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Abstract. In this article, we make use of geometry of sections of elliptic
surfaces and elementary arithmetic on the Mordell-Weil group in order to study
existence problem of dihedral covers with given reduced curves as the branch
loci. As an application, we give some examples of Zariski pairs (B1, B2) for
“conic-line arrangements” satisfying the following conditions:

(i) degBy =degBx =T.

(ii) Irreducible components of B; (i = 1,2) are lines and conics.

(iii) Singularities of B; (¢ = 1,2) are nodes, tacnodes and ordinary triple
points.

Introduction.

Let ¢ : S — P! be a relatively minimal elliptic surface over P! with a distinguished
section O. Let MW (S) be the set of sections of S. It is well-known that one can define
a structure of an abelian group on MW (S) with identity element O and that MW(S) is
called the Mordell-Weil group of ¢ : S — P!. We denote the group law by + and the
multiplication-by-m map (m € Z) on MW(S) by [m]s for s € MW(S). Also we identify
a section with its image on S.

Take s1,...,5, € MW(S). Then ), [a;]s; gives another element of MW (S) and its
image on S gives rise to a new curve on S. In this article, we consider p-divisibility (p:
odd prime) of 3 .[a;]s; in MW (S) and a reduced divisor on S given by the union of [a;]s;
(i=1,...,k) in order to study dihedral covers of the Hirzebruch surface ¥, of degree d
(d : even) or its blowing-ups id. As an application, we give examples of Zariski pairs
of degree 7 for conic-line arrangements. This can be considered as a continuation of the
author’s previous articles ([22], [23], [24], [25]). Before we go on to explain our results
in detail, let us first recall the definition of a Zariski pair.

DEFINITION 1. A pair (By, Bz2) of reduced plane curves B; (i = 1,2) of degree n
in P2 = P?(C) (the base field of this article is always the field of complex numbers C) is
called a Zariski pair of degree n if it satisfies the following condition:

(1) B; (i =1,2) are curves of degree n such that the combinatorial type (see Definition
2 below) of By is the same as that of Bs.
(ii) (P?, By) is not homeomorphic to (P2, By).
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DEFINITION 2 ([7]). The combinatorial type of a curve B is given by a 7-tuple
(Irr(B), deg, Sing(B), Ltop(B), Ttops { B(P)} Pesing(B)s 16P} Pesing(B))s

where:

e Irr(B) is the set of irreducible components of B and deg : Irr(B) — Z>( assigns
to each irreducible component its degree.

e Sing(B) is the set of singular points of B, X, (B) is the set of topological types
of Sing(B), and oep : Sing(B) — Ziop(B) assigns to each singular point its topo-
logical type.

e B(P) is the set of local branches of B at P € Sing(B), and fp : B(P) — Irr(B)
assigns to each local branch the global irreducible component containing it.

We say that two curves By and Bs have the same combinatorial type (or simply the same
combinatorics) if their data of combinatorial types

(Irr(B;), deg;, Sing(B;), Xtop(Bi), Ttop;» 150i,P } Pesing(B,)> { Bi(P)} pesing(8)), = 1,2,

are equivalent, that is, if ¥iop(B1) = Xiop(B2), and there exist bijections ¢sing :
Sing(B1) — Sing(B2), ¢p : Bi(P) — Ba(@sing(P)) (restriction of a bijection of dual
graphs) for each P € Sing(B1), and ¢y, : Irr(B1) — Irr(Bsg) such that deg, opr,, = degy,

Otopg ©¥Sing = Otopq>s and ﬂ?,g&smg(P) OCYp = PIrr © /Bl,P-

Note that when B; (i = 1,2) are irreducible, By and Bj have the same combinatorics
if they have the same degree and the same local topological types for singularities. Also,
for line arrangements, By and Bs have the same combinatorial type if they have the same
set of incidence relations. The first example of a Zariski pair is given by Zariski ([30],
[31]), which is as follows:

EXAMPLE 3. Let (Bj, Bs) be a pair of irreducible sextics such that (i) both of By
and B, have six cusps as their singularities, and (ii) the six cusp of B; are on a conic,
while no such conic for By exists. Then (B, B2) is a Zariski pair.

For these twenty years, Zariski pairs have been studied by many mathematicians
and many examples have been found (see [7] and its reference). Among them, Zariski
pairs for line arrangements of degrees 9 and 11 are considered by Artal Bartolo, Carmona
Ruber, Cogolludo Agustin and Marco Buzunariz ([5], [6]), Rybnikov ([19]) and those for
conic arrangements of degree 8 are considered by Namba and Tsuchihashi ([15]). In this
article, we study Zariski pairs for conic-line arrangements.

REMARK 4. Conic-line arrangements have been studied by M. Amram, M. Fried-
man, D. Garber, M. Teicher and A. M. Uludag. They put emphasis in studying properties
of the fundamental group of the complements of conic-line arrangements ([1], [2], [3],
[9]). No example of a Zariski pair, however, seems to be given.

As we explain in [7], the study of Zariski pairs, in general, consists of two parts:
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(I) To give curves B; and Bs having the same combinatorics, but some “different prop-
erty,” e.g., the location of singularities as in Example 3.
(IT) To show (P2, By) is not homeomorphic to (P?, By).

One of our goals in this article is to consider a new method for (I). Namely we make
use of elementary arithmetic and geometry of sections of the Mordell-Weil group of an
elliptic surface. Let us explain how it will be done briefly.

We first recall that any elliptic surface ¢ : § — P! with section O is always obtained
in the following way (see in Section 1, 1.2):

Let ¥4 be the Hirzebruch surface of degree d (d: even).

Let Ag be the section with A2 = —d and let T be a tri-section on %, such that (i)
T has at most simple singularities and (ii) Ao NT = 0.

Let f': 58" — X4 be a double cover with branch locus Ay + T

Let o : S — S’ be the canonical resolution. By our assumption, p is the minimal
resolution and we have the following double cover diagram as in Section 1.2:

o<t g

1)

Y=< q Yd,

where morphisms ¢ and f are those introduced in Section 1.2.
Under these circumstances, S is an elliptic surface over P! such that

e the elliptic fibration ¢ : § — P! is induced by ¥4y — P! and
e ¢ has a section O which comes from Ay.

Let A and As be sections of Xy with A? =d and A; N Ay =0 (i =1,2). Let A;
(i = 1,2) be the proper transforms of A; (i = 1,2) by g, respectively. We now suppose
the following conditions are satisfied:

1. f*(A;) consists of two sections si for each i.

2. f]d can be blown down to P2, which we denote by 7 : EAJd — P2

Let [2]s%, be the duplication of s X in MW(S) for i = 1,2. In order to give two plane
curves By and By with the same combinatorics, we make use of go f(szi)7 go f([Q}SL)
(1t = 1,2), and E(A(S/id)), where A(S/id) is the branch locus of f. We apply this
method to the case when d = 2 to construct examples of Zariski pairs for conic-line
arrangements of degree 7 (see Proposition 4.4). The author hopes that this method adds
a new viewpoint to the study of elliptic surfaces and their Mordell-Weil groups.

