof.
O

Using Lemma 6.1 together with compactness argument, we construct a solution of
(6.2) for f € L([IR](Q).

LEMMA 6.2. Leta >0, A€ (C\Sy)U{0},1<g<oo and R> Ry+1. Then the

operator 1 + T has a bounded inverse (1 +T%)™" on L'[JR} () and thereby

u=RS(L+TN)7'f,  p=QA+T)'f (6.17)
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provides a unique solution of (6.2) for every f € LfR] Q).

PROOF. When X € C\ S,, it follows from Lemma 4.1, (5.5) (with (6.7)), (6.5) and
(6.8) together with the Rellich theorem that the operator Ty is compact from L‘[ZR] (Q) into
itself. For A = 0, we have only to replace Lemma 4.1 by (4.16) and (4.31). Let f € L([ZR] Q)
fulfill (1+T%)f =0, so that the support of f is contained in Dy, see (6.3). By the class
(6.9)-(6.12) of (v,0) = (R f,QSf), one can apply Lemma 6.1 to get (v,0) = (0,0) (by
(6.9) we have o = 0 as well). In view of (6.6) we observe that (A$f,IIf) = (0,0) for
|z| > Ro + 1 and that (M f, ]\N/'/‘\’f) = (0,0) for |z| < Ry. Therefore, both pairs are
solutions of the Oseen resolvent system in Bg, 2 with homogeneous boundary condition
on 0BR,+2, and so they should coincide on account of uniqueness for this interior problem
under the assumption A € (C\ S,) U {0}. Consequently, (A$ f,ILf) = (0,0) in the whole
plane R? and, therefore, f = 0. By the Fredholm alternative, 1 + 75 is bijective and
thereby (6.17) provides a solution, that is unique within the class specified in Lemma
6.1. O

By means of a cut-off procedure due to [26] with the aid of Lemma 6.2, we will
construct the resolvent for A € C\ S,,.

PROPOSITION 6.1.  Leta >0 and1 < g < co. Then C\'S, C p(—L), where p(—L)
is the resolvent set in LL(Q).

PROOF. Let A € C\ S, and let u € D(L) satisfy (A + L)u = 0 in LZ(£2). Then,
for some associated pressure p satisfying Vp € L9(Q), the pair (u,p) satisfies (6.2), so
that Lemma 6.1 yields © = 0. As a consequence, A + L is injective. We next construct a
solution of (6.2) for given f € L(Q)). Set

v=(1=9)ASS + B[(AXf) - VY], o =(1—=¢)(IIf —00)

where f is understood as its zero extension to R?, v is the same cut-off function as in
(6.4), B is the Bogovskii operator in the annulus (6.3) and og = |Dg|~* fDo IIf dz. We
intend to find a solution of the form v = v + w and p = o + 7; then (w, 7) should obey
(6.2) with f replaced by

g=vf =2V VASS — (A + 20010) AS f + AB[(AX ) - VY] = AB[(ASf) - VY]

+ 200y BI(AL) - Vo] + (V) (ILf — o)

that belongs to L‘[JR] (), where R > Rg + 1. Thus Lemma 6.2 provides a solution
w=RY(1+T¢) tgand 7 = QY (1+7T) 'g. From Lemma 4.1, (6.9), (6.10) and (6.12)
we find u = v+w € D(L) together with (A+ L)u = Pf. Hence, Range (A + L) = LL(2)
and thereby (A + L)™' € L£(LZ(Q)) since L is closed. This completes the proof. O

Combining Proposition 6.1 with Lemma 6.2, we conclude a representation of the
resolvent in terms of (6.6) and (6.14) (by uniqueness of the resolvent) when f € L‘[IR](Q).

COROLLARY 6.1. Leta >0, A€ C\S,, 1 <g< oo and R> Ry+ 1. Then we
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have
A+ L) 'Pf=RY(1+T2)"'f (6.18)

provided that f € L?R](Q).

Our aim is to derive the asymptotic behavior of the resolvent (6.18) for small (A, ).
The main theorem of this section reads as follows.

THEOREM 6.1. Letl < g < oo, R> Ry+1 and M > 0. There are constants
§=6(M;Q,q,R) >0 and C = C(M;Q,q, R) > 0 such that if X € C. satisfies |\| < da?
then the bounded inverse (1 +T)™1 obtained in Lemma 6.2 satisfies

11+ Tf)_IHL(LfR](Q)) <C (6.19)

for all a € (0, M]; as a consequence, for such o and A (except A = 0) we have

1
log ——

A+ L)7'P <C
A+ L) Pfllwrag) < ( N+ o2

n 1) T (6.20)

for f e L[qR] (Q).

