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Abstract. The main purpose of this paper is to classify the real forms
M of simple irreducible pseudo-Hermitian symmetric spaces G/R with G non-
compact. That provides an extension of Jaffee’s results (Bull. Amer. Math.
Soc. ’75; J. Differential Geom. ’78), Leung’s result (J. Differential Geom.
’79) and Takeuchi’s result (Tohoku Math. J. ’84) concerning the classification
of real forms of irreducible Hermitian symmetric spaces of the non-compact
type. Moreover, that enables us to classify the pairs of simple para-Hermitian
symmetric Lie algebras and their para-holomorphic involutions, which includes
Kaneyuki-Kozai’s result (Tokyo J. Math. ’85) of the classification of simple
para-Hermitian symmetric Lie algebras.

1. Introduction and the main result.

Let G/R be a simple irreducible pseudo-Hermitian symmetric space. A non-empty
subset M C G/R is said to be a real form of G/R, if there exists an involutive anti-
holomorphic isometry 7 of G/ R satisfying M = (G/R)", where (G/R)" denotes the fixed
point set of 7j in G/R. Real forms M; of G/R; and Ms of G/R5 are said to be equivalent,
if there exists a holomorphic homothety f of G/R; onto G/Ry satistying f(M;) = Mos.

The main purpose of this paper is to classify the real forms M of simple irreducible
pseudo-Hermitian symmetric spaces G/R with G non-compact, which provides an exten-
sion of Jaffee’s results [7], [8] (see [6] also), Leung’s result [14] and Takeuchi’s result [26]
concerning the classification of real forms of irreducible Hermitian symmetric spaces of
the non-compact type (cf. Remarks 4.14.2 and 5.3.1):

THEOREM 1.0.1.  Up to equivalence, the real forms M of simple irreducible pseudo-
Hermitian symmetric spaces G /R with G non-compact are given in List 1.

A simple irreducible pseudo-Hermitian symmetric space G/R is, in fact, a pseudo-
Kéhlerian homogeneous space, and a real form M C G/R has several features—for
example,

(1) M is a totally real submanifold of G/R and the induced metric on M from G/R is
non-degenerate;

(2) M is a totally geodesic submanifold of G/R;

(3) M is a Lagrangian submanifold of G/R
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List I
G/R | M ‘no.
AT, cf. Proposition 4.3.5
SL(2n,R)/(SL(n,C)-T) S(GL(n,R) x GL(n,R))/SL(n,R) | 1
SOp(n,n)/SO(n,C) 2
SL(4m,R)/(SL(2m,C)-T) (SL(2m,C) - T)/SU*(2m) 3
Sp(2m,R)/Sp(m, C) 4
ATI, cf. Proposition 4.4.1
SU*(2n)/(SL(n,C)-T) (SL(n,C)-T)/SL(n,R) 1
SO*(2n)/SO(n,C) 2
SU*(4m)/(SL(2m,C) - T) (SU*(2m) - SU*(2m) -R)/SU*(2m) | 3
Sp(m,m)/Sp(m,C) 4
AIII, cf. Proposition 4.5.1
SU(p,q)/ S00(p, q)/ 1
SU(h,k—p) xU(p—h,p+q—k)) (SOo(h, k—p) - SOo(p—h, p+q—k))
SU(2n,2m)/S(U(n,m) x U(n,m)) S(U(n,m) x U(n,m))/SU(n,m)
SU(2n,2m)/ Sp(n,m)/
S(U(2h,2k—2n)xU(2n—2h, 2n+2m—2k)) | (Sp(h,k—n)xSp(n—h,n+m—k))
SU(p,p)/S(U(h,h) x U(p — h,p— h)) Sp(p,R)/(Sp(h,R) x Sp(p h,R)) | 4
S507(2p)/(SO*(2h) - SO*(2p — 2h)) | 5
SU(p,p)/S(U(h,p —h) x U(h,p — h)) (SL(p,C) -R)/SU(h,p — h) 6
BDI, cf. Proposition 4.6.1
SO00(p,q)/(SOo(p — 2,q) - SO(2)) (SO0 (h,k) - SOo(p — h,q — k))/ 1
(SOo(h—1,k) - SOg(p—h—1,q—k))
SOy(2n,2m)/U(n, m) (SO¢(n,m) - SOy(n,m))/SOg(n,m) | 2
SO (4n,4m)/U(2n,2m) U(2n,2m)/Sp(n, m) 3
SO0(2n,2n)/U(n,n) GL(2n,R)/Sp(n,R) 4
SO(2n,C)/SO*(2n) 5
DIII, cf. Proposition 4.7.1
SO*(4m) /U (m,m) (SO*(2m) - SO*(2m))/SO*(2m) 1
U(m,m)/Sp(m,R) 2
SO*(4m) /U (2k,2m — 2k) (SU*(2m) -R)/Sp(k,m — k) 3
SO*(2n)/U(k,n — k) SO(n,C)/SOy(k,n — k) 4
SO*(2n)/(SO*(2) - SO*(2n — 2)) SO(n,C)/SO(n —1,C) 5
CI, cf. Proposition 4.8.1
Sp(2m, R)/U(m,m) (Sp(m,R) x Sp(m,R))/Sp(m, R) 1
U(m,m)/SO*(2m) 2
Sp(2m,R)/U(2k,2m — 2k) Sp(m,C)/Sp(k,m — k) 3
Sp(n,R)/U(k,n — k) GL(n,R)/SO¢(k,n — k) 4
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G/R | M ‘no.

CII, cf. Proposition 4.9.1
Sp(p,q)/U(p, q) U(p,4)/500(p, q)
Sp(2n,2m)/U(2n,2m) (Sp(n,m) x Sp(n,m))/Sp(n,m)
Sp(p,p)/U(p,p) Sp(p, C)/Sp(p, R)
(SU*(2p) - R)/SO"(2p)

EII, cf. Proposition 4.10.4
Eg(2)/(500(6,4) - SO(2)) Sp(3,1)/(Sp(2) x Sp(1,1))
Fy4y/S0¢(5,4)
Sp(4,R)/(Sp(2,R) x Sp(2,R))
Eg(2)/(SO*(10) - SO*(2)) Sp(4,R)/Sp(2,C)

EIII, cf. Proposition 4.11.1
By 1)/ (SO*(10) - SO*(2)) Sp(2.2)/9p(2.C)
Eg(-14)/(S00(8,2) - SO(2)) Fiy(—20)/500(8,1)
Sp(2,2)/(Sp(1,1) x Sp(1, 1))
Eg(-14)/(SO(10) - SO(2)) Fy(—20)/50(9)
5p(2,2)/(5p(2) x 5p(2)

EV, cf. Proposition 4.12.1
Er7y/(Ee2y - T) (Eo6) - R)/Fya)
SU*(8)/Sp(3,1)
SL(8,R)/Sp(4,R)

EVI, cf. Proposition 4.13.1
Er—5)/(Ee2) - T) (Eo2) - T)/Fa
SU(6,2)/Sp(3,1)
SU(4,4)/Sp(4,R)
Er—5)/(Eo(-14) - T) SU(4,4)/5p(2,2)
(Eo(—14) - T)/Fy(—20)

EVII, cf. Proposition 4.14.1
Er(_95)/(Ee(-14) - T) (Eo(—26) * R) /Fy(—20)
SU*(8)/5p(2,2)
Er(—a5)/(Es - T) (Eo(—26) " R)/Fy
SU*(8)/Sp(4)

Wi

=W I N| -

G| W N~

N | =

G| W~

=W

(cf. Section 5). For this reason (G/R, M) appears in several studies, though G/R is
Hermitian; for example, the study of visible action by Kobayashi [12], the study of
(generalized) Segal-Bargmann transform by Olafsson [22], the study of Floer homology
by Iriyeh-Sakai-Tasaki [5] and so on. We expect that the study of real forms of Hermitian
symmetric spaces will advance in that of pseudo-Hermitian symmetric spaces, and then
Theorem 1.0.1 will play a role in them.