As for (IT), we also make use of theory of dihedral covers and p-divisibility of sections
of an elliptic surface as in our previous papers ([23], [24], [25]). Our main results of this
article along this line are Theorems 3.2 and 3.3

Now let us explain conic-line arrangements of degree 7 considered in this article.
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Conic-line arrangement 1.
Let C; (i =1,2) be smooth conics and let L; (i =1,2,3,4) be lines as follows:

(i) Both Ly and Lo meet C; transversely. We put Cy N Ly = {Py, P2}, C1 N Ly =
{]337 P4}

(ii) Cs is tangent to C; at two distinct points {Q1, @2} or at one point {Q}. We call
the former type (a) and the latter type (b).

iii) The tangent lines at Cq N Cy do not pass through Ly N Lo.

iv) Cs is tangent to Ly and Ls.

) Ls passes through P; and Ps.
vi) L4 passes through P; and P;.
(vii) Both L3 and L4 meet Cy transversely.

Weput By :=C1+Co+ L1+ Lo+ Ly and By :=C1+Cs+ Ly + Lo+ Ly. Then By
and B, have the same combinatorics.

v

(
(
(
(

Conic-line arrangement 1 of type (a).

We now go on to explain Conic-line arrangement 2. It is obtained from Conic-line
arrangement 1 by replacing two lines L and Ly by a smooth conic.

Conic-line arrangement 2.

Conic-line arrangement 2 of type (a).

Let C1,C5 and C3 be smooth conics and Ly and Ly be lines as follows:

(i) C; and Cy meet transversely. We put Cy N Cy = { Py, P, P3, Py}

(ii) Cj is tangent to both C; and Cs such that the intersection multiplicities at inter-
section points are all even. By exchanging C; and Cj if necessary, we may assume
that there are three possibilities:
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(a) C3NC1 ={Q1,Q2}, C3NC2 ={Q3,Q4},
(b) C3nNCy = {Q1}, C3NCy = {Q27Q3} or
(C) Cg N Cl = {Ql}, Cg n CQ = {QQ}
(iii) No tangent line at @Q; is bitangent to Cy + Cs.
(iv) Ly passes through P; and Pj.
(v) Loy passes through P; and Pj.
(vi)

vi) Both of L; and Lo meet C3 transversely.

We put Bl = Cl + CQ + 03 + Ll, BQ = Cl +02 + 03 +L2 Then Bl and BQ have
the same combinatorics.

THEOREM 5. (i) Let (Bi1,Ba) be the pair of Conic-line arrangement 1. Then
(B1, Ba) is a Zariski pair.

(ii) Let Cy and Cq be conics intersecting at four distinct points, Py, Pa, P3 and Py and
let Lo, L1 and Lo be lines through {Py, Py}, {P1, P3s} and {Pyi, P,}, respectively.
Choose a point z, on Cy such that the tangent line at z, to Cy is not tangent to
Cs. Then there exist just three conics C§0)7 C’i,()l) and C§2) satisfying the following

conditions:

ez, € C’éi) for each 1.

e Both Cy and Cy are tangent to C?(f) for each i and the intersection multiplicities
Ix(Céi),Cj) are either 2 or 4 for Vx € Cg(f) nNeC; (j=1,2).

o Fori,j=0,1,2 (i # ), if both of Cy + Co+ C{” + L; and Cy + Cy+ C{" + L
have the combinatoric for Conic-line arrangement 2 of the same type, then
(C1+Cy+ C’éi) + L;,C1 +Cy + Céi) + L;) is a Zariski pair.

REMARK 6. The triple (Cy +Co+CS” + Lo, Cy +Co+CS) + Ly, C1 +Co+C{ + Ly)
may be a candidate for a Zariski triple. Our method in this article, however, does not
work to see whether it is or not.

This article consists of 5 sections. In Section 1 and Section 2, we summarize some
facts and results for theory of elliptic surfaces and Ds,,-covers, which we need to prove our
theorem. We prove Theorem 3.2 in Section 3 and Theorem 3.3 in Section 4. In Section
5, we prove Theorem 5 and give another example of a Zariski pair by our method.

ACKNOWLEDGEMENTS. Part of this article was done during author’s visit to Uni-
versidad de Zaragoza and Ruhr Universitdt Bochum in September 2011. He thanks for
Professors E. Artal Bartolo, J.-I. Cogolludo and P. Heinzner for their hospitality. He also
thanks the referee for his/her valuable comments.

1. Elliptic surfaces.

1.1. General facts.

We first summarize some facts from the theory of elliptic surfaces. As for details,
we refer to [11], [13], [14], [20].

In this article, the term, an elliptic surface, always means a smooth projective surface
S equipped with a structure of a fiber space ¢ : S — C over a smooth projective curve,
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C, as follows:

(i) There exists a non-empty finite subset, Sing(i), of C such that ¢ ~!(v) is a smooth
curve of genus 1 for v € C'\ Sing(y), while ¢~!(v) is not a smooth curve of genus
1 for v € Sing(yp).

(ii) ¢ has a section O : C' — S (we identify O with its image).

(iii) There is no exceptional curve of the first kind in any fiber.

Under these circumstances, we first recall the basic results on invariants of .S.

ProproOSITION 1.1.  Let ¢ : S — C be an elliptic surface as above. Then

( i ) X(OS) > 0;
(ii) O-0 = —x(0s), and
(iii) dim H'(S,Og) = genus of C. In particular, the irregularity of S is 0 if C = P*.

PROOF.  Since Sing(yp) # 0, x(Og) > 0 by [11, Theorem 12.2]. By [12, Proposition
2.3], we have (ii) and (iii). O

For v € Sing(y), we put F, = ¢~ 1(v). We denote its irreducible decomposition by

My —1

Fv = 61),0 + Z av,i@v,ia

i=1

where m, is the number of irreducible components of F, and O, is the irreducible
component with ©, -0 = 1. We call ©, ¢ the identity component. The types of singular
fibers are classified by [11]. There are two types for irreducible singular fibers. One is
a rational curve with a node, and the other is a rational curve with a cusp. The former
is called of type I;, while the latter is called of type II. The following dual graphs and
figures explain types of reducible singular fibers. Every vertex in dual graphs and every
smooth irreducible component of Type III and IV are rational curve with self-intersection
number —2.

We also define a subset of Sing(¢) by Red(y) := {v € Sing(y) | F, is reducible}.
Let MW(S) be the set of sections of ¢ : S — C. From our assumption, MW (S) # 0.
By regarding O as the zero element of MW(S) and considering fiberwise addition (see
[11, Section 9] or [27, Section 1] for the addition on singular fibers), MW (S) becomes
an abelian group. We denote its addition by +.

