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Abstract. We consider some measure-theoretic properties of functions
belonging to a Sobolev-type class on metric measure spaces that admit a
Poincaré inequality and are equipped with a doubling measure. The prop-
erties we have selected to study are those that are related to area formulas.

1. Introduction.

We investigate some measure-theoretic properties of functions belonging to the
Banach or vector space-valued Newtonian space N!?(X) and compare these proper-
ties in the more general setting with the classical Euclidean ones. Newtonian space is a
metric space analogue of the classical Sobolev space W1P(R") and was first introduced
and studied by Shanmugalingam in [29]; here X refers to a complete metric measure
space with a measure p that satisfies a volume doubling condition and the space is as-
sumed to support a Poincaré inequality. Under these rather standard conditions on the
space, we give a metric space version of Luzin’s condition for the graph mapping similar
to one in Maly et al. [27], we study absolute continuity as defined by Maly [23] for
functions in the Newtonian class, and we also discuss the condition due to Radé and
Reichelderfer [28].

We provide a version of the area formula for Newtonian functions. In particular,
we extend the Euclidean results of Hajtasz [10] and Maly et al. [27] to Newton—Sobolev
functions in the aforementioned setting of general metric spaces. We provide another
view to a recent result by Magnani [22] which is related to the area formula in general
metric measure spaces.

Under rather general assumptions on X (see Section 2) the following area formula
will be shown to be valid for the graph mapping u of u € Nﬁ)’f(X; R™), where p > m or
pzm=1,

Q(u = u
HO(a(A)) /AJ i,

whenever A is a p-measurable subset and Ju denotes the generalized Jacobian of 4.
In particular, H?(u(A)) = 0 whenever u(A) = 0. Here the exponent () serves as a
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substitute for the dimension of X, and it is associated with the doubling constant of the
underlying measure p (see Section 2).

Although the proofs for these formulas are rather standard, our general setting
causes some unexpected difficulties. To overcome these, we carefully consider some local
properties of so-called generalized Jacobian of a function and couple them with the
aforementioned measure-theoretic properties of Newton—Sobolev functions.

There is a rich supply of examples of complete metric spaces with a volume doubling
measure that support a Poincaré inequality and where our results are applicable. To name
but a few, we list Carnot—Carathéodory spaces, thus including the Heisenberg group and
more general Carnot groups, as well as Riemannian manifolds with non-negative Ricci
curvature.

In outline, the paper is organized as follows: In Section 2 we introduce the necessary
background material such as the doubling condition for the measure, upper gradients,
Poincaré inequality, Newtonian spaces, and capacity. In Section 3 we establish a general
criterion for a version of Luzin’s condition in the spirit of Radé and Reichelderfer [28,
V.3.6], see also Maly et al. [27]. Then we close Section 3 by proving, with the aid of
estimates between the capacity and the Hausdorff content, that the graph mapping of a
vector-valued Newtonian function satisfies a version of the Luzin condition. In Section 4
we deal with the area formula. In Section 5 we study the Rad6-Reichelderfer condition
and absolute continuity of Newtonian functions in the spirit of Maly [23].

ACKNOWLEDGEMENTS. We would like to thank Nageswari Shanmugalingam for
detailed comments and suggestions on several draft versions of the paper.

2. Metric measure spaces: doubling and Poincaré.

We briefly recall the basic definitions and collect some well-known results needed
later. For a thorough treatment we refer the reader to a monograph by A. and J. Bjorn
[3] and Heinonen [13].

Throughout the paper, if not otherwise stated, X := (X, d, u) is a complete metric
space endowed with a metric d and a positive complete Borel regular measure p such
that 0 < wu(B(z,r)) < oo for all balls B(z,r) := {y € X : d(z,y) < r}; and if B =
B(z,r), then we denote 7B = B(x,7r) for each 7 > 0. We also denote the metric ball
B(z,r) by Bx(z,r) if necessary. Also throughout the paper, if not otherwise stated, let
Y = (Y, d, v) be a complete separable metric measure space with a positive complete
Borel regular measure v. A function f: X — Y is called L-Lipschitz if for all z,y € X,
d(f(x), f(y)) < Ld(z,y). We let Lip(f) be the infimum of such L.

In our treatment, it is natural to assume some connection between the measure and
the metric. Also by dimension we mean some quantity which relates the measure of a
metric ball to its radius. We shall clarify these concepts below. Our standing assumptions
on the metric space X are as follows.

(D) The measure y is doubling, i.e., there exists a constant C, > 1, called the doubling
constant of u, such that

u(B(z,2r)) < Cup(B(z, 7).
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for all x € X and r > 0.
(PI) The space X supports a weak (1, p)-Poincaré inequality for some p > 1 (see below).

We note the doubling condition (D) implies that for every z € X and r > 0, we have
for A>1

u(B(x, \r)) < CAQu(B(z, 7)), (2.1)

where @) = log, C},, and the constant depends only on C},. The exponent () serves as a
dimension of the doubling measure p; we emphasize that it need not be an integer. When
it 1s mecessary to emphasize the relationship between Q and X, we will use the notation
X@. Complete metric spaces verifying condition (D) are precisely those that have finite
Assouad dimension [13]. This notion of dimension, however, need not to be uniform in
space. In what follows, we assume further that there exists a constant C' > 0, depending
only on C}, such that the measure p satisfies the lower mass bound

CrQ < u(B(z,r)) (2.2)

for all x € X and 0 < r < diam(X). It follows from (D) that p satisfies the following
local version of (2.2): For a fixed o € X and a scale rp > 0 we have

Cr® < u(B(z,r)) (2.3)
for all balls B(z,r) ¢ X with # € B(zg,rp) and 0 < r < rp, where C =
CTBQ/J,(B(Z‘(),TD)) and C is from (2.1).