As an application, we apply Theorem 1.0.1 to classifying the pairs ((gq,0),6) of
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para-Hermitian symmetric Lie algebras (g4, 0) and para-holomorphic involutions 6 of
(g4,0), where gq are real forms of complex simple Lie algebras (cf. Theorem 6.5.1, List
IIT). Theorem 6.5.1 includes Kaneyuki-Kozai’s result [9] of the classification of simple
para-Hermitian symmetric Lie algebras (cf. Remark 6.5.2-(iii)). From List III, one can
read the graded decompositions gq = g—1 @ go P g+1 of the first kind and their further
decompositions,

ga=0-1D00 Dg+1, [8:95] C Gisy)

gi=g; ®g;, o], 071 Cofys l0707] Caiyys lo7 5051 C oy

(cf. Example 6.5.3). So, we guess that Theorem 6.5.1 will enable one to partially gener-
alize the Tanaka theory [28], [29] of differential systems, in the future.
This paper is organized as follows:

Section 2 Preliminaries
We recall the definitions of pseudo-Hermitian symmetric space and pseudo-Hermitian
symmetric Lie algebra, and demonstrate Theorems 2.6.1, 2.7.8, etc. Theorem 2.7.8
implies that one can assert Theorem 1.0.1, if we determine dR4/~. for each non-
compact real form g of complex simple Lie algebras (see Subsection 2.7.2. for dRq/~).

Section 3 Cartan decompositions and Root systems
We review elementary facts about a Cartan decomposition and the root theory. This
section consists of three subsections. In Subsection 3.1 we construct a non-compact
real form [ of I¢ endowed with a Cartan decomposition [ = €@ p, from a compact real
form [, = @ ip of [c and 6 € Inv(l,). In Subsection 3.2 we survey how to construct
an automorphism of [, from a root system A(l¢,¢c). Finally in Subsection 3.3 we
mention a restricted root system (€, a). Here [¢ is a complex semisimple Lie algebra
and £ is a maximal compact subalgebra of [.

Section 4 The classification of elements (g,7,7n) € dRq4
This section is devoted to determining dRg/~ for each non-compact real form g of
complex simple Lie algebras (cf. Propositions 4.3.5 (AI), 4.4.1 (AII), 4.5.1 (AIII),
4.6.1 (BDI), 4.7.1 (DIII), 4.8.1 (CI), 4.9.1 (CII), 4.10.4 (EII), 4.11.1 (EIII), 4.12.1
(EV), 4.13.1 (EVI) and 4.14.1 (EVII)).

Section 5 Real forms and totally real totally geodesic submanifolds
We investigate relation between real forms and totally real totally geodesic subman-
ifolds of G/R (see Theorem 5.1.1). Theorems 1.0.1 and 5.1.1 enable us to determine
every connected, totally real, complete totally geodesic submanifold M of G/R with
dimg M = dim¢ G/ R, where the induced metric on M is non-degenerate.

Section 6 Para-holomorphic involutions of simple para-Hermitian symmetric Lie alge-
bras
As an application, we classify the pairs of simple para-Hermitian symmetric Lie alge-
bras and their para-holomorphic involutions (cf. Theorem 6.5.1) by use of Theorem
1.0.1.

ACKNOWLEDGMENTS. Many thanks are due to Professors Yoshihiro Ohnita,
Tomonori Noda and Kaname Hashimoto for their encouragement. The author would
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2. Preliminaries.

2.1. Notation.
In this paper we utilize the following notation, where G is a Lie group and g is a Lie
algebra:

nl) gc: the complexification of g,
n2) V!: the canonical connection on a symmetric space (cf. Definition 2.2.1-(iii)),
n3) [¢,¢] = 0 means that ¢ o) = 1) o ¢, where ¢ and 1 are automorphisms,

)
=~

Gy: the identity component of G,
MY the fixed point set of an involutive map f in a set M,
Z(@G), z(g): the center of G, g,
By: the Killing form of g,
Lie G: the Lie algebra of G,
Adg, adg (or Ad, ad): the adjoint representation of G, g,

) Ca(T) :={g9g€ G|Ad(g)T =T}, for T € LieG,
nll) ¢(T):={X €g|[T,X] =0}, for T € g,
nl2) A,: the inner automorphism of G by g € G,
nl13) 74: a diffeomorphism of a homogeneous space G/H defined by 7, : aH +— gaH for

aH € G/H, where g € G,

(n14) f|a: the restriction of a map f to a set A,
(n15) m @ n: the direct sum of vector spaces m and n,
(n16)
(nl7) T,M: the tangent space of a manifold M at p € M,
(n18) ( ): the set of vector fields on a manifold M,
(n19)
(n20)
(n21)
(n22)

=
Ut

s B =]
© 00~ D
O\_/\_/\./\./\_/\_/\_/\_/\_/

=
—

(
(
(
(
(
(
(n
(
(
(
(
(
(

o: the origin of a homogeneous space,

n19) Aut(G), Aut(g): the group of automorphisms of G, g,

n20) Int(G), Int(g): the group of inner automorphisms of G, g,

n21) Inv(G), Inv(g): the set of involutions of G, g,

n22) Aut(g,¥1,...,%,) = {¢ € Aut(g) | [Wr,¢] = Oforalll<k<n}, where
1/11, s »wn € AUt(g)v

(n23) Int(g,1,...,%¥y,): similar to (n22),

(n24) i:=+/—1,

(n25) m L n means that m is perpendicular to n with respect to a non-degenerate
symmetric bilinear form, where m and n are vector spaces.

In addition, we sometimes denote the Lie algebra of a Lie group by the corresponding
German small letter.

2.2. Definitions.
We recall the definitions of pseudo-Hermitian symmetric space and pseudo-
Hermitian symmetric Lie algebra. In order to do so, we first recall
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DEFINITION 2.2.1 (cf. Nomizu [21, p.52, p.54, p.56]). (i) Let U be a con-
nected Lie group, and H a closed subgroup of U. The homogeneous space U/H
is said to be an affine symmetric space or a symmetric space, if there exists a
o € Inv(U) satisfying

(U)o Cc HCU”.

(ii) A symmetric space U/H is called effective (resp. almost effective), if U is effective
(resp. almost effective) on U/H as a transformation group.

(iii) A symmetric space (U/H, o) is furnished with a unique U-invariant affine connec-
tion V! such that

dso(VY) = V{4 x)(dsoY) for any X,Y € X(U/H),

where s,(uH) := o(u)H for uH € U/H. This connection V! is called the canonical
(affine) connection on (U/H, o).

(iv) Let L be a connected semisimple Lie group. An almost effective, semisimple sym-
metric space (L/H, o) is called irreducible, if the action of ad h on m is irreducible.
Here, b := 19 and m := [~%,

DEFINITION 2.2.2 (cf. Berger [1, p. 94]). (i) A symmetric space U/R is said to
be pseudo-Hermitian, if it admits a U-invariant complex structure J and a U-
invariant pseudo-Hermitian metric g (with respect to J).

(ii) A symmetric Lie algebra (u,t, o) is called pseudo-Hermitian, if there exist an ad t-
invariant complex structure j on g and an ad t-invariant pseudo-Hermitian form
(-, ) (with respect to j) on q. Here q :=u=°.

REMARK 2.2.3. (i) A simple pseudo-Hermitian symmetric space G/R is irre-
ducible if and only if g is a real form of a complex simple Lie algebra (cf. Shapiro
[25, p. 532]).

(ii) Throughout this paper, we assume a Hermitian symmetric space to be one of the
pseudo-Hermitian symmetric spaces.

2.3. A fundamental lemma and proposition.
We will need the following Lemma 2.3.1 and Proposition 2.3.3 later. Here, Shapiro
[25] has proved almost all of statements on the proposition.