Also for k € Z and s € MW(S), we write

” k-times addition of s if £ >0
s =

k-times addition of the inverse of s if £ < 0.
The following two theorems are fundamental:

THEOREM 1.2 ([20, Theorem 1.2]). Let NS(S) be the Néron-Severi group of S.
Under our assumption, NS(S) is torsion free.
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Type I (b>1) Type I (b> 0:even) Type I (b> 1:0dd)

[SH €]
o /C)_b 0, O10 O( ) 0, (N
. [SH) « 0 <0 e ..
. O/ O <)/ ST,
. O19 O17 ©2 O3
01 ¢

Type II" Type IIT"
98 ®5
87 66 (’)5 @4 @3 @2 @1 @0 @1 @7 @6 @4 (”)3 (—)2 @U
Type IV" Type III Type IV
0, b,
O3

0, 04 65 O3 O o,

Oy

THEOREM 1.3 ([20, Theorem 1.3]). Let Ty, be the subgroup of NS(S) generated by
O,F and O, (v € Red(p), 1 <i<m,—1). Under our assumption, there is a natural
map ¥ : NS(S) — MW(S) which induces an isomorphisms of groups

b : NS(8)/T, = MW(S).

In particular, MW (S) is a finitely generated abelian group.
In the following, rank MW (S) means that of the free part of MW(S5).

LEMMA 1.4 ([20, Lemma 5.1]). Let D be a divisor on S and put s(D) = (D).
Then D is uniquely written in the form:

Moy —1
DxsD)+(d-1)0+nF+ > > b0,

vERed(p) =1

where = denotes the algebraic equivalence of divisors, and d,n and b, ; are integers defined
as follows:

d=D-F n=(d-1)x(0s)+0-D—-s(D)-O0,

and
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bU 1 D- 61},1 —SD - ev,l

_ 41 .

. - A’U .

bv,mq,—l D. ev,mv—l —SpD - ®v,mv—1

Here A, is the intersection matriz (O, - Oy j)1<i, j<my,—1-

For a proof, see [20].

Put NSq := NS(S) ® Q and T, ¢ := T, ® Q. Since NS(S) is torsion free under
our setting, there is no harm in considering NSg. By using the intersection pairing, we
have the orthogonal decomposition NSg = T, ¢ @ (T, 0)*. In [20], the homomorphism
¢ : MW(S) — (T,,0)" C NSq is defined as follows:

¢p:MW(S)3s—s—0—(s- 0+ x(0g))F
S~@U’1

+ > (Ouare s Opm, 1) (—Ay) ! € (Tp0)*.

vERed(p) I @v,mvfl

Also, in [20], a Q-valued bilinear form (, ) on MW(S) is defined by (s1, s2) := —@(s1) -
¢(s2), where the right hand side means the intersection pairing in NSg. Here are two
basic properties of (, ):

o (s, s) >0 for Vs € MW(S) and the equality holds if and only if s is an element of
finite order in MW(S).
e An explicit formula for (s1, s2) (s1,s2 € MW(S)) is given as follows:

(s1,82) = x(Og) +51-0+s82-0 — 5759 — Z Contr,(s1, $2),
vERed(p)

where Contr,(s1, $2) is given by

52 611,1
Contry(s1,s2) = (51 - Op,1,...,51 - (91,7”%_1)(—147,)*1
S92 @v,mv—l

As for explicit values of Contr,(s1, s2), we refer to [20, (8.16)].

1.2. Double cover construction of an elliptic surface.

For details about this subsection, see [13, Lectures III and IV]. Let ¢ : S — C be
an elliptic surface. By our assumption, the generic fiber of ¢ can be considered as an
elliptic curve over C(C), the rational function field of C. The inverse morphism with
respect to the group law induces an involution [—1], on S. Let S/([—1],) be the quotient
by [—1],. The quotient surface S/([—1],) is known to be smooth and S/([—1],) can be
blown down to its relatively minimal model W over C satisfying the following condition:

Let us denote

o f:5— S/([—1],): the quotient morphism,
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e q:S5/([-1],) — W: the blowing-down, and
o S 8" L W: the Stein factorization of go f.
Then we have:

1. The branch locus Ay of f’ consists of a section Ay and the trisection 7" such that its
singularities are at most simple singularities (see [8, Chapter II, Section 8] for simple
singularities and their notation) and Ao NT = ().

2. Ay + T is 2-divisible in Pic(W).

3. The morphism p is obtained by contracting all the irreducible components of singular
fibers not meeting O.

Conversely, if Ag and T on W satisfy the above condition, we obtain an elliptic
surface ¢ : S — P!, as the canonical resolution of a double cover f’ : S’ — W with
Ay =Ag+ T, and the diagram (see [10] for the canonical resolution):

S <——8
i l (1.1)
W~

Here ¢ is a composition of blowing-ups so that W = S /([—1],). Hence any elliptic
surface is obtained as above. In the following, we call the diagram above the double cover
diagram for S.

In the case of C = P!, W is the Hirzebruch surface, ¥4, of degree d = 2x(Og) > 0
and Ay is of the form A+ T, where A is a section with AZ = —d and T’ ~ 3(Aq + df),
f being a fiber of the ruling X4 — P!. Moreover, dim H!(S,Og) = 0 by Propositon 1.1.

REMARK 1.5. (i) For each v € Sing(p), the type of p~1(v) is determined by
the type of singularity of 7" on f, and the relative position between f, and T (see

[14, Table 6.2]).
(ii) Note that the covering transformation, o, of f coincides with [—1],.

2. Ds,-covers.

In this section, we summarize some facts on Galois covers. We refer to [21] and [7,
Section 3] for details.

We start with terminology on Galois covers. Let X and Y be normal projective
varieties with finite morphism 7 : X — Y. We say that X is a Galois cover of Y if
the induced field extension C(X)/C(Y) by n* is Galois, where C(e) means the rational
function field of e. Note that the Galois group acts on X such that Y is obtained as
the quotient space with respect to this action (¢f. [22, Section 1]). If the Galois group
Gal(C(X)/C(Y)) is isomorphic to a finite group G, we call X a G-cover of Y. The branch
locus of m : X — Y, which we denote by A, or A(X/Y), is the subset of ¥ consisting
of points y of Y, over which 7 is not locally isomorphic. It is well-known that A, is an
algebraic subset of pure codimension 1 if Y is smooth ([32]).
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Suppose that Y is smooth. Let B be a reduced divisor on Y whose irreducible
decomposition B =>""_, B;. A G-cover 7 : X — Y is said to be branched at > \_, ¢;B;
if (i) Ay = B (here we identify B with its support) and (ii) the ramification index along
B; is e; for each i, where the ramification index means the one along the smooth part of
B; for each i. Note that the study of G-covers is related to that of the fundamental group
of the complement of B, since we have the following proposition (see [7] for details):

PRrROPOSITION 2.1 ([7, Proposition 3.6]).  Under the notation as above, let ~y; be
a meridian around B;, and [y;] denote its class in the topological fundamental group
m (Y \ B,po). If there exists a G-cover w: X — Y branched at e By + - -+ + ¢,.B,., then
there exists a normal subgroup H, of 71 (Y \ B,p,) such that:

( i ) [’Y’i]ei € H7T7 [’Y’i}k ¢ H7T7 (1 S k S €; — 1)7 and
(ii) m(Y\ B,p,)/Hr =2 G.

Conversely, if there exists a normal subgroup H of m1 (Y \ B, p,) satisfying the above
two conditions for H., then there exists a G-cover gy : Xy — Y branched at ey By +
co -+ e By

Let Ds, be the dihedral group of order 2n. In order to present Ds,, we use the
notation

Dy, = (o, 7| 0% =7" = (07)? = 1).

