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Abstract. In this paper, we first use the method of Colding and Mini-
cozzi IT [7] to show that K. Smoczyk’s classification theorem [25] for complete
self-shrinkers in higher codimension also holds under a weaker condition. Then
as an application, we give some rigidity results for self-shrinkers in arbitrary
codimension.

1. Introduction.

An immersion x : M™ — R"P of a smooth n-dimensional manifold M into the
Fuclidean space is called a self-shrinker if it satisfies the quasilinear elliptic system:

H= -z (1.1)

where H denotes the mean curvature vector of the immersion and L is the projection
onto the normal bundle of M.

Self-shrinkers play an important role in the study of the mean curvature flow. Not
only they correspond to self-shrinking solutions to the mean curvature flow, but also they
describe all possible blow ups at a given singularity of the mean curvature flow. We refer
the readers to [7], [11], [12], [13], [26] and references therein for more information on
self-shrinkers and singularities of mean curvature flow.

There are many results about the classification of self-shrinkers. In the curve case,
U. Abresch and J. Langer [1] gave a complete classification of all solutions to (1.1). These
curves are now called Abresch-Langer curves, and the only simple closed one is the circle.

In higher dimension and codimension one, Huisken [11], [12] (see also [28]) proved a
classification theorem for smooth mean convex self-shrinkers M™ in R"*! with polynomial
volume growth. Suppose further in the noncompact case |(V)* A| are uniformly bounded
for k = 0,1,2, as well as |A|> < CH? everywhere on M. Then M are isometric to
I'xR* ! or S¥(VE) x R"% (0 < k < n). Here, ' is a Abresch-Langer curve and S¥(v/k)
is a k-dimensional sphere. Recently, Colding and Minicozzi II [7] generalized this result
and showed that Huisken’s classification theorem still holds without the assumption on
the bounds for derivatives of the second fundamental form. Moreover, they showed that
the only smooth embedded entropy stable self-shrinkers with polynomial volume growth
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in R™"*! are hyperplanes, n-spheres, and cylinders. By imposing symmetries, Kleene and
Mpller [16] classified the complete n-dimensional embedded self-shrinkers of revolution
in R7+1,

In arbitrary codimension, the situation becomes more complicated. K. Smoczyk [25]
proved the following results:

THEOREM A (Theorem 1.1 in [25]). Let x : M™ — R"™"P be a closed self-shrinker,
then M is a minimal submanifold of the sphere S**P=1(y\/n) if and only if H # 0 and
V4iv =0, where v = H/|H| is the principal normal.

THEOREM B (Theorem 1.2 in [25]). Let0 = : M™ — R"™*P be a complete non-
compact connected self-shrinker with H # 0 and Vv = 0. Suppose further that M has
uniformly bounded geometry, that is, there exists constants ¢, such that |(V)FA| < ¢y for
any k > 0. Then M must belong to one of the followings:

I x R, M"™ x R,

Here, T is one of the Abresch-Langer curves and M” is a complete minimal submanifold
of the sphere STTP=1(/r) C RPT" where 0 < r = rank(AY) < n denotes the rank of the
principal second fundamental form AY = (v, A).

Note that any blowup of a Type-I singularity of the mean curvature flow forming on a
compact submanifold will automatically be complete with uniformly bounded geometry,
therefore Theorem B may be applied to those blowup limits. In Smoczyk’s proof of
Theorem B, the uniformly bounded geometry is needed in the integrating by parts with
respect to the Gauss kernel p(z) = e~1e’/2 In the first part of this paper, we will use
the method of Colding and Minicozzi IT [7] to show that Theorem B also holds under a
weaker condition:

THEOREM 1.1. Let x : M™ — R"™P be a complete non-compact connected self-
shrinker with H # 0 and Vv = 0. Suppose further that M has polynomial volume
growth and satisfies |A|?> — |AY|? < ¢ for some constant c, where AY = (v, A) is the
principal second fundamental form. Then M must belong to one of the followings:

I'x R", M"™ x R™™". (1.2)
Here, T is one of the Abresch-Langer curves and M is a complete minimal submanifold

of the sphere SPYT=1(y/r) C RPT" where 0 < r = rank(A”) < n denotes the rank of A.

REMARK 1.1. In the recent paper [2], Ben Andrews and the authors considered the
F-stability of self-shrinkers in arbitrary codimension, where Theorem A and Theorem
1.1 applied.

When p = 1 and the self-shrinker is embedded, Theorem A and Theorem 1.1 reduce
to Colding-Minicozzi IT's result (Theorem 0.17 in [7]):

COROLLARY 1.2. Sk(\/E) x R"* qare the only complete embedded self-shrinkers



Classification and rigidity of self-shrinkers 711

without boundary, with polynomial volume growth, and H > 0 in R*+1.

In the statement of Theorem 1.1, We say that a submanifold M™ in R™*P has
polynomial volume growth if there exists constants C' and d such that for all » > 1, there
holds

Vol(B(r)n M) < Cr,

where B, denotes an Euclidean ball with radius r. By using Huisken’s monotonicity
formula [11], Colding-Minicozzi II [7] proved that any self-shrinker which arises as the
blow up at a given singularity in the mean curvature flow must have polynomial volume
growth. Their result is proved for self-shrinkers in the hypersurface case, but it also holds
for arbitrary codimension.

In the second part of this paper, we shall apply Theorem 1.1 to give some rigidity
properties of self-shrinkers with higher codimension. Recall that the first gap theorem for
self-shrinkers was proved by N. Q. Le and N. Sesum [18] for hypersurface case. Later this
was generalized by H.-D. Cao and H. Li [4] to self-shrinkers with arbitrary codimension,
they showed that

THEOREM C (Cao-Li [4]). Let xz : M™ — R"P be an n-dimensional complete
self-shrinker without boundary and with polynomial volume growth, if

0<]AP <1, (1.3)

then either (i) |A|?> = 0 and M is the hyperplane, or (ii) |A|?> = 1 and M is S™(y/m) x
R™=™ jn R™ with 1 < m < n.

