(©2014 The Mathematical Society of Japan
J. Math. Soc. Japan

Vol. 66, No. 2 (2014) pp. 647-692

doi: 10.2969/jmsj/06620647

Jacobi inversion on strata of the Jacobian
of the C,; curve y" = f(z), 11

By Shigeki MATSUTANI and Emma PREVIATO

(Received Dec. 10, 2011)
(Revised July 8, 2012)

Abstract. Previous work by the authors (this journal, 60 (2008), 1009—
1044) produced equations that hold on certain loci of the Jacobian of a cyclic
Crs curve. A curve of this type generalizes elliptic curves, and the equations
in question are given in terms of (Klein’s) generalization of Weierstrass’ o-
function. The key tool is a matrix with entries that are polynomial in the
coordinates of the affine plane model of the curve, thus can be expressed in
terms of o and its derivatives. The key geometric loci on the Jacobian of the
curve give a stratification of Brill-Noether type. The results are of the type
of Riemann-Kempf singularity theorem, the methods are germane to those
used by J. D. Fay, who gave vanishing tables for Riemann’s 8-function and its
derivatives. The main objects we use were developed by several contemporary
authors, aside from the classical definitions: meromorphic differentials were ex-
pressed in terms of the coordinates mainly by V. M. Buchstaber, J. C. Eilbeck,
V. Z. Enolski, D. V. Leykin, and Taylor expansions for ¢ in terms of Schur
polynomials also contributed by A. Nakayashiki, in terms of Sato’s 7-function.
Within this framework, following specific results for o-derivatives given by
Y. Onishi, we arrive at our main results, namely statements on the vanish-
ing on given strata of the partial derivatives of o indexed by Young-diagrams
subsets that can be worked out in terms of the Weierstrass semigroup of the
curve at its point at infinity. The combinatorial statements hold not only for
Jacobians but for the stratification of Sato’s infinite-dimensional Grassmann
manifold as well.

1. Introduction.

Vanishing theorems for Riemann’s theta function have been investigated classically
as well as in the current literature, and connected with problems as diverse as the Schot-
tky problem and integrable nonlinear PDEs. The Riemann theta function has special
algebraic properties when it comes from a Riemann surface; in fact we focus on a special
type of curve X (reviewed in Section 2) which is a cyclic cover of P!, as in our previous
paper [MP1]. We were able to express certain abelian functions in terms of the poly-
nomial defining the affine part of the curve. We used the o function, associated to the
theta function, which Klein introduced [K1] for genus-2 curves to generalize the genus-1
Weierstrass o; further work ensued in the 19th century, mainly for hyperelliptic curves
(Klein, H. Burkhardt, O. Bolza); Klein gave a definition for general curves of genus 3 [K2,
Section 27] and Korotkin with Shramchenko, inspired by Klein’s constructions, recently
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produced both odd and (for generic curves) even o-functions for all (smooth) curves, the
latter invariant under modular transformations, and the former, invariant up to a root of
unity [KS]'. Baker brought the theory together in a monograph [B3] and extended the
analysis (e.g., the aspect of power-series expansion and partial differential equations).
More recently, o was studied for all C,s curves (cf., e.g., [EEL]). By taking suitable
limits, we obtained the order of vanishing of o on the stratification in the Jacobian given
by the Abel image of the symmetric products S¥(X) of the curve [MP1, Remark 5.8].
We continue that analysis, using Schur polynomials and representation theory, to ob-
tain a vanishing pattern using Young diagrams (Theorem 5.15) and moreover we express
ratios of coefficients of the multivariable Taylor expansion of ¢ by algebraic functions
(Theorem 5.24, as well as Proposition 5.26); we note also recent work [EHKKLS]' that
solves the Jacobi inversion problem on the singular strata of the Jacobian by explicit al-
gebraic expressions for derivatives of ¢ in the hyperelliptic case, based on the embedding
of the curve in the Jacobian and expressed in terms of the Weierstrass semigroup at the
basepoint and attendant Schur-Weierstrasss polynomials. Moreover, equations for the
periods of holomorphic and meromorphic differentials allow the authors of [EHKKLS]
to perform numerical calculations and obtain qualitative information on the geodesics of
black hole space-time. Our key technique consists in enabling partial derivatives on the
Jacobian image of symmetric powers of the curve, cf. Section 4, just as Klein and Baker
used the derivative along the curve. These techniques have produced new solutions of
non-linear wave equations [MP2].

n [O1], Onishi gave a non-vanishing theorem for o over a hyperelliptic curve Xof
genus g given by affine equation y? = 22971 + \y 2?9 + -+ + Az + A and a point oo, as
a special case of the Riemann Singularity Theorem (Section 5); specifically,

THEOREM 1.1. For0 <k <g—1,1let D= P+ -+ Py belong to S*¥(X\o0) \
(SF(X)NSF(X\o0)), where SF(X) are divisors in S¥(X), the k-th symmetric product of
the curve, whose linear series has projective dimension at least 1; let

k P;
=3 / v,
i=1"

for a suitable basis v1 of holomorphic differentials, and

u {9,9—2,...,k+2,k} if g — k is even,
k=
{g—1,9-3,....k+3,k+1} otherwise;

call ny, := #hi the cardinality of the set . The following holds:

1. For every multiple index (o, ...,qn) with a; € {1,...,9} (possibly repeated) and
m < Ny,

1We are very grateful to one Referee for this reference, which was not available at the time of our
manuscript’s submission.
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8m

K — 0
g, - .. 0Uq,, o(u™) =0.

2. For the multiple index by,

(Ilai>aww)¢a (L.1)

Bebk s

We show some examples of f in Table 1.1.

Table 1.1
(r,s) |g i1 ip B fa b5 be b7
(2,3) 1
(2,5) [2] {2}
(2,7) 3| {2} {3}
(2,9) (4] {2,4} {3} {4}
(2,11) 5] {2,4r {3,5y {4 {5}
213)|6| {2.4,6) {35} {46} {5} {6}
(2,15) | 7| {2,4,6} {3,5,7y {4,6} {57}t {6} {7}
(2,17) [8]{2,4,6,8} {3,5,7} {4.6.8} {5,7} {6.8) {7} {8}

Onishi generalized the theorem to cyclic Cs, and Cs, curves [02], [MO]. For the
analogous set [, similar (non-)vanishing results hold, exemplified in Table 1.2.

Table 1.2
(r,s) | g b b2 i3 fa is Be b7 s o Hio b1
(3,4) |3 {2} {3}
(3,5) | 4 {2} {3} {4}
(3,7)|6| {25} {3,6} {4} {5} {6}
(3,8) | 7| {2,5} {3,6} {47} {5} {6} {7}
(3,10)| 9| {2,4,7} {3,5,9} {4,7} {5,8 {6,9} {7} {8} {9}
(5,6) [10| {2,5,8) {3,7,9} {4,8,10} {591 {6} {7} {8} {9} {10}
(5,7) |12[{2,5,8,12} {3,7,9} {4,8,11} {5,9,12} {6,10} {7,12} {8} {9} {10} {11} {12}

In this article, we generalize these relations to the C,.s curve of Section 2, based
on results of our previous paper [MP1] and on the theory of Young diagrams, which
governs the o-function as proved by Nakayashiki for general C,.s curves [N]; we note that
such patterns for Schur-Weierstrass polynomials and their derivatives were introduced in
[BLE1] and proven to satisfy the Riemann vanishing theorem. Nakayashiki’s identifica-
tion of the leading term in the expansion of ¢ in terms of Schur-Weierstrass polynomials
is used below in a crucial way particularly in Section 5.

Theorem 5.15 below may be of independent interest in the theory of Schur functions
and their derivatives on the stratification by partitions of Sato’s Grassmannian (more
general than our case, which is concerned with partitions related to the Weierstrass gaps
of a Cy. curve). Precise knowledge of the order of vanishing of ¢ in terms of Weierstrass
gaps is important not only for the intersection theory of the Jacobian, cf. [BV], but also
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for the intersection theory of the moduli space of Jacobians, in terms of Brill-Noether
strata.

The paper can be read independently of the previous part [MP1]: below, we briefly
set up the notation, cite the statements we need and give precise references to proofs in
[MP1]. To illustrate the significance of patterns, we give two detailed examples, which
go beyond the ones displayed above, being pentagonal and heptagonal. The Weierstrass-
gap and Young-diagrams numerology is provided in Section 2, the © stratification and
Schur function notation are found in Section 3; this notation is used in Section 5, which
contains our main results.

One of the authors (S.M.) thanks to Yasushi Homma for his private notebook on
Young diagram; this work is based upon it and Kenichi Tamano for private lectures
for two decades. The authors are grateful to Victor Enolski and Yoshihiro Onishi for
posing these problems and suggesting the relation between sigma functions and Young
diagrams. They wish to acknowledge the hospitality of the Hanse Institute for Advanced
Study (Hanse-Wissenschaftskolleg) as participants in the workshop “Algebro-geometric
methods in Gauge theory and General Relativity” (September 2011) when parts of this
work were done. They also thank the Referees for many helpful comments, especially
detecting some errors in earlier proofs of Corollary 5.4 and Lemma 5.11 and providing
references to relevant forthcoming papers. E.P. wishes to acknowledge very valuable
partial support of her research under grant NSF-DMS-0808708.

Guide to Symbols.

N(n) order of pole at n-th Weierstrass non-gap
(V(0) = 0, N(g) = 2g) p. 651
b; monomial associated to the n-th Weierstrass non-gap p. 651
d~ (t9), d<(t),d> (t*), d<(t*) truncated expansions in ¢ p. 651
vl holomorphic one form (2.2)
vl meromorphic one form p. 657
w Abel map (w : S¥(X) — CY) p.652
deg,,,deg,—1,degy degrees (deg,, (¢n) = N(n)) p.651
SF(X), Sk (X) symmetric product of the curve and its singular strata p. 651
Ak Jacobian J = CY/II, k: CI — T

Wk Wk strata in the Jacobian (w(S*¥(X)) = Wk,
w(Sk (X)) =WE) (2.4) and p. 652
A Young diagram p. 653

v, \pﬁf), U, 12 Frobenius-Stickelberger (FS) matrices

and determinants p. 655
Lhn, Definition 2.5

W' n" complete integrals of the first kind
and the second kind (3.1)
o o function (3.5)
L(u,v), x(¢) quasi-periodicity of o (3.6)
oF of strata in the Jacobian (3.7), (3.8) and (3.9)
B, hglh) homogeneous symmetric functions p. 660
T, T,yl’ez) power symmetric functions, Proposition 3.6
(a1,...,ar;b1,...,b,) characteristics of a partition p. 662
SA, Sa Schur function (3.11)

u®, |, ds (ut), wy(a) multi-index convention (2.6) p.654, p. 662
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T7(lg§k) TT(Lk) hgiq;k) Tr(zk) = Té17k> Tv(zg;k) — Ték"rlvg) h%‘);k) — hgf"‘la!ﬁ p. 672
AF) ALK truncated Young diagrams p.671
L[’f] (ai, b;) Proposition 5.12
H' h' cohomology and its dimension p. 667
Hy, 4, Hi matrices, Lemma 3.9, proof of Lemma 5.11
Ok, hg) sequences, Definition 5.14
wlkl, yloikl ulkl .= Tk’:i_g_i, ulokl .= T[(\'Zf)_i,Lemmas 5.11 and 5.25
u[k] , u[gﬂc} , v(i)’ U(l) = u)(_P,L)7 u[k] = u[kil] + U(k)7 u[g?k] = u[g] — u[k]

2. The C,; curve and the pre-image of its Wirtinger varieties.

We recall from [MP1] notations and basic properties for the Riemann surface
X={(,y) [y = f(x)} Uoo

whose finite part is given by an affine equation
y'=flx), f(x)=a"+ Azt 4+ Mz Ao (2.1)

The integers r and s are such that (r, s) = 1 and r < s; the complex numbers Ag, ..., As—1
are such that the finite part of X is smooth. This is a particular C,s curve (a nomen-
clature introduced in the 1990s to generalize elliptic curves in Weierstrass form). It has
genus g = ((r — 1)(s — 1))/2. In Section 5 we will consider the degeneration of X to a
singular curve X for which all \’s vanish.

Let R := Clz,y]/(y" — f(x)), Ox be the sheaf of holomorphic functions over X and
J the Jacobian of X. We note that R = Ox (x00) is the ring of meromorphic functions
on X regular outside oo, where * stands for any order of pole.

For a non-negative integer n, we denote by ¢,, € C[z, y] the (monic) monomial that at
oo has a pole of order N(n) , the n-th integer in the (increasing) sequence complementary
to the Weierstrass gaps: ¢g = 1, ¢1 = x, etc.; by letting ¢, be a local parameter at oo,

the leading term of ¢,, is proportional to tgoN(")

. We routinely abuse notation slightly,
to think of polynomials in C[x, y] as functions in R. A direct calculation gives N(0) = 0,
N(g—1)=2g—2, N(g) =2g for a C, s curve. We define the w-degree, deg,, : R — Z,
which assigns to an element of R its order of pole at oo, deg, (x) = r, deg,(y) = s,
deg (¢n(P)) = N(n). We also consider the ring Ry := Q[z,y, Ao, ..., Xs—1]/(y" — f(2))
by regarding A\’s as indeterminates, and define a A\-degree, deg, : Ry — Z as an extension
of the w-degree by assigning the degree (s — i)r to each A;. This makes the polynomial
defining the curve, y" — f(x), homogeneous of degree rs with respect to the A-degree.