By a Ds,,-cover, we mean a Galois cover whose Galois group is isomorphic to Ds,. Given
a Dayy-cover, we obtain a double cover, D(X/Y"), canonically by considering the C(X)7-
normalization of Y, where C(X)™ denotes the fixed field of the subgroup generated by
7. The variety X is an n-fold cyclic cover of D(X/Y) and we denote these covering
morphisms by £1(7) : D(X/Y) — Y and f2(7) : X — D(X/Y), respectively. Here are
two propositions for later use.

PROPOSITION 2.2. Let n be an odd integer > 3. Let Z be a smooth double cover
of a smooth projective variety Y. We denote its covering morphism and covering trans-
formation by f and oy, respectively. Let D be an effective divisor on Z satisfying the
following conditions:

(i) D and 03D have no common component.
(ii) If D =37, a;D; denotes its irreducible decomposition, then ged(a;, n) =1 for every
1.
(iii) D —o%D is n-divisible in Pic(Z).
Then there exists a Do, -cover m: X — 'Y such that
a) [o(m) is branched at n((D + 0%D)eqa), and
!

(b) D(X/Y) = Z and f = ().

PrOOF. By [21, Proposition 0.4], our statements except the ramification indices
are straightforward. As for the ramification indices, it follows from the last line of the
proof of [21, Proposition 0.4]. O
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PROPOSITION 2.3. Let n be an odd integer > 3. Let m : X — Y be a Day,-cover
such that both Y and D(X/Y') are smooth. Let g, be the covering transform of B1(m). If
Ba(m) is branched at nD for some non-empty reduced divisor D on D(X/Y), then there
exists an effective divisor D, whose irreducible decomposition is ), a;D; satisfying the
following conditions:

(i) D and o D have no common component.
(ii) D —op D is n-divisible in Pic(D(X/Y)).
(iii) For every i, ged(ag,n) = 1.
(iv) D

iv = (D + 0}, D)red-

ProOOF. The statement essentially follows from Proposition 0.5 and its proof in
[21]. We, however, give another simple proof based on the idea of versal Da,-covers (see
[26], [28] for versal Galois covers). By [28], there exists an element £ € C(X) such that
the action of Dy, on ¢ is given in such a way that:

57— = Cﬂ§7 Cn = €xp (27717”)

By using £, we have C(D(X/Y)) = C(Y)(¢™), C(X) = C(Y)(§). Put § = ¢" €
D(X/Y)). Let (0),(0)o and (8)s be the divisor of 6, the zero and polar divisors
of 6, respectively. Write (6)( in such a way that

0)o = Z%‘Di +nD',

where D,’s are irreducible divisor on D(X/Y) with 1 < a; < n and D’ is an effective
divisor on D(X/Y"). Since o induces oz, on D(X/Y) and 07 (= 6751) = 1/6, we have
equalities of divisors:

0) oo = Z a;iop, D +noj, D'
i

(@) = (¥)o — (¥)o

_Zaz i — 0 )+n(D —O'EID/).

Now we put D = ) .a;D;. Since we may assume that (§)p and (#)s have no com-
mon components, our statements (i) and (i) follow. Also as C(X) = C(D(X/Y))(/6)
and X is the C(X)-normalization of D(X/Y) and the ramification index along D; is
n/ ged(a;, n), our statements (iii) and (iv) follow. O

COROLLARY 2.4. Under the same assumption of Proposition 2.3, if D is an ir-
reducible divisor on'Y such that (81(m)) "1 (D) C Ag,(x), then By(m)*D consists of two
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irreducible components. In particular, in the case of dimY = 2, the intersection multi-
plicity at x, 1,(D,Ag, (), is even for Vo € DN Ag, (x.

PrROOF. The first statement is immediate from Proposition 2.3. For the second
statement, let D be the normalization of D. If there exists z € D N Ag, () such that
I.(D, Ag, (x) is odd, B;(m) induces a double cover of D with non-empty branch set. This
means (1 (7)*D is irreducible. O

In [25], we introduce a notion of an elliptic Dg,-cover, whose definition is as follows:

DEFINITION 2.5. A Dg,-cover m : X — Y is called an elliptic Ds,-cover if it
satisfies the following condition:

e D(X/Y) has a structure of an elliptic fiber space ¢ : D(X/Y) — S over a projec-
tive variety S with a section O : § — D(X/Y).

e On the generic fiber D(X/Y'),, the group law is given by regarding O as the zero
element. The involution on D(X/Y), induced by the covering transformation
03, (=) coincides with the inversion with respect to the group law on D(X/Y),,.

In this article, we consider elliptic Dsj,-covers as follows:

(i) D(X/Y) has an elliptic fibration ¢ : D(X/Y) — PL.
(ii) fi(m) : D(X/Y) — Y coincides with f : D(X/Y) — X4 in the double cover
diagram for ¢ : D(X/Y) — PL.

3. Elliptic Dyp-covers and p-divisibility of sections.

Let ¢ : S — P! be an elliptic surface over PL. Let f : S — Sy be the double cover
appearing in the double cover diagram (1.1) for S.

We first note that, by its definition, any elliptic Day,-cover (p: odd prime) 7, : X, —
f)d satisfies the following conditions:

o 5= D(Xp/fld) and (1 (mp) = f.
e The branch locus of §2(mp) is of the form

D‘FU;D—‘FE—FO’}E

where

1. all irreducible components of D are horizontal with respect to the elliptic fibra-
tion and there is no common component between D and O';Z’D, and

2. all irreducible component of = are vertical and there is no common component
between = and o}E.

REMARK 3.1. (i) By Remark 1.5 (ii) and [11, Theorem 9.1], the action of o
on irreducible components of singular fibers is described as in the table below. We
here use the labeling for irreducible components introduced in Section 1.1. Hence
possible irreducible components of = can be determined.
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(ii) Under the above notation, the case when D = ) (resp. = a section) is considered
in the author’s previous works ([21], [22], [23], [24]) (resp. [25]).

Type of a singular fiber | The action on irreducible component
O — O
ei'_)@n—i i:l,...,nfl

@ij = G)ij V’L,]

In

I (n: even)

I (n: odd) 0,05 05 0,
11, 1T, 101, 111 0, — 0, Vi
v S0~ G0

@1 l—>®2 @2*—>@1
@ZH@Z i:0,3,6
IV* @1 H@Q 92P—>@1
B4 05 05— 04

In the following, we always assume that
(x) D#0.

The proposition below, which is a generalization of [25, Propositions 4.1 and 4.2],
plays an important role in this article:

THEOREM 3.2. Let p be an odd prime. Let Cq,...,C, be irreducible horizontal
divisors on S such that 33i_, C; and 37;_ 05C; have no common component. Then (T)
and (II) in the below are equivalent:

(I) PutC=Y._, C;. There exists an elliptic Day,-cover m, : X, — S4 such that
o D(X,/%q) =15 and Bi(mp) = f.
o By(mp) is branched at

p((C+ 0;C+E+ U;E)red)

for some effective divsior = on S such that irreducible components of = are all
vertical and there is no common component between = and o3 E.
(I1) Let s(C;) = 4(C;) (i =1,...,7). There exist integers a; (i =1,...,r) such that
e 1<a;<p(i=1,...,7) and
o > lai]s(Cy) is p-divisible in MW(S), i.e.,

r

> lai]s(Ci) € [PIMW(S) := {[p]s | s € MW(S)}.