LEMMA 2.3.1.  Let (L,/Hg,,04) be an effective, semisimple irreducible symmetric
space (a = 1,2), and ¢ an affine diffeomorphism of (L1/H1, V1) onto (L2/Ha2,V3) such
that ¢(01) = 09. Then, there exists a unique isomorphism ¢ of L1 onto Lo satisfying

(i) ooy =090¢, (i) ¢(Hy) = Ha, (iii) ¢ o Pry = Pry og.

In particular, ¢ is involutive if L1 = Lo, Hy = Hs, 01 = 09 and(;AS is involutive. Here,
we denote by o, the origin of La/Ha, by V. the canonical connection on (Ly/Hg,04),
and by Pr, the projection from Lo onto Lo/H,.
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PROOF. Let us prove the uniqueness of ¢. Let ¢’ be an isomorphism of L; onto Lo
satisfying (i') ¢/ 0 01 = 09 0 ¢’ and (iii’) ¢ o Pr; = Pryog’. On the one hand, (i), (i’) and
Pry o = Pryog assure that dg(X) = d¢/(X) for every X € my, where m; := [[%*. On
the other hand, I; = [my, m1] ®my follows from Nomizu [21, p. 56, (16.2)]. Consequently
we have d¢ = d¢’ on [y, and thus ¢ = ¢’ because L; is connected. See Lemma 6.3.2 [2,
p.115] and its proof for the rest of proof. O

REMARK 2.3.2 (cf. Nomizu [21, p.55]). Let U/H be a symmetric space. An
invariant pseudo-Riemannian metric on U/H, if there exists any, induces the canonical
connection.

PROPOSITION 2.3.3 (cf. Shapiro [25, p. 534, p.532]; [2, p. 17, p.114]). Let (L/R, o,
J,g) be an almost effective, semisimple pseudo-Hermitian symmetric space, (I,t,do,j,
(-, ) its symmetric Lie algebra and q := [79°. Then, there ewists a unique T € t
satisfying

(i) R=Cr(T) = (L), (i) do=expmadT, (iii)j=adT|q, (iv)q=][T,1].

In addition; if L/R is simple irreducible (i.e., lc is a complex simple Lie algebra), then
(v) z(r) = spang{T'} and (vi) there exists a non-zero A € R such that

(X, Y)=X-B(X,Y) for any X,Y €q.

REMARK 2.3.4. (i) The element T in Proposition 2.3.3 is called the canonical

central element of t = 17 (cf. Shapiro [25, p. 533]).

(ii) The element T becomes a non-zero semisimple element of [ such that the eigenvalue
of ad T in [is £i or zero. Such an element is said to be an Spr-element of [ (cf. [2,
p. 14 or p. 16]).

(iii) For each simple irreducible pseudo-Hermitian symmetric Lie algebra (g,o), the
canonical central element of g is unique up to sign + because the complex struc-
ture j of (g,0) is unique up to sign (cf. Shapiro [25, p.534]).

We end this subsection with stating two lemmas.

LEMMA 2.3.5. Let (g,0,) be a simple irreducible pseudo-Hermitian symmetric Lie
algebra, let T, be its canonical central element (a = 1,2), and let ¢ € Aut(g). If oo =
oy 0, then Y(T1) = Ty or (1) = —Ts.

ProOF. Both ad(T;) and adT» induce complex structures of (g,o2). Hence
ad(T1) = £adTs on g, where g2 := g~ 72, because the complex structure of (g, o02)
is unique up to sign. Therefore, ad¥(T1) = £adTs on g = [q2,q2] ® q2. This yields
Y(Ty) = £T, since g is (semi)simple. O

LEMMA 2.3.6. Let U/R be a pseudo-Hermitian symmetric space, and M a real
form of U/R. Then, there exist a real form My of U/R and a holomorphic isometry f
of U/R such that (i) o € My and (i) f(M) = M.
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PROOF. Since M is areal form, there exists an involutive antiholomorphic isometry
7 of U/R satisfying M = (U/R)". Take any aR € M and set Ao := 7,1 0 ) 0 7,. In this
case 7o is an involutive antiholomorphic isometry of U/R because 7, is a holomorphic
isometry. We get the conclusion by My := (U/R)" and f := 7,-1. O

2.4. Connected components.
Our aim in this subsection is to establish Theorem 2.4.1 and Corollaries 2.4.5 and
2.4.6 which will play roles in Subsections 2.6, 2.7 and 5.3.

THEOREM 2.4.1. Let (U/H,o) be a symmetric space, let n € Inv(U) such that
[0,n] = 0 and n(H) = H, and let C, denote the connected component of (U/H)" con-
taining o. Then, C, = (UM)o/(H N (UM)g). Here j(uH) :=n(u)H for uH € U/H.

Let us prepare Proposition 2.4.2 and Lemma 2.4.4 for proof of Theorem 2.4.1.

PROPOSITION 2.4.2 (cf. Kobayashi-Nomizu [11, p.235]). Let N’ and N" be con-
nected, complete totally geodesic submanifolds of an affine manifold (N, V). If at one
point of N' N N" the tangent space of N’ coincides with that of N”, then N' = N".

REMARK 2.4.3. In this paper we refer to Kobayashi-Nomizu [10, p. 180] for the
definition of totally geodesic submanifold. For this reason Lemma 14.3 [4, p.79] does
not hold in this paper—that is, a totally geodesic submanifold M of N is not always
complete even if N is complete. For example, R? \ {0} is a totally geodesic submanifold
of C? and is not complete. This example also implies that in general, a totally geodesic
submanifold M of a symmetric space (U/H, V') cannot be any symmetric space with
respect to the induced connection V*|y;.

LEMMA 2.4.4.  With the same setting as in Theorem 2.4.1; C, is a closed connected
complete totally geodesic submanifold of (U/H,V?').

Proor. It follows from [o,n] = 0 and n(H) = H that 7 is an involutive affine
transformation of (U/H, V). Hence, C, is a closed connected totally geodesic submani-
fold of (U/H, V") (cf. Kobayashi-Nomizu [11, p.61]). Remark that the topology of C,
accords with the induced topology from U/H. The rest of proof is to demonstrate that
the totally geodesic submanifold C, is complete with respect to the induced connection
Ve, It suffices to verify that

$:(Cy) = C, for any x € C, (2.4.1)
because C, has the induced topology, and hence (2.4.1) assures that s,|c, is an affine

transformation of C, with respect to V!|¢,. Here, s, denotes the symmetry of (U/H, V1)
at x. We devote ourselves to verifying (2.4.1) henceforth. First, let us confirm that

(82 (y)) = sz (y) for every x,y € C,. (2.4.2)

Let Pr denote the projection from U onto U/H. Take any z = Pr(g) € C, (C (U/H)"),
where g € U. One has Pr(g) = z = 7(z) = Pr(n(g)). Hence
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g~ -n(g) € H for every Pr(g) € C,. (2.4.3)

This, together with H C U? and [o,n] = 0, yields g=! - n(g) = o(g~ - n(g)) = o(g) "' -
1(o(g)). Therefore we have

for any Pr(g) € C,. (2.4.4)

{g o(g)t =nlg-alg)™h),
a(g)- 97" =nlo(g)-g
The symmetry s, of (U/H,V?') at x = Pr(a) is expressed as s, = 7, 0 6 0 7,—1, where
6(uH) :=o(u)H for uH € U/H. So, it is natural that for z = Pr(a), y = Pr(b),

$2(y) = (T 06 0 7,-1)(Pr(b)) = Pr (a- o(a)~' - o (b)).