REMARK 1.2.  We remark that Theorem C is independent of the dimension and
codimension of the self-shrinker. In [5], the authors got a related result without condition
“polynomial volume growth”.

Although classifying the self-shrinker with higher codimension is complicated, we can
also apply Theorem A and Theorem 1.1 to give some results for self-shrinkers in some
special situations. In the following we will consider the self-shrinkers with codimension
2, 2-dimension and with flat normal bundle respectively.

THEOREM 1.3. Let X : M™ — R"*2 be a complete embedded self-shrinker without
boundary and with polynomial volume growth. If H # 0, VYtv = 0, where v is the
principal normal, and

1<|AP? <2, (1.4)

then there are two possibilities:

(i) AP =1 and M is S™(y/m) x R*™™ in R"*1 with 1 <m < n.
(ii) |A|?> =2 and M is one of the self-shrinkers in Evample 1.1 below.



712 H. Lt and Y. WEI

THEOREM 1.4. Let X : M™ — R™*2 be a complete embedded self-shrinker without
boundary and with polynomial volume growth. If H # 0, Vtv = 0, where v is the
principal normal. Then there exists a constant § > 0 such that if

2 < A2 <245, (1.5)

then |A|? =2 and M is one of the self-shrinkers in Example 1.1 below.

EXAMPLE 1.1. Let
M =SF(VE) x TRV —k) = ST (), 1<k<r—1
be the Clifford minimal hypersurfaces in the sphere S"*!(y/r). Then
x:M" = M" x R"" — R"2, (2<r<n)

is a complete embedded self-shrinker without boundary and with polynomial volume
growth, with parallel principal normal and |A|? = 2.

ExXAMPLE 1.2. Let
G
be an isoparametric minimal hypersurface, then
z:M"=M" xR"" — R"2, (1<r<mn)

is a self-shrinker with |A|? can only be 1,2,3,4,6.
For the 2-dimensional self-shrinkers, we have the following two rigidity results.

THEOREM 1.5. Let X : M? — R?*P be a 2-dimensional complete embedded self-
shrinker without boundary and with polynomial volume growth. If H # 0, Vv = 0,
where v is the principal normal, and

1§mﬁgg, (1.6)

then there are two possibilities:

(i) |A? =1 and M = S*(v/2) or S'(1) x R in R3.
(ii) |A|> =5/3 and M is the self-shrinker in Example 1.3 below.

THEOREM 1.6. Let X : M? — R?*P be q 2-dimensional complete embedded self-
shrinker without boundary and with polynomial volume growth. If H # 0, Vv = 0,
where v is the principal normal, and
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11
<|AP < o (L7)

w| ot

then there are two possibilities:

(i) |A?=5/3 and M is the self-shrinker in Example 1.3 below.
(ii) |A|? =11/6 and M is the self-shrinker in Ezample 1.4 below.

EXAMPLE 1.3.  The canonical minimal immersion (see [17], [21])
z: S?(V6) — S*H(V?2)

has |A|? = 2/3. 2(S*(v/6)) C S*(V2) is called the Veronse surface. Consider it as a
submanifold in R?,

z: S (V6) — S*HV2) — R®

it is a self-shrinker with |A|?> = 1+ (2/3) = 5/3.

EXAMPLE 1.4. The canonical minimal immersion (see [17])
z: S*(V12) — S5(v2)
has |A|? = 5/6, consider it as a submanifold in R”
z:S*(V12) — S5(V2) — R”

it is a self-shrinker with |A|?> =1+ (5/6) = 11/6.

It is an interesting question that whether the condition “with parallel principal
normal” is necessary in Theorems 1.3-1.6.

For self-shrinkers with the higher codimension, the normal bundle is complicated,
which would influence the submanifold properties. Now we consider the simplest case,
i.e., the normal bundle is flat. We will prove the following gap theorem:

THEOREM 1.7. Let x : M™ — R""P be a complete immersed self-shrinker without
boundary and with polynomial volume growth, assume
(i) flat normal bundle, that is, Rapi; =0,
(ii) oap = (1/p)|A|*ap, where ooz = D hehP

i g

If the second fundamental form satisfies
0< AP <p, (1.8)
then |A]? =0 and M™ is the hyperplane, or |A|*> = p and M™ is

z: M™ = N™ x RP=mP , RMHP,
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where
N™P = S™(y/m) x --- x S™(v/m) — S"TVP=1( /mp).

REMARK 1.3. As noted in [25], let T'1,T's, ..., T, be the Abresch-Langer curves,
then I'y x T, in R*™ is a self-shrinker with |[H| > 0 and flat normal bundle, so the
condition (1.8) of Theorem 1.7 is necessary.

Finally, we consider the closed self-shrinkers with arbitrary codimension. We have
the following simple result.

PROPOSITION 1.8.  Let M™ be a closed self-shrinker in R"*P, if one of the followings
satisfies:

(1) |H|#0, v= H/|H| is parallel in the normal bundle;
(2) |H|* = const., or |H|? <n, or |H|? > n;

(3) |z|* = const., or |z|> < n, or |x|* > n,

then M is a minimal submanifold in S"P~1(\/n).

Note that the condition (1) and (2) imply the closed self-shrinker to be a minimal
submanifold in sphere have been proved by Smoczyk [25] and Cao-Li [4]. In Section 6, we
will prove that the condition (3) can also imply the self-shrinker is a minimal submanifold
in sphere. Then by applying the well-known theorems on the minimal submanifolds in
sphere by Ejiri [10], H. Li [19], Itoh [14], [15] and Yau [27], Proposition 1.8 will imply
three simple characterizations for closed self-shrinkers, see Theorems 6.1-6.3.

2. Preliminaries.

Let # : M — R"P be an n-dimensional submanifold of an (n + p)-dimensional
Euclidean space R"P. Let {e1,...,e,} be a local orthonormal basis of M with respect
to the induced metric, and {61,...,60,} be their dual 1-forms. Let ept1,...,€ntp be
the local unit orthonormal normal vector fields. In this paper we make the following
conventions on the range of indices:

I1<ijk<m n+l<apf,y<n+p.