=1

Proor. (I) = (II) Let D be the effective divisor in Proposition 2.3. We put
D = Dy + Dyer, where the irreducible components of Dy, are all horizontal, while
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those of Dy are all in fibers of ¢. By Proposition 2.3 (iv), (Dhor + U;Dhor)red =
i Ci+ 20 03Ci
CLAIM.  We may assume that Dy, is of the form Dpo, = >, a;C; (0 < a; < p).

PrOOF OF CramMm. If J}C’i is an irreducible component of Dy, then we consider
Do = Dhor + (p — a;)C; — a;03C;,

and put D’ = D{ . + Dye,. Then we infer that D’ also satisfies all four conditions in
Proposition 2.3. After repeating this process finitely many times, we can choose Dy, as
in Claim.

We first recall that the irregularity of S is 0 by Proposition 1.1, since we always
assume that Sing(¢) # 0 and the base curve is P1. Hence linear equivalence coincides with
algebraic equivalence on S. By Claim and Proposition 2.3 (iii), there exists £ € Pic(S)
such that

Z az i O'fO Dyer — O’;Dver ~ pL,

where ~ means linear equivalence of divisors. This implies

s

w(zaxa - a;cn) — plI(L) in MW(S).

As Y(0}C;) = [-1]s(C;), we have

w(zaxci - a;zc») — [2)([as)s(C1) +- -+ [a,1s(C,)-

=1

Since p is an odd prime, we infer that [a1]s(C1) + - - + [a,]s(C,.) € [p) MW(S).

(II) = (I) Our proof is similar to that of [25, Proposition 4.2]. By Lemma 1.4, we
have

my,—1

Ci~s(C)+(di — )0 +nF+ Y. Y oo,
vERed(p) J=1
This implies

r r Moy —1
Z%‘Oi ~ Zais(C’i) Zal((d - 1O +n;F + Z Z b, Z) @ )
i=1 i=1

vERed(p) j=1
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By our assumption, there exists s, such that Y . [a;]s(C;) = [p]s, in MW(S). By
Theorem 1.3, this implies that

Moy—1

Zaz z ~ DpSo + ( p+zaz)0+noF+ Z Z Cv,]

vERed(p) j=1

for some integers n,, ¢, ;. Hence we have

zr:aiCZ- ~ DpSo + (—p+iaidi)0+ (no—kZami)F
i=1 i=1 i
my,—1

- Z(cvﬁzaw) s

vERed(p) j=1
and put

My —1

zalm DY ( Zaibgi;.)a;@m.
i=1

vERed(p) J=1
Then we have
D' — o} D' ~ p(s, — 0}50).

The left hand side of the above equivalence contains some redundancy in the sum for
0,,; and J;’Z@m. By taking the action of o on O, ;’s (see Remark 1.5) into account, we
can find divisors D = Y7, a;C; + >_; kjE; and E on S such that

(i) all =5 and all irreducible components of Z are those in fibers not meeting O,
(ii) D and ¢} D have no common component,

(iii) 1 < k; < p, and

(iv) D *D’ D—UfD—l—pu.

Now we easily infer that D satisfies the three conditions in Proposition 2.2 for p. O

THEOREM 3.3.  Let p be an odd prime such that p J{(MWio,). Choose two distinct
sections s1,s2 € MW(S) such that s; & [p)MW(S) (i = 1,2). There exists an elliptic
Dayp-cover m, : X}, — X4 such that the horizontal part of Ag,(x,) 18

51+ 82+ 0f(s1 + 82)

if and only if the images 5; (i = 1,2) of s; (i = 1,2) in MW(S) ® Z/pZ are linearly
dependent over Z/pZ.

PROOF. Since p /(MW ), we have MW (S)/[p] MW (S) = MW(S) @ Z/pZ =
(Z/pZ)®". By our assumption, 5; # 0 (i = 1,2). If 51 and 39 are linearly dependent, we
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have 31 + ¢S = 0 for some non-zero ¢ € Z/pZ. This means that there exists an integer
a (0 < a < p) such that s; + [a]s2 € [p) MW(S). Hence the existence of 7, : X, — S
as above follows from Theorem 3.2. Conversely if 7, : X, — 5.4 exists, then s1 + [a]sy €
[p] MW (S) for some integer a (0 < a < p) by Thorem 3.2. This shows that 3; and s, are
linearly dependent. 0

4. Applications.

Let ¢ : S — P! be an elliptic surface and we keep our notation for the double cover
diagram for S in Section 1.2. We fix an isomorphism MW (S) = M, MW ,,, M, = Z%",
r = rank MW(S). Let us start with the following proposition:

PROPOSITION 4.1.  Choose s € M, such that M,/Zs is free. For any finite number
of odd prime numbers pi,...,p;, there exists a section sy, .., satisfying the following
conditions:

( i ) <5P17~»-7Pl’5P1,»--7P1> = (pl o 'pl)2<5a 5>' N
(ii) For any odd primep & {p1,...,pi}, there exists an elliptic Da,-cover mp : X, — g
such that
L4 D(Xp/zd) = S; ﬁl(wp) = f; and
e (a(mp) is branched at p(s+sp,,..p+07(5+8p,,... ) +Eo), where all irreducible
components of =, are those of the singular fibers not meeting O.

(iii) For p € {p1,...,p}, there exists no elliptic Day-cover m, : X, — X4 as in (ii)
(iv) {Spy,...pvs [=1Spy,...p1 } G5 unique up to torsion elements.

PROOF. Define s, ., = [II/_;p;]s. By Theorem 3.2, our statements (i), (ii) and
(iii) are immediate. Suppose that s’ € MW(S) satisfies the statements (i), (ii) and (iii).
Put ' = s +1t., s, € M,, t, € MWyq,. Since M, /Zs is free, we can choose a free basis

of M, such that s1 = s,...,s,, r = rank MW(S). By Theorem 3.2, for p & {p1,...,m},
there exists an integer a1 (1 < aq,as < p) such that

[a1]s + [az]s), = 0 mod pM,,.

Hence we infer that s/, = [bi]s1 +p(3 ;_,[bs;]s;) for some integers by,...,b,. Since p is
any odd prime & {p1,...,pi}, we infer b; =0 (2 <4 <r). Thus

<S;, 82)> = b%<87 S> = (pl e 'pl)2<87 S>

Since (s, s) # 0 by the basic properties of (, ) (see Section 1), we have by = £p;---p;.
O

Hence s’ is equal to [£1]sp, ., up to torsion elements.

The following theorem is essential to prove Theorem 5.