A direct computation enables us to have

for every « = Pr(a),y = Pr(b) € C,. Therefore (2.4.2) follows. On the one hand, (2.4.2)
means that s, (C,) C (U/H)" for any € C,. On the other hand, both C, and s,.(C,) are
the connected components of (U/H)" containing = because of s,(z) = x. Accordingly,
(2.4.1) holds. O

Now, we are going to prove Theorem 2.4.1 by utilizing the same notation as in the
proof of Lemma 2.4.4.

PROOF OF THEOREM 2.4.1.  From [o,n] = 0 and (U")q being the identity com-
ponent of U", it follows that (U")g is invariant under o, so that (U")o/(H N (U")g) is
a symmetric closed subspace of (U/H, o). Consequently, Theorem 4.1 [11, p.234] im-
plies that (U)o/(H N (UM)g) is a connected complete totally geodesic submanifold of
(U/H,V?'). This, combined with Lemma 2.4.4, enables us to assert that both C, and
(UM)o/(H N (UM)g) are connected complete totally geodesic submanifolds of (U/H, V')
containing o. In addition, both T,C, and T,((U")o/(H N (U")g)) coincide with m N udn,
where we identify T,(U/H) with m := u=%. Accordingly C, = (U")/(HN(U")o) comes
from Proposition 2.4.2. O

Theorem 2.4.1 leads to

COROLLARY 2.4.5.  With the same setting as in Theorem 2.4.1; let C, denote the

connected component of (U/H)" containing p = Pr(a), where a € U. Then, C, =
Pr((UM) - a).



46 N. Boumuki

PROOF. Let h := a~!:n(a). From 7(p) = p one obtains Pr(n(a)) = A(p) =
p = Pr(a); and therefore h € H and n(h) = h~!. This implies that ' := Ajon is
an involution of U and satisfies [o,7'] = 0 and n/(H) = H by virtue of [o,1] = 0 and
n(H) = H. Consequently, one can get an involutive diffeomorphism 7’ of U/H by setting
7 (uH) = n'(u)H for uH € U/H. Needless to say, 7'(0) = o. Define a homeomorphism
f of (U/H)Y onto (U/H)" by

fx) :=1,(x) for z € (U/H)"".

Let C! denote the connected component of (U/H)? containing o. Then, p = Pr(a) yields
f(C") = C,. Theorem 2.4.1 implies that C!, = Pr((U" ), and so

Cp = f(Cl) = f(Pr((U)o)) = Pr(a- (U )o)
=Pr(a- (U °")g) = Pr(A, (U ")) - a) = Pr((U")o - a),

where we remark that A, |4, on is a Lie group isomorphism of U Aron onto UM since
h=a"t n(a). O

COROLLARY 2.4.6. Let (L/H, o) be an effective, semisimple irreducible symmetric
space, 1) an involutive affine transformation of (L/H, V") such that (o) = o, and C, the
connected component of (L/H)" containing o. Then, there ezists a unique n € Inv(L)
satisfying

(i) [oym] =0, (i) n(H) = H, (i) o Pr =Pron, (iv) Co = (L")o/(H N (L")o),

where Pr denotes the projection from L onto L/H.

Proor. Cf. Lemma 2.3.1 and Theorem 2.4.1. O

2.5. (I) Connectedness of real forms.
In the next subsection we will demonstrate that any real form of G/R is connected
(cf. Theorem 2.6.1). To do so we recall the following (cf. Lemma 4.1 [27]):

PROPOSITION 2.5.1 (cf. Tanaka-Tasaki [27, p.164]). Any real form of a compact
Kahler manifold of positive holomorphic sectional curvature is connected.

Proposition 2.5.1 leads to

COROLLARY 2.5.2. Let (K/R,o0,J,g) be a Hermitian symmetric space of a con-
nected compact Lie group K. Suppose that there exists a T € v satisfying R = Ck (T).
Then, any real form of K/R is connected.

PrROOF. Let M be the real form of K/R by an involutive antiholomorphic isom-
etry 7). Express K as K = Ky - Z(K), where Ky denotes the semisimple part of K.
Define a Kg-equivariant diffeomorphism ¢ of Ky/Ck_ (T) onto K/Ck(T) = K/R by
t:aCk_ (T) — aCk(T). Then (Ks/Ck, (T),0',J',g’) is a Hermitian symmetric space
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of the compact type, 7}’ is an involutive antiholomorphic isometry of Ks/Ck, (T) and

~1

t((Ka/Cre (T)") = M,

where 0/ :=o|x.., J :=di"toJodi, g’ :=1*g and i/ := 1"t oo By Proposition 2.5.1
(K /Cr..(T))7" is connected, and so is M. O

2.6. (II) Connectedness of real forms.
This subsection is devoted to demonstrating

THEOREM 2.6.1. Let (G/R,o,J,g) be a simple irreducible pseudo-Hermitian sym-
metric space, where Z(G) is trivial. Then, any real form of G/R is connected.

PROOF. Let M be the real form of G/R by an involutive antiholomorphic isometry
7. Lemma 2.3.6 allows us to assume #j(0) = o. By Lemma 2.3.1 there exists a unique
1 € Inv(G) such that

(i) [oym] =0, (ii)) n(R) = R, (iii) o Pr = Pron.

Now, let us prove that M = (G/R)" is connected. It suffices to confirm (S2), (S3) and
S4):

1) There exists a Cartan involution 6 of G satisfying [0, 0] = [0, 1] = 0.
2) H(K/(KNR)) C K/(KNR), where K := G?.
3) (K/(K N R))" is connected.

4) Any g € M can be joined to an element of (K/(K N R))" by an arc in M.

(
(S
(S
(S
(S

(S1) Since Z(G) = {e} we have G = Int(g). Hence, for any ¢ € Aut(g) there exists
a unique ¢ € Aut(G) satisfying dp = ¢, indeed one can get ¢ by setting ¢ ;= pogop~!

for g € G. Consequently, the above (i) and Lemma 2.7 [20, p. 71] assure that there exists
a Cartan involution 6 of G satisfying

[0,0] =1[0,n] =0. (2.6.1)
(S2) It is immediate from [, 7] = 0, K = G and (ii) that (K) C K and n(KNR) C
K N R. Hence 7(K/(KNR)) C K/(K N R) follows from (iii).

(S3) By Proposition 2.3.3 there exist the canonical central element T € t and a
non-zero A € R which satisfy

(iv) R=Cq(T), (v)j=adTl|g,
(vi) (X,Y) = A- B4(X,Y) for any X,Y € q.

Then Lemma 2.3.5, combined with (2.6.1) and (i), enables us to have df(T) = +T and
dn(T) = £T; and therefore

d9(T) =T, dn(T)=—T (2.6.2)
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because T is non-zero elliptic, 7 is antiholomorphic and (v). Now, let g = ¢®p denote the
Cartan decomposition by df, where £ := g% and p := g=%. It follows from Z(G) = {e}
and Theorem 1.1 [4, p. 252-253] that

(vii) K = GY is a connected compact subgroup of G with Lie algebra ;
(viii)) amap p: (k,Y)— k-expY is a diffeomorphism of K x p onto G.

Therefore (iv), (v), (2.6.1) and (2.6.2) imply that

(K/(KNR),ok, Jk,gr) is a compact Hermitian symmetric space satisfying T € €Nt
and K N R = Ck(T), where oy := 0|k, Ji := J|K/(KQR) and gy, := g\K/(KmR);
N k/(knR) is an involutive antiholomorphic isometry of (K/(K N R), Jy, g).

Consequently, (K /(K N R))77 is connected due to Corollary 2.5.2. Remark here that
the metric gr = g|x/(xknr) is positive or negative definite in view of (vi), and that
K/(K N R) = {o} when G/R is a Hermitian symmetric space.

(S4) The rest of proof is to confirm (S4). We will confirm it after proving

LEMMA 2.6.2.  With the setting above; for any ¢ € M = (G/R)" there erists a
b € G such that g = Pr(b) and b='-n(b) € KN R.