Then we have the following structure equations (see [3], [4], [20])
dr = Z 91'61',
dei = Z@ijej + Z h%ejea,
J a,j

dey, = — Z h%ﬂjei + Z Oapes,
i,J B
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where hf; denote the components of the second fundamental form of M. We denote
|A|2 = Za,m(h%)z is the norm square of the second fundamental form, H =~ H%, =
Y a (O he)eq is the mean curvature vector field, and H = |H| is the mean curvature of
M.

The Gauss equations are given by

Riji = Z( s }lz —hg ?k)v (2-1)
Rip =Y Hh§ — Y hihy. (2.2)
o a,j

The Codazzi equations are given by
he . = h (2.3)

ij,k ik,jo

where the covariant derivative of h; is defined by
S Thg 0k = dhg + > b0+ > WOk + > B 0sa. (2.4)
k k k 8

If we denote by Rapi; the curvature tensor of the normal connection 6,5 in the
normal bundle of z : M — R"*P then the Ricci equations are

Ropis = Y (hGhil; — hSh). (2.5)
k

By exterior differentiation of (2.4), we have the following Ricci identities:
WS — Sk = > hon i Ronikt + Y W Renjir + > Wi Rpant. (2.6)
m m Jé]

We define the first and second covariant derivatives, and Laplacian of the mean
curvature vector field H =)  H%e, in the normal bundle N(M) as follows,

> H$9; =dH* +  H0s,, (2.7)
4 B
> HY0; =dHS +Y HS0;+ Y H 00, (2.8)
J J I
AYH* =3 "HS,  H*=) h. (2.9)
i k

Let f be a smooth function on M, we define the covariant derivatives f;, f;;, and
the Laplacian of f as follows
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df = fibi, D fiby=dfi+ Y fifsi,  Af=) fu.
[ 7 J 7

Now we assume the submanifold M™ satisfies the self-shrinker equation (1.1). The
following equations have been derived in [4].
The self-shrinker equation (1.1) is equivalent to

HY = —(z,eq), n+l1<a<n+p. (2.10)

The first and second covariant derivative of H have the following components:

HS = hi(x,e;), (2.11)
j

= " hg (@ e5) + hl, ZHﬂh;hfk, (2.12)
J

AH® =" HY(x,¢;) + H* = > H°hh),. (2.13)
J Byi,3

If H # 0, we can choose local orthogonal frame {e,} for the normal bundle NAM
such that ey, is parallel to the mean curvature vector H, that is,

en+p:@:V7 Hn+p:H:‘H|, IT[OC:O7 Ol7é77/+p

LEMMA 2.1. Let x : M™ — R"™P be an n-dimensional self-shrinker with H > 0,
V+v =0, then
H}=0, HY =0, a#n+p, and H}P=H, H"=H;
PROOF. Since Vv = 0, we have 6(,,1,)5 = 0, from the definition of H$ in (2.7),
we have HY = 0. Then HF; = 0 follows immediately from (2.8).
From H = H"Pe,,, = He,ip and Vite,y, = 0, we have ViH = Hepyp,
therefore HZ“) = H,.

From (2.8)
n-+ n—+ n—+
Hvij paj = dHﬂ p + L[h7 peji +erﬁ(n+p)
= Hl-jﬂj.
So we have H'/? = H;. O

LEMMA 2.2. Let x : M™ — R"P be an n-dimensional self-shrinker with H > 0,
Vv =0, then
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LY

Rinip)pij = h?kerhgj - hfkhpr =0, Z RERITP =0, a#n+p.
.

PROOF. Since V+v = 0 implies Ontp)p = 0, then R, 1 5:; = 0 follows immediately
from

1
O n+p)s = Ontp)y N Ovyp = =5 Rinapypigti A O

If @ # n+p, then H$; = 0. From (2.13), we have

5] Y5 ' Yg

0=—H%w,e;) — H* + HORGHS, = HY  hehIP. O
,J

LEMMA 2.3. Let z : M™ — R™P be an n-dimensional self-shrinker with H > 0,

V+iv =0. Denote |Z|? = Zi,j(hz+p)27 we have

AR =N (@ eg) + BT — | 2R
k

PROOF. By use of (2.3), (2.6), Lemma 2.2, (2.1) and (2.12), we have the following
calculations:

n+p _ gpn+p _ pntp
Ahij - hij,kk - hik,jk

= hi 2 4 et R + B R + W Ra(np) i

= H'JIP 4 bt P (0 hG — by by ) + hnt? (hoy H — hiuhiy;)

mk myj'tik T P'mk

_ gntp n+pra o n+p; n+p ryn+p
= H'P RS BS  RP R H

m

_ pn+tp n+p n+pyn+pgn+p
- hij,k (z,ex) + hij — oy P hij

= Wi (@ en) + hi T — | ZPhyT. O

Concerning the term |Z|2?, we have the following inequalities which holds for all
submanifolds with parallel principal normal (may not be a self-shrinker).

LEMMA 2.4. If we fix a point q and choose a frame e;, i = 1,...,n, such that h?jﬂ]
is diagonal at q, i.e. hzﬂ’ = \;0i;, then we have at q that

VIZIZ < D7 (h)® < 7 (h) (2.14)
i,k

.5,k

2n
i 1|VH|2. (2.15)

2 n+p\2
(1427 )Ivizie < 3 ) +

4,3,k
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PROOF. Since h?j“’

is symmetric, we can choose ¢;, 2 =1, ...

H. Lt and Y. WEI

,n, such that hZﬂ’ =

A\id;j at the fixed point ¢. By V|Z|? = 2|Z|V|Z|, we have at ¢

4211V |Z|]* =

> (2n

k

n+p n+p
h;:""h,; i k

=12 (2

n+ n
hukp) <4|Z‘2Z hu—i;cp )

where the inequality used the Cauchy-Schwarz inequality, this proves (2.14).
To show (2.15), we have by (2.14)

n+
|V‘Z||2 < Z hu k:p

= Z (hi50)* Z ivok
i#k
=5 () + Z (H"“’ Zh?ff)
i#k VED)
< ; h:ll-zp +nz( Hn+p _i_z#: h;z]-l-zp >
7 VEI
=n|VH? + (n+ 1) (h57)?
ik
—afvaP (S ) 07
i#k i#k

where we used the algebraic fact (3, a;)> <n) ., a? in the second inequality, and
H Z+p = H;, Codazzi equations in the last two equalities. Thus we have

2 n n n
(1 ' )|v2||2 < ZUATHP £ Y () X 0 Y ()’
i,k i#£k i#£k
2n
< T VHP+ Y (h)?
= n+ 1| | Zk i, k )
575

which completes the proof.