Let s > 0. We define the (spherical) Hausdorff s-measure in X as in Federer [8,
2.10.2] (see also [13]) and will denote it by H*. We also denote by H3, the Hausdorff
s-content in X defined as

o0

Hi(E) = inf{er EC U B(zi,1i), i € E},

=1 i=1

where the infimum is taken over all countable covers of E by balls B(x;, ;). We note
here that if X is a proper, i.e. boundedly compact, metric space, then Hausdorff content
is inner regular in the following sense

H:(E) =sup{H: (K): K C E, K compact}

whenever E C X is a Borel set. See Federer [8, Corollary 2.10.23]. We shall also need
the concept of the Hausdorff measure of codimension s of E C X which we define by
applying the Carathéodory construction to the function

plB,r))

TS

h(B(z,r)) =

Above, we use the convention h(B(z,0)) := h(#) = 0. We thus define the restricted
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Hausdorff content of codimension s as follows

H5(E) = inf{z h(B(xi, i) : EC | B(wi,ri), x; € B, r; < R},
=1

i=1

where 0 < R < 0. When R = oo, we have the corresponding Hausdorff content of
and denote it by H (E). Finally, the Hausdorff measure of codimension s is defined as

H*(E) = lim H3(E).

We remark that if the measure u is Q-regular, i.e., u(B(z,7)) ~ r?, for some Q > 1,

H*(E) ~ H9(E). Let us mention that the lower mass bound (2.2) for the measure p

implies that H® is absolutely continuous with respect to y and that H@—*(E) < CH*(E).
The upper s-density of a finite Borel regular measure ¢ at x is defined by

6% (v, ) = lim sup SBE)

S )
r—0+ WsT

where wy is the Lebesgue measure of the unit ball in R® when s is a positive integer, and
ws = I'(1/2)°/T'(s/2 + 1) otherwise. We record that if for all = in a Borel set E C X,
0%(¢,z) > o, 0 < a < 00, then

(>aCH® | E,

where the positive constant C' depends only on s. On the other hand, if ©%*(¢,z) < o we
obtain

(LE<aCH® | E,

where a positive constant C' depends only on s. See Federer [8, 2.10.19].

Recall that the following general covering theorem is valid in our setting. From a
given family of balls B with sup{diam B : B € B} < oo covering a set E C X we can
select a pairwise disjoint subfamily B’ of balls such that

Ec U 5B,
BeB!

see [8, Corollary 2.8.5]. If X is separable, then B’ is countable and B’ = {B;};>1.

In this note, a curve v in X is a continuous mapping from a compact interval [0, L]
to X. We recall that each curve can be parametrized by 1-Lipschitz map 7 : [0, L] — X.
A nonnegative Borel function g on X is an upper gradient of a function f : X — Y if for
all rectifiable curves ~, we have

AW SO < [ gds (24)
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See Cheeger [5] and Shanmugalingam [29] for a discussion on upper gradients. If g is a
nonnegative measurable function on X and if (2.4) holds for p-almost every curve, p > 1,
then g is a weak upper gradient of f. By saying that (2.4) holds for p-almost every curve
we mean that it fails only for a curve family with zero p-modulus (see, e.g., [29]). If u has
an upper gradient in LP(X), then it has a minimal weak upper gradient gy € LP(X) in the
sense that for every weak upper gradient g € LP(X) of f, g < g p-almost everywhere
(a.e.), see Corollary 3.7 in Shanmugalingam [30]. While the results in [29] and [30]
are formulated for real-valued functions and their upper gradients, they are applicable
for metric space valued functions and their upper gradients; the proofs of these results
require only the manipulation of upper gradients, which are always real-valued.

We define Sobolev spaces on metric spaces following Shanmugalingam [29]. Let
Q C X be nonempty and open. Whenever v € LP(2) and p > 1, let

1/p
ull i = lulp = ( [ au+ [ g du) . (2.5)

The Newtonian space on §2 is the quotient space
NUP(Q) = {u [ullyrr(e) < 0o}/~,

where u ~ v if and only if ||u — v|][y1r@) = 0. The space N'P(Q) is a Banach space
and a lattice. If Q C R" is open, then N'P(Q) = W1P(Q) as Banach spaces. For
these and other properties of Newtonian spaces we refer to [29]. The class N'P(Q; R™)
consists of those mappings u : 2 — R™ whose component functions each belong to
NLP(Q) = NYP(€;R). Qualitative properties like Lebesgue points, density of Lipschitz
functions, quasicontinuity, etc. may be investigated componentwise.

A function belongs to the local Newtonian space NLP(Q) if u € NVP(V) for all
bounded open sets V with V' C €, the latter space being defined by considering V as a
metric space with the metric d and the measure p restricted to it.

Newtonian spaces share many properties of the classical Sobolev spaces. For ex-
ample, if u,v € Nﬁ)’f(Q), then g, = g, pra.e. in {z € Q : u(x) = v(x)}, furthermore,
Imin{u,c} = JuX{u#c} for c € R.

We shall also need a Newtonian space with zero boundary values. For a measurable
set B C (), let

NyP(E)={flg:fe N"(Q)and f =0o0n Q\ E}.
This space equipped with the norm inherited from N?(£2) is a Banach space.
We say that X supports a weak (1, p)-Poincaré inequality if there exist constants

C > 0 and 7 > 1 such that for all balls B(z,r) C X, all measurable functions f on X
and for all weak upper gradients gy of f,

1/p
][ If = fBmldp < CT(J[ 9% du) , (2.6)
B(z,r) B(z,Tr)
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where fB(z,r) = JCB(Z,T) fdﬂ = fB(z,r) fdM/M(B(Z»T))~

It is well known that the embedding N'(X) — LP(X) is not surjective if and only
if there exists a curve family in X with a positive p-modulus. Moreover, the validity of
a Poincaré inequality can sometimes be stated in terms of p-modulus. More precisely, to
require that (2.6) holds in X is to require that the p-modulus of curves between every
pair of distinct points of the space is sufficiently large, see Theorem 2 in Keith [15].