We denote a point P € X\oo by its affine coordinates (z,y); we also loosely denote
by a k-tuple (Py, ..., Pg), or by a divisor D = Zle P;, an element of S*(X), the k-th
symmetric product of the curve. For a given local parameter ¢ at some P in X, by d- (t¢)
(resp. d-(t')) we denote the terms of a function on X in its t-expansion whose orders of
zero at P are greater (resp. less) than £; d (t¢) (vesp. d<(t')) includes terms of order /.
For the local parameter t., at oo, we have
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1 1 1
TEp VS E(1+d>(too))a on(P) = W(1+d>(tm))~
A basis {v!1,...,v1;} of H*(X, Kx), where Kx as customary denotes the canonical

bundle (and with a slight abuse of notation we do not distinguish between the bundle,
given divisor, and sheaf that correspond to each other), is given in terms of the ¢;
following [B1, Chapter VI, Section 91],

VQ;W, (i=1,...,9). (2.2)

We extend the w-degree to one-forms, by fixing the local parameter ¢, at oo, so that for
a one-form v = (t7 + dx (t7))dt~, deg,, (v) = —n. Since we have

vl = tigiN(ifl)*z(l + d>o(too))dtos, (2:3)

the degree is given by

deg,, 1 (V1)) =29 —N(i—1) -2,

where deg,,—1(f) = —deg,(f), and to entire functions on CY, by pulling them back to
the curve via the Abel map defined next. Using the analytic as opposed to the algebraic
nature of the curve, we consider the Abel images of the k-fold symmetric products of the
curve:

I
k (i) (V71

W=k Z/

i—1 Y o0 I
7 v g

(zi,y:) € X cJ, (2.4)

where k is the projection C¢ — J = C9/II, II is the period lattice of the basis
{v1y,...,v1,}, and J is the Jacobian of X. We denote by w the Abel map from S*(X)
of X to Kk 'WP* with base-point oo, for any positive integer k. Note that there is a
remaining Il-ambiguity due to the choice of path of integration: our results below will
be independent of such ambiguity, but they require a g-tuple of complex numbers to be
given explicitly, w : (Py,..., Py) — w(Py,...,P) = Zle foi vl € C9, where we ab-
breviate by v the g-vector of holomorphic differentials #/;. When an analytic function,

say, of g complex variables is evaluated on u := w(Py,..., P;), we view it as function of
the coordinates (u1,...,uy) of the (column) vector u, as the convention goes. We also
introduce

81(X) == {D € §*(X) | dim |D| = m},

where | D| is the complete linear system w1 (w(D)) [ACGH, IV.1]. If n < g, the singular
locus of 8™(X) after moding out by linear equivalence, or projecting to the Picard group,
is S7'(X) [ACGH, Chapter IV, Proposition 4.2, Corollary 4.5, where our S*(X) is C?].
We let W = w(S] (X)).
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The choice of basis {v/1,...,v!,} allows us to connect the expansion of the ¢ func-
tion (cf. Section 3) in the attendant Abelian coordinates {u1,...,us} with the gap
sequence at co. To do so, we introduce a Young diagram (cf., e.g., [S], [BLE1]) A rel-
ative to the Weierstrass-gap sequence: from the top down, 1 < ¢ < g, the rows have
length:

Ai=N(g)—N(i—1)—g+i—-1=g—N(@i—1)+(i—1),

=3 5107~ V(= 1) = g + w(o0),

where w(oo) is the Weierstrass weight of the point oo (if we write A; for (j > g) we set
it equal to zero).

We give two examples, the first in the pentagonal class, cf. [MO], and the second
heptagonal (the fact that both r and s are prime numbers is not essential but more
convenient): For the case (r,s) = (5,7) (Table 2.1), we have

Table 2.1
i 10 1 2 3 4 5 6 7 8 9 10 11 12
o) [1 =y 2 ay y* 2° 27y ay® 2t Y7 Py 7Y
NG |0 5 7 10 12 14 15 17 19 20 21 22 24
sl 128 7 5 4 3 3 2 1 1 1 1

For the case (r,s) = (7,9) (Table 2.2), we have

Table 2.2
i 1o 1 2 3 4 5 6 7 8 9 10 11 12
o) | 1 =y 2* wy Y ¥ Py ay® S Py Y
NG| 0 7 9 14 16 18 21 23 25 27 28 30 32
Ao | - 2418 17 13 12 11 9 8 7T 6 6 5
i |13 14 15 16 17 18 19 20 21 22 23 24
()ZS(Z) xyS ZU5 y4 x4y x3y2 x2y3 ZUG $y4 xSy y5 x4y2 .’L'2y4
N(G)| 34 35 36 37 39 41 42 43 44 45 46 48
A l4a 3 3 3 3 2 1 1 1 1 1 1
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LEMMA 2.1. Forvew(P), Pe X,
deg,-1(v;)=N(g)—N(i—1)—1=2g—N(i—1)—1=A;+ g —1,
and deg,-1(vg) = 1.

PROOF. From (2.3), around oo, v; is expressed by a local parameter t..:

1 .
;= th—N(z—l)—l 1+ds(te
v 29*N(Z*1)*loo ( + >( ))7
and thus we have deg,,—1(v;) =29 —N(i—1)—1=N(g—1)—N(@i—1)+1. O
REMARK 2.2.  We extend the degree to a g-vector u = w(P,...,Pg) in such a
way that deg,-1(u;) = deg,-1(v;) if v; of v = w(FPy) does not vanish for a certain

¢€{1,2,...,k}. Assuming that a point (Py,..., P;) belongs to S¥(X)\ SF(X) and each
P; is near oo, by using a local parameter t, ; for each P;, we read this degree off the
formal sum:

1 2g—N(i—1)—1

— —N(i—1)—1
N 29—N(i—1)—1< ool

+-~-+t§§,k V(14 ds (to))- (2.5)

Us

(it is important to note that we do not perform an actual sum, but just record formally
the degree of each independent variable in the i-component of the abelian integral; for
example, in the hyperelliptic case, if £k = 2 and the points P;, P, were hyperelliptic con-
jugates, the result of the sum would be zero). We introduce the multi-index convention:
for non-negative integers o; and o := (a1, ..., a), we write

k
t* = 17152 1y, a= (a1, 00,...,08), o= Zai, (2:6)
i=1

and extend the definition d (t{) for variables, t,...,tx: d=(t") € {22050 @at™} and
d>(t) € {2210/ @t} For example,
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Ug = (too,1 + -+ +took)(1 +ds(txs)) thus degy-1(uy) = 1.

REMARK 2.3. By Serre duality, specifically dim H°(X,D) = degD — g + 1 —
dim H°(X, (29 — 2)oo — D), we have a symmetry in the Young diagram.

REMARK 2.4. Using Remark 2.3, deg,,—1(u;) = A; + g — i is the hooklength (cf.
[S, Chapter 3]) of the node (1,4) in the Young diagram A.

In [MP1], we introduced meromorphic functions on the curve, reviewed here in Def-
inition 2.5, which generalize the polynomial U in Mumford’s (U, V, W) parametrization
of a hyperelliptic Jacobian (which he attributes to Jacobi) [M, Chapter IIIa].

To achieve an algebraic representation, e.g. in Section 4, of Abelian vector fields, we
introduce the Frobenius-Stickelberger (FS) matrix and its determinant following [MP1].
Let n be a positive integer and Py, ..., P, be in X\oco. We define the ¢-reduced Frobenius-
Stickelberger (F'S) matriz by:

VO(PL Py B = | A
1 61(Pa) 62(P) - Ge(Py) - dn(Pn)

and ;z;ﬁf) (P, Py,...,P,) = |\I/£LK)(P1,P2, ..., Pp)| (a check on top of a letter signifies
deletion). It is also convenient to introduce the simpler notation:

Un(Py, ..., Py) = |UN(Pr, .. P)], Ou(Pr,..., Py) = 00(Pr,. P, (27)

for the un-bordered matrix. We call this matrix Frobenius-Stickelberger (F'S) matriz and
its determinant Frobenius-Stickelberger (FS) determinant. These become undefined for
some tuples in (X\oo)™.

Meromorphic functions, viewed as divisors on the curve, allow us to express the
addition structure of PicX in terms of FS-matrices. For n points (P;);=1,..n € X\oo,
we find an element of R associated with any point P = (x,y) in (X\oo), an(P) =
an(P;Py,...,P,) = Z?:o a;¢;(P), a; € C and a,, = 1, which has a zero at each point
P; (with multiplicity, if the P; are repeated) and has smallest possible order of pole at
oo with this property. We obtain «,(P) from the FS matrix as the y,, defined herewith:

DEFINITION 2.5. For P,Pi,..., P, € (X\oo) x 8"(X\o0), we define pu,(P) by

1

(P) = (PP, ... Py)i= lim ———
pn(P) = pin (P Py ) Pop, (P, P

Yny1 (P, ..., P}, P),

where the P/ are generic and the limit is taken (irrespective of the order) for each i; we
define pp k (P, ..., P,) by
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1in (P) +Z )" F i (Pry ., Po)i(P),

with the convention py, ,(P1,...,P,) = 1.

LEMMA 2.6. Letn be a positive integer. For (P;)i=1,..n € S"(X\00), the function
ay, over X induces the map (which we call by the same name) :

ap, : 8" (X \o0) — SN(”)_"(X),

i.e., to (P)i=1,.n € S™(X\oo) there corresponds an element (Q;)i=1,.. N(n)—n €
SNM=n(X) | such that

N(n)—

ZP—HOON— Z Q; + —n)oo.

For an effective divisor of degree n, D € S"(X), let D’ be the maximal subdivisor
of D which does not contain co, D = D’ 4+ (n — m)oo where deg D' = m(< n) and
D' € §™(X\oo): we extend the map a, to 8"(X) by defining @,(D) = a, (D) +
[N(n) —n— (N(m) —m)]oo.

We see from the linear equivalence of Lemma 2.6:

PROPOSITION 2.7.  For a positive integer, the Abel map composed with oy, induces
bt WP S WV 6w 5 —k o w.

Let image(c,) be denoted by [—1]W™.

REMARK 2.8. We recover the well-known result: The Serre involution on Pic/™?,
L— KxL™, is given by ¢4_1,

—1 ZWg_l — [—].]Wg_l.

3. The o-function.

In this section, we summarize the results of [MP1] that are needed below. As
customary, we choose a basis a;,0; (1 £ 4,5 < g) of H1(X,Z) with intersection pairing
a;-aj = ;- Bj =0, a; - Bj = i, and we denote the half-period matrices by

oL ]
= —= v |72 s
2 [e1) ’ i ’ 4,7=1,2,...,9
/ // _1|:/ / :|

2 4,j=1,2,....9
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where u”j = VIIj (x,y) (j =1,2,---,g) are differentials of the second kind, which we

defined algebraically in [MP1] after [EEL].
The following Proposition gives a generalized Legendre relation [B1], [BLE2], [EEL].

PRroPOSITION 3.1.  The matriz

(3.2)

2w 2w"
M - |:2,]7/ 2,'7/1:| 9

satisfies
M [1 _1} M = 2my/=1 [1 _1} . (3.3)

By the Riemann relations [F1], it is known that Im (o'~ 'w"”) is positive definite.

Referring to Theorem 1.1 in [F1], let

0= [f;l,/] € (;z)gg (3.4)

be the theta characteristic which gives the Riemann-constant vector wg = 2w” ¢’ + 2w’§”
with respect to the base point co and the period matrix [2w’ 2w"].

We define an entire function of (a column-vector) u = {uy,us,...,uy) € CY, associ-
ated (i.e., they differ by a multiplicative factor which is the exponential of a quadratic
form in the variables, cf. [L, Chapter IV]) to a translate of the Riemann #-function,

o(u) = o(us M) = o(ur,ua, .. ug: M)

1 — 1 - _
= cexp (— gtun’w' lu)ﬁ[é](Qw’ Yuy W 1w”>

1 _
= cexp ( -3 fun'W’ 1u)

x Y exp {V=1[rt(n+ 8" "W (n+8") +(n+6") (' ut )]}, (3.5)

nezI

where ¢ is a constant that depends on the moduli of the curve. Since in this paper we
deal only with ratios of o-functions, or with the vanishing order of o, we tacitly suppress
the constant c.

For a given u € C9, we introduce v’ and «” in R9 so that

w=2w'u + 2",

PROPOSITION 3.2 ([MP1, Proposition 4.3]). For u, v € C9, and £, (= 2w'l,’ +
200" € 11, we define



658 S. MATSUTANI and E. PREVIATO

L(u,v) = 2"u(n'v' +n"0"),
X(la) = exp [mV/=1(2("0,/6" — 16, 8") + 4,"6,")] (€ {1, —1}).