REMARK 6.1.  Even if A = 0, the estimate (6.20) for RS (1 + T§)~Lf as well as
(6.19) holds true.

The compactness argument in Lemma 6.2 provides us little information about the
dependence of (1 +7¢)~! on (A, ). We thus need another construction of (1 + 7¢)~*
especially near A\ = 0. The strategy is first to consider (1 + 7§)~! and then to estimate
Ty —T§. Let us consider the case A = 0. In view of (4.26) we have the logarithmic
singularity only in the degenerate part of Af, that enables us to show the following
proposition.

PROPOSITION 6.2. Let 1 < g < oo and R > Ro+ 1. Then, for any M > 0, there
is a positive constant C = C(M;<Q,q, R) such that

1+ T8) ez

R

(@) <C (6.21)

for a € (0, M].

For the proof, the following lemma on nonexistence of solutions of the Stokes problem
under a certain condition (what is called the Stokes paradox) plays a crucial role.

LEMMA 6.3. Let u. € R?\ {0} be a constant vector. Then the Stokes problem
—Au+Vo=0, divu=0 inQ, ulpo=1us, u—0 as|z]— o0 (6.22)

has no solution.
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PROOF. This was essentially proved by Chang and Finn [6], but we give the proof
for completeness. In view of the asymptotic expansion of solutions at infinity of the
Stokes system with no external force (without assuming any boundary condition on 9€2)
due to [6], the necessity for the decay is that the total net force exerted by the fluid to
the obstacle vanishes:

/ v-T(u,0)ds =0,
o0

where T'(u,0) = Du — ol denotes the Cauchy stress tensor and Du = Vu + (Vu)T.
This is because the net force is the coefficient of the fundamental solution (4.8) in that
asymptotic expansion. We have also better decay properties

u(@) =0(z|™"),  Vu(z) =0(|z]7?),  o(zx) — 00 = O(|2]7*) as |z] — oo

for some constant oo, € R. Then we multiply the equation —div T(u,0 — 000) = —Au+
V(o — 0a) = 0 by u and integrate over Qg for any R > Ry to obtain

1 1

7/ |Du|2dx:/ u-(V-T(u,0 —000))dsy = = u-(x-T(u,0—0x0)) dsy
2 Jog 00 R Jopg

which goes to zero as R — oo due to |u- (z - T(u,0 — 0s))| < C/|x|2. We thus conclude
Du = 0 in 2, so that u is a rigid motion and, hence, © = 0 since it decays at infinity.
Thus the inhomogeneous boundary condition u|sn = us # 0 is impossible in (6.22). This
completes the proof. O

PROOF OF PROPOSITION 6.2. In the proof of Lemma 6.2, we see that (0,00) 3
a— (1+T¢) e £(LfR](Q)) is continuous (by means of the Neumann series argument
around each ag > 0) because so is a — T, see Lemma 4.4, (5.6), (6.5) and (6.7).
Therefore, it is essential to show the boundedness (6.21) near « = 0. To this end,
we reconstruct (1 + T§)~! for small @ > 0 by following the argument developed by
Dan and Shibata [8]. But their argument is not enough to conclude (6.21), and what
is particularly new here is (6.30) below, which is proved by use of Lemma 6.3. It is
convenient to introduce notation

(e, [) = /R ej-flyydy (1=12), e= <(1)) e = (?)

so that T'f = (e, f)e1 + (ea, f)es and

1og%—’y—l

An (e2, f)ea.

log 2 —
41[<logi) ]I+J]Ff= M@l,ﬁ@l +

7 47

By (4.26), (4.27), (5.6) and (6.7) the remaining term T§ f can be written as
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Iof=Tof+Y(a)f + Z(a)f (6.23)
with
Y(a)f = (loga —log2 +v){e1, f)wi + (loga —log 2+ + 1)(ea, f)ws, (6.24)
IZ(@) ey on =O(atog ) asa =0, (6.25)
where
wj = A(-Av)e; +ABW} (= 1,2), (6.26)

and f is understood as its zero extension to R? in (6.24). Concerning the operator
TP, see (6.14) with (A,a) = (0,0) which consists of solution operators for the Stokes
problem in R? and in Qg, 42, we recall the following result due to [8, Lemma 3.2-3.5].
It is a compact operator from L'[JR} () into itself and 1 + 77 is injective on the subspace
{f € LfR] (); T'f = 0} together with dimker(1 + 7¢) < 2. By the Fredholm theory
one can take mi, mg € LE(R} (2) such that my, me ¢ Range (1 +7¢) and L‘[IR} Q) =

Range (1 +T7)) @ Span {m1,mz}; furthermore, the operator
AO)f = (L+T0) f + (ex, fyma + (ea, fyma (6.27)

is bijective with bounded inverse A(0)~! on L‘[IR](Q). When dimker(1 + 79) < 1, my
and/or my should be understood as zero. By (6.23) and (6.27) we have

(A+T8)f = AMa)f +Y (o) f
with
Aa)f =A0)f + Z(a)f = [1+ Z(«)A0) '] A0) £,
_ (6.28)
Y(a)f =Y(a)f —(e1, fym1 — (ez, f)ma.