THEOREM 4.2. Choose s1,s2 € M, so that s; and so are a part of a basis of Z®",
i.e., M,/Zs1 + Zso is free of rank r — 2. Put s3 := [2]s;. For any odd prime p with
p M(MWio,), we have the following:
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o There exists an elliptic Da,-cover m, : X, — 4 such that the horizontal part of
the branch locus of B2(mp) is s1 + 53+ U;Z(sl + s3).

o There exists no elliptic Day-cover mp : X, — fld such that the horizontal part of
the branch locus of Ba(my) is sz + s3 + 0}(s2 + 83).

PrROOF. We apply Theorem 3.3 to s1,s3 and sa, S3. O
By Proposition 2.1 and Theorem 4.2, we have:

COROLLARY 4.3. Let T be the trisection on %4 appearing in the double cover
diagram for S. Put A; := qo f(s;) (i = 1,2,3). Then there exists a Day-cover
of X4 branched at 2(Ao + T) + p(A1 + As), while there exists no Day,-cover of X4
branched at 2(Ag + T) 4+ p(A2 + As). In particular, there exists no homeomorphism
h : (Zd,Ao + Al + Ag + T) — (Ed,Ao + AQ + Ag + T) such that f(Ao) = AO and
f(r)=r.

PROOF.  Since every vertical component of Ag, () is mapped to a singular point
of T, our statement for Dy,-covers follows. The last statement follows from Proposition
2.1. O

We end this section by considering the case when S is a rational elliptic surface. In
this case, as x(Og) = 1, the ruled surface in the the double cover diagram (1.1) for S is
39. Hence we have the following diagram:

g <t g

q )

z2 $ 5\32.

Write ¢ :=q10---0gq, : f]g = Eg") — e — Egl) — 2(20) = Y5, where ¢; is a blowing up
at a point at Eélil). Put Ay = Ag +T. In the following, we assume that

T has a node x,.

Note that this is equivalent to the fact that S has a singular fiber of type I or III by
[14, Table 6.2]. We may assume that ¢; is a blowing-up at z,. Let E; be the exceptional
divisor of ¢; and let f, and T be the proper transforms of a fiber, f,, through z, and T,
respectively. Then we have the following picture:

Note that if f, meets both of the local branches of T" at x, transversely, we have the
case (a), while if f, is tangent to one of the local branches of T' at x,, we have the case
(d).

Blow down f, and Ag in this order. Then the resulting surface is P?. We denote
this composition of blowing downs by g : Zél) — P? and put Q := g, (T). Then Q is a
reduced quartic with the distinguished point z, := g, (fo U Ag). Note that g, (E) is the
tangent line L, of Q at z,. Put :=q,0¢a0---0g, and we have the following diagram:
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T
fo Q
/_To Vi /\
' f,

T /

- | L

E— A(]

The case (a).
Ey
T
2 ] Q
/ Ao n /_\
[t f,

T -1

The case (b).

<t g

v

]P)Q <T ig.

Here g : S — S” is the Stein factorization of go f. Note that S” is a double cover with
branch locus @ and that the pencil of lines through z, gives rise to the elliptic fibration
of S. Now we have the following proposition.

PROPOSITION 4.4.  Let s1,s2 and s3 be sections as in Corollary 4.2 and put C; :=
q(si) (i =1,2,3). There is no homeomorphism h : (P?, Q +Cy +C3) — (P2, Q+Ca +C3)
such that h(Q) = Q. In particular, if (i) @ 4+ C1 + C3 and Q + Co + C3 have the same
combinatorics and (ii) the set of irreducible components of Q is invariant under the
induced bijection o1y : Irr(Q 4+ C1 4+ Ca) — Irr(Q + Co + C3) for any equivalence of the
combinatorics between Q + Cy 4+ Cs and Q + Co + Cs, then (Q +Cy 4+ C3,Q + Co + C3) is
a Zariski pair.

PrOOF. Our statement is immediate from Proposition 2.1 and Corollary 4.2 and
the following lemma. O
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LEMMA 4.5. Let p be an odd prime. For i = 1,2, there exists a Day-cover w), :
X, — P? of P? branched at 2Q+p(C; +Cs) if and only if there exists an elliptic Day,-cover
Tp : Xp — 2o of ¥o such that the horizontal part of ABQ(%) 18 8; + 83 + O’;Z(Si + 83).

PROOF. Suppose that there exists a Dg,-cover w, : Xp — P? branched at 20 +
p(C; + C3). Let w;(,i) : Xp(i) — E;i) be the induced Dy,-cover, i.e., X,gi) is the C(X})-
normalization of Eéi). Since D(X,/P?) = S” and Bi(w,) = f”, D(Xlgl)/Egl)) is the
C(S")-normalization of Egl). Hence A&(wé”) =Ag+T as @ Q = Ao+ T + 2f,. This
implies that D(Xér)/ig) = S and ﬁl(wg)) =f. AsC;=7o f(s;)(i = 1,2,3), wg) :
XIST) N f}Q is an elliptic Dg,-cover such that the horizontal part of Aﬁg(wy)) is s; + 83+
o} (s; + s3). Conversely, suppose that there exists an elliptic Dg,-cover m, : X, — ig
such that the horizontal part of Ag,(x,) is s; + s3 + U;‘c (s; + s3). Since Fj gives rise to
an irreducible component “©;” of singular fiber of type Iy or III, the preimage of Ey in
Y5 is not contained in the branch locus of 7, by Corollary 2.4 and Remark 1.5. Now let

Yp be the Stein factorization of § o m,. Then the induced Day,-cover 7, : Yp — P2 is
branched at 29 + p(C; + Cs). O

»

5. Proof of Theorem 5.

PROOF OF THEOREM 5 (i). Put Q@ = C1+ L1+ Ly and choose a point z, € C1NCo
as the distinguished point. Let f5 : S§ — P? be a double cover with branch locus Q
and let ¢., : S(g.,) — P! be the rational elliptic surface as in Section 4. By our
construction of Sg . , both L3 and Ly give rise to sections, which we denote by szi and
sy, (= a;’ész = [-1]sr,) (i = 3,4), respectively. Reducible singular fibers of ¢, are
of type I or III depending on z,. As the difference between I and III does not affect
computation below, we may assume that all reducible singular fibers are of type I. By
labeling singular fibers suitably, we may assume that sJLr (¢ = 3,4) and reducible singular

fibers meet as in the following picture:

Here we assume that ©1 o and O come from z,. By the explicit formula of (, ), we
have

1 .
<si,si> =3 (i =3,4) <sz3,s'£4> =0.
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By [16], MW(S(o,.,)) = (A})®? & (Z/2Z)%? and we may assume that
(A‘l‘)@2 = Zsi‘3 @ Zsa,

and that the 2-torsions sections arise from C7, L and Ls.

As for (go f)*(Cq), it also gives rise to two sections sa). Since Cy does not pass
through any singularities of Q and saO = 0, we have <5§2, sé) =2.