The following holds

o+ ) = o(u) exp (L (u + %e ea> ) (L), (3.6)

REMARK 3.3. The above periodicity property of o is essentially the same that holds
for the normalized theta function in Chapter VI of [L]. The normalized theta function is
based upon the Hodge structure of the Jacobian, whereas o is related to the symplectic
action appearing in the Legendre relation, cf. Proposition 3.1. We note here the specific
periodicity because our vanishing results allow us to extend it to certain derivatives of
o, cf. Corollary 5.18.

We also note that, as in genus 1, o is modular invariant (cf. [N] for any (r, s) curve),
namely, for every v € Sp(2¢g, Z), we have

o(u;yM) = o(u; M).

In the case of general curves, the definition of odd o given in [KS] is modular invariant
up to a given root of unity, and the even version is modular invariant.
The vanishing locus of o is:

09t = WITtu 1w = wI L, (3.7)

The last equality is due to our choice of base point co such that (2g — 2)oo = Kx;
indeed, —w(D) = w(—D) by definition for a divisor D, and when D has degree g — 1, by
Serre duality D is special if and only if Kx — D is special. The reason for introducing
W9I=LU[-1]W91 is that the analogous loci when g—1 is replaced by k play an important
role and W* is not [—1]-invariant in general:

oF .= Wk u [-1JW*, (3.8)
Similarly, we define
O := w(S7 (X)) U [~ 1w (ST (X)). (3.9)

For (r = 2,5 = 2g + 1) (hyperelliptic) curves and oo a branch point, ©F equals W*
for every positive integer k but in general it does not.
The main result in [MP1] is the following:

THEOREM 3.4 (Jacobi inversion formulae over ©F).  The following relations hold

1. ©9 case: for (Py,...,P;) € S9(X)\ S{(X) and u = tw(Py,...,P,) € 71 (09),
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i(w)ay(u) — o4i(u)o(u)

0'2(’LL) = (_1)g_i+lugvi—1(P17 o 7Pg)’ fO’f' 0<1 S g.

2. @971 case: for (Py,...,Py1) € S9HX)\ SV N (X) and u = +w(Py,..., P, 1) €
k1O,

oi(u) (1) " pg—1,i-1(Pr,. .., Py1) for0<i<gy,
1 fori=g.

3. ©F case: for (Py,...,Py) € SK(X)\ SF(X) and u = tw(P, ..., P) € k~1(OF),

(—1)k_i+1/1,k77;,1(P1, .. ,Pk) for 0<e < k‘,
— = fori=k+1,
0 fork+1<i<g.

REMARK 3.5.  We could easily extend parts 2. and 3. of Theorem 3.4 to any non-
singular (7, s) curve, with affine equation:

flay) =y +2°+ > Ayylal =0, (3.10)

i,5:r8>si+1j>0

where );; are complex numbers. As stated in Section 2, we limit our study to the cyclic
type to use the work in [MP1]. For the general C,, curve, the definitions of Section
2 are naturally modified (cf. [EEL]). As mentioned in [MP1, Remark 5.10], Theorem
3.4 2. and 3. could be proved by Fay’s and Jorgenson’s results [F1], [J] which hold for
every Riemann surface, including (3.10). A direct proof can also be given by the result
of Nakayashiki [N, Theorem 1], where the sigma function is explicitly expressed in terms
of the “prime form” and FS-matrices. When computing the vanishing order of both
numerator and denominator of the left-hand side of 2. and 3. in essentially the same way
as in [MP1, Section 5], the prime forms cancel and the ratio is reduced to a ratio of
FS-matrices.

It should also be possible to prove statement 1. of Theorem 3.4 for the general curve
(3.10), by using the relation in [MP1, Proposition 4.5]. To compare poles and zeros of
both sides, as functions of u = w(x,y) and (x,y), respectively, ((z,y) a point of (3.10)),
one would use two facts: ¢ vanishes to order one on ©9~1, and the Weierstrass gap at
2g — 1 is adjacent to non-gaps. While this would give the expected number of zeros,
however, it is not easy to specify them because the numerator in the left-hand side of 1.
is a difference.

In [MP1], we had arrived at these results by comparing abelian functions with
meromorphic functions on the curve. In the present work, we give precise results on
the order of vanishing of o itself on the stratification ©F. To do so, we first give the
expansion of the o-function. We introduce the Schur function sy (t),
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[ARE TP
|5 li<ii<g
The complete homogeneous symmetric function h<Z1 h2) hn(tey, ..., te,) for positive

integers ¢1 and {5 ({1 < £3) is given by

L2
H (1—zt Zhehe? hﬁfl’b> =0 for n < 0.
i:(l

PROPOSITION 3.6 ([S, Theorem 4.5.1]).  Using the complete homogeneous symmet-
ric functions hy, = hfil’g>, we can express sy by a (g X g) Jacobi-Trudi Determinant,
|aijlicij<g with aij = hagj—i:

sa(t) = |ha+j—il, hn=— : : : PR

where hog =1, hico =0 and Ty, := T}§179>7

When regarded as a function of T', we rename s, Sy (T") := s (?).

We now give an earlier version of the Jacobi-Trudi formula of Proposition 3.6; by
connecting the two, we provide a proof of Proposition 3.6, as well as a modified formula
which will be used in Section 5.

LEMMA 3.7.

sa(t) := |hA +i— z|1<w<g

PrOOF. Using a Vandermonde determinant, (3.11) is reduced to

Ai+g—1 JAi1+g-1 Ai+g—=1 JA;4g-1
t] to tg 1 t 1+9—
Ag;1+1 Ag;1+1 Ag,1+1 Ag,'1+1
ty ty tg—l 12
Ay Ay Ay Ay
ty 12 T tg 1 ty
H1<]( t])
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This equals

Ai1+g—1 _ JA1+g—1 pMit+g—1 _ jA1+g-1 . Mi+g—1 _ JA1+g—1 tA1+g—1
t] tg ty tg tgfl tg tg
Ag_1+1 Ag14+1  ,Ag_1+1 Ag_1+1 Ag_1+1 Ag_1+1 JAg_1+1
2] — 1y ty — 1y tg 1 7tg ty
Ay LA, Ay LA, A, Ay
Y —tg ty? —tg tg 1 7159 ty

[Lic;(ti —t5)

and noting t* — ¢’ = (t — t')hy(t,t'), this becomes

hA1+g72(t17tg) hA1+g72(t27tg) e hA1+g72(tgfl7tg) t91+g_1
' ) . : -
hAgfl (tla tg) hqu <t27 tg) T hAgﬂ (tgflﬂ tg) ty 9A1+
ha,—1(ti,ty)  ha,—1(ta,ty) - ha,—1(tg—1,ty) tg”

Hi<j<g(ti - tj)

We go on similarly, to co-factorize by [/ _2(t9_1 —t),

Artg—1
h/\1+973(t1’t9*17t9) hA1+973(t27t971’t9) hA1+973(t972’t9717tg) hA1+g72(t9717t9) t91+g
' ' ' i Ag_1+1
by —1(ti,tg—1,tg) ha,_—1(t2,tg—1,tg) <+ ha,_ —1(tg—2,tg-1,tg) ha,_,(tg—1,tg) 1g
A
hp,—2(tistg—1,tg)  hag,—2(t2,tg—1,tg) -+ ha,—2(tg—2,tg—1,tg)  ha,—1(tg—1,tg) tg?

Hi<j<g—1(ti - tj)
and derive the statement. O

Lemma 3.7 will yield the Jacobi-Trudi determinant formula in Proposition 3.6. In
order to relate the two expressions, we prove:

LEMMA 3.8. 1. AR = pifther iy, = gt g gl
h<€17€2> _

2. For positive integers {1, 2, n and m satisfying o > €1 and m < o — {1, hy,

h%@1+m,[2>+h<ll+m 1[2>h§-£1,£1+m71>+h<£1+m 2E2>h§£1,61+m72)+ +h<£l,£2>h$~£1761>,
3. For positive integers {1, f2 and n satzsfymg by > 1y, hﬁfl’b) = hﬁfg’z2> +
h<€2 1@2 h(el,fz 1 +h fz 2€2>h<€17Z2—2> +hn€1z€2242>£1hé£17,§11>

PROOF. The product Hfizl 1/(1 —2t;) = 1/(1 — 2tg,) [[,2 41+1 1/(1 — zt;) is ex-
panded using

(1 —tglz)(l +h§€1,52 +h (f1,62) 2 +) _ (1_|_h§€1+1,€2)z+h¥1+1752)22 +...)7
which shows the first equality in the first statement; the second equality is similarly

obtained. Statement 2. for the m = 1 case is reduced to the first statement for every n.
We give a proof by induction: assume that 2. holds for m > mg,
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h,ﬁlél’€2> — hﬁl£1+m7€2> + hifi;rmfl,fﬂh§l1+1,ll+m*1) + hslfi;mf2,£2)h§€1,fl+mf2>

oo Bl L0

We consider the m + 1 case: part 1. implies that the individual terms in the right-hand
side satisfy,

h,'<,f17€2> — hn€1+m+1,€2> +h§fi41rml2)

—~

t61+m)

E1+m,42> <£1+’H‘L71,E2> <E1+1,E1+m+1>
hy '3 +hy 'S tey—m—1)h}

n— n—

4 Jr’fﬂ*l,lg) <£1+’In72752> <£1+2,£1+m71>
h 2 + h/n73 t227m72)h2

" (h(zl+1,22> _i_hilel,m tel)hff;l’m

n—m —m—1

>

7(71614»17'7,4»1,A€2> + h;fi—{—mﬂz) (tll+m + h§€1+1,€1+m+1))

hiﬁ;m_l’b)( (1+1,60+m+1) + hé€1+2,€1+m—1))

+ tel—m—lhl
4+t h(zl £2) télh%,h[l)v

n—m—1
which gives the m + 1 case. Statement 3. is obtained by setting m = 5 — ¢ — 1. O
A modified version of the Jacobi-Trudi relation follows:

LEMMA 3.9.  For any fired k, 1 < k < g, juxtaposing two matrices to obtain a g X g
matriz,

sa(te, ... tg) = [Hgr(tr, ... tg), Hyg—k(tit1,-- - tg)l,

where Hy p(te, ..., ty)’s are a X b matrices defined by
Hop(t1, - tg) == (haj—i(ty, -, tg))1<i<g1<j<,
Hgg-k(tes1,- - tg) == (ha,j—iltes1, - - tg))1<i<g k1<j<g-

For a given Young diagram A = (A1, Ag,...,Ay), the length r of the diagonal is
called the rank of the partition [FH, Section 4.1, p.51]. Let a; and b; be the number of
boxes below and to the right of the i-th box of the diagonal, reading from lower right
to upper left. Frobenius named (a1, ...,a,;b1,...,b,) the characteristics of the partition
[FH, Section 4.1 p.51]. Here a; < a;j and b; < b; for i < j.

We use the multi-index convention (cf. Guide to Symbols) and define a map for

ﬁ:: (51;"'aﬁg),
W () = ((29 = N(0) = 1)B1, (29 — N(1) = 1)B2, ..., (29 = N(g9 — 2) = 1)By-1,89) € Z*

The following relation between Schur-Weierstrass polynomials and the o-function was
proved by Nakayashiki [IN].
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PROPOSITION 3.10.  The expansion of o(u) at the origin takes the form

o(u) = Sa(T)|ry, gy i=u: + Z cau®

[wg ()| >[A]

where ¢, € Q[N;] and Sa(T) is the lowest-order term in the w-degree of the u;; o(u) is
homogeneous of degree |A| with respect to the A-degrees.

We note that Sy is a function of {Tx,4¢—i}i=1,....g, €ven though a priori it depends
on {T;}iz1,. 2g-1-

PROOF. The result follows from [N, Theorem 3]. O

REMARK 3.11. The symmetric functions have degree coming from the natural
order of the multi-variables (¢1,...,t,). In Proposition 3.10, the degree corresponds to
the w-degree on W*~! ¢ W* and S*~1X c S*¥X, according to the convention of Remark
2.2.

4. Algebraic expression of the Jacobian of a coordinate change.

In order to detect the vanishing of the multiderivatives of o, following Weierstrass,
Klein, Baker and others [B1], [B2], [B3], [K1], [W], we consider certain vector fields on
the symmetric products of the curve.

Let k be a positive integer < g. We fix a subset K} of {1,2,..., ¢} with k elements.
We relabel the indices by the map ¢ : {1,2,...,k} — K} such that ¢(i) < (i + 1) for
i=1,...,k—1; weset /(i) := (i) — 1.