By (6.25) there is a constant g > 0 such that if o € (0, ], then A(«) is invertible as
the Neumann series A(a)™t = A(0)71 D02 o {—Z(a)A(0)1}F with

Cy

5 <A@ Mlge () < 2C. (6.29)

[R]

where C, = ||A(0)71||£(Lfm(ﬂ)) > 0. Let us consider the degenerate (that is, finite

rank) operator Y (a). A key observation is that w; and wo given by (6.26) are linearly
independent, which follows from
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<€1,A(O)_1w1> <81,A(0):1UJ2>> 7&0

det
<<62,A(0)_1’w1> <€27A(0) w2>

331

(6.30)

We postpone the proof of (6.30). Set N = dim{Y (a)f; f € L[qR] ()}. Then we know
2 < N < 4 and take a basis {w;}}_, by adding w3 or {ws3, w4} to {wy,ws} if necessary.

We set —my, = 25\7:1 a?wj (k=1,2), then (6.24) and (6.28), lead us to

N

Y(a)f = (6, flw;

j=1
where ¢; = ¢,(a) is given by

¢1 = (logor —log2 + v + al)es + ates,

¢2 = ajer; + (logar —log 2 + vy + 1 + a3)ea,

P3 = aéel + ageg, ¢4 = aiel + aieg.
One can regard 1 + T§* as
(1 +T5)f = M)l + M) 'Y ()] f

with

Set N x N matrix M by

M = M(a) =T+ (<¢j7A(a)_1wk>)1§j,k§N

(6.31)

(6.32)

(6.33)

which satisfies det Ml # 0 for all a > 0. In fact, suppose the contrary, then one can take

¢ = (¢j)7 # 0 such that

N
¢j+ D (i, Ae) wg)er =0
k=1

for 1 < j < N. Since A(a) twy (1 <k < N) are linearly independent, we have

N
g:= chA(a)_lwk # 0.
k=1

On the other hand, we find
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~ N N N
A@) T @) =3 (0 D cxta) s JAe) "y = = 3 eshe) s = g
k=1 j=1

so that (1 4+ 7§")g = 0 by (6.32). We already know, however, that 1 + T§* is invertible
on Lf’R]( ) and, therefore, g = 0, which leads us to a contradiction. By using the inverse
matrix M™! = (b;),) with b;;, = bjx(a), we define the degenerate operator V(a) by

N
Z ¢k> ]kJA ) w
k=1

for f € L%, (). Then we find that 1+ A(a)"1Y () is invertible and

(R)
[14+A@) V()] =1-V(a).

Hence it follows from (6.32) that

N
A+T5) =1 =V(@)AM@) f=Ma) T f = D (kM) f) bjr M)~ ;.
jok=1
For each 7, look at
N N ~
My;
; (/j)ka ;<¢k’>detM

where Mkj denotes (k, j)-cofactor of M. By (6.31) and (6.33) the order of singulari-
ties of both detM and ZkN:1<¢k, -YMy; are at most (log)?. One can write det M =
Z?:O C;(a)(log a)?, where Cj(«) has no singularity for o — 0; then, it is easy to verify
e1, Ala) tw e, Alo) tw
Ca(a) = det {e1, A( )7 1) (en, A( )71 2)
wr) (e2, A(e) ™ ws)

e2, A()

no matter what N € {2,3,4} is. Since Ca(a) — C2(0) as a@ — 0, (6.30) together with
(6.29) implies (6.21).

It remains to prove (6.30). Suppose the contrary. Then there is a constant ¢ # 0
such that TA(0)~*w; + ¢['A(0)"twy = 0. We consider (R Qg) defined by (6.6) with
(A, a) = (0,0), and set v; = RJA(0)"'w; and o; = QJA(0)*w; (j = 1,2). Then (6.27)
implies

—AU]' + V(J'j = (1 + T(()))A(O)il’w] =w; — <61,A(0)71w]‘>m1 — <62, A(O)ile>m2

subject to div v; = 0 and v;|sq = 0. Therefore, v = v1 + cvg and 0 = 01 + coy obey
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—Av + Vo = wy + cws
subject to div v = 0 and v|gpq = 0. For |z| > Ry + 1, we find
v = AJA0) (w1 + cws) = EY * [A(0) (w1 + cws)] = O(|z| 1),

see (4.8), because TA(0) ™! (wy + cws) = [po A0) ™! (w1 + cws) = 0. Set

g(a) = 417T{ —y (i) Bl + cagzp]}.