It is noteworthy that by a result of Keith and Zhong [16] in a complete metric space
equipped with a doubling measure and supporting a weak (1, p)-Poincaré inequality there
exists g9 > 0 such that the space admits a weak (1,p’)-Poincaré inequality for each
p' > p—eg.

The following Luzin-type approximation theorem shall be of use later in the
paper. We refer to Shanmugalingam [29, Theorem 4.1] for the proof which, in turn,
is a modification of an idea due to S. Semmes. See also Hajtasz [9, Theorem 5].

THEOREM 2.1.  Suppose X satisfies (D) and (PI) for some 1 < p < oo. Let
u € NYP(X). Then for every ¢ > 0 there is a Lipschitz function f. : X — R such that

p{z e X :u(x) # fo(2)}) <e

and ||u — fell1,p < €. In other words, with F. := {x € X :u(x) # f-(x)}, we have u|x\F.
is Lipschitz.

Capacity
There are several equivalent definitions for capacities, and the following are the ones
we find most suitable for our purposes. Let 1 < p < oo and Q C X bounded.

e The variational p-capacity of a set £ C X is the number
Ca‘pp(E) = inf ||gu||12p(x)7

where the infimum is taken over all u € N*P(X) such that u > 1 on Ej recall that
gy is the minimal p-weak upper gradient of u.
e The relative p-capacity of £ C € is the number

Capp(E, ) = inf ||9u||ip(ﬂ)’

where the infimum is taken over all u € Ny () such that u > 1 on E.
e The Sobolev p-capacity of £ C X is the number

CP(E) = inf Hu”?)vl,p(x)v

where the infimum is taken over all u € N*P(X) such that « > 1 on E.

Observe that if u(X) < oo the constant function will do as a test function, thus all
sets are of zero variational p-capacity. However, this is not true for the relative p-capacity
whenever X \ Q is “large”, say, Cp(X \ Q) > 0.
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Under our assumptions, these capacities enjoy the standard properties of capacities.
For instance, when p > 1 they are Choquet capacities, i.e., the capacity of a Borel set can
be obtained by approximating with compact sets from inside and open sets from outside.
It is noteworthy, however, that the Choquet property fails for p = 1 in the general metric
setting. This does not cause any problems for us as we mainly deal with compact sets in
this note. In a recent paper by Kinnunen—Hakkarainen [12] the BV-capacity was proved
to be a Choquet capacity. See, e.g., Kinnunen—-Martio [18], [19] for a discussion on
capacities on metric spaces.

The Sobolev capacity is the correct gauge for distinguishing between Newtonian
functions: if u € NVP(X), then u ~ v if and only if u = v p-quasieverywhere, i.e., outside
a set of zero Sobolev p-capacity. Moreover, by Shanmugalingam [29] if u,v € N1P(X)
and v = v p-a.e., then u ~ v. A function v € NVP(X) is said to be quasicontinuous,
if there exists an open set G C X with arbitrarily small Sobolev p-capacity such that
the restriction of u to X \ G is continuous. A mapping in N1P(X;R™) is said to be
quasicontinuous if each of its component functions is quasicontinuous. Recall that all
functions in N1?(X) are quasicontinuous, see Bjorn et al. [4]. Since Newtonian functions
have Lebesgue points outside a set of zero Sobolev capacity, in what follows we may
assume that every Newtonian function is precisely represented.

3. Graphs of Newtonian functions: Luzin’s condition.

Let @ > 0. Recall that a mapping f : X — Y is said to satisfy Luzin’s condition
(Ng) if H2(f(E)) = 0 whenever E C X satisfies u(E) = 0. By way of motivation,
the validity of Luzin’s condition implies certain change of variable formulas, thus it is of
independent interest in analysis.

Let E C X. We denote by f: X — X x Y the graph mapping of f

f(x) = (2, f(z)), zeX,
and Gy (F) is the graph of f over E defined by
Gi(E)=A{(z, f(x)):x € B} C X xY.

It is well known that if the mapping f is Borel measurable, then the graph G;(X)
is Borel measurable as well, see, e.g., [10, Lemma 18]. We, furthermore, denote by
pry : X xY — X the projection pry(z,y) = z, and by pry : X x Y — Y the projection
pry(z,y) = y. Observe that Lip(pry) = Lip(pry) = 1. Also it is well-known that if
f:X — Y is continuous, then G;(X) is homeomorphic to X.

LEMMA 3.1. Let f: X — R™, m > 1, be measurable. Then pryx(G;(X)NE) is
measurable for every Borel measurable subset E C X x R™.

PrROOF. Let f* and f, be Borel measurable representatives of f; Borel regularity
of the measure p implies that if f is measurable, then there exist Borel measurable
functions f,, f* such that f, < f < f* and fi(x) = f*(z) for p-a.e. x € X. Thus the
graph Gy, (X) of f, and the graph G;«(X) of f* are Borel subsets of X x R™. Then
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Kuratowski [20, Theorem 2, p.385] implies that the projections prx (G, (X) N E) and
prx(Gs+(X) N E) are Borel measurable for every Borel measurable set £ C X x R™.
Since f. and f* agree up to a set of p-measure zero, so do sets pry (G« (X) N E) and
prx(Gyr. (X) N E), implying that pry (Gs(X) N E) is p-measurable. O

We now state a general criterion for the condition (Ng) similar to that of Radé and
Reichelderfer, see [28, V.3.6] and Maly [23]. In Euclidean spaces this result was obtained
by Maly et al. [27].

In what follows, we suppose that 1 < m < @, where m is related to R™.