By inverting the Jacobian determinant for coordinate change where the truncated
map (defined only locally around the points, lest the paths of integration differ by ho-
motopy) is smooth,

k P;
proijow:Sk(X)—>(Cg—>(Ck, (Pr,...,Py) — (uj:Z/ VJI> , (4.1)
JEK

=17

we give an algebraic expression for vector fields that correspond to the ‘partial’ differ-
entials. Assuming (4.1) invertible over an open set & C S¥(X), and denoting, loosely,
by

0]
YR jeKkH
u

Oy, or, if typographically preferable, 3
J

the coordinate vector field for projected coordinates C9 — CF, (ut,...,uy) —
(Wy(1), - -+ > Uy (k)), Which acts by holding constant the u;,i € Ky,i # j, we compute:
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auL(l) ¢L/(1)(P1) ¢L/(2) (Pl) A (bb/(k‘) (Pl) -1 yI,16m1
Ouy | | Pr)(P) Go)(P2) - duiwy(Pe) Yo Or, (4.2)
auL(k) ¢L/(1)(Pk) bu(2) (Py) -+ (bu(k)(Pk) yZ*lamk

By letting 0, i) = 8/81}? = (ry/ =/ dg—1(zi,y:))(0/02;), this relation can be ex-
pressed by '

Ou, 1) b1y (PL)/bg—1(P1) -+ buy(P1)/dg—1(PL)\ (Do
811‘1.,(2) _ ¢L’(1)(P2)'/¢g—1(P2) ¢L'(k)(P2)/¢g—1(P2) au-f) (4.3)
O] \buy(P)[bor(Pe) -+ buio(Pe)[oor(Pe))  \0,0

As a consequence:

LEMMA 4.1 ([MP1, Proposition 2.11]).  On the open set U C S¥(X) and for
(Pr,....,Py)el, r Zle €i(0/0u,(;y) is expressed by

¢L,(1)(P1) ¢L,(2)(P1) ¢L/(k)(P1) - ¢L/(1)(P1) ¢Ll(2)(P1) ¢L/(k)(P1) y;716z1
¢L’(1)(P2) ¢L/(2)(P2) ¢L/(k)(P2) ¢L/(1)'(P2) ¢L/(2).(P2) (ZSL,(k?(PZ) ygfla:w

¢L,(1)'(pk) ¢L,(2)'(pk) . ¢L,(k)'(pk) bo)(Pr) do)(Pre) -+ boiey(Pr) i Ouy
€1 €9 €L 0

where (€1,...,€) is any k-tuple of numbers.

LEMMA 4.2.  For the open set U C S¥(X) and (Py,...,Py) €U, let v := w(P).

If (P,...,P_1, 00, Pit1,...,Px) €U, we regard UJ@ as a function of vél) regardless of

whether g € Ki, v§ = o\? (u}")), and the following holds:

. . . 0
_ (1))—N(g)+N(]—l)+2(1 +d ( (z))
~ — v v ~.
'V (v o )81);1)

PrOOF. Using Lemma 2.1 and the chain rule,

8v§i) _
811,(;)

(vf]i))N(g)_N(j_l)_Q(l—|—d>(vf;))). 0

In (4.1) and (4.3), we have seen differential operators with respect to the vari-
ables u = Zle v®, the label {¢(1),...,¢(k)}, and the notation ul¥l = Zle v@ and
(3/3U£]8»))j:1,...,k- Assume now that {¢(1),...,¢({)} and {g+ ¢ —k+1,...,9—1,g} are

disjoint. Then we also consider the differential operators (9/ au%}j)) j=1,...,c With respect
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to ulfl = Zle v for ¢ < k, and the differential operators (a/aug-g;z])j:g+g_k+17_,,,g_1,g
with respect to ulF¢ = k@, Now we give a transformation formula among them
i=0+1

for a suitable open set & C S¥(X), which is essentially the same as (5.11) in the proof
of Lemma 5.11 and implies (5.18) in the proof of Proposition 5.26.

PROPOSITION 4.3.  For the open set U C S*(X) and (Py,...,P.) €U, let vV =
w(F;), ulkl = Zle @ yll = Ele @ gkl = Zk 041 v®, and o(k — j) =g—j
(j =0,...,k—¢—1). The change of basis (8/8%(1 8/8u[l]z)78/8u i kil
a/au“]) to f(a/auﬁ’g]1 - 0/oully, 0/0ulfy, . 8/8ub(k ) = Ho/oul, ..
6/8u[k£)7 5)/8%“ ft 1 - .,8/8ug ) is given by a matric My 4o,

¢u(1)'(P1) ¢L,®(P1) -t ¢L/(1).(P1)""¢U(e)'(P1)

br(P) - bo(P) || (P du(P)
¢L'(1)(P€+1) - ¢L’(k)('P€+1> Ggro—k(Por1)+ dg—1(Pey1)
¢L'(1;(Pk) ¢u(k)‘(Pk') (bg—i-é—'k(Pk) ¢g—1'(Pk)

PrROOF. By considering the intermediate  basis t(ry{'_l(ﬁ/ﬁxl),...,
ryz_l(a/axk)), (4.2) gives the result. O

From the expansion (2.5), we deduce the following result (we label it Lemma because
it is used in the proof of Lemma 5.11):

LEMMA 4.4.  The transition matriz M, 4e00 behaves like

1o Cre (t
Mot uios = ( 1., ) TM> o (05, ugt).
Here 1, is the £ x £ identity matriz, Cr e is an £ X (k — €) matriz which depends only on
u%]l), . (L,), and Mxo(v g(,ul), ey vék)) 1s a k X k matriz whose entries are given by
Z Cig,..., ikvée-i_l) fo v_((]k) ku
Byttt +ig >0
where i; (j = 4,...,k) is a non-negative integer, and c;,, . ;, s a function of u%]l), cee
[
Uy )

PrOOF. By letting
doy(P1) - oy (Pr)

¢L/(1).(Pk) QZ)L'(k)'(Pk)
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Vo= (ij)i=t,. tj=1,..0o  ¥o 1= (Vij)izt,. Lj=t+1,. k:

U, = (\I/i,j)i:£+1,...,k,j:1,...,la Vg = (‘I’m')i:HL---,k,j:Hl,.»-»k’

1 . .
Mu[kl,u[g:ll is given by

\I/(;l v, U,
\I/(;l \I/c \I/d ’

Since the w-degree of every entry of W, is greater than that of every entry of ¥, \11;1\110
vanishes if each P; (j = ¢+ 1,...,k) equals co. Indeed, if P, =00 (j =€+ 1,...,k)
(M yo)i = 0ij for (i,j = 1,....0) and (i = €+1,....k,j = 1,....k) and thus

(M) yiaiar)ij = 045 for (i, = 1,...,¢) and (i = £+ 1,...,k,j = 1,...,k). Further we

have an expression,
T, U\ /0
Mu[k],u[yzé] = <\Pi ‘Ild> ( “ \de) .

Let U(»7) be the minor of U. By a natural extension of the w-degree with respect to
P; to (Ppt1,...,Px) at (00,...,00) as a multi-index (2.6), |¥,||¥,4] is the largest-degree

term in the expansion of the determinant, |U| = |U,|[Ty| + - -.
For the case i =1,...,¢,j =0+ 1,...,k, we argue as follows.
k
(Mo ton)ig = Y (D) by kg1 (P) T /0],
=041

Since S5 _ WSt =0 (1) 6,k jy_1 (Pr) @D /] = 0, we have

l
(Mypuisn)ig = = 3 (=1 g ogy-1 (P) U0 /|0,

/=1

ihi) jg expanded as i) = \I/((f,’i) |T4| 4 --- and the first term has the largest degree
with respect to the expansion at (Pyi1,...,P;) at (co,...,00) with the multi-index
convention. When Pj approaches oo for every j' = £+ 1,...,k, (M, y1s:01)i; becomes

- Zf/zl(fl)i”lqbg_(k_j)_l(H-/)\Ilgi/’i)/\\IlaL which is a function only of (Py,...,P). O

5. Vanishing of & on ©% (0 < k < g).

We finally give the vanishing order of o, which we obtain directly from Proposition
3.10. Indeed, it is determined by the vanishing of the Schur function s,, which is the
limit of the o-function when X approaches the singular curve Xy. However, we can work
with the 6-function of the nonsingular curve X, for which Theorems 3.4, 5.1, 5.3 hold,
since we use properties of the Schur function only to obtain certain coefficients in the
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multivariable Taylor expansion of ¢ and check that they are different from zero.
We state Riemann’s singularity theorem (cf. [ACGH, VI.1]), with the usual nota-
tion of A’ for the dimension of the cohomology space H?:

THEOREM 5.1.  If Dy belongs to S*(X\oo) \ (SK(X) NS*(X\0)), and we let

Dy,
U= / vl
koo

ng = h(X, Dy + (g —k —1)oo) = #{¢ [0 < {,N(() < g — k — 1},

then:
1. For every multi-index (aq,...,am) with a; € {1,...,g} and m < ny,
8m
—_— =0.
Oug, - -.0U,,, o(u)
2. There exists a multi-index Iz := (f1,. .., Bn, ), which in general depends on Dy, such
that
o 0 5
_— . 1
8ug1 N 8uﬁnk U(u) 7& ( )

REMARK 5.2. Since the o-function is either even or odd, in Theorem 5.1 we
can replace the assumption for Dj with Dy € w(S*(X\oo) \ (SF(X) N S*¥(X\o0)) U
[~1]w(S*(X\oo) \ (SF(X) N S*(X\0)), and we also extend via the operator [—1] the
defining set of u in the Theorem, u € k~*(WF) C k~1(O%), with the appropriate (ex-
tended) excluded subsets as in the Theorem.

For Dy, and ny as in Theorem 5.1, Fay [F2, Theorem 1.2] proved the following (cf.
also [BV], [SW]):

THEOREM 5.3.  Let vt (0<v <vf <-- <yl <g—1) be such that

RO (X,Dp+(g—k—€—1)00) =ng —i+1 forl=uv},
RO(X, Dy + (g —k — € —1)o0) < ny — i for £ > v,

with v, defined for [~1]Dy, as v;" is for Dy and
n
Ny ==ng + 2:(%+ +v; ).
i=1

Let v be the normalized basis of holomorphic one-forms
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For P and Q in X and e —wr € OF \ (O¥ UO*~1) and for every t € C,

9(1,‘ /QP VTt e) — ln‘[ <ﬁ(t k) ﬁ(t _ @) EP,ONO(P.Q.1),  (52)
=1 k=1 (=1

where 0(z) is the Riemann -function, E(P,Q) is the prime form and ®(P,Q,t) is an
entire function of t for all P € X near Q, with

1 4 N f(e)
@(P, _P7 t) = Nikl . Z )
117...,11\7k:

821'1 e 3ziNk

where e = (z1,..., 2g).

Note that by [—1]Dy, here we mean simply a divisor linearly equivalent to K — Dy,
so it has an order &’ for which the overriding assumption of this section, 0 < &’ < g—1, is
not satisfied; however, the statement is ultimately concerned with the images under the
Abel map. Note also that, unlike ng, the v’s here depend a priori on the specific divisor
Dy, but see Corollary 5.6. The following corollary follows from intersection theory as in
[BV]. In this article, we prove it as a corollary of the above theorem.

COROLLARY 5.4. For all1 <k < g—1 (implicit in 5.1), ulFl € @F\ (6F UOF1),
uldl € CI, v e W', andt € C (0 < |t| < 1), we have

o° K ok %
L gggotw ) =0 L<Ni Frgolwtul) #0, and

aé 8N’“
2. o (uld)) =0, £ < Ng; o (uld) # 0.

b [g]e [9] —qu[K] [g] Ni L9l =y [k]

Ug uldl=u aug uldl=u

PROOF. Welet Q = 00, e = '~ *ulfl —wR in Theorem 5.3, and we let v = w’ f;: .
We note that for a generic complex number ¢ there exist P;,..., P, € X such that
tv=w(P,...,Py), and thus (tw' 'v+e) and O(w''ul¥) — wR) do not vanish in general

where ul9 := tv 4+ ul¥. By differentiating the left-hand side of (5.2), using the chain rule
and evaluating at P = oo where v is the zero vector, there exist b, ; € C satisfying

9’ - S
0t "ot e) = Z beit', (5.3)
81}9 P=co i=0
where
o* - ¢ _
boo = 0(tw' v +e) = Lﬁ(w' Luldl — wg) :
: 7 7
O(tvg) P=oo 3u£}g] wlgl =[]

This relation is obtained as follows: Since 6(tw’ 4 e) is an entire function of the
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vector tv (w' is an invertible coordinate change), it has an expansion 8(tw' ‘v + €) =

ZB>0 agtwvﬁ, where (3 is a non-negative g-tuple, 8 = (81, ..., 8y) with the conventions
18] = B1+- -+ by, P = vlﬁl . vgq, and § > 0 for every f3; > 0, and each ag is a complex
number depending upon e, w’ and w”. Now we compute up to lower-order terms in

. Recall that the orders of zero at co of the chosen basis are decreasing (Section 2):

degw,l( Iy =2g—N(i—1)—2and v; = 1/(2g — N(i — 1) — D2 N1 1 4 4 (v,))
around v = 0. There exist coefficients ag(e) and ag; satisfying

o* _
0t o+ e) Z agt!?ly?
61}9 P=oco .‘7 B>0 =0
<1 + Z ag,;v )
9 B>0 vy=0

which is equal to the right-hand side of (5.3), and (85/6(%9)2)9(&(}’ "vte)
£ao,...,0,¢), since the conditions |w,(3)| = £ and |B| = £ mean § = (0,...,0 E)