On the other hand, any element s € MW(S(g,.,)) with (s,s) = 2 is of the form

sz, 7. (i=3,4) 7E€MW(S(0.x))tor

If 7 # 0, then sa meets O; 1 for some ¢ by considering the addition on singular fibers (see
[11, Theorem 9.1] or [27, Section 1]). Hence, by the explicit formula for (, ), we have
saO 2 0. On the other hand, saO = 0 by our construction. Thus we infer 7 = 0 and

we may assume that sJCCZ = [2}sz3 after relabeling +, L3 and Ly, if necessary. Therefore

s&, +p—2st, € PIMW(S(g.2,))
for any odd prime p, while
s&, FklsT, & PIMW(S(q.2,))

for any odd prime p and 1 < k < p — 1. As for any equivalence of the combinatorics
between Q + Cy + L3 and Q + Co + Ly, {C1, L1, Lo} is invariant under the induced
bijection @y : Irr(Q + Cy 4+ L3) — Irr(Q + Cy + Ly), by Proposition 4.4, we infer that
(Q+ Cy+ L3, Q+ Cy + Ly) is a Zariski pair. O

PROOF FOR THEOREM 5 (ii). Put Q@ = Cy + C5 and choose a point z, € C1 N C3
as the distinguished point. Let f§ : S5 — P? be a double cover with branch locus
Q and let ., : Sz, — P! be the rational elliptic surface as in Section 4. By our
construction of Sg ,,, Lo, L1 and Ls give rise to sections, which we denote by 5'{ and
sp, (= a;s}fi = [-1]sz,) (¢ =0,1,2), respectively. Likewise our proof for Theorem 5 (i),
we may also assume that all reducible singular fibers are of type I». By labeling singular
fibers suitably, we may assume that Sz (i = 0,1,2) and reducible singular fibers meet
as in the following picture:

Here we assume that ©1 o and O come from z,. By the explicit formula of (, ), we
have

(5T057,) = 50 (1=0,1,2) (s} ,sf )=0.(i,5 =0,1,2,i # j)

|~

By [16], MW(S(0,.,)) = (A7)®® @ (Z/2Z) and we may assume that

(A7)®3 =~ Zs}fa @ Zs}fl @ Zs}fz,
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and that the unique 2-torsion section arises from Cj.

By [11, Theorem 9.1], [2]si (¢ = 0,1,2) meet the identity component at each
singular fiber. Hence by the explicit formula for (, ), we have [2]5%0 = 0 for each i.
This implies that, for each i, Cr, := g o f([Q]S%) is a conic not passing through P;
(j =1,2,3,4). If Cp, and Q has an intersection point at which intersection multiplicity
is odd, then we easily see that the closure of (g o f)~1(Cp, \ z,) is irreducible. This is
impossible, as Cp, is the image of [2]3%1 Hence we have three conic satisfying the first
two conditions.

Conversely, suppose that there exists a conic C, satisfying the first two conditions.
We infer that C, gives rise to two sections sa. Since C, does not pass through any
singularities of Q and saO = 0, we have <sa7sa> = 2. On the other hand, any
element s € MW (S (g .,)) with (s,s) = 2 is of the form

2sf, 47 (1=0,1,2) 7€ MW(S(ig-,))or

By a similar argument to that in the case of Conic-line arrangement 1, we infer that
7 =0. Hence Cp, (i =0,1,2) are only conics satisfying the first two conditions and no
other such conics. Now we may assume that C:gl) = (1, and s+(i) = [Q]SJLr (1=0,1,2).
3

For 4,5 =0,1,2 (i # j), we have ¢
s P =2z, € [PIMW(S(o.2,)
for any odd prime p, while
SJCrén + [k]SJLrJ ¢ []MW(S(q,2,))

for any odd prime pand 1 <k <p-—1.

Now suppose that both of Q + C'?()i) + L; and Q + C:gi) + L; have the combinatorics
for Conic-line arrangement 2 of the same type. Then, as for any equivalence of the
combinatorics between Q + C’éi) + L; and Q + C’éi) +L; (i,j =0,1,2,7 # j), {C1,Ca}
is invariant under the induced bijection @1,y : Irr(Q + C?Ei) +L;) — Irr(Q+ Céi) + Lj),
(Q+ Cg(,i) +L;, Q+ Cg(f) +L;) (4,7 =0,1,2,i # j) are Zariski pairs by Proposition 4.4.

d
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REMARK 5.1. Let B be one of the conic-line arrangements as in Theorem 5. By
Corollary 2.4, if there exists a Doy,-cover m: X — P? with branch locus B, then Ag (m) =
Ly + Ly + C; (resp. Cq 4 C3) for Conic-line arrangement 1 (resp. 2). This means that
the Dap-covers in our proof of Theorem 5 are the only possible ones. Therefore for the
fundamental group 7 (P2 \ B, x), we infer that

T (P?\ (C1 + Ca+ L1 + Lo + L3),*) £ m(P*\ (C1 + C2 + L1 + Lo + Ly), %)
for Conic-line arrangement 1, and
T (B2 (C1+ Co + C§ + L), %) 2 m (P2 \ (C1+ Co + C§) + L), %) (i # )

for Conic-line arrangement 2. In particular, the complements are not homeomorphic for
both of Conic-line arrangements 1 and 2.

ExAMPLE 5.2. Let [T, X, Z] be homogeneous coordinates of P? and let (t,z) :=
(T/Z,X/Z) be affine coordinates for C2 = P2\ {Z = 0} and consider a conic and four
lines as follows:

Cy:z—t>=0, Li:x2—-3t+2=0, Ly:x+3t+2=0,
Ly:x—t—2=0, Ly:2—1=0.
Note that C1N(L1UL9) = {[£1,1,1],[£2,4,1]}. Put @ = Cy+ L1+ Ly and choose [0, 1, 0]
as the distinguished point z,. Let S(g ..y be the rational elliptic surface obtained as in

Section 4. Then its generic fiber is an elliptic curve over C(¢) given by the Weierstrass
equation:

y* = (z—t*)(z — 3t +2)(z + 3t + 2).
Under this setting, we may assume that the sections sf (i = 3,4) are as follows:
st,= (t+2,22V2(t - 2)(t+1), sE, = (LE3(t+ 1)(t - 1)).

Hence we have

9, 1 11 9
[2)s), = (8752, 3—2\@5(%2 — 16)), 2]s], = <t2 + §t2 _ 8).

Now put
9 1
02133—§t2=(), C’é:x—tZ—Z:O.

Then (Q + Cy + L3, Q + Cy + Ly) is a Zariski pair for Conic-line arrangement 1 of type
(a), and (Q + C% + L3, Q + Ch + Ly) is a Zariski pair for Conic-line arrangement 1 of

type (b).
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ExXAMPLE 5.3.  We keep the same coordinates as Example 5.2.

Conic-line arrangement 2 of type (a). Consider two conics and two lines:

Cr:z—t2+2=0, Cy:2>-22+t>—-4=0,
Li:x—t=0, Ly:xz—3t+4=0.

Note that Cy N Cy = {[£2,2,1],[£1,—1,1]}. Put Q = C; + Cy and choose [0, 1,0] as
the distinguished point z,. Let S(g,. ) be the rational elliptic surface obtained as before.
Then its generic fiber is an elliptic curve over C(¢) given by the Weierstrass equation:

y? = (z—t* +2)(2® — 2z +t* — 4).

Then we may assume that the sections Si (i =1,2) are as follows:

sto= (LEV=20t+1)(t—2), st, = (3t — 4, £V/=10(t — 1)(t — 2)).