THEOREM 3.2. Suppose X satisfies condition (D) and the lower mass bound (2.2)
is satisfied. Let f: X@ — R™ be a measurable function. Denote

2., =G;(X9 N B(zr),

where z € X9 x R™ and 0 < r < diam(X®). Suppose that there evists a weight ® €
Li (X9) such that

loc

1
HoQo_m(pr () < 7_/ ddu (3.1
X diam(E, )™ prx (Boar) )

forall z € X@ xR™ and all 0 < r < diam(X?)/4. Then there exists a positive constant
C < o0, depending on C,, and m, such that

HO(f(E)) < C/E<I>dp (3.2)

for each Borel measurable set E C XQ. In particular, f satisfies Luzin’s condition (Ng).

PROOF. Define a set function o on the Cartesian product X% x R™ by

o(E) = ddu, FcCX?xR™

/prx(gf(XQ)ﬂE)

By a Vitali-type covering theorem there is a pairwise disjoint countable subfamily of balls
{B;} = {B(z;,;)} such that we may cover pry(Z.,,) as follows

pryx(2.,) C UB(xZ-,E)ri) =: U5Bi'

3

For each i let M; denote the greatest integer satisfying
(Ml — 1)7”1 < diam(Ezvr).

Since =, N pr;(1 (5B;) is bounded in X% x R™, it can be contained in a large enough
cylinder of the form B(x;, 5r;) X R;, where R; is a cube in R™ with side-length diam(Z, ).
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Since M;r; > diam Z, ,, R; may be covered by M™ cubes {Rf} with side r;. We hence
obtain
HL(E., Npryt(5B;)) < CMr® < C(Myry)™rd™™

< C(diam(Z, ) + )" u(5B;)(5r) ~™.

As r; = diam(5B;) < diampry (Z,,) < diam(E, ) summing over i shows that

. u(5B;)
Q(z.,) < Cdiam(z,, )" S OB,
Hoo( Z,T) — la‘m( Z,T) Z (57‘1)m
i=1
Hence by taking the infimum over all coverings we have obtained the following estimate

HOQQ(EZ,T) < Cdiam(EZ,T)mﬁg(er (EZ,T))v

where the constant C' depends only on C), and m. Assumption (3.1) together with this
estimate gives for each z € X x R™ and 0 < r < diam(X?)/4

HY(2.,) < Cdiam(Z.,)"H" (pry (E..,))

<C S dy < Co(B(z,4r)). (3.3)

prx (Ez,4r)

Since for H%-almost every z € G;(X?), see Federer [7, Lemma 10.1],

Q (=
lim sup Lﬁ;r) > C, (3.4)
r—0+4 wQr

it follows from (3.3) that

for H%-almost every z € G;(X%). Lemma 3.1 implies that o is a measure on the Borel
sigma algebra of X@ x R™, and it may be extended to a regular Borel outer measure o*
on all of X x R™ in the usual way

0"(A) :==inf{c(F) : AC E, E is a Borel set}.

Since ® € Li (X9) it follows that o* is a Radon measure on X% x R™. Therefore, by
(3.4)

HP(E) < Co*(E)

for all E C G;(X@). Finally, given a y measurable set E C X%, choose a Borel set G
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with E C G. Then f(E) C G x R™, G x R™ is a Borel set, and
HOF(E)) < Co (F(E)) < Co(G x &™) = C [ @,
a

The proof is completed by taking the infimum over all such G. If E ¢ X® such that
w(E) = 0 then it readily follows that H?(f(FE)) = 0. This completes the proof. O

In (3.1) we may replace the Hausdorff content HE ™ (pry (2..)) with an inequality
involving H™ (pry (2., ,)) on the left hand side.

We shall show, as an application of Theorem 3.2, that the graph mapping of a
Newtonian function satisfies a version of Luzin’s condition (Ng). We start with a few
auxiliary estimates. We shall need the following relation between the p-capacity and the
Hausdorff content when p > 1. For the proof of the next lemma the reader should consult
Costea [6, Thoerem 4.4] and Kinnunen et al. in [17, Theorem 3.5] for the case (I) and
(IT), respectively.

LEMMA 3.3. Suppose X satisfies conditions (D) and (PI), and the lower mass
bound (2.2) is satisfied.

(I) Letl<p<@Q and E C X and suppose Q —p <t < Q. Then
HL(ENB(x,r)) < Cr'=9% Cap,(EN B(z,r), B(z,2r)),

where x € X, r > 0, and C depends on C,, p, t, and the constants in the weak
(1, p)-Poincaré inequality.
(IT) Let p=1 and E C X compact. Then

HE(E) < Ccap, (E),

where the constant C' depends only on the doubling constant C,, and the constants
in the weak (1,1)-Poincaré inequality.

REMARK 3.4. If u € Ny;P(B(x,2r);R™) such that u > 1 on E N B(z,r), g, is a

minimal p-weak upper gradient of u, and m, where 1 < m < min{p, Q}, we obtain

MY ENB@m) e [ g
B(z,2r)

where the constant C' is as in Lemma 3.3 (I).
If u € NM'(X;R) such that u > 1 on E and g, is a minimal 1-weak upper gradient
of u, Lemma 3.3 (II) implies that

H(E) < C / gu dis,
X

where the constant C' is from Lemma 3.3 (II).
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The preceding estimates imply the following. Observe also that the graph mapping
is always one-to-one.

THEOREM 3.5.  Suppose that X satisfies conditions (D) and (PI) with some 1 <
p < Q, and the lower mass bound (2.2) is satisfied. Let u € N*P(X%;R™), where either
p>m orp>m=1. Then the graph mapping T satisfies Luzin’s condition (Ng).

The assumption that p > m or p > m = 1 is necessary already in the Euclidean
case. We refer to a discussion in Maly et al. [27].