3. Some integral estimates.
Recall the following operator £ which was introduced and studied firstly on self-

shrinkers by Colding and Minicozzi (see (3.7) in [7]):

L=A—(z,V())= elel*/2 div(e_mz/QV)7

where A, V and div denote the Laplacian, gradient and divergent operator on the self-
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shrinker respectively, (-,-) denotes the standard inner product in R"*?. The operator
L is self-adjoint in a weighted L? space. The next two results were proved by Colding-

Minicozzi [7] for hypersurface self-shrinkers but can be stated in the same way for self-
shrinkers in arbitrary codimension.

LEMMA 3.1. Ifx:M"™ — R"P is q submanifold, u is a C' function with compact
support, and v is a C? function, then

w(Lv)e~ 122 = _ v, Vuye~1#1°/2, .
| uteo) | wo.vu (3.1)

COROLLARY 3.2.  Suppose that x : M™ — R" P is a complete submanifold without
boundary, if u,v are C? functions satisfying

/ (luV] + [Vu|| V| + |u./$v|)e_‘””|2/2 < 00,
M
then we get
/ u([lft;)cf‘””‘2/2 = 7/ <V'L},VU>67|‘T‘2/2. (3.2)
M M

Using the operator £, Lemma 2.3 has the following corollary,

COROLLARY 3.3. Let x : M™ — R"™P be an n-dimensional complete self-shrinker
with H >0, V+v =0, then

,£|2|2 |Z|2 |Z|4+Z hn-‘rp ,

2]k
.3,k
Ciawhii)? |viZ|?
012] = 12| - |2f + sk V2L
4 1Z|

REMARK 3.1.  We note that our assumption “H > 0” implies “|Z| > 0” because of
|Z|? > H?/n.

LEMMA 3.4. Letx : M™ — R""? be an n-dimensional complete self-shrinker with
H >0, Viv =0, then

LH=H—|Z’H
LlogH =1—1|Z)* — |Vleog H|?.
PROOF. The two equations just follow from (2.13) and Lemma 2.1. O

LEMMA 3.5. Letx: M™ — R""? be an n-dimensional complete self-shrinker with
H >0, Viv =0. If ¢ is in the weighted W2 space, i.e.
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[ (16l + 19 B < oo,
M

then
1 P Ll
/M¢2<|Z|2+2V10gH|2>e a /2§/M(2|w|2+¢2)e lel*/2, (3.3)

PROOF. Suppose that 7 is a function with compact support, from the self-
adjointness of £ and Lemma 3.4 we have

/ (Vi?, Viog H)eloI*/2 = — / n?(Llog H)e~lo*/2
M M

:/ P22 = 1+ |V log H|)e 17"/,
M
Combining this with the Cauchy-Schwarz inequality
1
(Vn?, Vieg H) < 2|Vn|* + S|V log H|?

gives that

1
/ n2<z|2+2|v10gH2)6_$|2/2 S / (2|v,’7|2_’_,’72)6_‘$|2/2
M M
Now we choose a sequence of cut-off function 7; which satisfies

1, in Bj

e , 0<n; <1, |Vni|<C,
v {0, outside Bj1 i [Vn;]

where B; = M N B;(0) with B;(0) is the Euclidean ball of radius j centered at the origin.
Applying the above inequality with n = n;¢, letting j — oo, and using the dominated
convergence theorem, we complete the proof of the Lemma. O

The next proposition gives weighted estimates for the principle normal second fun-
damental form and its covariant derivatives.

PROPOSITION 3.6. Let x : M™ — R"P be an n-dimensional complete self-shrinker
with H >0, V*v =0. If M™ has polynomial volume growth, then

n 2 — 132
/M <|Z|2 +HZHIVIZIP 4+ (R )e 21°/2 < 0. (3.4)
ijk

ProoF. For any compactly supported function ¢, self-adjointness of £ and Lemma
3.4 imply
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/ <V<,02,VlogH>e_|’”‘2/2 = —/ g@Q(Elog.71T)e_|"”‘2/2
M M
:/ (|22 =1+ |Vieg H|?)e 1#I°/2,
M
Combining this with the Cauchy-Schwarz inequality
(Ve?, Viog H) < |Vo|* + ¢*|Vlog H|?

gives the following stability inequality (cf. [23])

| 1z < [ (el gt

M M
Let ¢ = n|Z|, where n > 0 has compact support, for € > 0, we have
/ n2‘2‘4e—|x\2/2
M
—l|z 2
S/ W IVIZI1? + 20| Z|IVnl[V | Z]| + | 2P| Vnl? + n?|Z])e 11/
M

2 1 2
< (1+e)/ n?|V|Z||2e =l /2+/ |Z|2<<1+)|V77|2—|—772>e‘“” 2. (3.5)
M M €

Corollary 3.3 and Lemma 2.4 give the inequality
LIZPP>2(1+ 2 IV|Z||> - 4—”|VH|2 +2|Z* - 2|1Z|.
- n+1 n+1

Integrating this with (1/2)n?, it follows from the self-adjointness of £ that

~2 [ nlz|(n.ViZpe
M

2 2n 2
> 214+ —— ||IVIZ||? = ——=n?|VH> = n?|Z]* e I=I"/2,
_/M<n<+n+1>| n+1n| " =n71Z]" )e

Using the inequality 2ab < ea? + b* /e gives
2n 1 _lel?
(P12t v Hzpvae e
M n+1 €

2 2 2 —lz|?/2
> + — . .
_/M<1 — e)nwzne (36)

