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Abstract. We correct the proof of Theorem 1.1 in our previous paper
specially in the non-irreducible case.

In this paper we correct the proof of Theorem 1.1 in our previous paper [4], which
was not complete. The proof works well if the Hermitian symmetric space is irreducible.
On the other hand, the proof does not partly work well if the Hermitian symmetric
space is not irreducible. We partly divide the proof into two cases where the Hermitian
symmetric space is irreducible and non-irreducible and give a complete proof of antipodal
property of the intersection of two real forms.

THEOREM 1.1 ([4]). Let M be a Hermitian symmetric space of compact type. If
two real forms L1 and Lo in M intersect transversally, then L1 N Lo is an antipodal set
of Ly and L.

We adopt the notational conventions in Section 2, [4]. We prepare the following
lemma for the proof of Theorem 1.1.

LEMMA. Let M be a compact Riemannian symmetric space. If M is cubic
(Definition 3.2 in [4]), then s, Exp H = Exp H for any vertex H of S.

PROOF. If M is cubic, 2H € I'(A) for any vertex H of S. Thus we have Exp(2H) =
o and s, Exp H = Exp(—H) = Exp H.

PrROOF OF THEOREM 1.1. We partly divide the proof into two cases where M is
irreducible and non-irreducible, however our argument starts with any Hermitian sym-
metric space M of compact type.

The holomorphic sectional curvature of M is positive, so L1 N Ly # () by Theorem 1
in [1] or Lemma 3.1 in [6]. Because of the transitive action of the group of holomorphic
isometries we may assume the origin o of M is contained in L; N Lo without loss of
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generality. It is sufficient to prove that o and p are antipodal in L; and in Lo for any
point p in Ly N Ls — {o}.

Let A; be a maximal torus of L; (i = 1,2) which contains o and p. Let a; be the
maximal abelian subspace corresponding to A4; (i = 1,2). We take a maximal torus
A} of M containing A; and denote the corresponding maximal abelian subspace by d
(i=1,2). Let

EXpOtHQ (HQ €ag, 0<t < ].)
be a shortest geodesic in As joining o to p. In particular, p = Exp, Hy. Since Aj is
geodesically convex in A} by Quast-Tanaka [2], Exp, tHs is also a shortest geodesic in

Al joining o to p. Hence we can take a fundamental system Il of the restricted root
system with respect to af such that Hy € Sy, where

Sy ={Hed,|{a,H) >0 (a €lly), (6;,H) <7 (6; € RF)}.

Since S5 is decomposed

S=J 55

acny
as a disjoint union, there exists Ay C Hf such that Hy € SQAQ. Lemma 3.6 in [4] implies

pE Exp052A2 C Al N AL,
It is known that a Hermitian symmetric space of compact type is cubic. We express

ap = {(x1,...,7,.)}

with respect to a canonical coordinate of A} (see Definition 3.2 in [4]). Proposition 3.4
in [4] implies that there exists an involutive permutation A of {1,...,7} satisfying

ag = {(21,..., %) | @i =25y (1 < <)} (%)
522 is described as

82 ={H edy (o, H) >0 (a« € Tl N Ag), (B,H) =0 (6 €Ty — Ay),

(0;, H) < 7 (6; € RY N Ag), (8;,H) =7 (6; € RF — Ag)}.
Since Hy € S5%, we have
Ay ={aelly | (o, Hy) > 0YU{8; € RY | (6;, Hy) < 7}

From now on we divide the argument into two cases where M is irreducible and
non-irreducible.
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If M is irreducible, there exists IT5 C I3 such that
ay={H €a,|{a,H) =0 (a € I5)}
by the expression (%) of as. In fact, the restricted root system of irreducible Hermitian
symmetric space of compact type is of type BC or type C' and Hf = {x1 — 29,29 —

X3y ..y Lpo1—Tp, Ly, 221 } for type BC and H# = {21 -T2, X2—2X3, ..., Lr1—Tr, 22,221 }
for type C. In both cases x; is a canonical coordinate and S5 is described as

SQ{HEGIQ

g>x1(H) > >z, (H) >0}.

Hence by (*) we have IT, C IIs such that H € a, belongs to ag if and only if (o, H) =0
for any a € II5.

We show Exp, S5'2 C Ay. Since Il is a basis of a}, we can take a basis {uq | @ € Iy}
of af, satisfying

Let

Since H, € S5, we have
0 <{a, H3) = hq
for any « € II,. Moreover, we have
I, NAy={aelly | h, >0},

and I, N Ay = () because Hy € ap. Let H € SQA2, then (8, H) =0 for any § € IIs — A,.
Since II}, C IIs — Ag, we have H € ay. Hence we have SQA2 C ag, which implies

EXpO SQAZ C AQ.