PRrROOF OF THEOREM 3.5. It is sufficient to verify the hypothesis of Theorem 3.2
with some locally integrable function ® on X<.

Assume first p > m and, to this end, fix a point z = (Z,7) € X? x R™ and r > 0.
We observe the following

E.r = Gu(X®) N B(z,7) C (Gu(X9) N (Bx(&,7) x B(7,7))).
Hence we have that
pry(Z.) C (Bx (&, 7)Nu” (B(3,7))),

moreover u(z) € B(f,r) for p-a.e. x € Bx (&, 7)Nu~(B(f,7)). Let us define the function
v: X% = Rby

v(z) = max {2 — 7|u(m) ; u(@)| , O},

and consider an open subset O C X? such that {z € X9 : v(x) > 0} € O. Then
(9u/7r)x0 is a p-weak upper gradient of v [29, Lemma 4.3], where g, is a minimal p-weak
upper gradient of u. Let n : X9 — R be a Lipschitz cut-off function so that n = 1
on Bx(%,7), n = 0in X9\ Bx(%,2r), 0 < n < 1, and g, < 2/r. Then vn > 1 on
Bx(,r) Nu~'(B(f,r)), and vy € Ny P(B(&,2r)). Moreover, the product rule for upper
gradients gives us the following g,, < g, + 2v/r p-a.e. Thus vn is admissible for the
relative p-capacity and Lemma 3.3 (I) implies that

HE ™ (prx (Bxr)) < HE™(Bx (&,7) Nu” ' (B(7,7)))

< CrPmm / gon dp
Bx (#,2r)N0O

4
< Cr”‘m/ (U + 95> dp
Bx(z,2r)no \T?

<Cr ™ (14 g¢2)du.

/BX (z,2r)Nu—1(B(g,2r))

Since
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Bx (&,2r) Nu™"(B(,2r)) C prx(Zz.ar),

above reasoning gives us that
Q—m = ¢ D
Hoo (er <:‘Z,T)) < m (1 + gu) dM
r Prx (Zz,4r)
This verifies the assumptions of Theorem 3.2 with & = C(1 + ¢?), and thus concludes
the proof when p > m. The case p > m = 1 is dealt with by a similar argument together
with the estimate in Lemma 3.3 (II). O

4. Aspects of area formulas for Newtonian functions.

In this section we shall prove versions of the area formula for Newtonian functions.
In the metric measure space setting these formulas have been studied previously by
Ambrosio—Kirchheim [1], Magnani [21], [22], and Maly [24], [25], to name but a few. In
particular, in [24] coarea properties and coarea formula, which is considered as dual to
the area formula, are thoroughly studied in metric spaces. We also refer to Hajtasz [10]
for a very nice discussion on the topic in Euclidean spaces.

We define the generalized Jacobian of a continuous map f: X — Y at z as follows

Jfl@) = limsup = rpr Sy

where, we recall, v measures Y. It follows from [8, 2.2.13] applied to the pull-back
measure vy(E) := v(f(E)), that f(E) is v-measurable for every Borel set E C X.
Moreover, for u-a.e. z, the generalized Jacobian J f(x) is finite, see Federer [8, 2.9]. Tt
is also easy to see that if g : X — Y is another continuous map such that ¢ = f on an
open subset A C X, then J f(z) = Jg(x) for p-a.e. x € A.

An alternative, but maybe less tractable, way to define a generalized Jacobian of f
at x could be as follows. Set

) ey BT
T () = lmewp Zorn )

where f*v is a measure which results by Carathéodory’s construction from ((A4) =
v(f(A)), A C X, on the family of all Borel subsets of X, see [8, 2.10.1]. Hence if A
is a Borel subset of X, then

ffv(A) = sup{ Z ¢(B) : H is a Borel partition of A}
BeH

cf. [8, Theorem 2.10.8]; for any Borel set A C X the following identity will be satisfied
[8, Theorem 2.10.10]
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Fru(A) = /Y N(fla.y) dv(y).

where the multiplicity function of f relative to a subset A is written as N(f|a,y) =
#(AN f~1(y)) for each y € Y.
To compare these two notions, we have that

Tf(x) =T f(z) =T flp(x)

for pra.e. x € D, where D C X is closed and f|p is assumed to be one-to-one. Here we
denote

:= limsu v(f(B(z,r) N D))
Jflp(x) = limsup == g r ="

Let us clarify this. Clearly, J f|p(z) < Jf(z) < J f(z) for p-a.e. z € D. On the other
hand, since f is one-to-one on D we have that ((A) := v(f(4)) is, in fact, a measure on
D, and that ¢(A) = f*v(A) for every Borel subset of D. Thus we obtain as in Magnani
[22, proof of Theorem 2] for every (density point) z € D

_ . v(f(B(z,r)N D)) . fv(B(z,r)\ D)
THD =B = B T wB )

=Jflp(z),

where the last equality follows form [8, Corollary 2.9.9] applied to Jf (x)xp, where xp
is the characteristic function of the set D.

Magnani [22] has recently presented a unified approach to the area formula for
merely continuous mappings between metric spaces, and thus without any notion of
differentiability. We remark that in the present paper a function in Nli’f (X%;R™) al-
though having some “differentiability” properties, need not to be even continuous as all
Newtonian functions are, a priori, only quasicontinuous. Let us state the following area
formula.

THEOREM 4.1.  Suppose X satisfies conditions (D) and (PI) with some 1 < p < @,
and the lower mass bound (2.2) is satisfied. Let u € Nﬁ)’f(XQ;Rm), where p > m or
p>m = 1. Then the following area formula is valid

HOa(A) = [ Tale) duo) (4.1)

whenever A C X is pu-measurable.

PrROOF. By Theorem 3.5 the graph mapping @ satisfies Luzin’s condition (Ng) and
is, moreover, one-to-one on X. Thus the pull-back measure H%(@(A)), A C X© arbitrary
p-measurable subset, is absolute continuous with respect to the doubling measure pu.