Assume |n| <1 and |Vn| < 1, combining (3.5) and (3.6) gives



722 H. Lt and Y. WEI

/ 772|Z‘4e—|1'|2/2
M

1+€
S Tr @t —e

/ 7]2|Z|4ef‘z|2/2 + Ce/ (|VH|? + |Z|2)67‘I|2/2.
M M
Choose € > 0 small, such that (1+¢)/(1+ (2/(n+1)) —€) < 1, then we have
/ nP|Z[Ae 1o/ < c/ (IVH[? + | Z[?)elo/2
M M
<C [ 2P+ [afe P, (37)
M

where the second inequality is due to (2.11) and Lemma 2.1. Since H > 0, Lemma
3.5 and the polynomial volume growth give that [, |Z|*(1 + |z|2)e~1*1*/2 < o0, thus
(3.7) and the dominated convergence theorem give that [, |Z|*¢~171*/2 < oo, then

Ty |V\Z||26_‘””|2/2 < oo follows immediately from (3.6) and the dominated convergence
theorem.

To show [, Zi’jyk(hZTkp)Qe_mz/Q < 00, we integrate the first equation in Corollary
3.3 with n?, the self-adjointness of £ implies

n 2 _ 2 —|z|? —|z|?
[ oS m?e = = [zt zpe e - [ iz ey, 9|z
Mo ik M M

< /M<n2\2|4+|vm2|V|Z||2>e /2 < o,

The dominated convergence theorem gives that [, Zijk(h%+kp)2e*\1|2/2 < 00, this com-

pletes the proof. O

Now we will prove the weighted integral estimates that will be needed in the next
section, to guarantee the self-adjointness of £ can apply on complete self-shrinkers.

PROPOSITION 3.7. Letz : M™ — R™™P be an n-dimensional complete self-shrinker
with H >0, V+v = 0. If M™ has polynomial volume growth, then

/(\Z|2\VlogH|+|V|Z|2||VlogH|+|Z\2|£logH|)e*|9E|2/2<oo, (3.8)
M
[ 12191211+ 19121P + 1212712 < o 59
M

PROOF. Proposition 3.6 implies that |Z| is in the weighted W2 space, so Lemma
3.5 gives that

/ |Z|2|VlogH|267‘z|2/2 < 0.
M
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Then
/ V|ZP2||V log Hle~ /2 g/ (V12|12 + 22|V log H?)e™1#1*/2 < .
M M
From Lemma 3.4, we have
/ |Z|2|£logH\e*\$|2/2 — / |Z|2|1 _ |Z|2 _ \VlogH|2|ef|I|2/2 < .
M M

This gives the first part of Proposition 3.7. From Corollary 3.3
[ rzigizie e = [ (121 1204 5 ) 191z e < o
ijk

So the second part follows from Proposition 3.6. (|

4. Proof of Theorem 1.1.

In this section, we will give the proof of Theorem 1.1. First we prove two geometric
identities, which is the key for proving the classification.

LEMMA 4.1. Let x : M™ — R™P be an n-dimensional complete self-shrinker with
H >0, Vtv =0. If M™ has polynomial volume growth, then

|Z| = BH for some positive constant [3, (4.1)
MV (4.2)
i,k

PROOF. By (3.8), we can apply Corollary 3.2 to |Z|? and log H to get by use of
Lemma 3.4

/ (V|Z|?,V log H)e ™ l#I°/2 :—/ |1Z|2(L log H)e™1#°/2
M M
:/M|Z|2(|Z|2—1+|V10gH|2)e’|w‘2/2. (4.3)

Similarly, by (3.9), we apply Corollary 3.2 to two copies of |Z] to get by use of Corollary
3.3 and (2.14)

[ vizieterr = [ |ziejzie e
M M

B /M (|Z|4 —|ZP +|v|Z|]* - Z (hZJrkp) ) —l=|*/2

.5,k
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< [zt 1zpye (1.4)
M
Combining (4.3) and (4.4) give
0> / (IV|Z|]? = 2|2|(V| 2|, V1og H) + | Z|?|V log H|?)e~1#I°/?
M
:/ \V|Z| — |Z|V log H|2e™1#1"/2,
M

So we conclude that V|Z| = |Z|V log H, therefore, |Z| = BH for some constant § > 0.
And the inequality in (4.4) must be equality, so we have |V|Z||> = Zijk(hZTkp)z. O

LEMMA 4.2. Let x : M™ — R™P be an n-dimensional complete connected self-
shrinker with H > 0, V*v = 0. If M™ has polynomial volume growth, then one of the
following two cases holds

(i) V*H =0 and h?;kp =0,

(ii) (h?jﬂ’) admits only one nonzero eigenvalue H, in this case, |Z|?> = H>.

PrOOF. As in Lemma 2.4, we fix a point ¢ and choose a frame e;, i = 1,...,n,

such that hzﬂ’ is diagonal at g, i.e. h?jﬂ' = \;0;; then we have at ¢ that

2
ZPVizP =Y ( Zh;}%) <12 () < 2P Y ()
ik

k i i,5.k

By (4.2), the above two inequalities must be equalities, so we have:

(i) For each k, there exists a constant cy, such that Rl 5P

(ii) If i # 4, then AHP = 0.

= ay\; for every 1.

By the Codazzi equation, (ii) implies that

(i)' A5 =0 unless i = j = k.

If X\ #0,forj#4 0= hZ?;p = a;\; so we have o; = 0. If the rank of (h;?rp) is at
least two at ¢, then a; = 0 for all j € {1,...,n}. Thus (i), (ii) imply H)’,pr =0 for all
ke{l,...,n} and hkap =0 for all 4,5,k € {1,...,n}. If the rank of (hzﬂ’) is one at g,
then H is the only nonzero eigenvalue of (h?jﬂ))7 and then |Z|> = H?.

Next we will show that if the rank of (h?jﬂ’ ) is at least two at some ¢, then the rank
of (hz?'p) is at least two everywhere. For each x € M, let A\1(x) and A2(x) be the two

eigenvalues of (h?fp (x)) that are largest in absolute value and define the set
Q={ze M| ()= (g), Aa(z) =A(q)}.