Since div g = 0, the pair of u = v 4+ g and o solves (6.22) with the constant vector
u, = (—1/4m)(L), however, solutions cannot exist by Lemma 6.3. We have completed
the proof. O

REMARK 6.2. It is reasonable to expect that liminf,_q ||(1 +TOO‘)_1||£(LFR](Q)) =0

because of nonexistence of (1 + 73)~!. The results of [8] and [30] suggest that (1 +
T8~ ||L(L[R](Q)) = O(|log a|~1) (however, I could not find the proof).

PrROOF OF THEOREM 6.1.  We now regard 1 + Ty as
L+T¢ = [14+ (T - T A+ T9) ] A+ TY).

Since

(TR = T5) fllq < CI(AS = AG) fllwra(po) + CIME = Mg) fllw.a(py)
+ CINNAS flla(py) + CINIMS flla(po) + CIINT = N§) fllnapy)
for f € L‘[IR} () and « € (0, M], we collect (4.28), (4.16) (with R = Ry + 1), (5.7) with

Ao =0, (6.7) and (5.5) together with Proposition 6.2 to find a constant ¢ > 0 such that
if A € C, satisfies |\| < 6a? as well as a € (0, M], then

(e} (e} 1
(TR = Tg ) (1 +Tg) g (L) < 5

which yields the representation
A+T9)7 = A+ T 7 L+ (I3 - T+ 1) 7]

=(1+Ty) 12{ 1+ T

This combined with (6.21) implies (6.19). Finally, the desired estimate follows from
(6.19), (4.16) and (5.5). This completes the proof. O
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7. Local energy decay.

In this section we will prove Theorem 2.1 and Theorem 2.2. The proof of Theorem
2.1 is based on the representation

0, (im + L)\ Pf = (0, R%)(1 + T2) " P
~ R 1L+ T2) 0T+ TS PS (7.1)

and (7.18) below, which follow from (6.18). By Proposition 4.1, (5.5) and (6.19) we find

10-(iT + L) "' P fllwr.a(an)

1 1 a? [ at
<Cl|log—/——|+1]|=1 — 14+ — 7.2
— <‘ 0g |7_| 4 az + )042 0g <T| + + 7_2) Hf“q ( )

for a € (0,M], 0 < |7| < §a? and f € L‘[IR} (Q). In fact, the worst part arises from the

product of (4.16) and (4.17). As a consequence, we have the following lemma.

LEMMA 7.1. Letl <g<oo, R>Ryg+1 and M > 0. Suppose § is the constant
as in Theorem 6.1. Then there is a constant C = C(M;Q,q, R) > 0 such that

/| s 10+ (it + L) " P fllwragan) dr < C(|logal + 1)|| £ (7.3)

for f e L‘[ZR](Q) and o € (0, M].

Due to Lemma 7.1 the representation (6.1) of the semigroup makes sense in W4(Qp)
for f € L?R](Q).

On the other hand, (2.6) implies that there is a constant ¢; = ¢1 (€2, ¢) > 0 indepen-
dent of o such that

10+ (i + L) Pfllwracey = 17 + L) Pfllwray < el 21 fl,  (74)

for |7| > max{cpa?, 1} and f € L4(Q), where cq = co(7/2,€,q) > 0 is the constant for
which (2.6) holds as long as |A\| > max{coa?, 1} and A € C,. We thus have (7.4) for
|7| > 2 when o < 1/2/cp. In the subsequent argument it suffices to consider the case
when o > 0 is small.

It remains to estimate the integral for da? < |r| < 2, which is worse than (7.3).
In fact, we cannot use any knowledge from spectral analysis and are forced to employ
L2-theory.

LEMMA 7.2. Letl < q< oo and R > Ry+ 1. Given § > 0, there is a constant
C=0C(Q,q,R,0) >0 such that

. _ C
/ 10,7+ L) Pfllwraon dr < < 12 (75)
da?2<|T|<2 (6]
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for f € L2(Q) and o € (0,/2/5).