Let {fi}i>1, fi : X9 — R™, be a sequence of Lipschitz functions and E; C Ey C
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-++ C X@ associated closed sets such that u; = u|g, = fi|r, and (X9 \ U, E;) = 0.
The existence of such sets and functions follows from Theorem 2.1. Then the following
identity is valid by the area formula obtained in [22]

| 5@ o) = () (+2)

Since u;(z) = fi(z) for x € E;, E; closed, it follows that Ju;(x) = Jfi(x) for p-a.e.
z € E;. The equality (4.2) remains true for measurable A C Eo, where Eo = (i E;,
and moreover, (4.2) will also be valid whenever u(A) = 0. Thus (4.1) holds for all
p-measurable set A C X9. O

Let us discuss an alternative formulation of the area formula which can be obtained
by using Theorem 2 in Magnani [22]. Assume X satisfies conditions (D) and (PI) with
some 1 < p < o0, and assume further that there exist disjoint y-measurable sets {A;};>1
such that they occupy p-a.e. of X, ie. u(X\ Uj A;j)=0. Let u € Nﬁ)’f(XQ; RY), where

Q < N. Assume further that u satisfies Luzin’s condition (Ng) and u|4, is one-to-one
for each ¢ = 1,2,.... Then the following area formula is valid

/A 0(z)Tu(z) du(z) = / > ) dHN (y),

N
R zeu—1(y)

whenever A C X is p-measurable and 6 : A — [0,00] is a measurable function. In
particular,

[ Tu@ duta) = [ Nulay) i)
A RN
is valid whenever A C X is u-measurable.

5. Newtonian functions: absolute continuity, Radd, Reichelderfer, and
Maly.

Absolutely continuous functions on the real line satisfy Luzin’s condition, are con-
tinuous, and differentiable almost everywhere. It is well-known that these properties
for the Sobolev class W1P(R™) depend on p. For instance, functions in W™ (R™)
may be nowhere differentiable and nowhere continuous whereas functions in W7 (R™),
p > m, have Holder continuous representatives and are differentiable almost everywhere.
We consider Luzin’s condition, absolute continuity, and differentiability for the Banach
space valued Newtonian space N''P(X?:V), when p > @, and thus extend some related
results studied in Heinonen et al. [14]. Here V := (V,|| - ||v) is an arbitrary Banach
space of positive dimension. We refer the reader to [14] for a detailed discussion on the
Banach space valued Newtonian functions. Suppose X satisfies conditions (D) and (PI)
with some 1 < p < oo; the following is known:

e Let p > Q. In this case each function u € N*?(X@;R) is locally (1 — Q/p)-Holder
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continuous (Shanmugalingam [29]), moreover u is differentiable p-a.e. with respect
to the strong measurable differentiable structure (see Cheeger [5]). For the latter
result we refer to Balogh et al. [2].

e Let p = Q. Then every continuous pseudomonotone mapping in Nlt’CQ (X9 V)
satisfies Luzin’s condition (Ng) (Heinonen et al. [14, Theorem 7.2]).

It would be interesting to generalize Calderon’s differentiability theorem to Banach
space valued Newtonian functions.

Recall that following Maly—Martio [26], a map f : X — V is pseudomonotone if
there exists a constant Cp; > 1 and rps > 0 such that

diam(f(B(z,r))) < Cp diam(f(B(z,r)))

forall z € X and all 0 < r < rps. Note that we denote 0B(x,r) :={y € X : d(y,z) = r}.

Let © be open such that Q@ ¢ X?. We show next that v € N'P(Q;V), p > Q, is
absolutely continuous in the following sense. Following Maly [23] we say that a mapping
[ Q — Vis Q-absolutely continuous if for each ¢ > 0 there exists § = §(e) > 0 such
that for every pairwise disjoint finite family {B;}$2; of (closed) balls in © we have that

Zdiam(f(Bi))Q <e,

whenever Y °°, p(B;) < 6. Furthermore, we say that a mapping f : X — V satisfies the
Q-Raddé—Reichelderfer condition, condition (RR) for short, if there exists a non-negative
control function ®; € L{ (X) such that

loc

diam(f(B(z, 1))@ < /B( oy (5.1)

for every ball B(z,7) C X with 0 < » < R. A condition similar to this was used by
Radé and Reichelderfer in [28, V.3.6] as a sufficient condition for the mappings with the
condition (RR) to be differentiable a.e. and to satisfy Luzin’s condition, see also Maly
[23]. A function f is said to satisfy condition (RR) weakly if (5.1) holds true with a
dilated ball B(x,ar), a > 1, on the right-hand side of the equation.

It readily follows that condition (RR) implies (local) @-absolute continuity of f.
Indeed, let € > 0 and {B(z;,74,)}, 0 < 72, < R, a pairwise disjoint finite family of balls
in Q such that £ = |J, B(x;,rs,), and pu(E) < 0. Then condition (RR) and pairwise
disjointness of {B(x;,r,)} imply

> dian(f(Blara))° < Y |

Local absolute continuity of a function follows even if the functions satisfies condition
(RR) weakly.
Condition (RR) also implies that the map f has finite pointwise Lipschitz con-

<I>fdu:/ Drdu <e.
E

(1'1177'32,;)
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stant almost everywhere, see Wildrick—Ziircher [31, Proposition 3.4]. Combined with a
Stepanov-type differentiability theorem [2], this has implications for differentiability [5].
We also refer to a recent paper [32].