We now consider the derivative of the right-hand side of (5.2) Wlth respect to vy,
noting that E(P,0) = teo(l + d> (o)) and too = v4(1 + dx(vgy)). Then for £ < Ny, the
derivative of the right-hand side of (5.2) vanishes when P — oo or v, vanishes. In the case
that ¢ agrees with Ny, it contains a term consisting of (9,, E(P,0)) = (14 dx (tx))
times a non-zero number (use Theorem 5.3). Hence for £ < Ny, we have

= b[,l =

¢ Ny
0 0(w' " (tv + u™) — wgr) =0, 0

O(w' =1t [k]y — 0.
81}9[ o 8119Nk (w ( v+u ) LUR) 7&

v=0

Since o is associated to 6 through multiplication by an exponential quadratic in the
variable, they have the same vanishing order (the derivatives up to the order differ
through multiplication by an invertible matrix), and the first statement of the Corollary
is proved. Statement 2. is proved by comparing the coefficients ¢¢ in the derivative of
both sides of (5.2); by,¢ vanishes for £ < Nj and does not vanish for £ = Ny. O

REMARK 5.5.  When computing a given number of derivatives of o, as opposed to
the order of a singular point of the theta divisor as in [ACGH, loc. cit.], we need to stay
away from lower strata (recall that the derivatives of o depend on deforming a given point
along the curve). Thus, the exclusion of the point at oo from the divisors in S¥(X), and
of the set ©F~!. For example, in genus 2 the locus S?(X) is empty, whereas SI~1=1(X)
is the curve. In [MP1], as of Section 2 we extended the functions to be P!-valued, but
beginning with Proposition 4.4, we excluded the special divisors SF(X) (for which the
right-hand side of [MP1, Proposition 4.4] could be inﬁnite if say w(P) —w(Py,..., Py)
is a zero of o, a condition on the speciality of Y 7_ — P, but w(P) —w(Py,...,P,)
is not, yet the points P, Q) are distinct from the glven poles F;, P]’ so that the left-hand
side is a finite number); here, we need (cf. Section 4, e.g.) a domain capable for a given
number of points to move along the curve, so we may need positive divisors of degree
less than g, thus special.
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We can rephrase Theorem 5.3 as follows:

COROLLARY 5.6.  Let
Mp:={9g—N{l)—k—-1|g—N{)—k—-1>0, £=0,1,... },
My:={9g—N{+k)+k—1|g—-N{l+k)+k—1>0, £=0,1,... }.

Then the quantities in Theorem 5.3 are given by
(v hickany = My, {] Yi<ken, = My,

and

nk—l

Np= > (29— N(0) = N(k+1() - 1). (5.4)
=0

PROOF. M] is obtained in a straightforward way. When we consider M}, we need
to know the dimension of H(X, [~1]Dy, + (9 — N(k) +k —1)oc). Let Dy = Py +---+ P,
where each P; € (X'\00). Using the notation in Definition 2.5, we have

HOX, [~1)Dx + (g — N(k) + k — 1)o0) 3 P Pr)

, £=0,...,n— 1,
:uk:(P;le'ka) g

which gives M}, and N}, explicitly. O
For the expression (5.4), cf. also [BV], [SW].

PROPOSITION 5.7.  The following numerical identity holds:

Ne= Y (V@) -N@+i-9)=Sa-NO+)= 3 A (55
i=k i=k i=k+1

PrOOF. For a given k > 1, we have two cases: ng_1 = ng, or ng_1 +1 = ng. The
former case means that g —k is the (g — k —ny + 1)-th gap whereas the latter case implies
that g — k is in the ng-th semigroup interval. As the dimensions of the linear systems
L and Kx £~ differ by the degree of £ for any line bundle £ (cf. Remark 2.3), in the
latter case 2g —2 — (g — k) is in the (¢ — 1) — (g — k — ng + 1)-th semigroup interval. For
each case we then have the relation:

Np—1 = Nk : Nk+4+n,—1)=g+k—1,
ng—1=nk+1: N(ng) =g —k.

When k =g —1, ng—1 = 1 and N(0) =1, so (5.4) and (5.5) agree. Next, assume that
for a given k the right-hand sides of the two expressions are equal. If ng_1 = n the



Jacobi inversion on strata of the Jacobian of the Crs curve y" = f(z), II 671
right-hand side of (5.4) for the k — 1 case is given by
Ny—1=Np = N(k—1)+ N(k +n, — 1),
which is written using the above relation,
Ny—1=Np,—Nk-1)+g+k—-1
When ng_1 = ng + 1, the right-hand side of (5.4) for the k — 1 case is
N1 =N —N(k—1)— N(ng) +2g9 —1
which is also written using the above relation,
N1 =Ny, —Nk—-1)4+g+k—1

We conclude that (5.4) and (5.5) are equal. O

COROLLARY 5.8. 1. The number ny, is the first component of the node (ng,my),
my := ng + k, encountered on the rim hook [S, Definition 4.10.1] of the diagram, in
a right-to-left, up-to-down path, starting with ng_1 in row 1. For example, in the
diagram of the (5,7) curve (Table 2.1) the nodes that correspond to (ny,my) are:
(1,12), (1,11), (1,10), (1,9), (1,8), (2,8), (2,7), (3,7), (3.6), (3,5), (4,5), (4,4).
2. Ny is the number of cells in the rows of the diagram from row k + 1 to g.
3. Fork=g—r,...,g—1, Ny =deg,-1(uk+1) and np =1

REMARK 5.9. Note that for the hyperelliptic case
Ne=(9-k)(g—k+1)/2.

One of the authors (S.M.) learned this relation from Victor Enolskii who discovered it by
numerical computations in 2005. This turns out to be a corollary of Theorem 5.3 [BV],
[F2] but the present study originated with Enolskii’s communication of his discovery.
Birkenhake and Vanhaecke [BV] showed that this number is a sum of hyperosculation
degrees for embeddings of the curve into Grassmannians, defined by linear subseries of
the complete linear series that defines the Weierstrass gaps at a point.

We introduce ‘truncated Young diagrams’ A®) := (A;,...,A;) and Al .=
(Akt1,...,y). We note that this truncated Young diagram was considered in [BLE1]
for the £ = g — 1 case.

Corollary 5.8 gives:

COROLLARY 5.10. 1. Ny = |AlF]].
2. ny is the rank of the partition of A%l Thus, we can read ni, in the diagram dually
to corollary 5.8 3., by numbering k the boxes on the rim, starting with k = g — 1 in
row g; ny is the number of boxes at the left of, and including, the one containing the
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number k.
3. For the characteristics of the partition of A¥, (ay,... an,;b1,...,bn.), Np =

Bukhshtaber, Leikin and Enol’skii [BLE1] showed that the o function over the
singular curve X given by y" = z° is identified with a Schur function, cf. Proposition
3.10. Although we make use of formulas that hold for the o-function, we implicitly go
through the singular curve Xg to pick up combinatorial results from the theory of Schur
functions using Taylor expansions.

Using the Schur polynomials,

|tAi+k7i|1<‘ <k |tAk+L 9— k_i|1<‘ ok

i LW ~ k 4,19~

SA (k) (t) = ]i—l—J’ SAlk] (t) = +
1t li<ii<k

tisli<ij<o—k

and letting T(k) (L/5)E 4+ 1)) = Tj<1’k>, and T(g ) = (1)t ++H) =

T§k+1 g)

p , we define the following quantities,

Sy (TH)) i= s (1), Sy (TR = 5,0 (1)

The notation above for the left-hand sides S ) (™) and S, (7)) is consistent with
Proposition 3.6, because they are functions of the T®) . For a given (t¢)e=1,2,. .k € CF,
letting wlF = (ugk])izlwﬁg € CY9 be defined by u[k] = T/(\klg ;» we can also define
consistently, in view of Lemma 5.11 proven below:

SAK) (U[k]) = SA(k) (T(k))|T(k) K]

We also introduce the complete symmetric polynomial h%g ) — p+1.9) quch that h;gz;kl) =
(=D)L — TR 4wl =1 and h(g<0) = 0 (in particular, h{¥™* depends only
on tgyi,...,tq).

LEMMA 5.11.  For a given (to)e=12.. x € CF, we let ulkl .= (ugk])izlw’g e CY
be defined by u[k] = Tlgkl_g i, and ul9F = (u [g;k])i71 g € C9 be defined by ugg;k] =
Tj(\gfg ;- For brevity, we denote by I a sequence of indices (among {k+1,...,g}) which

may be repeated, and the notation © € I means that i runs through the sequence with
given repetitions, if any; the order of the indices in the sequence is irrelevant. One such
sequence for which I has the smallest number of elements ny and the sum of the degrees
in t (each variable t, having degree 1), >, deg(u;) = > ;o (Ai + g — i) = Ny, is also
minimum, is given in the proof. We use the notation: ex 1 = &' ([[;c;(Ai +9g — it
where €' is a plus or minus sign depending on A9 and k.

1. There exists some (possibly non-unique) finite sequence I (whose length may not be
unique but is at least ng) such that, by using the decomposition uldl = ulF 4ylokl e 9,
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0
saw (k) = e ( H W) Saco (ul)

iel

wl9l =y (k]

In performing this partial derivative, we restrict the independent variables to a sub-
space CI~F C C9 spanned by {a/augg;’“]}i:kﬂ,,__,g

2. There exists some (possibly non-unique) finite sequence I (whose length may not be
unique but is at least ny) such that,

0
EIG, (u[k]) =eAT < H au[g}> SA®) (u[g])

i€l

wlgl =y [F]

PrROOF. We treat both statements 1. and 2. together.
Using the modified Jacobi-Trudi determinant formula in Lemma 3.9,

Hyp  Hpg—w

SA(T1, ..., tg) := ’ ’

alth ) Hy rpw Hy_rg—r

where
Hk,k(t17"'7tg) (hl\ +5— 'L(tlv ))1<7,,]<k7
Hy g r(t1,. .. tg) == (ha,4j—i(ts, ... tg))1<i<k k1<i<g
Hy_pp(trgrs---stg) == (ha, 44— z(tk+17~- tg))k+1<i<g,1<j<k
Hy gt (tit1s o tg) = (hastj—i(titts - tg) ) kr1<i<g h+1<<g

the right-hand side of 1., without the constant e, y, is given by

0
(g 8u[g’ }>

Since we have s, (ulfl) = |Hy, 1 (t1, ..., t)|, we are to consider the derivative of

Hypr  Hpg—k
Hy pr Hgk,g—k

t;j=0:5=k+1,....9

Sai (t) = [Hg—r.g—k(ths1, - Tg)l;

we will settle one case, in which I has the smallest number of elements and least degree
in t as given in the statement.
Indeed, by producing a sequence I such that I satisfies

(H 0 )|Hq kyg—k|

ik
el 8ug ]

= e [J(Ai +g i) (5.7)
t;=0:j=k+1,...,g il

and for any proper subsequence J C I,
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0
(H [gk]) [Hg—,g—kl =0, (5.8)
ieJ aui t;=0:j=k+1,....g
then
9 _ 4 g — i)s®) (lH !
H — )sa(ti,...,tg) 5H(Az+g i)ls)’ (u'™) + lower-order.
LT oulrt t;=0:j=k+1 4
i€l ) 7= rweng el
(5.9)
The lower-order (in t) term vanishes for the following reasons: firstly, Hy_g i (tg+1, ..., tg)

becomes the zero matrix and H,_j, 4 becomes a matrix whose every entry is zero except
ho(=1) whent; =0:j=k+1,...,g. The derivative lowers the order, so we have (5.7)
and (5.8). The vanishing order of the entries in each column in H,_y ; is larger than that
of the entries in Hy_j, 4—, thus the lowest-degree property of I means that any term in
the lower-order part of (5.9) which comes from the derivative of an entry in Hy ) in
(5.9) vanishes. Secondly, due to (5.8), any term which comes from the derivative of an
entry in Hy j or Hy_  gives no contribution to the right-hand side in (5.9).
To find I as in (5.7) and (5.8), we consider the pattern:

(g;k) (g:k) (g;k) (g:k)
hAk+1 hAk+1+1 T h/\k+1+9*k*2 hAk-HJFg*k*l
(g;k) Lok R ACL) plg:k)
Apa—1 Apt2 Apyo+g—k—=3 ""Apio+g—k—2
sam (t) = : : - : :
(g:k) (g;k) (g:k) (g;k)
Ag_1—g+k+2 hAg_l—g+k+3 hAg,l hAg,1+1
(g5k) (g5k) (g5k) (gsk)
hAgg—g-i-k-i-l h/f]g—g+k+2 hAgg—l hAg.q
(g;k)
(g:k) App1+g—k—1
Apyot+g—k—t'
h(()g;k)
h(()%k)
hég;k) hgg;k)

Since the elements in the lower-left part vanish, we can reduce the determinant to a
combination of ones of smaller size. The pattern of h(()g *)2 has the property that there
is one situated A; entries to the left of the diagonal elements in each i-th row for i >
ny because of the configuration of the lower boundary of the diagram A, In the
determinant calculation, a series of hgg ) in the diagonal direction occurs in a unique
position and contributes to the determinant a factor of 1. In order to omit that factor,
we observe the following properties about the pattern of the matrix.