PrOOF. We employ the standard energy method. Let A = i7 (€ iR) and f €
L*(Q). We write (6.2) as (it + L)u = (it + A — 2aPd)u = Pf in L2(), where
A = —PA denotes the Stokes operator. We take the scalar product in L?*(2) with u to
obtain

IVull3 < [ fll2llullz, I7lllulls < 20 0vull2 + || £]l2

from the real and imaginary parts. They imply

2
i+ 2y Prl < 2( 4+ 25 sl (7

which was already observed in [2]. We also have

2 1/2
9+ 2 pile < {2( 5+ 20 )b sl (7.7

Let g € L%(Q). For (it + L)u = g, we take the scalar product in L?(Q2) with Au to get
1Aul3 < 8a®(|01ull3 + 29113

which together with || V2ull2 < C(||Aullz + ||[Vull2), see [21], as well as (7.7) implies

‘ - . B 1 a? 1/2
193+ ) gl + 1G4 D ol <O+ %) lola @09

as long as |7| < 2. In Qg we have the Poincaré inequality ||ul|r2(q,) < CR||Vulr2ap)
since u|pn = 0, by which combined with the Sobolev inequality in 2D we find

10-(iT + L)' Pfllwraan) < ClIGET + L) >Pfllg2(an)
< C(||IV3(it + L) 2Pf|l2 + |[V(iTr + L) 2Pf|2)  (7.9)

for f € L*(Q)). We collect (7.6), (7.8) with g = (it + L)~'Pf and (7.9) to conclude

' B 1 Oé2 3/2
Jortir + L) Pflwroian < (7 + %) 1l (7.10)

for |7| < 2, which leads us to (7.5). O

It follows from Lemma 7.1, (7.4) and Lemma 7.2 that

o0 ) _ C
| lontir + 1) Pl dr < S 11, (711)

— 00
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for g € [2,00) and f € LFR] (), and that

> ) _ C
| lontir + 1) Pl dr < 5 1

for ¢ € (1,2) and f € L[QR](Q). As a consequence, we obtain (2.9) (¢ > 2) and (2.10)
(¢ < 2), respectively, with § = 0.

We take a cut-off function n € C*°(R;[0,1]) such that n(r) = 1 for |7| < 1 and
n(7) =0 for || > 2, and divide the integral (6.1) into

*l/waﬁnuw4w+Lruvdr (7.12)

2mit J_ o

and the other part which decays like =2 by integration by parts once more since (2.6)
yields

102(im + L) P fllwrace) = 2)(iT + L) Pf lwiag) < el ™lIf ],

for |7| > max{cpa?,1} (thus, for |7| > 1 when a < \/1/cp) and f € L9(Q), where ¢ is
as in (7.4). For notational simplicity, we set

o(1) = n(r)w(r), w(r) = 0, (it + L)' Pf. (7.13)

For further decay of (7.12), we use the following lemma with E = W14(Qg), which tells
us a relation between the modulus of continuity of v and the rate of decay of the (inverse)
Fourier transform of v.

LEMMA 7.3. Let E be a Banach space with norm || - || and v € L*(R; E). Then
o .
V(t) = / et o(r)dr
— 0o

enjoys

IVl < C/_Oo dr (7.14)

UG+1>—mﬂ

PRrROOF. The proof is very simple by using the representation

fort e R\ {0}.

e1ht

V(t) = 1= oint /_OO e”t(v(r +h) —v(r))dr

for h € R satistying ht # 0 (mod. 27). Given t # 0, we take h = 1/t to obtain (7.14). O
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REMARK 7.1. The idea of the proof above is found first in [22], however, the
origin of this lemma goes back to Shibata [31]. But estimate of the form (7.14) is more
straightforward for applications when h +— [*°_[lv(7 + h) — v(7)||d7 is not simple (this
is just the case in Lemma 7.4 below).

In order to apply (7.14) to (7.12), we show the following lemma on further regularity
of the resolvent near 7 = 0 along the imaginary axis.

LEMMA 7.4.  Suppose v(T) is the function given by (7.13). Let 2 < ¢ < oo, R >
Ry +1 and M > 0. Then there is a constant C = C(M; €, q, R) > 0 such that

logal +1 a? 1
R g S|+ 5 )i, ()

/ |lv(r + h) —’U(T)HWM(QR) dr < C( o2 logw

for f € L‘[IR](Q), a € (0,M] and h € (0,1/2].