For the next proposition, we recall that the noncentered Hardy—Littlewood maximal
function restricted to 2, denoted Mg, is defined for an integrable (real-valued) function
fon Q by

Maf(z) = St;p][ |fdp,

B(z,r)

where the supremum is taken over all balls B C 2 containing x. Consider further the
restrained noncentered maximal function Mg g in which the supremum is taken only
over balls in © with radius less than R. Then Mqf = supryo Maq,rf. It is standard
also in the metric space setting, we refer to Heinonen [13], that for 1 < p < oo the
operator Mg is bounded on LY, i.e., there exists a constant C', depending on Cy and p,
such that for all f € LP

IMFllee < Ol e

We have the following generalization.

PROPOSITION 5.1.  Suppose X satisfies conditions (D) and (PI) with

I p=Q. Ifuce Nﬁ)’CQ(XQ;V) is continuous and pseudomonotone, then u satisfies
condition (RR), and thus is (locally) Q-absolutely continuous.
(II) some p > Q. Then u € Nlt’f(XQ;V) satisfies condition (RR) weakly, and thus is

(locally) Q-absolutely continuous.

PROOF. Let Q € X% be open, and fix 2 € Q.

(I): Let B(x,ry), 0 < ry < min{rp,ras}, be a ball such that B(x,127r,) C Q; 7> 1
is the dilatation constant appearing in the Poincaré inequality. By a Sobolev embedding
theorem Hajlasz—Koskela [11, Theorem 7.1] there exists a constant C, depending on C),
and the constants in the weak (1, Q)-Poincaré inequality, and a radius r, < r < 2r, such
that

lu(z) = u(y)|[5, < Cd(z, y)?/@r(-1/@) fB L g (5.2)

for each z,y € Q with d(y,z) = r = d(z,z), where p € (Q — £0,Q). In fact, [11,
Theorem 7.1] is stated and proved only for real-valued functions, but the argument is
valid also when the target is a Banach space as we may make use of the Lebesgue
differentation theorem for Banach space valued maps as in [14, Proposition 2.10]. Since
u is pseudomonotone we obtain from (5.2)

diam(u(B(z,7,)))? < CF, diamu(dB(z,7))P < C’rg][ pm
B(z,57ry)
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where C' depends on Cy,, Cis, and the constants in the weak (1, Q)-Poincaré inequality.
For each y € B(z,r;) we have

][ gudp < ][ u dp < Maj2rr, 95(Y)-
B(z,57ry) B(y,107ry)

Combining the preceding two estimates and integrating over y € B(z,r,) we get

diam(u(B(x,7,)))? < CTﬁ][ Ma 127,95 dp.
B(z,ryz)

Recall that Q@ — g < p < Q; we get

p/Q
diamn(u(Ble.r)? < Crtu(Bra) PO [ (Mo ) dn )
B

(%,72)
p/Q
< Cré’u(B(w,m))_p/Q(/ 93 du) ,
B(z,re)
which implies together with (2.3) that
diam (u(B(z,7,)))? < CC g% du,

B(z,rz)

where C' depends on C,,, Cis, and the constants in the weak (1, Q)-Poincaré inequality,
and C is from (2.3). As g@ € L. _(X) this verifies the fact that u satisfies condition
(RR), and thus is locally @-absolutely continuous.

(I1): Let B(z,7,), 0 < 7, < rp, be a ball such that B(z, 57r,) C . Theorem 5.1 (3)
in Hajlasz—Koskela [11, Theorem 5.1] implies that there exist a constant C, depending
on C,,, p, and the constants appearing in the weak (1,p)-Poincaré inequality, such that

1/p
9u du)

for all z,y € B(x,r,). In fact, [11, Theorem 5.1] is stated and proved only for real-valued
functions, but the argument is valid also when the target is a Banach space. Young’s
inequality ab < a?/p + b’ /p" and (2.3) imply

lu(z) = u(y)llv < Cd(z,y)l_Q/Prg/p(]i

(x,577ry)

OrQ Q/p
diam(u(B(x, 5 QS””(/ gﬁdu)
( ( ( ))) M(B(LE Tw))Q/p B(z,57ry)
<C|C ' u(B(z m))+/ gﬁdu>
B(z,5774)

IN

(é
c(/ (c! —l—gﬁ)du).
B(z,ary)
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Hence u satisfies condition (RR) weakly with o = 57 and with @, = C(C~! + ¢2), C is
from (2.3). O

The fact that a continuous pseudomonotone function uw € Nllo’CQ (X9 V) verifies

Luzin’s condition (Ng) would easily follow also from Proposition 5.1 (I).

(1]
(2]
(3]
[4]
(5]
[6]
[7]
(8]

[9]
[10]

[11]
(12]

(13]
(14]

[15)
[16]
17)
18]
[19)
[20]
[21]
[22)
23]

24]

25]

References

L. Ambrosio, and B. Kirchheim, Rectifiable sets in metric and Banach spaces, Math. Ann., 318
(2000), 527-555.

Z. M. Balogh, K. Rogovin and T. Ziircher, The Stepanov differentiability theorem in metric
measure spaces, J. Geom. Anal., 14 (2004), 405-422.

A. Bjorn and J. Bjorn, Nonlinear Potential Theory on Metric Spaces, EMS Tracts Math., 17,
European Math. Soc., Ziirich, 2011.

A. Bjorn, J. Bjorn and N. Shanmugalingam, Quasicontinuity of Newton—Sobolev functions and
density of Lipschitz functions on metric spaces, Houston J. Math., 34 (2008), 1197-1211.

J. Cheeger, Differentiability of Lipschitz functions on metric measure spaces, Geom. Funct. Anal.,
9 (1999), 428-517.

S. Costea, Sobolev capacity and Hausdorff measures in metric measure spaces, Ann. Acad. Sci.
Fenn. Math., 34 (2009), 179-194.