Thus we have

1 1 1 3
+ _ 42 -/ 2 + _ 42 Y 2
[2)sf, = <2t 2, -3V =2t(t 4)), [2)s7, <1Ot 2, o= v/ =104 +20)).

Now we put

. 12 _ /. 1 2 _
Cs:x 2t +2=0, Cy:z lOt +2=0.

Then both (Q+ C3 + L1, @+ C3+ Ls) and (Q + C4+ Ly, Q@+ C% + Ls) are Zariski pairs
for Conic-line arrangement 2 of type (a).

Conic-line arrangement 2 of type (b). Consider two conics and two lines:

Crix—t24+2=0, Cy:22—-20+t2—-4=0,
Llll'—t:07 LQ:E""].:O

Put @ = C; + Cy and choose [0, 1,0] as the distinguished point z,. Let S(g,.,) be the
rational elliptic surface obtained as before. Then its generic fiber is an elliptic curve over
C(t) given by the Weierstrass equation:

y? = (x —t* +2)(2% — 22 +t* — 4).

Then we may assume that the sections 3%2 (1 =1,2) is as follows:

s, = (—LEV=1(t - 1)(t+1)).
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Thus we have
1
[2]sf, = <t2 - 17, Z\/fl(zu? - 19)>.

Now we put

1
C3:x—t2+£:0.

As (s is tangent to Cy (resp. Cq) at one point (resp. two distinct points), we infer that
(Q+C5+4 L1,Q+ C5 + Lo) is a Zariski pair for Conic-line arrangement 2 of type (b).

Conic-line arrangement 2 of type (c¢). Consider two conics and two lines:

1
Clzx—t2+§:0, Cy:a2—x+t2=0,

A N A N R

where ¢; = V2 + 2\/§7 co = vV —2 + 2v/2. Note that
CiNCy = {[j: V-1/2 +1/v2,1/V2, 1]7 [i V=1/2 - 1/v2,-1/V2, 1}}

Put @ = Cy + C3 and choose [0,1,0] as the distinguished point z,. Let S(g,.,) be the
rational elliptic surface obtained as before. Then its generic fiber is an elliptic curve over
C(t) given by the Weierstrass equation:

1
Y2 = (x—t2—2)(x2—a:+t2).

Then we may assume that the sections sfl are as follows:

st = (\}i’i\/;( 212 —1+\/§)).

Thus we have

Now we put

Cs:z—t2=0
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Then (Q+ C5 + L1, Q + C3 + L) is a Zariski pair for Conic-line arrangement 2 of type
(c).

REMARK 5.4. Note that we have examples with real equations in Examples 5.2
and 5.3 except the case of Conic-line arrangement 2 of type (c).

We end this section by giving another example of a Zariski pair whose irreducible
components are all rational curves:

PROPOSITION 5.5.  Let Q@ be an irreducible quartic with a Dy singularity, P. Let z,
be a point on Q such that the tangent line L, at z, meets Q with two other distinct points.
Let Ly, Ly and Lg be the three tangent lines which meet Q at P with multiplicity 4 (i.e.,
the tangent lines to the smooth branches). Then there exist three conics C; (i = 1,2,3)
satisfying the following properties:

(i) (a) z, € C;, (b) P& C; and (c) for Ve € C;N Q, I,(Cy, Q) is even.

(ii) For any odd prime p, there exists a Doy-cover of P? branched at 2Q+p(C;+ L;) for
each i = 1,2,3, while there exists no Day,-cover of P2 branched at 2Q + p(C; + L;)
for any i,j (i # ).

PROOF. (i) Let f§ — P? be a double cover with branch locus Q and let ¢, :
S(9,2) — P! be the rational elliptic surface obtained as in Section 4. By our assumption
on Q and z,, the configuration of reducible singular fiber of ¢, is I, I and three lines
L; (i =1,2,3) give rise to sections si (i = 1,2,3), respectively. By labeling irreducible

components of singular fibers suitably, we have the following picture for szl (1=1,2,3):

O10 83

| o

By the explicit formula for (, ), we have

(i:17273)7 <Szl,sz]>20(l#‘])

DN | =

By [16], we have MW (S(g .,)) = (A})®3. Hence we may assume that
MW(Sg..,) = Zszl e Zs{2 & Zsfg.

By the lattice structure of MW(Sg .,), all elements s € MW(Sg .,) with (s,s) = 2
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given by [2]sf, (i = 1,2,3). By [11, Theorem 9.1], [2]s7, (i = 1,2,3) meet the identity
component at each singular fiber. Hence, [Q]SiO =0 (i = 1,2,3) by the explicit formula
for (,). By our construction of Sg. ), A; := qo f([Q]Si) ~ Ao +2f (1 = 1,2,3).
Hence C; := g o f([Z]Si) (i = 1,2,3) are all conic and 2, € C;, P ¢ C;. Moreover as
[2]s]. # [2]sy, (i =1,2,3), our assertion for the intersection multiplicities follows.

(ii) By Corollary 4.2 and Lemma 4.5, our statement follows. O

COROLLARY 5.6. IfL; and L; (i # j) meet C; transversely, then (Q+L;+C;, Q+
L; + C;) is a Zariski pair.

PRrOOF. Since the combinatorics of Q + L; + C; and Q + L; + C; are the same,
our assertion follows from Proposition 5.5. 0

REMARK 5.7. First examples of Zariski pairs whose are all rational curves appeared
in [4].

ExaMPLE 5.8.  We keep the same coordinates as in Examples 5.2 and 5.3. Consider
@, Ly and Loy as follows:

343 (121 , 768 343 (384 , 92 35, 1
cfotyx) =2 + S| =Pt |2+ [ Pt Tt o =0
Q: foltiz)i=a"+ (49 9401 )m 64 (2401 Tt )ttt Ty
(3 —2 .
Ly:xz+t=0, LQZJU—Tt:O, (3 = exp(2mi/3).

Q is irreducible and has a D4 singularity at (0,0). Both L; and Ly meet Q at (0,0) with
multiplicity 4. Choose [0, 1,0] as the distinguished point z,. Let S(g .,y be the rational
elliptic surface obtained as before. Then its generic fiber is an elliptic curve over C(t)
given by the Weierstrass equation y? = fo(t,x). Under these circumstances, we have

L (—t,j:\/343t2), . _ <g3—2t i\/71+39\/?3t2).

SLl - 8 Lo 7 ? 8\/ﬁ

Then we have

2 — it %
2lst, = Tos07 ~383' 28" 184473632

+ < 144 127 19 V7(55296 + 1947456t + 14502042 + 167649825t3)>

Now put

L B B,
T 16807 343" T 28" T
Since one can see that both of L1 and L, meet C with two distinct points, Q@ + C + L,
and Q@+ C+ Lo have the same combinatorics. By Corollary 5.6, (Q+C+ Ly, Q+C+ Lo)
is a Zariski pair.
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Note added in proof. After this paper was accepted, the author was informed that
examples of Zariski pairs of degree 6 for conic arrangements had been already known.
They are given explicitly in [17, Section 6] or [29, Section 5.1].
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