PROOF. Let § be the constant as in Theorem 6.1. Suppose h € (0,5a?/3) and
consider

[e.¢]
[ @l =0 = wlwgmdr= [+ [
—o0 |7|<2h |T|>2h

It follows from (7.2) that
‘/ n(r)lw(r + ) — w(r) lwragan dr
|71<2h

gz/ () lwagan dr
|T|<3h

3h/a? 1 1
SC{(logaH-l)/ log <+\/1+2)d0
0 (o2 g
3h/a2 1 1
—|—/ log (14 o) log <+\/1+2)d0] Il f1lq-
0 g g

Since 3h/a? < §, the dominant integral is the first one. Although it is exactly calculated
as in (4.23), it is easier to find

3h/a? 1 1 3h/a? 9
/ log(+ 1+2>da§/ 1og<1+>da
0 g g 0 g
3h 20/ 3h
=—1 14+ — 21 1+ — ).
a? Og<+3h)+ Og<+2a2>

Since 2log (1 + 3h/2a?) < 3h/a?, we obtain
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/ ()T + k) — w(r) lwagan dr
I7|<2h

< C(“LW {1 (1 + 23(2) n 1}|f||q (7.16)

!
for f € L[R](Q). To estimate the other integral we use

T+h
w(r +h) —w(T)llwra@eg) S/ 183 (is + L)' Pfllwr.a(ag) ds. (7.17)

T

Let 2h < |7| < 28a2/3, so that |7]/2 < |7 + h| < §a?. Then, for s € (1,7 + h), we have
the relation

d%(is+ L)™' Pf
= (2R (1 +T3) ' Pf =2 (0, R (1+ T13) (9 T3) (1 + T3) ' Pf
+2RY L+ T2) 0T (L + T1) (9T (1 + T3 ' Pf
— R (1 +T3) 93T (1 +T) ' Pf (7.18)

s§718

as well as (7.1); thus, Proposition 4.1, (5.5) combined with (6.19) implies that

log

1025 + L) P Flwroin < C(

1 1
1
FETEi )|s|<|s|+a2>”fq

for f e L[R](Q). Note that

1 L a? 14 at\ )2 < c1
e at a
ot 78\ sl 2 ) = Tsl(s[+a?)

since { log (1/t+ /1 + 1/152)}2 <c1/t(t+1) for all ¢ > 0. Let 7 > 2h. Then we have by
(7.17)

25(12/3
/ Dl +h) — w(n)lwraqn dr
2

h
1 1 260%/3  p(1+h)/a?
[ | oga\ il / / do dr
2h /(12 U + 1)

280 /3 /“*h /o’ log log (1+0)

ey oIl

The dominant integral is the first one and it is estimated as
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2602/3  p(r+h)/a? 25023 2
/ / dodr < h 9T g 2
2h /a2 ) 2h T 3h

The case 7 < —2h is also discussed similarly. We thus obtain

C(\loga|+1)h (5

.~ % £l (719)

/ () () —w(7) [ wapy d7 <
2h<|T|<2602 /3

for f € L[R](Q). It remains to estimate of the integral over 26a?/3 < |r| < 2, in which

we have no longer (7.18). We are thus forced to rely on L2-theory an in Lemma 7.2;
indeed, by (7.6), (7.8) with g = (it + L)"2Pf and (7.9) in which (i + L)~2 should be
replaced by (it + L)™3 we have

20 -1 1 a?\
107(i7 + L) " Pfllwraqn < C| = + = [ f1l2

7]

for |[7| <2 and f € L?(2). Consequently,
Ch
n()[[w(r + h) = w(T)llwra@g) dr < —5 [ f]l2 (7.20)
da?/3<|T|<2 o
for f € L?(Q2). Collecting (7.16), (7.19) and (7.20) leads us to

Oo loga| +1 a?
S et ) = w s dr < o FELE L 10

+ 2z palfla )

for ¢ € [2,00), f € L[R](Q) and h € (0,6a%/3). When §a?/3 < h < 1/2 (that is not the
important case), one needs a small modification. In fact, by (7.3) and (7.10) we replace
(7.16) by

c
[ wwendr= [ [ <e(oal+ 1)l + 151
|7|<3h |7|<éa? sa2<|T|<3h «a

for g € [2,00) and f € L[ 7)(€2), but the RHS can be written as (Ch/a®)| fllq because of
h > 8§a?/3. And also we don’t have (7.19), but instead we see

Ch
[ o+ 1) = wllwn dr < [ < Sl
|7|>2h le%

26a?/3<|T|<2
as in (7.20). After all, we have (7.21) even for h € (0,1/2]. On the other hand, from
(7.11) we obtain

[t b = nl ot + Wllwrago dr < h [ u@lwra dr < 1,

— 00
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which combined with (7.21) implies (7.15). This completes the proof. O
We are now in a position to show Theorem 2.1 and Theorem 2.2.