In order to see that we have a similar situation in a}, we show that there exists
A1 C II; such that

Exp, S5? = Exp, 52

for a fundamental cell S; corresponding to a fundamental system of the restricted root
system with respect to a}. Since p € A; N A, there exists Hy € a; such that
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Exp, tH; 0<t<1)

is a shortest geodesic in A; joining o to p. Since A; is geodesically convex in A}, Exp, tH;
is also a shortest geodesic in A} joining o to p. By the conjugacy of maximal tori, there
exists k1 € K such that Ad(ky)a] = a}, where K denotes the isotropy subgroup at o.
Then

EXpo tAd(kl)Hl (0 S t § 1)
is a shortest geodesic in A} joining o to k1p. Hence there exists ko € Nk (aj) such that
Ad(kg)Ad(kﬁl)Hl = Ad(kgkl)Hl S gg.

So there exists A, C Hf which satisfies Ad(kqok1)Hy € SQA;. Put k = kok1 € K. Since
we have

kL Exp,(Ad(k)H) = Exp, H, = Exp, Ha,

there exists w € W, such that

w8 = 55,
VH € SQAIQ, k' Exp, H = Exp, wH,

by Takeuchi’s result (Lemma 1.7 in [3] or see Lemma 2.1 in [4]). Since a Hermitian
symmetric space of compact type is simply connected, we have Wg, = {1} by Lemma
1.3 (2) in [3] and so w = 1. Or we know it by 7, (M) = Ws, (Theorem 2.1 in [3]). Hence
we rewrite the above as follows:

SQA/Q — S2A2’
YH e 582, k™' Exp, H = Exp, H,
Ad(k)H, = Hs.
Moreover, we have k= Exp, 552 = Exp, S52. Since Ad(k)a} = ab, the restricted root
system R; with respect to af satisfies Ry = Rz o Ad(k) and there exist a fundamental
root system II; of R; and A; C Hfé satisfying Ad(k)_lSQAQ = SlAl > H;. Thus
Exp, S52 = k™' Exp, S5 = Exp, Ad(k)~155? = Exp, S£!.

Since H; € S2' Nay, we conclude S£* C a; and Exp, S&* C A;. Hence we obtain

Exp, S&' = Exp, S5°2 C A, N Ay,
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Since p € Exp, S2A 2 C A; N A,, it contradicts the assumption that L; and Lo
intersect transversally if dim S5'2 > 1. Therefore dim S5'2 = 0 and S5'2 is a vertex of Sy.
By Lemma p is an antipodal point of o in M. Therefore o and p are antipodal both in Iy
and in Lo, which completes the proof of Theorem 1.1 in the case where M is irreducible.

Next we consider the case where M is not irreducible. In order to prove Theorem 1.1
in this case, we prepare the following special real forms. Let M; and M> be Hermitian
symmetric spaces of compact type and 7 : My — Ms be an anti-holomorphic isometric
map. We denote

D, (M) ={(z,7(x)) |z € M1} C My x Ma.

D.(My) is a real form in My x My and we call it a diagonal real form. For more
information on diagonal real forms see our sequent paper [5]. We use the following
theorem in [5] in order to prove Theorem 1.1.

THEOREM 2.7 ([5]). Let M be a Hermitian symmetric space of compact type and
M =DM x---x M,

be a decomposition of M into irreducible factors. Then two real forms L1 and Lo in M
are decomposed as

Ly =1Ly1 X+ X Ly, Ly=1Ls1 X - X Loy

and for each a (1 < a < n) the pair of L1, and Lo, is one of the following.

(1) Two real forms in M; for some i (1 <i<m).
(2) After renumbering irreducible factors of M if necessary,

N1 X Dr,(Ms) X Dy (My) X -+ X Dy, (Mag)

and

D‘Fl(Ml) X DTS(M3) XX DTzsfl(MQSfl) X N25+17

where 7; + M; — M;11 (1 < i < 2s) is an anti-holomorphic isometric map which
determines D.,(M;) and Ny C My and Nasi1 C Magy1 are real forms. The inter-
section of these two real forms is

{(z, (), 7om1(x)y ... 725 T1(x)) |2 € Ny N (125 - 7_1)71(N2s+1)}.

Here (T35 - 71) " (Nasy1) is a real form in My and the intersection of the two real
forms mentioned above is homothetic to the intersection of two real forms N1 and
(7'25 cee Tl)_l(N25+1) m M.