We define a sequence (i[,d@)[zl’m’n;cgnk by the following conditions: i, = g,
di = 1, i > idgp1, d¢ > 0, and i, is the largest number satisfying Ai€+2el<ed2/ =
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Aiﬁze,ddl,ﬂ + dy. By using the sequence (ig,dg)gzl’m,n;cgnk, and denoting the ele-
ments of the matrix by a;;, we define a hierarchy of submatrices starting from the above
matrix whose determinant is s, (%),

Hy = (aij)1<ij<g—k = Hg—k,g—k(trt1, - -, tg),
Hs,, _ydp+1 7= (i), -, dy +1<i< 0 -y dyr +ie—h, 1<j<ie—k>

Hzé,ddg,w = (az‘j)zﬂddg/+2gigzz/<zdg,+iﬁk7 1<j<ig—k—1>
ey

Hy = (055) 5,0, dy <6<, 2, dyr-vie—k, 1<j<ie—k—dg+1-

The above sequence of matrices stops when the number of entries becomes negative. As
will be explained in the proof of Lemma 5.25, these matrices are directly related to the
Schur functions of the Young diagrams associated with Al¥l,

For the example of the (5,7) curve, when k = 4, we have

h£12;4) h(512;4) hé12;4) h(712;4) hé12;4) hé12;4) h%m) h§112;4)
hg12;4) hg12;4) h1(112;4) hé12;4) hé12;4) h;12;4) hé12;4) hg12;4)
h§12;4) hg12;4) h§12;4) h§12;4) hg12;4) hé12;4) h;12;4) hg12;4)
h(()12;4) h§12;4) h§12;4) hg12;4) h5112;4) hé12;4) hé12;4)
h812;4) h§12;4) hé12;4) hz())12;4) hSM) )

h(()12;4) h512;4) h512;4) hg12;4)

h(()12;4) hg12;4) hg12;4)

12;4 12;4
SR

hg12;4) h§12;4) h5112;4)

sz hg12;4) h(212;4) h§12;4)
h(()12;4) h§12;4)

For the example of the (7,9) curve, when g = 24, k = 13, we have

ik H ik ik ik ik ik H3 ik ik ik
hég;k) hég;k) hig;k) hég;k) hég;k) h(79;k) hgg;k) hég;k) hg%;k) h(g;k) h(g;k)
hgg;k) hgg;k) hgg;k) hflg;k) hég;k) hég;k) h(79;k) hég;k) hgg;k) h(g;k) h(lgl;k)
ik H3 H3 ik ik ik ik H3 H3 H3 ik
hég ) hgg ) hgg ) hgg ) hig ) hég ) hég ) h;g ) hgg ) hég ) h(1% )
h(()g;k) hgg;k) hég;k) hz())g;k) h(g;k) hég;k) hég;k) h(g;k) hég;k)

4 7
H, = h(()g;k) ploik) plgik) g (gik) hflg;k) hég;k) hég;k) ,

1 2 3

hf)g;k) hégyi; h%gi; h%‘%g h%ﬂ:; h%&:;
h091 hlgv h297 hggv h4gv
hég;k) hgg;k) ploik) hég;k)

h(()g;k) h(g;k) hég;k)

h((Jg;k) hgg;k)
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hég;k) hgg;k) hflg;k) hég;k)

ik H3 ik ik H3 H3
H2 _ hgg ) hgg ) hgg ) hig ) H3 _ hgg ) hgg ) H4 .
hég;k) hgg;k) hgg;k) h:())g;ki ’ hég;k) hgg;k) )

hgg;k) hgg;k

It is clear that the number of H;’s is n, and H; contains H; as a submatrix if ¢ < j,

with the convention H,,+1 = 0. Every element bz, (d > c+ 1,e < ¢) of H; := (bg,.)

vanishes unless it is in H;;1. Every (c+ 1, c¢) entry of H; is equal to hég;k) =1 if it is not

)

in H;+1 and the number of hég;k 'sin H; is g — k — ng. These facts imply that the term

containing (hég;k))g_k‘”k in the expansion of the determinant given by products of all

the entries with indices permuted, is given by the determinant of an (ny x nj) matrix,

as shown:
(g:k) .. plesk)
Apy1 Agt1+9—k—1
[Hy| = " (hg)yo—kom : : o
plg:k) . plask)
Aggny, —ni+1 Apgny +g—k—ng
where ¢” is a plus or minus sign. Noting Corollary 5.10, let (a1,...,an,;b1,...,bs,) be

the partition characteristics of A¥] [FH, Section 4.1, p.51]. We analyze the subscript j
of h§-g;k). The subscript of the upper-right corner H; is given by an, —i+1 + bn,—it1 + 1.
The subscripts of the elements on the straight line from the upper-right corner to the
lower-left corner, Ag11+9—k—1,..., Apyn, —ni+1, are given by an, +bn, +1,...,a3+
bs+1,as + by + 1,a1 + by + 1. The determinant is given by

ng
e TR o+ (5.10)
=1

where €’ is a plus or minus sign. We note that each term in the determinant has the
same multidegree in the ¢ variables, with each ¢; weighing one, > 1% (a; +b; + 1) = Nj.
Moreover, h((g -]:I)n b1 = Télgfb)l 41 t-+. The subscript of the upper-right corner of H; is
characterized by A, + ¢ — k = a,, + by, + 1 and is the largest among the subscripts of

the elements in Hy. In other words the first term in (5.10) is the only term that contains

7k-9) . and cannot be cancelled. Hence we have
Ap+g—Fk
(H aq"(m)gl\[k] (tk+1, e ,tg) = 5/ H (ai + b’L + 1)'
i=1 a;+b;+1 i=1
Moreover, for every proper subsequence J of {1,2,...,n}, we have
)
— s t sy ty) =0.
H & A[k]( k+1, s lg
(Z-EJ 3T{S’+b)i+1 t;=0j=k+1,...,g
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Since the element hgi;-]i)j—i (k+1<i<g,1<j<k)in Hyg—p(tks1,...,ty) has suffi-
ciently large degree in ¢, the contribution from (H?ﬁl((‘)/aT(g;k) VHp g—k(tis1, - - -5 tg)

a;+bi+1
vanishes when we compute (5.6). In other words, we have

Nk a
(H k))'SA(g)(tlv"'atg)

(93
=1 0T4 111

Nk
= 5/<H (a; +b; + 1)!>SA(k)(t1, cooytr).

i=1

t;=0:j=k+1,....g

However, from Proposition 3.10, sx(t) = spw (t) is a function only of Th,14_; =
T/(\i)-l-g—j = T/(\I;)-ﬁ-g—j + Tz(xif?q—j for j = 1,...,9. There exists an integer ¢; such that
Ay, +9—10; = a;+b;+1 for every i. By naming I the sequence (¢1, s, ..., £, ), we obtain
this way the smallest degree in ¢ and the least number of derivatives, because, given the
configuration of the H;’s, in the determinant (5.10) we have the largest number of hg’s
(which equal 1 hence have degree zero). Since Agy1 +9—k —1 = ay,, + by, +1 and
a; +b; + 1 < ay, + by, +1, each element j € I belongs to {k+1,...,g}.

For this I, we obtain

0
(H 3[g;k]>3A<a>(t1, Lty
U

iel

E 5/<H (Az —|—g — i)!)SA(k)(tl, . 7tk)-
t;=0:j=k+1,....9

iel

Similarly for every proper subsequence J of I,

0
(HM)SA(g)(tl,...,tg) o :0
ieg dU; tj=0:j=k+1,....9
The proof of 1. is complete.
For statement 2., we use the same sequence I.
Noting that j € I belongs to {k+1,...,g}, we have
[g:k]
du[lg] dtl duk—i—l dthrl
lg] [g:k] .
duf’ | — o) | M2 || Al | 2 gl | T2 |
dul? dtg duls™) dtg
where
té\1+g*2 t;\1+g*2 .. tg\ﬁ-g—?
2511\2+g—3 t§\2+g—3 o t2\2+g_3
M= | A
tfg—l tsg—l t/g\g—l

Ag—1  Ag—1 Ag—1
131 12} lg
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t/\k+1+9—2 tAk+1+g—2 L t/\k+1+g—2
k+1 k+2 g
t/\k+1+g*3 tAk+1+g*3 oo fhotg-3
(k) k+1 k+2 g
M. g; o . N .
T . . . . .
Ag—l Ag—l A_q—l
tk+1 tk+2 T ty
Ag—1 Ag—1 Ag—1
tii tiiro 7

Since the one-forms are given by

g ) g g
dtj:Z[atj }dugg]:Z((M;ff))—l)ﬁduﬁg], dty =Y ((MEF)Y)dul?,

lg]
=1 LOu; i=1 i=k+1

we have

S [ S, 0 S (i)

9 _ =
8u£g] = 8u£g] [t Bugg’] Plarwl

We note that the 8/0ul’™ span a Co9=F. ((M9)=1),; is given by

A1+g—2 . iA1+g—2 . A1+g—2
1 tj tg
ti\iflJrg*i L tVAi—lJl’g*i L t/\i71+g*i
7 g
t/\qi+1+9—i—2 . iAi+1+g—i—2 . tl\q‘,+1+g—i—2
1 A g
A An
((M(g))—l) = (1)t 1 J 9
T ji t?1+g—2 té\ﬁ-g—? e phatg—2
g
As+g—3 ,Aatg—3 Astg—3
¢ t o thet
Ag_s Ag_1 Ages
t t St
Ag—1  Ag—1 Ag—1
t; t, ty

We claim that for a symmetric function h(u[g]), and subsequence J C I, we have

0 ) P
h(u[g]) = < ,>h(u[g])
<H 2 th1=0,...,t4=0 H 3u£g,k]

ieg Ou; ied

(5.11)

trr1=0,..., ty=0

This is essentially the same as Lemma 4.4 but we prove (5.11) directly as follows: Let
tk+1,...,tg have the same order €, written as ¢; =¢;, 1=k +1,...,g.

We use the property of the chosen sequence I, namely that every ¢ € I satisfies
k<i<g. Thenforl < j <k, let Zfy, := Z?:k,e#(f\e +g—4—1) and Egiq,4 ==
dt—pp1(Ae+g—L—1). For 1 < j <k, noting that Z g; > Epq1,9, we have
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A1+g—2 iN1+g—2 A1+g—2
¢ SR et
: : : - : d>(€5419) + d> (e¥419)
tl\k71+g—k {Ak71+9—k tAk71+g—k
B R ety

M(g) -1 _ i+j J
(( ) )ji*(*l) ! Aitg—2 (Aitg—2
! et

. d2(65k+1,g) +d>(eEk+1,9)

Ar+g—k—1 Ap+g—k—1
ty ot

which vanishes when e vanishes. Here d (2¢) € {2015 aaz%}d>(2%) € {20150 002}
for a = (ay,...,am), 2% = 21" --- 20, and |a| = a1 + -+ . Then for k+1 <5 <g,
let Ejy1,q,i = Zg:k+17g¢i(Ag +g—L0—1). For k+1<j <g, noting Ep41,9; < Zp+1,g,
we have

tl\1+g—2 . tA1+g—2
1 k _ B
d (884109 + d (€541

A +.7k71 . A +.7k71
((M(g))—l) = (1) et R
T ji fPate=2 tA1+g—2
1 k

T @) b ()
tAkJrg*k*l tAkﬁLQ*k*l
1 ety

which is singular for small e. Its leading term becomes ((Mq(qg;k))*l)ji. This means that
we have (5.11) and we proved the second statement.