PROOF OF THEOREM 2.1. In view of (6.1) and (7.11), estimate (2.9) with § =0
has been already proved. Given t > 2, we take h = 1/t in Lemma 7.4. We then apply
Lemma 7.3 to (7.12) to accomplish the proof of (2.9) with § = 1. O

PROOF OF THEOREM 2.2. Given f € LL(Q), weset g =e L f € D(L) Cc W29(Q)
and consider the decay property of v(t) := e"ttg = e~ (DL f for t > 1. Let 1) be the
same cut-off function as in (6.4) and B the Bogovskii operator in the annulus (6.3). Set

g=(1—4v)g+ Blg- V],

then it follows from (6.5) and (2.4) that § € W24(R?) and div g = 0 with

[Gllw2.a(rz) < Cllgllwaa(e) < C(IILgllg + llglle) < Clifllq- (7.22)

Let U(t) = Uy (t) be the Oseen semigroup in the whole plane R? given by (3.1). We need
another cut-off function ¢ € C°°(R?; [0, 1]) such that ¢(z) = 0 for |z| > Ry and ¢(z) = 1
in a neighborhood of the obstacle R?\ Q. By B’ we denote the Bogovskii operator in the
bounded domain 2g,. We set

w(t) = (1-¢)U(t)g + B((U(t)g) - V4]

Since div g = 0, we have div (U(t)g) = 0, so that div w(t) = 0. We fix R > Ry + 1.
By (3.4) (with r = ¢) and (6.5) for B’ (in which Dy is replaced by Qg,) together with
(7.22), we have

lw(®)lwia@n) < CIUMIIwragg < CL+ )7V glwaa@e < C(L+6)9 £l

for ¢ > 0. Our main task is thus to derive the decay property of the difference u(t) :=
v(t) — w(t), which together with the pressure p associated with v = e~*Lg satisfies

Ou — Au—2adiu+Vp=F, divu=0 in Q x (0,00),
ulao = 0,
u(-,0)=v¢g—Blg- V] =t h

where
F = —-0w+ Aw + 2001w
= =2V - VU(t)§ — (A +20019)U (t)g — B'[(0:U(t)g) - V¢
+AB((U(t)g) - V¢] + 2201 B'[(U(t)g) - V.
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Set ¢ = max{q,2}. Then h € L‘[?R] Q) (he L[QR} (Q) by embedding even if ¢ < 2) and

Ihllz < CligllLian) < Cllglwra@ny < Clle™ fllwra) < Cllfllq- (7.23)

In view of Lemma 3.1 with » = ¢ = max{q, 2} and (7.22) we observe F(t) € L?R} (Q)
subject to

1)z < CIIUG G wra(sg,) + 110:U )3l La(5g,))
< Vet 4 t)fl/q~||§||w2vq(ua2)

< ct VA ) ), (7.24)

for t > 0. Since div F(t) = 0 and F(t)|sq = 0, we have F(t) € LI(Q) as well (so that
PF(t) = F(t)). In order to estimate

t
ut) =eFh+ / e NILP(r) dr
0

we employ (2.12) together with (7.23) and (7.24) to find

_ _ [
e hllwrogan) < =19 (log (e + 1)) || fllq

a1+29

and

t
[ eI E @l dr
0

Cllf ¢ _ _ 0 _ G 17
< a|1|+l9q/0(t—7) V2(e+t—1) (1/2+9)(log(e+t—7)) rVarta( 4 Vi gy

_ Cllfl

- al+20

(1 + I2)

where I; = fOt/Q and Ir = ftt/Q We easily see that

t/2 _ _
I < (£/2) 7% (e + £/2)~ /240 (log (e + 1))’ / roVaetlaq )y~ Yigr
0

< or~(/a+0) (log (e + t))e

and that
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t

I < (L‘/Q)_l/q/ (t—7')_1/2(6+t—7')_(1/2+0)(10g(6+t—T))edT
t/2

< (t/2)_1/q/0 o V2(e+ 0)_(1/2+0)(10g (e+ 0))0d0 =t Va

as long as @ > 0. The proof is complete. O

8. LA9-L" estimate.

In this section we conclude the paper with the proof of L?-L" estimate of the Oseen
semigroup by using local energy decay properties.

PrOOF OF THEOREM 2.3. We fix R > Ry + 1. By virtue of Theorem 2.2, our
main task is to deduce the decay property in the other region Q\ Qg. Given f € L1(Q),
1 < ¢ < oo, as in the proof of Theorem 2.2, we set g = e Xf and v(t) = e7tlg =
e~ (DL £ We denote by p the pressure associated with v satisfying fDop = 0, where
Dy is the annulus given by (6.3). Then we have the inequality ([17, Chapter III], [22,
Remark 4.1])

()l Le (Do) < CIIVPE W -1.9(D0) (8.1)

where W~19(Dy) denotes the dual space of WO1

Cg°(Dy) in Wha/(@=1)(Dy). Let us consider

’q/(q_l)(Dg), that is the completion of

w(t) = (1 =P)ot) + Blo(t) - VY], o(t) = (1= ¥)p(t)

where 9 is the cut-off function as in (6.4) and B denotes the Bogovskii operator in Dy.
Since w = v for || > R, we have only to estimate w for ¢ > 0. Since (w, o) obeys