PROOF. Since ¢ € G/R there exists an a € G satisfying ¢ = Pr(a). Let r :=
a~'-n(a). Then #(q) = q and 7(q) = Pr(n(a)) (cf. (iii)) yield

r=a""'-nla) € R(CG?), nr)=r" (2.6.3)
By (viii), there exist a unique k € K and a unique Y € p satisfying
r==k-expY.
From (2.6.3) we obtain o(r) =r, and o(k) -expdo(Y) =o(r) =r =k -expY. Hence,
olk)y=k, do(Y)=Y (2.6.4)

because it follows from [§,0] = 0 and K = G? that o(k) € K and do(Y) € p. Since
(2.6.4) one has exp(—Y) € R; and hence k € K and (2.6.3) yield

k=r-exp(-Y) € KNR. (2.6.5)
In a similar way, one can conclude that
n(k)=k"1, dn(Y)=—Ad(k)Y (2.6.6)
by virtue of n(r) =r=1, [0,17] = 0 and Ad(k)Y € p. Now, set

r’ =k -exp(Y/2).
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By (2.6.4) we deduce exp(Y/2) € R, and thus (2.6.5) implies that v’ = k - exp(Y/2) € R.
Therefore

q = Pr(a) = Pr(a- 7). (2.6.7)
A direct computation, together with n(a) = a - r, provides

na-r)=a-ren() = a-r- (K- exp(— Ad(R)Y/2))

(2.6.6)
=a-(k-expY)- (k7" - exp(— Ad(k)Y/2)) = a - exp(Ad(k)Y/2)
=(a-7")- k7L

This, (2.6.5) and (2.6.7) enable us to conclude Lemma 2.6.2 by b:=a - 1’. O

Now, we are in a position to confirm (S4): any ¢ € M = (G/R)" can be joined to an
element of (K/(KNR))" by an arc in M. By Lemma 2.6.2 there exists a b € G satisfying
q = Pr(b) and b=1-n(b) € KN R. Let k:= b1 -n(b). Needless to say, k € K N R. By
(viii) there exist a unique k¥’ € K and a unique Y € p such that

b=k -expY.

Then n(k') -expdn(Y) =nb) =b-k=Fk -expY -k = (k' - k) - exp(Ad(k~1)Y). So,

n(kY =k -k, dn(Y)=Ad(k" )Y (2.6.8)
follows from (viii), n(k’), k" -k € K and dn(Y), Ad(k~!)Y € p. This gives

dn(Ad(K)Y) = Ad(n(k')) (dn(Y)) = Ad(K - k) (Ad(k~H)Y) = Ad(K)Y,
and Ad(K")Y € g%™. Hence, the whole 1-parameter subgroup {exp(—t Ad(k")Y) | t € R}
lies in (G")g. Set ¢(t) := exp(—t Ad(k")Y"). Now, denote by C, the connected component
of M = (G/R)" containing ¢ = Pr(b). It can be expressed as C; = Pr((G")o - b) (cf.
(i), (ii), (iii), Corollary 2.4.5). Hence Pr(c(t) - b) lies in C, for all ¢ € R, and satisfies
Pr(c(0) - b) = Pr(b) = ¢ and
Pr(c(1) - b) = Pr(exp(— Ad(k")Y) - b)
= Pr(exp(— Ad(K')Y) - k' - expY) = Pr(k") € Pr(K).

Since k € K N R, (2.6.8) and (iii), we have 7j(Pr(k’)) = Pr(k¥’ - k) = Pr(k’). This means
that Pr(k’) belongs to (K/(K N R))" because k € K N R. For this reason, ¢ = Pr(b) can

be joined to Pr(k’) € (K/(K N R))" by the arc Pr(c(t) - b) in C, (C M). This completes
the proof of Theorem 2.6.1. (]



50 N. Boumuki

2.7. Reduction.

In this subsection, we see that one can achieve the classification of real forms M of
G/R by arguments in the Lie algebra level (cf. Theorem 2.7.8). Here G/R are simple
irreducible pseudo-Hermitian symmetric spaces, where Z(G) are trivial.

2.7.1. An equivalence relation on Rg.
Throughout Subsection 2.7, we always regard G as a connected simple Lie group
such that

(1) Z(G) is trivial,
(2) g =LieG is a real form of a complex simple Lie algebra.

REMARK 2.7.1. (i) In view of (1), we may identify Aut(G) with Aut(g). We
impose this identification on Subsection 2.7.

(ii) Any pseudo-Hermitian symmetric space G/R of G is effective and irreducible by
virtue of (1) and (2) (cf. Remark 2.2.3-(i)).

Denote by R¢ the set of pairs (G/R;, M;) of pseudo-Hermitian symmetric spaces
G/R; and real forms M, of G/R;. Let us recall the equivalence relation on Reg (cf.
Section 1).

DEFINITION 2.7.2. (G/Ry,M;),(G/Ra, M3) € R¢ are said to be equivalent, if
there exists a holomorphic homothety f of G/R; onto G/Rs satisfying f(M;) = Mo.
Henceforth, we denote by R/~ the set of equivalence classes on R¢.

2.7.2. An equivalence relation on dR,.

Let g be a real form of a complex simple Lie algebra. Consider a triplet (g, 7, n)
consisting of an Spr-element T of g (see Remark 2.3.4-(ii)) and n € Inv(g) such that
n(T) = —T'; and denote by dR the set of such triplets.

REMARK 2.7.3. The following items hold for any (g,7.7) € dRy (cf. Lemma

3.1.1-(1), (2) in [2, p.22] and its proof):

(1) o := expmadT is involutive;

(2) ¢g(T') and [T, g] coincide with g°T and g~?7, respectively;

(3) (g,01,3,(-, +)) is a simple irreducible pseudo-Hermitian symmetric Lie algebra,
where j := ad T|ip,q and (X,Y) := By(X,Y) for XY € [T, gJ;

(4) T is the canonical central element of g°7;

(5) [o7,m] = 0;

(6) n is an involutive antiholomorphic isometry of (g,0r1,4, (-, -))-

Here (5) and (6) follow from n(T) = —T.
Let us define an equivalence relation on dRg4 as follows:

DEFINITION 2.7.4.  For (g,T1,m), (g, T2,m2) € dR4 we say that they are equivalent,
if there exists a ¢ € Aut(g) satisfying

(i) ¢(Th) =To, (ii) pomog ' =na.
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Henceforth, we denote by dRy/~ the set of equivalence classes on dRg.

2.7.3. A correspondence between dRy/~ and Rg/~.
We aim to obtain a bijective map F : dRq/~ — Rg/~. First, let us introduce a
way to construct an element of R¢ from (g,7,7n) € dRy:

LEMMA 2.7.5.  For any (g,T,n) € dRg, the following four steps provide an element
(G/R,M) € Rg, where G denotes the connected Lie group such that Z(Q) is trivial and
LieG=g:

(s1) Define R:= Cq(T);

(s2) Equip G/R with o pseudo-Hermitian structure {J, g} induced by adT and By;
(s3) Define 1j(gR) :=n(g)R for gR € G/R;

(s4) Then, (G/R, M) belongs to Rg, where M := (G/R)".

Here, we identify Aut(G) with Aut(g) in view of Z(G) = {e}.
Proor. (G/R,or,J,g) is a pseudo-Hermitian symmetric space by Lemma 3.1.1-

(3) in [2, p. 22]. Therefore, the rest of proof is to verify that 7 is an involutive antiholo-
morphic isometry of G/R. However, that is immediate from n(7T) = —T and (s2). O

Lemma 2.7.6 (below) allows us to define a map F': dRgy/~ — R/~ by
F:((g,T,n)] — [(G/R, M), (2.7.1)

where (G/R, M) denotes the element of R¢g constructed from (g,7,7) in the way of
Lemma 2.7.5.