In our last example, to give a visual description of the general pattern, rather than
the (5,7) or (7,9) cases given above which would occupy several pages, we treat the
trigonal (3,7) case for k = 2:

[ ] h;6,2) hé6,2) hiG,Q) hé6,2
. h§6’2) héG’z) th,Q) hz(LG’Q

’ h(()6,2) hg6,2) hé6,2
héG,Q) h§6,2

)

) (6.2)

) | }12:(]7‘17 )7 H3:®
)

Then the transition matrices expand as follows:

£10 410 (10 10 10 10
1 13
T4 T
i1 1y € € € €
4 14 4 4 4 4
M(G) _ tl t2 3
T = 3 13 .3
7 &y e € € €
tp ty € € €5 €
1 1 1 1 1 1
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|t%0 \dz (67+4+3+1) 4 d> (615)

(6)y-1 —
(MT ) )176__ t%o t%o

dZ (€4+3+1+0) + d> (68)

tt3
10 T+4+3+1 15
©)y-1y, _ _|tild>(e ) +d>(€)
(MT ) )276_ t%o t%o )

d2 (64+3+1+0) + d> (68)

747
1 1y
4 4 4
t%o t%o €1 €5 €
3 .3 .3 8
t7 t7 €4 €5 €5 +d>(€ )
LS P R
(M(6))_1) _ 4 €5 €
T 3,6 4 4 4 4

10 10 3 3 3 3

l1” ty | |€3 €5 €5 € +d (68)
77|11 1 >

1 ty]|ez €5 €5 €5

t%o (10 €3 €5 €

3
747
ot 1 11

(6)y—1 . €3 €5 €g
(MT ) )476* 4 4 4 ’
€3 €4 €5 €
10 410|(.3 .3 .3 .3
t1° 37| €3 €5 €5 €5

3 8
11 1 1| Tds(e®)
€3 €1 €5 €

t ]

O, - () 4 d ()
1), =

? th th ’
17 27 d> (€4+3+1+0) + d> (68)
tp ta| ~
10 7+3+1+0 11
©\-1y . _ __ti"ld>(e ) +d> (")
(MT ) )273 - 10410
1 2

d2 (64+3+1+0) + d> (68)

74T
1t
3 3 .3
t%o t%o €1 €5 € .
1 .1 .1
74T || 65 S +d> (%)
1 U2
261 B 1 11
( T) )3’3_ 4 4 4 4 ’
€3 €4 €5 €5
10 410((.3 .3 .3 .3
iy lg | |€3 €1 €5 €5

8
A d gl T
1 1 11

t 5

tr° 150
ot

(M) s = -

€5 €] €5 €
3 .3 .3 .3
1 .1 .1 .1 >\€
€3 €4 €5 €

t1° t3°
ot
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The above proof yields the following Proposition:

PROPOSITION 5.12.  For the Young diagram A associated with the C, s curve X of
genus g, an integer k (0 < k < g), and the characteristics of the partition of AlF]

(a17a27-~-,ank;bl,b27"'abnk)7

the following holds:

1. There exists an integer ; such that

for everyi=0,1,... ng;
2. When the correspondence is denoted by

L™ (a;, b) == £,
an example of I appearing in Lemma 5.11 2. is given by
I={LM(ay,b1), L™ (az,bs),. ..., L™ (an, , bu) };

3. L™ (a,, ,bn,) =k +1, and
4. When the Cyrs curve is hyperelliptic of genus g, i.e., (r,s) = (2,29 + 1), the set of
indices I is equal to

{9,9—2,...,k+2,k} if g—k 1is even,
{9—1,9-3,...,k+3,k+1} otherwise.

PROOF. The proof of Lemma 5.11 gives 1. and 2.; 3. is proved using the definition
in 2. and the equality an, +bn, +1 = Agy1+9—k—1. 4. is obtained by straightforward
computation. O

Note that since I in Proposition 5.12 4. corresponds to bz in Theorem 1.1, such I’s
are shown in Table 1.1.
For use as in Lemma 5.11, we define a family of sequences which we name Index.

DEFINITION 5.13. Let Index be the family of all finite sequences made up with
numbers between 1 and ¢ (some numbers may be repeated), though changing the order
of the elements in a sequence would not change the values defined herewith for a given
element of Index. For an element I, of Index and v € C9, define:
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degwfl(—[k) = Z degwfl(ui)'

i€ly

In view of Proposition 5.12, we construct a set of indices as a natural extension of
those in [01], [02], [MO].

DEFINITION 5.14. For k. =1,2,...,9 — 1, and the characteristics of the partition
of Al (a1,...,am;b1,...,b,), we define

hk = {L[k](a17bl)7L[k](a25b2)a .. 'aL[k](ankvbnk)}a
and
Vo= \{k+ 1)L}, for i=1.2,..k

Further, f, := () and bgi) =ifori=1,2,...,g.

We continue the examples of Tables 2.1, 2.2 (with (ng,my) corresponding to & in
Corollary 5.8 1.) in Table 5.1 for the case (r,s) = (5,7) and in Table 5.2 for the case

(r,s) = (7,9).

Table 5.1a
i 0o 1 2 3 4 5 6 7 8 9 10 11 12
o(1) 1 = y 2 zy y2 20 2%y ay? b o 2By 2%y’
N(7) 0 5 7 10 12 14 15 17 19 20 21 22 24
A; - 12 8 7 5 4 3 3 2 1 1 1 1
ANi+g—i| - 23 18 16 13 11 9 8 6 4 3 2 1
n; 4 4 3 3 3 2 2 1 1 1 1 1 -
N; 48 36 28 21 16 12 9 6 4 3 2 1 -
Table 5.1b

k (a17...,ank;bo7...7bnk) (ai+bi+1)1gi§nk Z(ai—l—bi—i—l) hk
0| (1,4,6,11;1,4,6,11) (3,9,13,23) 18 (10,6,4,1)
1| (0,3,5,10;0,2,5,7) (1,6,11,18) 36 (12,8,5,2)
2 (2,4,9;1,3,6) (4,8,16) 28 (9,7,3)
3 (1,3,8;0,2,4) (2,6,13) 21 (11,8, 4)
4 (0,2,7;0,1,3) (1,4,11) 16 (12,9, 5)
5 (1,6:1,2) (3,9) 12 (10, 6)
6 (0,5;0,2) (1,8) 9 (12,7)
7 (4;1) (6) 6 (8)
8 (3;0) (4) 4 9)
9 (2;0) 3) 3 (10)
10 (1;0) (2) 2 (11)
11 (0;0) (1) 1 (12)
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Table 5.2a
7 0 1 2 3 4 5 6 7 8 9 10 11 12
o (4) 1z oy & xy ¢ 2 2ty a2t Py Py
N(’L) 0 7 9 14 16 18 21 23 25 27 28 30 32
A; - 24 18 17 13 12 11 9 8 7 6 6 5
Ni+g—i| - 47 40 38 33 31 29 26 24 22 20 19 18
ng 8 7 7 6 6 6 5 5 4 4 3 3 3
N; 160 136 118 101 88 76 65 56 48 41 35 29 24
7 13 14 15 16 17 18 19 20 21 22 23 24
¢(Z) 1:y3 s y4 I4y a:3y2 1322/3 20 $y4 z5y Y x4y2 $2y4
N(’L) 34 35 36 37 39 41 42 43 44 45 46 48
A; 4 3 3 3 3 2 1 1 1 1 1 1
ANi+g—i| 15 13 12 11 10 8 6 5 4 3 2 1
ng 3 3 2 2 1 1 1 1 1 1 1 -
N; 20 17 14 11 6 5 4 3 2 1 -
Table 5.2b
k (ag, ..., an, bg,..,,bnk) (“i+bi+1)1§i§nk S(a; +b; +1) TS
0 | (0,2,5,7,09,14, 16, 23; 0, 2,5, 7, 9, 14, 16, 23) | (1,5, 11, 15, 19, 29, 33, 47) 160 (24, 20, 16, 12, 11, 6, 4, 1)
1 (1,4,6,8,13,15,22;1, 3,6, 8, 10, 15, 17) (3,8,13,17, 24, 31, 40) 136 (22,18, 14,12, 8, 5, 2)
2 (0,3,5,7,12,14,21;0,2,4,7,9, 11, 16) (1,6,10, 15, 22, 26, 38) 118 (24,19,17,13,9,7, 3)
3 (2,4,6,11,13,20; 1, 3, 5, 8, 10, 12) (4, 8,12, 20, 24, 33) 101 (21,18, 15, 10, 8, 4)
4 (1,3,5,10,12,19;0, 2,4, 6,9, 11) (2,6,10,17, 22, 31) 88 (23,19,17,12,9,5)
5 (0,2,4,9,11,18;0,1,3,5, 7, 10) (1,4,8,15,19, 29) 76 (24,21, 18,13, 11, 6)
6 (1,3,8,10,17; 1, 2, 4, 6, 8) (2,6,14,17, 26) 65 (22,19,14,12,7)
7 (0,2,7,9,16;0,2,3,5,7) (1,5,11, 15, 24) 56 (24, 20, 16, 15, 8)
8 (1,6,8,15;1, 3, 4, 6) (3, 10, 13, 22) 48 (22,17, 14, 9)
9 (0,5,7,14;0, 2,4, 5) (1, 8,12, 20) 41 (24,18, 15, 10)
10 (4,6,13;1,3,5) (6,10, 19) 35 (19,17, 11)
11 (3,5,12;0,2,4) (17,8, 4) 29 (21,18, 12)
12 (2,4,11;0, 1, 3) (3,6,15) 24 (22,19, 13)
13 (1,3,1050,1,2) (2,5,13) 20 (23, 20, 14)
14 (0,2,9;0,1,2) (1,4,12) 17 (24, 21, 15)
15 (1,8;1,2) (3,11) 14 (22, 16)
16 (0,7;0,2) (1, 10) 11 (24,17)
17 (6;1) (8) 8 (18)
18 (5;0) (6) 6 (19)
19 (4;0) (5) 5 (20)
20 (3;0) (4) 4 (21)
21 (2;0) (3) 3 (22)
22 (150) (2) 2 (23)
23 (0;0) 1) 1 (24)

We can now state the main theorem (cf. Theorem 1.1 and Table 1.1):

THEOREM 5.15.

Let T, = {0}. For each k =1,2,...

, g, there exists a subfamily

of Index, Iy, of cardinality ny., whose element I, is such that degy,—1(Ix) > N, and as
a function over k~1(OF \ (©F U BF1)),

Moreover, {b, ,(Ck)

REMARK 5.16.

(k—1)
) Mk 9.

O'Jk:{

SN

1(61)} CTIk.

#0 fOTJk:Ik
=0 fO’I“Jkgfk

(5.12)

The property oy, # 0 over £~ 1(OF\ (O¥ UOF~1)) is the generaliza-
tion of Onishi’s results in [O01], [02], [MO]. Further we note that there exists .J; € Index
such that #.J), = ny but o5, (u) = 0 for u € k~1(OF \ (OF U OF1)).
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REMARK 5.17. Using Proposition 3.2, we have the following corollary, which shows
07, is also a normalized theta function over k=1 (0% \ (©F U©F~1)), cf. Remark 3.3:

COROLLARY 5.18.  Foru € k= 1(0F\ (¥ U©F 1)), £, (=200, +20"0,") € 1,
and Jy € Ty, we have

07, (u+Ly) =0y, (u)exp (L (u + %Ea, éa) > X (4a). (5.13)

PROOF.  After we apply the differential operators [[;c;, (9/0u;) on both sides of
the equality in Proposition 3.2, we restrict the domain to x~1(©F \ (6% U©F~1)). Then
by Theorem 5.15, the terms containing the lower-order derivatives of ¢ vanish and the
equality follows. O

The former part of Theorem 5.15 is the same as Riemann’s singularity theorem in
Theorem 5.1. The latter part, which gives a specific subset of Zj, is new and we will
show it as follows.

LEMMA 5.19. Forg—r—1<k<g-—1,7, = {{1},{2},....{k+ 1}}.

PROOF.  Given that o is even or odd, the analysis of ul*] € k=1(0F\ (OFUO* 1)) is
essentially reduced to that of ulfl € k= (W*\ (WFUWF=1)). We consider u = uld=+v €
k1H(©9\ (09 U0 1)) where uld—l € k~1(©971\ (@971 UO972)). By Theorem 5.1 and
Corollary 5.8, ny = 1 and there exists j such that o;(ul9~1) is not identically zero. From
Theorem 3.4, o;(ul9 =) = (=1)9 g1 ;1 (ul9 Mo, (ul9=1) and thus o (ul9~1) does not
vanish identically for j = 1,...,g. Similarly for g—r—1 <k < g—1, Np_1 = deg,, -1 (ux)
for k=g—r—1,...,9 — 1. Thus for u = ul*~1 +v € x~1(OF \ (©F UO* 1)) and
ulb=1l e 1@k 1\ (%1 U ©F2)), we conclude that o;(ul*~1) does not identically
equal zero (i = 1,...,k) because o;(ulF~1) = (=1)k= 41 ;) (ulF-op (uF-1). O

LEMMA 5.20. For k < g, Iy contains an element I for which { € I, £ =
1,2,...,k+ 1. If a finite sequence I consists only of elements of {k + 2,...,g} and
#1I, = ny, then it does not belong to Ty.

PrROOF. The statement is obvious for ¢ — r < k. We thus consider k£ < g — r and
ny > 2. Let us assume that every I, € 7j doesn’t contain k+1. Let ulkl = k=14 (k) ¢
k™1 (©F\ (6% U©F71)). The assumption means that for every .J; € Index such that
#Jk =1k — 1, o130, (u[k_l]) vanishes. Since L’Hospital’s theorem and Theorem 3.4

show
O}y, (ulfl) = (_1)k7i+lﬂk,¢71(u[k])0{k+1}qu (ulF=1), fori <k -
O{i}uJk (u*) =0 x O {k+1}UJg (), fori >k,

EeVery O {; uJ, (u[k]) vanishes for every ¢ = 1,2, ..., g. This contradicts Theorem 5.1. Thus

O k413U, (u[k_l]) cannot vanish identically and the statements are proved. O
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LEMMA 5.21. For k < g, the sets fix and h,(;) fori=1,2,... k belong to Zy.