Ow — Aw — 2001w + Vo = K, divw =0 in R? x (0,00),
w(-,0)=(1-¢)g+ Blg- VY] =g

where

K =2V - Vo + (AY + 2a0,¢)v + B[(0yv) - V]
— AB[v - V| — 2ad, Blv - Vy| — (VY)p,

we are going to estimate
t
w(t) =U(t)g + / U(t —7)PrzK(7)dr
0

where U(t) = U,(t) is the semigroup in the whole plane R? given by (3.1). By (7.22)
and (3.3) we obtain
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IV U@y < CEI2 MG ey < O p, (82)

fort >0, r € [q,00] and j = 0,1. We fix both M > 0 and ¢ > 0, and put ¢, = C/al*®
for simplicity of notation, where C' = C(M,¢) is the constant in (2.14). By (8.1) we
observe

1P| 2a(o) < CllOpv(t) — Av(t) = 20010(t) [w—1.a(Dy)
< ClOw(t)l Lapy) + Cllo(®)llwra ()

which combined with (2.14) implies

1K ()]l L1 2y + 1K ()l Lawe) < CIE()llLa(pg) < Cllv@®)llwragan) + CllOsw(t)|Lar)
< Cea(1+6)7Y4(ILgllg + lgllg)

< Cea(L+ )74 fllg. (8.3)

It follows from (3.3), (3.5) and (8.3) that
t .
/ HVJU(t—T)PRZK(T)HLT(RQ) d’T
0
t
< CCaHf”q/ (t— T)fj/zfl/‘ﬁl/r(l Ft— T)fl+1/q(1 + 7_)fl/q dr
0

for all £ > 0 and j = 0,1, where I{j) = ft/2

o and 19 = ftt/z Then

‘ t/2
1) < Ot*j/*lﬂ/r/ (1+7)"Vadr < cpi/2- Vet (8.5)
0

for t > 0 and r € [g, o0], while
t

Iéj) < Ct*l/q/ (t . 7_)fj/271/q+1/r(1 4t 7_)71+1/q dr
t/2

t/2
_ thl/q/ oIt/ (g | )14/ g
0

which yields

©) Cct—/att/r, 1<qg<r<oo,
;7 <
Ct~Yalogle +t), 1<qg<r=00
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and

I

ct=V/2-Vatl/r o 1 <g<r<?2
1)< ) = B
T\ CtYalogle+t), 1<qg<r=2

for ¢ > 0. We collect (8.2), (8.4), (8.5), (8.6) and (8.7) to obtain

le™ DX fllr@vapy < lw(®)r@e)
_ [Ceatiamimygy,, beasree
=\ CeatVa(logle + )| flg 1<g<r=00

and

Hve—(t-i-l)Lﬂ

rr@\er) < [[Vw(t)| L re2)
{Cca A l<g<r<2,

Cea til/q(l()g(e + t))”f”qa 1<g<r=2
for t > 0. We first consider the following cases:

case (i) 1<qg<2, ¢<r<gs,
case (ii) 2<g¢q<r < oo,
case (ili) 2<g¢g<r=o00

where 1/q. = 1/q — 1/2. For those cases, it follows from Theorem 2.2 that

le™ Flzr@m + Ve~ Fllzan) < Ceat™ 1| £l
for ¢t > 2, which combined with (8.8) and (8.9) furnishes

Ceo a7 f|l4, for case (i), case (ii),

8.10
Ceat='(log(e +1))||fllq, for case (iii) (8.10)

le™ £l < {

and

Ceat=™2| £, 1<r<2,

Cea t712(log(e + )| fllr, =2 (8.11)

Ve £l < {

for t > 2. Concerning the estimate for 0 < ¢ < 2, we employ the interpolation inequality
with use of (2.4), (2.5) and (2.11) to obtain the desired estimate of ||[Vie L f|, from
above by t=7/2=1/a+1/7| £|| .. Hence, we conclude (2.15) for case (i) and case (ii), (2.16)
for case (iii), and (2.17) and (2.18) for ¢ = r. All the other cases then follow from the
semigroup property. The proof is complete. O
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REMARK 8.1.  From the proof of (8.11), we observe that if r > 2, then ||[Ve L f||,. <

Cca t™Y7| f||, for t > 2, which does not seem to be sharp. According to consideration by
[23], there is no contradiction even if we have the optimal decay estimate |Ve 'L f||, <

gt~

12| || for t > 2 and 7 < 6.
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