LEMMA 2.7.6. Let (g,T4,1.) € dRg and let (G/R,, M,) denote the element of R
constructed from (g,Tq,ma) in the way of Lemma 2.7.5, for a = 1,2. If (g,Th,m) is
equivalent to (g, Ta,n2), then (G/Ry, M) is equivalent to (G/Ra, Ms).

PROOF. By Definition 2.7.4 there exists a ¢ € Aut(g) such that (i) ¢(T1) = Tb
and (ii) om0 ¢~ = ny. Define a map f : G/Ry — G/Ry by f(gR1) := ¢(g) Rz, where
f is well-defined by (i). Then f is a holomorphic isometry of G/R; onto G/Rs satisfying
f(My) = My by virtue of (i), (ii). O

The following lemma assures that F': [(g,T,n)] — [(G/R, M)] is injective:

LEMMA 2.7.7.  Let (g,T4,14.) € dRg and let (G/R,, M,) denote the element of R
constructed from (g,T,,n,) in the way of Lemma 2.7.5, for a = 1,2. If (G/Ry, M) is
equivalent to (G/Rg, M), then (g,T1,m) is equivalent to (g, T2, m2).

PROOF. By Definition 2.7.2 there exists a holomorphic homothety f; of G/R; onto
G/ Ry satistying f1(My) = M. We want to first show that

there exists a holomorphic homothety fo of G/R; onto G/Ry

(2.7.2)
satisfying fo(M1) = My and fy(01) = 02,
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where o, is the origin of G/R,. Note that [04,14] = 0, n4(Rs) = Rq and o, € M, for
all @ = 1,2, where o, := op,. Theorems 2.4.1 and 2.6.1 imply that My = Pry((G™)o).
Since fi(01),02 € My there exists a g € (G)¢ satisfying 74(fi(01)) = 02. Accordingly
one deduces (2.7.2) by setting fo := 7, 0 f1. Since (2.7.2) and Lemma 2.3.1 there exists
a unique ¢ € Aut(G) satistying

(i) pooy =090¢, (ii) ¢(R1) = Ra, (iii) f2 0 Pr; = Pryo¢.

From Lemma 2.3.5 and (i) we obtain ¢(T1) = T or ¢(Ty) = —T5. Therefore ¢(T1) = To
follows from (iii), f2 being holomorphic and Lemma 2.7.5-(s2). Consequently, the rest of
proof is to conclude that

pom =mn2009. (2.7.3)

Denote by q, the —1-eigenspace of o, in g, and decompose it as q, = q @ q,, where
qF :={Z € q4 | 1a(Z) = £Z}. Then

T,.(G/Ry) = qu, To,M, =49}, By(q},q,)={0} for each a =1,2.

Therefore the above (iii) and (2.7.2) imply that ¢(q) = q5. Moreover, ¢(q;) = q5
follows from ¢(q1) = g2, qo = qf @ q, and By being non-degenerate on q,. These
#(qf) = a3, ¢(q;) = g5 assure that ¢pon = neo¢ on q; = qf ©q;. Hence (2.7.3) holds
because g = [q1,q1] ® q1 (cf. Nomizu [21, p. 56, (16.2)]). O

Now, let us verify that F' is bijective:

THEOREM 2.7.8.  The map F : [(9,T,n)] — [(G/R, M)] is a bijection from dRg/~
onto R/~ (see (2.7.1) for F).

Proor. Lemma 2.7.7 implies that F' is injective. So, we only prove that F' is
surjective. Take any [(G/R, M)] € Rg/~. First, let us construct an element (g,7,7n) €
dRg from (G/R,M). Let ¢ be the involution of g = Lie G satisfying v = g7, and {J,g}
the pseudo-Hermitian structure on G/R. On the one hand, Proposition 2.3.3 allows us
to assume that

(1) R=Cq(T), (2)Jisinduced by adT', (3) g is induced by By,

up to holomorphic homothety, where T' denotes the canonical central element of g?. On
the other hand, Lemma 2.3.6 allows us to assume o € M up to holomorphic homothety.
Since M is a real form, there exists an involutive antiholomorphic isometry 7 of G/R
satisfying M = (G/R)". Then 7(0o) = o and Lemma 2.3.1 enable us to have a unique
n € Inv(G) satistying (4) [o,9] = 0, (5) n(R) = R and (6) 7(gR) = n(g)R for all
gR € G/R. By (4) and Lemma 2.3.5 one has n(T') = T or n(T) = —T, and hence
n(T) = =T follows from (2), (6) and 7 being antiholomorphic. Consequently (g,T,n)
belongs to dR4. Furthermore, up to holomorphic homothety, (G/R, M) coincides with
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the element of R constructed from (g, 7T, n) in the way of Lemma 2.7.5 because (1)—(3)
and (6). Therefore F([(g,T,n)]) = [(G/R, M)], and hence F is surjective. O

The main purpose of this paper is to classify the real forms M of simple irreducible
pseudo-Hermitian symmetric spaces G/R with G non-compact (cf. Theorem 1.0.1).
Theorem 2.7.8 implies that we can accomplish the purpose by classifying the elements
(9,T,m) € dRg for each non-compact real form g of complex simple Lie algebras.

3. Cartan decompositions and Root systems.

In this section we review elementary facts about a Cartan decomposition and the
root theory.

3.1. Cartan decompositions.
Let [¢ be a complex semisimple Lie algebra, let [, be a compact real form of ¢, and
let § € Inv(l,). Decompose [, as

[, =€dp,
where € := [ and ip := [;%. Then one can get a non-compact real form [ of Ic by
[:=¢tdp.

It is known that [ = ¢®p is a Cartan decomposition and ¢ (= [N[,,) is a maximal compact
subalgebra of [ (cf. Helgason [4, p.235]).

REMARK 3.1.1. Henceforth, we assume that each non-compact real form [ C [¢ is
related with a compact real form [, C ¢ and 6 € Inv(l,,) as in the formulae
(=t@yp, L,=tdip, e=10 ip=1"7.
Moreover, we assume that Aut(l) = {¢ € Aut(lc) | ¢(I) C [} and Aut(l,) = {¢ €
Aut(lg) | (L) C I, }. Under this assumption, 6 is a Cartan involution of [ = ¢ & p.
We will need the following proposition later:
PROPOSITION 3.1.2 (cf. Murakami [17, p.106]).  With the setting above; for any

P € Aut(ly,), the following (i), (ii) and (iil) are equivalent:

(i) ol =001, (ii) ¢ € Aut(l) N Aut(l,), (iii) (¢) C &

3.2. Root systems and compact real forms.

Let [¢c be a complex semisimple Lie algebra, ¢c a Cartan subalgebra of [¢, and
A(lg, cc) the set of non-zero roots of I¢ with respect to c¢c. For each a € A(lg, ¢¢), there
exists a unique H, € c¢ such that By, (H, H,) = a(H) for all H € ¢¢. Then there exists
a basis (so-called, Weyl basis) {X, | o € A(lg, cc)} of Ic mod ¢c such that
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[Xo, X_o] = Ha, [H,X,] = a(H) - X, for any H € cc;
[Xo, X5 =0 ifa+p#0and a+ 5 ¢ A(lg, cc);
[XOt7XB] = Na,g . Xa+g ifat+pe A([C, C(c),

where the non-zero real constants N, g satisfy N, 3 = —N_,,_g (cf. Helgason [4, p. 176]).
The Weyl basis gives rise to a compact real form [, of I¢ as follows:

[, =i & @ spanp{Xo — X_o} @ spang{i(Xo + X_o)} (3.2.1)
(XEA([C,Cc)

(cf. Helgason [4, p. 182, (2)]), where cg := spang{H, | @ € A(lg, c¢)}-
From now on, we are going to state Proposition 3.2.1 and Lemma 3.2.2 needed later.
First, let us recall

PROPOSITION 3.2.1 (e.g. Murakami [19, p.295]). Let {a;}\_, and {B;}}_, be
fundamental systems of (I, cc), and ¢ a linear isomorphism of cc defined by 'p(3;) =
a; for 1 < <. Suppose that for every 1 <i,5 <1,

B[c(HawHOéj)/B[cc (Haj ) HOéj) = B[C(HBH Hﬁj)/B[c(Hﬁj ’ Hﬁj)‘
Then, there exists a unique ¢ € Aut(lc) satisfying

(i) Plee = @, (ii) ¢(Xia,) = X4p, for any 1 <i <.
Next, we prove

LEMMA 3.2.2. Let ¢ be the automorphism of I in Proposition 3.2.1, and [, the
compact real form of Ic given by (3.2.1). Then, ¢(l,,) C .