Then 2 is nonempty since ¢ € Q. \;(z) are continuous in z, so 2 is closed. For any
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x € €, the rank of (h?j+p ) is at least two at z, this is an open condition, so there is an
open set U containing = where the rank of (h"“” ) is at least two, then hffkp =0 on
this set U, and the eigenvalues of (h *P) are constant on U. This implies U C €, and
therefore €2 is open. Since M is connected7 we conclude that = M, therefore the rank
of (h?jﬂ] ) is at least two everywhere. This implies the Case (i).

Since H > 0, the remaining case is where the rank of (hzﬂ’ ) is exactly one at every
point, this implies Case (ii). This completes the proof of Lemma 4.2. O

PROOF OF THEOREM 1.1. We can treat the two cases in Lemma 4.2 separately
by following the argument of K. Smoczyk in [25] to complete the proof. Note that
in Case I, h%fkp = 0 implies |A”|?> = |Z]?> = const., combining with the assumption
|A]?2 — |AY]? < ¢, we can complete the proof of Case I. While for the Case II, the
assumption |A|? — |A¥|? < ¢ is sufficient for us to complete the proof by following the
Smoczyk’s arguments in [25]. O

5. Rigidity of self-shrinkers in higher codimension.

5.1. Self-shrinkers with codimension two.

Assume z : M™ — R™*2 is a complete imbedded self-shrinker without boundary and
with polynomial volume growth in codimension two, we will give the proof of Theorems
1.3 and 1.4.

PrROOF OoF THEOREM 1.3. Under the condition of the Theorem 1.3, Theorem A
and Theorem 1.1 imply

M" =T xR" 1, (5.1)
where I' is one of the Abresch-Langer curves, or
M"=M" xR — ST (/r) x R " - R"™ 2 0<r<n, (5.2)

where M" — S™*1(y/r) is a minimal hypersurface. Note that the only simple closed one
of the Abresch-Langer curves is the circle, so the first case (5.1) is M™ = S!(1) x R*~1
with |A|? = 1. Then we consider the second case (5.2). Denote A the second fundamental
form of M™ — R™*2 and A the second fundamental form of M" < S"+1(\/r). Then

|A]2 = |A]? +1, (5.3)

AAP = [VAP + |AP(1 — |A]%), (5-4)

DO =

where A, V denote Laplacian and covariant derivatives with respect to the induced metric
on M. The Simons’ equality (5.4) can be found in Simons’ paper [24]. For convenience of
readers, we give a proof here: Denote Bij, Ri]’kl the components of the second fundamental
form and the curvature tensor of M" in S (,/r). Since the sphere S"*1(,/r) has constant
curvature 1/7, the Ricci identities and Gauss-Codazzi equations give that
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Ahij = hijr = hiiji
= i s + Rijrahui + Ricgah
= ((T - 1)%@'1 - iljkilkl)illi + <i(5ik5jl — Or10ji) + hrihji — Ekzﬁjz‘) Rt
= (1~ APy

where we used that M" < S"*1(y/r) is a minimal hypersurface in the last two equalities.
Then it follows that

1~ -~ -~ - - - - . -
SAIAP = hijAhy; + [VA]? = [VAP + [AP(1 - |AP).

Since z : M™ — R"*2 is a embedded self-shrinker without boundary and with
polynomial volume growth, by Cheng-Zhou (see Theorem 4.1 in [6]), z : M™ — R"*2 is
proper, thus we have that M" is closed. Therefore (5.4) implies that if

0< AP <1, (5.5)

we have either |14~1|~ =0 and M" is totally geodesic in S"T'(,/r), that is M" = S"(v/r);
or |[A] = 1 and M" is the Clifford minimal hypersurface in S™"!(y/r), that is M" =
Sk(Vk) x STF(v/r — k). From (5.3), the condition (5.5) is equivalent to

1<|AP <2 (5.6)

So we conclude that if we have (5.6), then there are two possibilities:

(1) JA? =1 and M™ = S™(y/m) x R"™™ with 1 < m < n;
(2) |A]? =2and M"™ = S*(VE)xS"F(vr —k)xR* " with2 <r <nand 1 < k <r—1.
O

PrROOF OF THEOREM 1.4. As the proof of Theorem 1.3, Theorem A and Theorem

1.1 imply M™ must be one of the two cases (5.1) and (5.2). Note that the case (5.1) has

|A|? = 1, which violates with the assumption (1.5), so M must be the case (5.2), that is
M™=M" xR — (/) x R " = R"™2 0<r<n,

where M" < S"+1(,/r) is a closed minimal hypersurface, then (5.3) holds. Q. Ding and
Y. L. Xin [8] proved that there exists a constant ¢ > 0 such that if

1<|AP? <143, (5.7)

then |A| = 1 and M is the Clifford minimal hypersurface. From (5.3) again, we conclude
that if
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2<|AP <2456, (5.8)

we have |A|? = 2 and M" = S¥(VE) x S"F(v/r —k) x R*" with 2 < 7 < n and
1<k<r-—1. O

5.2. Self-shrinkers of two dimension.

In this subsection, we assume x : M? — R2*? is a 2-dimensional complete embedded
self-shrinker without boundary and with polynomial volume growth, and we will give the
proof of Theorems 1.5 and 1.6.

PrOOF OF THEOREM 1.5. Theorem A and Theorem 1.1 imply that
M?=M"xR, or M?=M?

where M' < SP(1) and M? < SP*1(1/2) are minimal submanifolds. Then M' = S'(1)
and M? = M' x R < R?>*? has |A|> = 1. Since z : M? — R*'? is an embedded
self-shrinker without boundary and with polynomial volume growth, M? < SP*1(1/2)
are closed minimal submanifolds. Denote A the second fundamental form of M? —

SP+1(y/2), then
AP = A7 41,

where A is the second fundamental form of z : M? — R?**P. Then the condition (1.6) is
equivalent to

0< AP <

Wl

(5.9)

A well-known theorem (cf. Theorem B in [17]) implies either

(1) |/:1 2=0and M2~: S?%(v/2) or
(2) |A]?=2/3 and M? = S?(v/6) — S*(/2) is a Veronese surface.