(3) After renumbering irreducible factors of M if necessary,
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Ny X D-,—2 (Mg) X D-,—4 (M4) X oo X D-,—2372(M2872) X Nog

and

DT1 (Ml) X DTa(M3) X X D-,—2573(M2373) X DTzsfl(MQSfl)’

where 7; : M; — M;q1 (1 <i<2s—1) is an anti-holomorphic isometric map which
determines D, (M;) and Ny C My and Naos C Mg are real forms. The intersection
of these two real forms is

{(z,71(x), 72m1(2), ..., Tos—1 - T1(x)) | £ € Ny N (151 71)  (Nog)}.

Here (1951 -++71) 1 (Nas) is a real form in My and the intersection of the two real
forms mentioned above is homothetic to the intersection of two real forms N1 and
(Tgsfl cee Tl)_l(Ngs) n M.

(4) After renumbering irreducible factors of M if necessary,

DT1(M1) X DTB(M?)) X X D7—2571(M25_1)

and

DTz (M2) X DT4(M4) X X DT23 (M2S)a

where 7, : M; — M1 (1 <@ <2s—1) and 725 : Mas — My are anti-holomorphic
isometric maps which determine D, (M;) (1 <1 < 2s). The intersection of these
two real forms is

{(x,m1(2), 72m1(), ..., T2s—1 - T1(x)) | (, T{sl(x)) €Dy _,r (M) N DT; (M)}

Here D, ,..;,(M1) and D (My) are diagonal real forms in My X Mss and the
intersection of the two real forms mentioned above is homothetic to the intersection
of these two diagonal real forms.

In a case where a compact Riemannian symmetric space X is the product of compact
Riemannian symmetric spaces X; and X, two points p = (p1,p2) and ¢ = (¢1,¢2) in X
are antipodal if and only if p; and ¢; are antipodal in X; for ¢ = 1,2. Hence, to prove
the intersection of two real forms is antipodal it suffices to consider the cases (1) to (4)
in Theorem 2.7.

(1) is essentially the irreducible case and we have already proved the statement. In
cases of (2) and (3) the intersection of two real forms is described by that of two real
forms in an irreducible Hermitian symmetric space of compact type and its antipodal
property follows from that in the case of (1).

For (4) we use a similar method to the irreducible case. We consider the inter-
section of two diagonal real forms D,(M;) and D.(M;) in My x My determined by
anti-holomorphic isometric maps o,7 : M; — M,. We regard L; = D,(M;) and
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Ly = D;(M;) and use the notation defined above in this proof. Since D, (M) is a
real form in M; x Ms, we can decompose Ss, Hf and A, as

Sy = Sp1 % Sa, IIf = H?fl U H;%w Ay =Ag1UAgs,

where Ay ; = A N Hﬁfj (j = 1,2). Since M; and My are isomorphic, their fundamental
systems are isomorphic and we obtain

87 Mag = {(X, dr,(X)) | X € 23

and Exp,(S5? Nay) C Ay. In a way similar to that in the irreducible case we can take a
canonical coordinate y; of A5 and we have

Sz_{HGG/Q

i iy
5 >y (H) > > yn(H) >0, 5 > yYpt1(H) > - > yon(H) > 0}.

Therefore
Sf2nag={Heay,| He S, y;(H)=ynr:s(H) 1<i<n)}.
Similarly if we take a suitable canonical coordinate x; of A, we obtain
SPrna ={Hed | HeS™, z;(H)=z,(H) (1<i<n)}
and
Ad(k)(S2 Nay)
= Ad(k){H e d} | H e S, 2i(H) = 2 i(H) (1 <i<n)}
={Hed|HeS5 x;(Ad(k) " ' H) = 2,4 (Ad(k) " H) (1 <i<n)}
= SQA2 Nas.
Hence we have

Exp,(S52 Nay) = k= Exp, (S22 Nag) = k™ Exp, (Ad(k)(S2* Nay))

= Exp, (57 Nay)
and
As D EXpO(52A2 N Cl2) = EXpO(SlAl N Cl1) C A

Since p € Expo(SQA2 Nag) C Ay N Ag, it contradicts the assumption that Ly and Lo
intersect transversally if dim Sg‘)f‘l = dim(S52 Nag) > 1. Therefore dim Sﬁf’l =0 and
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QAj’l is a vertex of Sz 1. By Lemma p is an antipodal point of o in M. Therefore o and
p are antipodal both in L; and in Lo, which completes the proof of Theorem 1.1 in the

case where M is not irreducible.

The authors would like to thank the referee, whose comments improved the manu-
script.
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