PROOF. Let 7 denote the complex conjugation of Ic with respect to [,. Then
o(l,) C [, follows from ¢ o 7 = 7 0 ¢. Therefore it suffices to show that

O(T(Xta,)) =7(0(Xa,)) forall 1 <i <1

It is known by Helgason [4, p.421] that 7(X,) = —X_,, for all @ € A(lg, ¢¢). This gives
us 7(¢(1(Xxa,))) = —7(0(Xz0,)) = —7(Xzp,) = Xip: = O(Xaas)- O

3.3. Restricted root systems of maximal compact subalgebras.

In Section 4 we will classify the elements (g,7,7n) € dRg4 by considering restricted
root systems (€, a), where £ are maximal compact subalgebras of g =t @ p. So, we are
going to review elementary facts about restricted roots.

Let € be a compact Lie algebra, where £ is not necessary semisimple, and let n €
Inv(t). Take a maximal abelian subspace a in €7 and denote by (&, a) the set of non-
zero restricted roots of € with respect to a (cf. Loos [16, p. 58]). Here, a non-zero linear
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form =y : a — R belongs to 3(&, a) if and only if there exists a non-zero Z € f¢ such that
[A,Z]) = iy(A) - Z for all A € a. Now, let t denote a maximal abelian subalgebra of ¢
containing a, let A(t,t) denote the set of non-zero roots of ¢ with respect to t, and let
Wa denote the Weyl group of A(€,t). Then, the Weyl group Wy, of 3(&,a) is related
with WA as in the formula

Wy = { | we W,} (3.3.1)

(cf. Satake [24, p.107]), where W,, := {w € WA | [n,w] = 0} and @ := w/,.

LEMMA 3.3.1.  With the setting above; let TI(¢,a) = {7;}/_, be a restricted funda-
mental system of X(¢,a) and let

Crgea) :={Aca|v(A) >0 forall 1 < j <p}.

Then, for any T € €77 there exists a ¢ € Int(€,1) such that o(T) € Cryg,q)-

ProOF. Although £ is not necessary semisimple, one can assert that

e = J{w(a) | ¢ € Inte(¢7)} (3.3.2)

(cf. Loos [16, p.56]), where Inty(£7) denotes the connected subgroup of Int(¢) which
corresponds to the subalgebra ad(87) of ade(€). Since Inty(£7) C Int(€,7) and (3.3.2)
we may assume T € a from the beginning. Then, there exists a ¢ € Wy satisfying
©(T) € Cri(e,q) because Wy acts transitively on the set of Weyl chambers. Remark that
¢ € Int(t, n) follows from (3.3.1). O

4. The classification of elements (g,T,7) € dR,.

Our goal in this section is to determine dRg4/~ for each non-compact real form g of
complex simple Lie algebras. That and Theorem 2.7.8 provide us with the main Theorem
1.0.1.

4.1. Reduction.

According to Berger [1, Tableau II, p.157-161], there does not exist any pseudo-
Hermitian symmetric Lie algebra (g, o) when g = s[(2n+1,R), eg(6), e6(—26), €3(8)> €8(—24)>
fa(a), fa(—20) or 92(2)1. For this reason we will only consider the case where g is one of
the following:

List 1T

AI [sl(2n, R) [ AIL |su*(2n) [ ALLI | su(p, q) | BDI | s0(p, q) | DIII | s0*(2n)
CI |sp(n,R) |CII |sp(p,q)
Ell|egoy  |El|es1ay |EV |ery  |EVI[ers) |EVII|eros)

IThere is a minor misprint in [1, p.161, T 15]: Read “E? Eé + R g1 (Eé) X R réd.” instead of
“B2 Ef +R g1(BE#) x Rréd. 1/2kihl.”
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4.2. A way to determine dRy/~.

We will start on determining dRy/~ from the next subsection. Our aim in this
subsection is to introduce a way to determine dRy/~ (cf. Theorem 4.2.2). First, let us
prove

LEMMA 4.2.1.  For any (9,T,n) € dRy, there exists a Cartan involution 6 of g
satisfying 0(T) =T and [0,n] = 0.

PrOOF. Remark 2.7.3 implies that or,n € Inv(g) and [or,n] = 0. So, Lemma 2.7
[20, p. 71] enables us to have a Cartan involution 6 of g such that [0, 0r] = [0,7] = 0.
Lemma 2.3.5 and [0, 07] = 0 yield 6(T) =T or 0(T) = —T. Hence §(T) =T, since T is
non-zero elliptic. O

THEOREM 4.2.2. Let gc be a complex simple Lie algebra, and g a non-compact real
form of gc. The following seven steps enable us to determine dRg/~ :

(S1) Take a compact real form g, of gc and 0 € Inv(g,) which satisfy g = €@ p and
gu = E D ip (see Subsection 3.1 for detail).

(S2) Settle an n € Inv(g) by following Berger’s classification [1, Tableau II, p. 157-161].

(S3) Take a maximal abelian subspace a in €.

(S4) Choose every element A such that the eigenvalue of ad A in € is =i or zero, from
among all elements in Cry,q) (see Lemma 3.3.1 for Cry,q))-

(Sh) Select every element T such that the eigenvalue of adT in g=€dp is +i or zero,
from among the elements chosen in (S4). Then, (g,T,1n) € dR,.

(S6) Find out all triplets which are equivalent to each other, among the triplets (g,T,n)
selected in (S5).

(S7) Repeat (S2)—(S6) until all involutions of g are exhausted from Tableau II.

Here we remark that one can perform (S3) because n satisfies n(t) C ¢.

PrOOF. It suffices to confirm that any (g,T1,7m1) € dRy is equivalent to (g,T,n) €
dRy which satisfies conditions

(a) n is an involution in Tableau II;

(b) T € Cre,a);

(¢) the eigenvalue of ad T in € is +i or zero;

(d) the eigenvalue of adT in g = €@ p is +i or zero.

By Lemma 4.2.1 there exists a Cartan involution 6’ of g such that 6'(Ty) = T; and
[0',m] = 0. Theorem 7.2 [4, p. 183] enables us to have a v € Int(g) satisfying 91 0 ¢’ =
0 o 1)y. Then (g,T1,m1) is equivalent to (g, T2, 72) which satisfies

(1) 0(Tz) =Tz, (2) [0,m2] =0,

where Ty := 11 (T1) and 7, := ¥y om1 097 L. Due to Berger’s classification [1] there exists
a ¢ € Aut(g) such that ¢ om0 ¢, ! lies in Tableau IT. By [f,72] = 0 and considering
Berger’s process of getting Tableau II, one may assume that ¢ also satisfies [0, ¢o] = 0.
Hence, (g,T»,72) is equivalent to (g,T5,n) which satisfies



Real forms of pseudo-Hermitian symmetric spaces 57
(1) 6(T5) =T3, (2) [0,m] =0, (a)n isan involution in Tableau II,

where Ty := ¢o(T3) and 1 := ¢ 012 0 ¢ '. Remark that Int(€,7) C Int(g,6,n). Since
T3 € €77 and Lemma 3.3.1, there exists a 3 € Int(g, 0,7) satisfying ¥3(T3) € Crye,a)-
Then (g,T5,7) is equivalent to (g,7T,n) which satisfies

(b) T € Crie,a), (2) [0,m] =0, (a) n is an involution in Tableau II,

where T := 15(T3), in terms of n = ¢30no 1/}51. The rest of proof is to conclude (c¢) and
(d). (d) is immediate from T being an Spr-element of g. (c) comes from T € ¢, g = ¢ D p,
[7,€ C & and (d). O

The following lemma enables us to perform (S5) in Theorem 4.2.2 more easily:

LEMMA 4.2.3. Let [ be a real semisimple Lie algebra, T a semisimple element of
[, and ¢ a Cartan subalgebra of | containing T. Then, the following (i), (i) and (iii) are
equivalent:

(1) The eigenvalue of adT in [ is i or zero;
(i) [T,[T, [T, X]]] = —[T, X] for all X € 1;
(iii) a(T) = %1 or zero for each a € A(lg, c¢).