Proor. Corollary 5.10 shows that #h; = ni and deg,, -1 = Nj. L’Hospital’s
theorem and Theorem 3.4 show that hl(;) for i = 1,2,--- ,k belongs to Zj, if f; does.
Proposition 3.10, the expansion (2.5), and Lemma 5.11 (2) imply that, as a function over

KO (OF UBF1),
oy, 7 0, (5.15)

hence b, is an element of 7. Clearly deg,, -1 ( S)) > Ng. O
As a consequence of Proposition 3.10,
COROLLARY 5.22.  For ulFl € k=1 (W¥* \ (WF U WE=Y)), the expansion of oy, (ul?)
at the origin takes the form

oy, (ulfl) = Sy (T) wt Yy e

i

|TA,;+g—i=u
[wg () [>[A]

where ¢, € Q[N;] and Sy (T) is the lowest-order term in the w-degree of the uEk];

oy, (ul)) is homogeneous of degree |A\®)| with respect to the A-degrees.

REMARK 5.23. For example, by letting J; = i \ {k + 1} U{i} for i = k+ 2,k +
3,...,gand u € k~H(OF\ B%),

oy, (u) =0, (5.16)

due to Theorem 3.4.
Here we note that there is an element in Zj \ {f, h,(ck), h,(ck_l), cee h,(f), h,(gl)}. Some
examples are reported in [MO], where there is given an element I (#Ix = ng,

deg,,—1I, = N) of Index which differs from b and satisfies o5, # 0 as a function
over k= H(OF\ (BF UBF)).

Theorem 5.15 follows from the Lemmas above.
We can state a stronger version of Theorem 3.4 3.

THEOREM 5.24. Fork < g, (P1,...,P;) € S¥(X\00) \ (SF(X) N Sk(X\o0)) and
u=Fw(P,...,P) € i 1(OF),

T, (i) (u)
k

= (=) (P, P).
O, (u)
Note that neither denominator nor numerator in the left-hand side vanish.
We also state another version of Theorem 3.4 3. besides Theorem 5.24, as follows.
In the proof of Lemma 5.11, we note that hgfzﬁ_l = -+ 1/(a; +b; +1)!
><(T1(g;k))“"'+bi+1 + --- which appears in (5.10) for the partition characteristics
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(a1,...,an ;b1 .., by, ) of A¥l. We have the following Lemma:

LEMMA 5.25. By using the notations (u Ek] Tjgkl_g i Eg] = nggl_g ;) in Lemma
(K]

5.11, for a subsequence J; = {L(w be)? (az+1,bz+1)’ oL, b nk)} C e (0 < ng+1) using

the characteristics of the partition (a1, as, ..., ank,bl, b, ... bn,) of AFl we have

] 0\ 9 o
samw (u™) =€ k() ( )8 @ (u!)
A A, Je,b 6u£]g] 116_:!; ou gl A

!

. (5.17)

wlgl =y k]

where €}, ;, . is a certain non-vanishing rational number. (Note that Jp, 1 = 0.)

Proor. With notation as in the proof of Lemma 5.11, using the characteris-
tics of the partition, we introduce the Young diagrams AlF (it = 1,...,nk), given
by (a1,...,a;;by,...,b;) such that AlFml = AlFl. Then by letting t9%) := (341, . .. 2 tg),
the determinant of the matrix in the proof of Lemma 5.11, H;, equals the Schur function
of Alk-,

sat ((9F)) = |Hppy i1

Since we are concerned only with the term of ((1/p)T*)n in AZ* = ... 4+
(1/n)(T{ %) 4 ... we analyze the behavior of Ty.

From the Jacobi-Trudi determinant expression in Proposition 3.6, for a Young dia-
gram A, s contains the term

1 Ai+

SA’T1 = ( Tl jil(s(Ai_i_j_i) B

where §; = 1 for ¢ > 0 and, §; = 0 for ¢ < 0. Then the term Sp 7,, i.e., the determinant
of the matrix ((1/(A; 4+ j —9)! )TA'H_i) does not vanish as a polynomial of T7 because
the vectors U; := ((1/(A; +j — i))TT7H) ) viewed as columns, are independent as
their coordinates show. By considering their weight, Sy 7, is a monomial T‘ | with a
non-vanishing rational factor.

On the other hand, (5.10) shows that 8, (t(%*)) has a term (u[gg;k])degw—l(hkw’f)
X HzeJ u[g’ ] up to a non-vanishing rational factor, where ul9] := w9 — ¥l The claim
follows. O

For ul*l € x=1(6F) and ul9l € C9, we introduce the following notation as an extension

of Definition 5.13,
o\ 0
UJ,gN(U[g]) = < ]> < | I M>U(u[g]),

3U[gg ic Ou;

and O-J,gN (u[k]) = aJ,gN (u[g])|u[9]:u[k] .
We have now the variant proposition:
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PROPOSITION 5.26. Fork < g, (Py,...,Py) € S¥(X\oo) \ (SF(X) NS*(X\o0)),

_ k k k
u=tw(P,...,Py) € k~1(OF), subsequences J, = {Lga]z,be)’LEa]thul)’ A Ea]n,c7b7zk)}
C tr (0 < ng+1) using the characteristics of the partition (a1, az,...,an,;b1,b2,...,by,)

of Al and Jéi) =J\{k+1}U{i} (i=1,2,...,k), the following relations hold:

1. For ¢ < ny,

T 7 gety—1 (\Te) (u)

=(-1 k7i+1uk i—1(P1,..., Py
O'Jbgdegw_l(hk\Jz)(u) ( ) a ( ’ ’ ),

especially,

0-7;+1’9Nk7degw71 (k+1) (u)

O'k+17gNk—degw_1 (k4+1) (u)

= (—].)k_i—i_luk’i,l(Ph ey Pk)

2. For { < ny, we have as a function over k~1(OF \ (©F U OF—1)),

O—Jlgi)ygdcgwil(hk\.][) 7£ 0, O-J7gN/ = O,

where 0 < N’ < degy,—1 (1% \ J¢) and J C JI such that #J+ N’ < #J +deg,, -1 (1 \
Ji), and l, € 11,

1
0 () gdos,, -1 (i \I0) (u+4,) = T J0) gedes—1 (51\J0) (u)exp <L (u + 5&, €a> ) X(£a).

3. For every £ =1,2,... ng,
UJéi))gdegw_l(nk\JZ)(u) = €k7J,ZO'h§:) (u), i=1,...,k+1,
TGNy, (u) = egoy, (u),

where €, 5, and €}, are non-vanishing rational numbers.
Proposition 5.26 3. in the hyperelliptic case is given in the work [EHKKLS].

PrOOF. We introduce the following objects and notation. As usual, ulfl €
K (w(SF(X\oo) \ (SF(X) NSF(X\o0))) is a g-vector; for (Py,...,P,) € SI(X), v\ =
w(P;) for (1 =1,2,...,9), ultl = Zf,:l v® | and ulot] = Z?:Z’-H v (0 =1,...,9).
Further we introduce the non-negative integer Ny s, := degy, 1 (i \ Jo).

For a sequence J consisting of {k+1,k+2,..., g}, Lemma 4.4, which is essentially
the same as (5.11), gives
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N
) (Mgm)ee
oug ey ou? ulgl =y l*]
) (I 5ot
= —— ——)o(u g])
<8ugg’k] Zl;[} 8u[g Kl

From the proofs of Lemma 5.11 and Lemma 5.25, at ul¥l € O O’(U[g]) behaves like

+ lower order differentials of o(u*)).
wlgskl =0

(5.18)

(g5k) & .
u[g (Hha7+bi+1)T(9M o <SA(k) (T( ))lT,(\'fl L 4 Z u[ )
Aj+g—i—

loe|>A )

x (14 ds (0FD L 0l9)) 4 g, (uld)), (5.19)
where & (ul9)) represents the terms which do not contain (%, h ij +1)s and aq €
Q[\i]. Then we obviously have

7 g WD) = €S0 T+ Y aa- (@) (5.20)

|| >A k)

where the weight of the first term is |A®)|.

Since the J; =t (k=1,...,9 — 2) case is the same as Theorem 5.15, we consider
only the Jy £t (k=1,...,9 —2) case.

We assume that ¢ < ny. Since k > g — r is also obvious, we consider only k < g —r.
Due to Riemann’s singularity theorem (Theorem 5.1), for J; # hg, oy, (ulfl) = 0 for
k < g —r. On the other hand, since the relation (5.20) is not identically zero, there may
exist a positive integer Ny j, < ]\Afk’h and a subsequence J; C J; such that we have, as
a function over k~1(6OF \ (OF U OF 1)),

UJ[[’QNI«,J@ 7& 07 U]/’gN’ = O, (521)

where 0 < N' < Ny ;,, J' C J; such that #J' + N’ < #J} + Ny j,. We show that such
Ny, 5, and Jlf are identical to Ny 5, and J, as follows.
Assume that T g1 g™ # 0 for some Ny j, < Ny 5,, Jj C Jg such that #J,+ Ny, 5, <

#.J; + Nyi.s,. From (5.18), we have

o(uld) = €(u[gg5k})N"”JZ ( H ugg;k]>a‘]27gzv,wlZ (u[k])(l +ds (vé’”‘l), e ,vég))) + remainder,
ieJy;
where € is a rational number. Thus o(ulFl 4 tv(kH)) is given by

~ N .
e(tvékﬂ)) *Je ( H tvgkﬂ))a%gzvkw (u[k])(l +d- (tv_((]kﬂ), 0,..., O)) + remainder.
icJ;
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From Lemma 2.1, (aN,C,Jﬁdcgw,l(J(;)/8U§k+1)Nk,Jg+dch71(Jé))g(u[k] 1)y i
not identically zero. If we assume that Ny j, +deg,—1(J;) < Ny, it contradicts Corollary
5.4 1.; since the vanishing order Ny of ¢ in Corollary 5.4 agrees with the weight of the
inflection at ©F [BV], we conclude that Ny j, and J, must be Nk, 7, and J; respectively
and (5.21) must hold.

From Proposition 3.2, we have the translation formula for ¢, € II,

1
o R, (u[k] +l)=0_ &, (u[k]) exp (L (u[k] + Ka,€a>)x(€a), (5.22)
Jo,g "t Je,g Tt 2
as in Corollary 5.18.
In the J;, # 0 case, or £ < ny for i =1,...,k, we have
o\ 9
(@) ( 11 M) (o (u!) - g (ul)
ug j=J\ (k1) OU; ulgl =y ¥]

= 0,95k (u[g]) ’ /‘k,ifl(u[g])”u[g]:u[k]a

because 5 ;1 does not vanish for (P, ..., P;) € S¥(X\oo) \ (SF(X) N S¥(X\0)) and
does not diverge due to the assumption, whereas we have the vanishing property (5.21)
when ul9* = 0. As a consequence, for every i =1,...,k+1,

7 50 g (W) = (Do gy @) - g (),
As a function over k~1(©F \ (6% U©F~1)), we have

O'Jéi) gNkw’e 7é O7 O-.],gN/ = O,

where 0 < N’ < Ny j,, J C J{ such that #J + N’ < #J; + Ns,, and for £, € TI,

1
k k
O—JEM’QNIC'JZ (u[ '+ la) = UJZ”),QN’“’L’ (U[ ]) b (L <u * 5&“ €a>>X(£a)'

From Theorem 5.24 for every i = 1,...,k, T Nk (ulf) /oy, (ulkl) = T 5600 g¥hsg (ul*ly/
0 (ul*]) is a meromorphic function over ©F; we denote it by g, (ul*).
k
Let the divisor of the meromorphic function g,(ul®!) as a function of w(P) be > p;'
_Zj p; » where Zj pj' and Zj p; are effective divisors. We have O-Jéi),gﬁkw]z (ult) =
qg(u[k])ohm (ulf) for every i = 1,2,--- ,k + 1, and every o ., x, , (ul*l) is an entire
k J[ g e

function over k'O®) as a function of v(¥) = w(Py) for ulFl = v*) 4 ulF—1 Hence
{pj_} must be the preimage under the Abel map of a subset of the common divisors of

JJlf“,gNkJe (u[k}) for every i = 1,2,...,k + 1, so that there exists N, > 0 and p; = o0



690

G=1,...

S. MATSUTANI and E. PREVIATO

,Ny). Hence ¢ is expanded as

qe(uly = Qe(vék),u[k_”) = (Uék))—Nq (ge0 + qz,wém + qé’Q(ng))Z +o),

where every coefficient ¢, ; is a function of k=1 ¢ @kt

Corollary 5.22 gives the expansion of oy, and o,
12Y)

we have o

is given by (5.20), whereas

k,Jg

o kde (ul*) = go(ul*))oy, (ulF]). Hence g, is a constant function and N, = 0.
£,9 U

In other words, there is a non-vanishing rational number ¢ j, such that

k k .
UJlfi),gNWz (ul*ly = ekJeahg,)(u[ D, i=1,2,... k+1 (5.23)

Now we consider the J,,, 11 = 0 case. Corollary 5.4 2. means that

T Nk £ 0, TNt = 0, N'<Ny. (5.24)
Due to (5.20), we have o v, (ul*) = €0y, (ulFl) for a suitable ey O
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Errata for Part I [MP1].

1. On p. 1015 of [MP1], the wording “singular locus of §™"(X)” is incorrect: Since any
symmetric product of a smooth curve is smooth, what was indicated by S7(X) in
[MP1] is the singular locus of §™(X) modulo linear equivalence.

2. The equation in [MP1, p. 1023],
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