Therefore in terms of |A|?, we have two possibilities:

(1) |A? =1 and M? = S?(v/2) in R3.
(2) |A|? =5/3 and the self-shrinker has the form  : M? = S?(/6) — S*(v/2) — R>.

Note that M? = S'(1) x R < R2?*P also has |A|? = 1, this completes the proof of
Theorem 1.5. O

PROOF OF THEOREM 1.6. Theorem A and Theorem 1.1 imply that
M?=M'xR, or M?=DM?

where M! < SP(1) and M? < SP*1(1/2) are minimal submanifolds. Then M! = S!(1)
and M? = M' x R < R?*? has |A|? = 1, this is impossible. So

M? = M? — sPT1(V2)
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is a closed minimal submanifold in the sphere SP+1(1/2). Denote its second fundamental
form by A , then

AP = AP +1,

where A is the second fundamental form of z : M? — R?**P. Then the condition (1.7) is
equivalent to

< A2 < (5.10)

[SVUR )
S| Ut

A well-known theorem (cf. Theorem C in [17]) implies either

(i) |A]? =2/3 and M? = S?(v/6) — S*(v/2) is a Veronese surface.
(i) |A|? =5/6 and M? = S?(v/12) — S®(1/2) is a canonical immersion.

Therefore in terms of |A|?, we have two possibilities:

(i) |A]? =5/3 and the self-shrinker z : M? = S?(v/6) — S*(v/2) — R® is a Veronese

surface.
(ii) |A|? = 11/6 and the self-shrinker x : M? = §%(v/12) — S®(v/2) — R is a canonical
immersion. O

5.3. Self-shrinkers with flat normal bundle.
PROOF OF THEOREM 1.7. From the equation (A.1l) in the Appendix, the condi-
tion “flat normal bundle”, i.e., Rt = 0 and 0,5 = (1/p)|A|*6ap imply

1 1
S LAl = IVA|2+Z;|AI2(29— AP). (5.11)

Since M has bounded |A|? and polynomial volume growth, from Proposition A.2 in
the Appendix, we have

/ IVAPZe 1172 « 400 (5.12)
M
By (5.11) and (5.12), £|A|? has finite weighted integral
/ (LIAPR)e1=/2 < 4oo, (5.13)
M

then the self-adjointness of the operator £ (Corollary 3.2) implies

1 2
0= [ (clap)e
2 M

1 2
= [ (1var+ S1ape - 147 e
M p



Classification and rigidity of self-shrinkers 729

That is
1
/ VAPl — / AP(AP — pyet=t 72, (5.14)
M M

Therefore our assumption (1.8) implies either |A|> = 0 and M™ is a plane; or |A]? = p
and |V A| = 0, noting our assumption 0,5 = (1/p)|A|?das, we can conclude that M is

r:M™ = N™P x R"™™P s RMHP,
where
NP = (/) x -+ x 8™ (v/m) < ST ().
This completes the proof of Theorem 1.7. (|

6. Further remarks on closed self-shrinkers.

PROOF OF PROPOSITION 1.8. The conditions (1) and (2) imply the closed self-
shrinker is a minimal submanifold in the sphere S"*P~!(y/n) have been proved by
Smoczyk [25] and Cao-Li [4] respectively. Now we only need to prove that the con-
dition (3) can also imply the closed self-shrinker must be the minimal submanifold in the
sphere.

Recall that for self-shrinker, we have the following equations.

1
§A|m|2 =n—|zt? =n—|HJ (6.1)
1
5£|x|2 =n— |z]% (6.2)

Since the self-shrinker is closed, we integrate (6.2) with weighted e~lel’/2, By the self-
adjointness the operator £ (Lemma 3.1), we have

1
0= 7/ L)z|2e o1/ :/ (n— |z|2)e~1#1°/2, (6.3)
2 Jm M
Then the condition (3) and (6.3) imply |z|> = n. By using equation (6.1), we obtain
B = 2" = n = [a?

Therefore H = —x and M" is a minimal submanifold in the sphere S"*P~1(\/n). O

By applying the well-known theorems on the minimal submanifold in sphere by Ejiri
[10], H. Li [19], Ttoh [14], [15] and Yau [27], Proposition 1.8 implies the following three
results.
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THEOREM 6.1.  Let M™ (n > 3) be a closed self-shrinker in R™"*P which satisfies
one of the three conditions in Proposition 1.8. If the Ricci curvature of M satisfies
Ric > (n — 2)/n, then M™ must be one of the followings:

() b7 =S ()
(2) M = S5(/n/3) x S*(y/nf2) = S™ (), n = 2k, p =%
(3) M= P21/3) = §(2), n=4,p =4,

)

where P2(1/3) denotes the complex projective space with sectional curvature smaller than
1/3.

REMARK 6.1.  We remark that Ejiri’s result [10] holds for n > 4, which was ex-
tended by H. Li [19] to 3-dimensional case.

THEOREM 6.2. Let M™ be a closed self-shrinker in R""P which satisfies one of
the three conditions in Proposition 1.8. If the sectional curvature of M satisfies K >
1/(2(n+ 1)), then M™ must be one of the followings:

(1) M" = 8"(y/);
(2) M" = §"(y/2(n+ 1)) = 8™~ ().

THEOREM 6.3. Let M™ be a closed self-shrinker in R""P which satisfies one of
the three conditions in Proposition 1.8. If the sectional curvature of M satisfies K >
(p—2)/(2p — 3), then M™ must be one of the followings:

(1) M™ =S*(VE) x S**(/n — k) — S*P=1(/n), 0 < k < n;
(2) M? = 82(\/6) — 84(\/5)7 n= 2) p= 3.

Appendix A. Two formulas of Simons’ type and the weighted integral
estimates.

In this appendix, we give two formulas of Simons’ type for self-shrinkers and the
weighted integral estimates of the first and the second covariant derivatives of the second
fundamental form of self-shrinkers, which we used in Subsection 5.3.