H. Federer, The (¢, k) rectifiable subsets of n-space, Trans. Amer. Soc., 62 (1947), 114-192.

H. Federer, Geometric Measure Theory, Springer-Verlag, New York, 1969.

P. Hajtasz, Sobolev spaces on an arbitrary metric space, Potential Anal., 5 (1996), 403-415.

P. Hajtasz, Sobolev mappings, co-area formula and related topics, Proceedings on Analysis and
Geometry, (Novosibirsk Akademgorodok, 1999), 227-254, Izdat. Ross. Akad. Nauk Sib. Otd. Inst.
Mat., Novosibirsk, 2000.

P. Hajlasz and P. Koskela, Sobolev met Poincaré, Mem. Amer. Math. Soc., 145 (2000), no. 688.
H. Hakkarainen and J. Kinnunen, The BV-capacity in metric spaces, Manuscripta Math., 132
(2010), 51-73.

J. Heinonen, Lectures on Analysis on Metric Spaces, Springer-Verlag, New York, 2001.

J. Heinonen, P. Koskela, N. Shanmugalingam and J. T. Tyson, Sobolev classes of Banach space-
valued functions and quasiconformal mappings, J. Anal. Math., 85 (2001), 87-139.

S. Keith, Modulus and the Poincaré inequality on metric measure spaces, Math. Z., 245 (2003),
255-292.

S. Keith and X. Zhong, The Poincaré inequality is an open ended condition, Ann. of Math. (2),
167 (2008), 575-599.

J. Kinnunen, R. Korte, N. Shanmugalingam and H. Tuominen, Lebesgue points and capacities
via boxing inequality in metric spaces, Indiana Univ. Math. J., 57 (2008), 401-430.

J. Kinnunen and O. Martio, The Sobolev capacity on metric spaces, Ann. Acad. Sci. Fenn. Math.,
21 (1996), 367-382.

J. Kinnunen and O. Martio, Choquet property for the Sobolev capacity in metric spaces, In: Pro-
ceedings on Analysis and Geometry (Novosibirsk, Akademgorodok, 1999), pp. 285-290, Sobolev
Institute Press, Novosibirsk, 2000.

K. Kuratowski, Topology, I, Academic Press, 1966.

V. Magnani, Area implies coarea, Indiana Univ. Math. J., 60 (2011), 77-100.

V. Magnani, An area formula in metric spaces, Colloq. Math., 124 (2011), 275-283.

J. Maly, Absolutely continuous functions of several variables, J. Math. Anal. Appl., 231 (1999),
492-508.

J. Maly, Coarea integration in metric spaces, Nonlinear Analysis, Function Spaces and Appli-
cations, 7, Proceedings of the Spring School held in Prague, July 17-22, 2002. Eds. B. Opic
and J. Rakosnik, Math. Inst. of the Academy of Sciences of the Czech Republic, Praha 2003,
pp- 142-192.

J. Maly, Coarea properties of Sobolev functions, Proc. Function Spaces, Differential Operators


http://dx.doi.org/10.1007/s002080000122
http://dx.doi.org/10.1007/s002080000122
http://dx.doi.org/10.1007/BF02922098
http://dx.doi.org/10.1007/s000390050094
http://dx.doi.org/10.1007/s000390050094
http://dx.doi.org/10.1090/S0002-9947-1947-0022594-3
http://dx.doi.org/10.1090/memo/0688
http://dx.doi.org/10.1007/s00229-010-0337-5
http://dx.doi.org/10.1007/s00229-010-0337-5
http://dx.doi.org/10.1007/BF02788076
http://dx.doi.org/10.1007/s00209-003-0542-y
http://dx.doi.org/10.1007/s00209-003-0542-y
http://dx.doi.org/10.4007/annals.2008.167.575
http://dx.doi.org/10.4007/annals.2008.167.575
http://dx.doi.org/10.1512/iumj.2008.57.3168
http://dx.doi.org/10.1512/iumj.2011.60.4172
http://dx.doi.org/10.4064/cm124-2-11
http://dx.doi.org/10.1006/jmaa.1998.6246
http://dx.doi.org/10.1006/jmaa.1998.6246

32]

Aspects of area formulas on metric measure spaces 579

and Nonlinear Analysis, Teistungen, 2001, Birkh&auser, Basel, 2003, pp. 371-381.

J. Maly and O. Martio, Lusin’s condition (N) and mappings of the class W™, J. Reine Angew.
Math., 458 (1995), 19-36.

J. Maly, D. Swanson and W. P. Ziemer, The coarea formula for Sobolev mappings, Trans. Amer.
Math. Soc., 355 (2003), 477-492.

T. Rado and P. V. Reichelderfer, Continuous Transformations in Analysis, Springer-Verlag,
Berlin-Gottingen-Heidelberg, 1955.

N. Shanmugalingam, Newtonian spaces: An extension of Sobolev spaces to metric measure spaces,
Rev. Mat. Iberoamericana, 16 (2000), 243-279.

N. Shanmugalingam, Harmonic functions on metric spaces, Illinois J. Math., 45 (2001), 1021—
1050.

K. Wildrick and T. Ziircher, Mappings with an upper gradient in a Lorentz space, preprint 382,
University of Jyvéaskyla, 2009.

K. Wildrick and T. Ziircher, Sharp differentiability results for lip, preprint, 2012.

Niko MAROLA William P. ZIEMER
Department of Mathematics and Statistics Mathematics Department
University of Helsinki Indiana University

P.O. Box 86 Bloomington

FI-00014 Helsinki Indiana 47405, USA
Finland E-mail: ziemer@indiana.edu

E-mail: niko.marola@helsinki.fi


http://dx.doi.org/10.1515/crll.1995.458.19
http://dx.doi.org/10.1515/crll.1995.458.19
http://dx.doi.org/10.1090/S0002-9947-02-03091-X
http://dx.doi.org/10.1090/S0002-9947-02-03091-X
http://dx.doi.org/10.4171/RMI/275