PrROPOSITION A.1. Let x : M™ — R"™P be an immersed self-shrinker, then we
have the following Simons’ type formula,

1
513|A|2 = VAP + AP =) o%5— |RMP, (A1)
a,f3
£|VA|2 IV2A12 4 2|VA]? + 6Rgarhlph’, — oaghl, hl.
Bakl!bijk 51 aBVijklijk

+ 6 0 (hD G — R RG) — 3RS R P kg, (A.2)

rig'rl

where oo = >, he; U, Rport = S, (RhS — hh,) is the curvature of the normal
bundle and |RJ-|2 ZR&XM. In particular, for hypersurface self-shrinkers, that is
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p =1, we have
1
SLIAP = VAP +[AP(1 = |4]%), (A.3)
1 3 -
SLIVAP = [V2AP — [VAP(|A]” = 2) - SIVIAP]* - 38, (A.4)

where 2 = hyjihijrhrihir — 2haihjrihi P

REMARK A.l. In the hypersurface case, the formulas (A.3) and (A.4) were derived
by Colding-Minicozzi IT [7] and Ding-Xin [9] respectively. In arbitrary codimension, the
formula (A.1) was also proved by Ding-Xin [9].

ProOOF. For an immersion z : M"™ — R"™P we have the following formulas of

Simons’ type (for example, see [9], [20])

A\A|2 VAP + > hgHS + Y HPhD hhe, Zaaﬁ |R*|2.
ik, i,5,k,,8

So for the self-shrinker, substituting (2.12) into the above equation, we obtain

1 1
FLIAP = S(AlAP = (z, V| A]%))

= VAP + AP =) 025 — R
a,f3

This is (A.1). Now we prove (A.2), recall that for the covariant derivatives of the second
fundamental form, we have the following Ricci identities (see [3], [20])

hisk — hijie = he'j Reikt + hiyp Rejrr + hf;Rgakh (A.5)

h‘%kls - h%ks[ = h:éijrils + h/?;-k;Rrjls + h;'leRrkls + hzﬁij,Bals (AG)

Then
Ah;‘ljk = h%ku
= (h%lk + by Ryikt + hiy Rejra + hﬁ-Rﬁakl)

= hijue + hoig Beer + Wiy Reika + hyg Rejrr + hy: Rgan + he Ryiki

lij

+ By Rt + 1y Rpakt + by (Rpik)1 + hee(Reji)1 + By (Raan)i
k: + h'rsz’fJ + hrt]RTk? + th;’k:RTijl + hlﬁikRﬁaﬂ + 2h7qle7‘ikl

+ 2hmRmkl + 2hmR,@akl + he; (Rriwn)r + b (Rejra) + hiﬂj(Rﬁakl)l

+ 1% (Reiji)k + by (Rriji)k + hli(Rﬂajl)ka
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where we used in last equality
Wit = [hii; + DR+ hiy Rejo + i Reagi]
= HY + by Rej + bty Ryii + hiy Raagi + he(Rej)k + hin(Reij) + hii(Rgagji)-
For self-shrinkers, we have by use of (2.10), (2.11) and (2.12)

H% = hSla,er) + 2hS5, — HORSR), — HP (R hiyy + R hly + hGh,). (A7)

Then we obtain

%CWA\Q _ %(A\VAIQ — (2,V|VA]*)
= |V2A]? + B ARy, — (@, ) B b
= |V2AP +2[VAP + (2,¢)) S (his — him)
e HO RS, — RS HP (RS b, + e hl -+ hhy))
+ 5 (s Rej + 1y Rk + By Reiji + My Rgaji + 2055 Reikt + 2055 R
+ QhﬁjRgakz gy (Reawa)i + 0y (Rejua)i + 1y (Roana)t + B (Reajo)

+ hS(Ryiji)k + 1) (Rgait)k)- (A.8)

By the Ricci identity (A.5), Gauss equation (2.1) and the equation (2.11), a direct cal-
culation to check

(@, e)h sy (R — hSipr) = RSy he ho H — 218 he B HY — he RS HS (AL9)
and the last four lines of (A.8) is equal to

o (6h% WD B — 6h RO RS+ 208 kP HP — 302 12 kY, + 6kl hi he. — 6k ) RS,

ijk rjl rjl 7 1] rig'irl J r lig
+ 3he R HY, — Sy HY + heshl HP — hyhlnl + hlng) HY). (A.10)
Put (A.9) and (A.10) into (A.8), we get the formula (A.2). O

PROPOSITION A.2. Let z: M™ — R"P be a complete immersed self-shrinker and
with polynomial volume growth, if |A|? is bounded on M, then

/ VAR /2 < oo, (A.11)
M

/ IV2AP2e 1o /2 < oo (A.12)
M
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REMARK A.2. For the hypersurface case, this weighted integral estimate was
proved by Ding-Xin ([9]).

ProOOF. Let n be a cut-off function with compact support on M, by the self-
adjointness of £ and (A.1), we have

1
/ ‘VA|2772@7|96|2/2 :/ (Zgiﬂ + |RJ_|2 o ‘A|2 + £A|2)7726|m2/2
M M B 2
< C/ |A|4772@*|m‘2/2 _ }/ vn2v|A|267\z|2/2
M 2 Ju
<C/ |A|4nze"$‘2/2+1/ [VAPpPe 12172
-~ Ju 2 Ju
+2/ A2V [2e= 1172,
M
Then
/ |VA|2772€*\1|2/2 §2C/ |A|477267|I|2/2—|—4/ ‘A|2|VTI‘267|I|2/2,
M M "

Since M has polynomial volume growth and bounded |A|?, by the dominated convergence
theorem, the above inequality implies

/ IVA2e 171772 « Jo0.
M
Using the formula (A.2) and a similar argument as above, we get
/ IV2A[2p2el=I*/2 gc/ \A|2\VA|26*|1|2/2+4/ IV AJ2|Vn[2e1#1/2,
M M M

Then by the boundness of |A|?, (A.11), the dominated convergence theorem and the
above equality imply

/ IV2A[2e 12 /2 < 4oo. O
M
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