PROOF. Since T is semisimple, one can decompose [ as
l=co(T)®[T,1].

Hence, (i) if and only if ad 7|7 is a complex structure of the vector space [T} ] if and
only if (ii). It is clear that (i) is equivalent to (iii). O

Now, we are in a position to classify the elements (g, T,7n) € dR4 for each Lie algebra
g in List IT (see p. 55).

REMARK 4.2.4. In Subsections 4.3 through 4.14, we refer to Helgason [4, p.444,
p. 186] for notation I, 4, Jy, Kj 4 and E;;. In addition, we utilize the following notation:

A = (O A) , AxB:= <g g) for matrices A, B;

A O
J]_ 0] @) aq
S 1= 2m; adiag(ay,...,a,) = .
O J1 (079 O

4.3. Type Al, g =sl(2n,R).

Our goal in this subsection is to determine dRg4/~ for g = sl(2n,R) (cf. Proposition
4.3.5). The arguments below will be mainly based on Theorem 4.2.2.

Let g, := su(2n) and
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0(X) = —'X (= X) for X € g,. (4.3.1)

Construct a non-compact real form g = ¢ ® p of gc from them. Then g = sl(2n,R) and
t = s0(2n). Now, let us settle n € Inv(g) by following Berger’s classification. According
to Berger [1, p.157], n is conjugate to one of the following:

m:=Adl,, m:=0o0m, n3:=AdJ,, mn:=60on;s, (4.3.2)
where p+ ¢ = 2n and p < q. Here

9771 = 5[(]9’ R) @5[(Q7R) 2] R? 9172 = 50(]97 q)’

(4.3.3)
g” =sl(n,C) P, g7 =sp(n,R).

Let us consider a restricted root system X (&, a) for each 7.

4.3.1. Case n =1n;.

Let n:=ny (cf. (4.3.2)). It follows from (4.3.3) that (€, €7) = (s0(2n), so(p) Bso(q)),
where p+¢ = 2n and p < ¢; and hence the rank of (¢, €7) equals p. So, a maximal abelian
subspace a, C €77 is given by the matrices

O, ‘ diag(z1,...,2p) O
H* = —diag({ﬁl, N ,.’ﬂp) Oq )
0
where z; € R and diag(zi,...,xp) denotes the diagonal matrix with components

Z1,...,Zp. The Dynkin diagram of ¥(¢, a,) is

12 AN 2

T2 Yp1 Vp B, when p <n;

12 o
o2 Tp=207r D, when p = n.

Here v (H,) := xp — xpg1 for 1 <b < p—1and v,(H,) :=zp if p < n (resp. vp(Hy) =
ZTp—1 + xp if p=n). Let us investigate two cases p < n and p = n individually.

Case n = and p < n. Let {T;}/_, be the dual basis of II(¢,a,) = {7;}/_,, and A
an element of Cry(¢ q,) such that the eigenvalue of ad A in € is &7 or zero. Then A =T
only follows from (4.3.4). Here

(4.3.4)

0, | diag(1,0,...,0) 0

Tl = —dlag(l, 0, ey 0) 0 = E17p+1 — Ep+171. (435)
0 q
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Lemma 4.2.3 implies that the eigenvalue of ad T in g = €@ cannot be +i or zero because
X = Ey p41 + Epy1,1 belongs to g and [Th, [Th, [T, X]]] # —[T1, X]. Thus, dRg = 0 in
case n =11 and p < n.

Case n =1 and p = n. Let {T;}_; be the dual basis of II(¢,a,) = {v;}}_;, and A
an element of Cry(g,q,) such that the eigenvalue of ad A in € is +i or zero. Then A = T7,
T,—1 or T}, in view of (4.3.4). Here T is the same as (4.3.5), and

L( On |~In1a L On |l ) _1
Tpoy = = —), T,=- =—J,. 4.3.
! 2(1,”}1 O 2\ -1,]0, 57 (4.3.6)

We have already known that the eigenvalue of ad 77 in g cannot be +i or zero. By direct
computation and Lemma 4.2.3-(ii) we see that the eigenvalue of ad T},_1 (resp. ad T},) in
g is £i or zero. For this reason (g,7,-1,7), (8, Tn,n) € dRq. Now, define a ¢ € Aut(g)
by ¢ :==n0AdI,_1n41. It is clear that [0, 0] = [, ¢] = 0 and

@(Tn—l) = Tn

Hence (g,T,—1,7) is equivalent to (g, T}, 7n). Consequently, one can assert the following
lemma by the arguments above and Theorem 4.2.2:

LEMMA 4.3.1 (AI). The elements (g,T,n) € dRq are classified as follows, in the
case where n =y is fized (cf. (4.3.2)):

(1) (¢,7,n) = (9, T, Ad In,n)a

where Ty, is given in (4.3.6). Moreover, o := or satisfies
{(979") = (sl(2n,R), sl(n,C) @ 1),

(g7,9° Ng") = (sl(n,R) @ sl(n,R) ®R,sl(n,R)).

4.3.2. Case 1 = 1a2.
Let n := no (cf. (4.3.2)). By n = 6 on; we deduce that n coincides with n; on £
Accordingly one can have the following result similar to Lemma 4.3.1:

LEMMA 4.3.2 (AI). The elements (g,T,n) € dRg are classified as follows, in the
case where n = 19 is fized (cf. (4.3.2)):

(2) (97T7 77) = (E,Tn, 6o Ad In,n)v

where Ty, is given in (4.3.6). Moreover, o := or satisfies

o {(g,g”) = (sl(2n,R), sl(n,C) @ t),
(gn,gﬂ N gn) = (so(n,n),so(n,(C)).
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4.3.3. Case nn = n3.

Let n := n3 (cf. (4.3.2)). From (4.3.3) we obtain (¢,€7) = (so(2n),u(n)). The rank
of (€,€7) equals m, where n = 2m + 1 or n = 2m. Hence, a maximal abelian subspace
a,, C 77 is given by the matrices

Alo, -
= (ﬂj) A= el i)

where z, € R. The Dynkin diagram of 3(¢, a,,) is

o2 TmL1Ym BC,, when n = 2m + 1;

(4.3.7)
A I !
Y1 Y2 Tm=17Tm  C_ when n=2m.

Here v (H,) := xp — xp41 for 1 < b < m —1 and v, (Hy) := @y, if n = 2m + 1 (resp.
Ym (Hy) = 22, if n = 2m). Let us investigate two cases n = 2m + 1 and n = 2m
individually.

Case n = n3 and n = 2m + 1. (4.3.7) implies that there does not exist any A €
Cri(e,a,,) such that the eigenvalue of ad A in € is +i or zero. Therefore dRy = ) in case
n=mn3 and n =2m + 1.

Case 7 = n3 and n = 2m. Let {T};}]; be the dual basis of II(¢,an) = {7;}72,,
and A an element of Cryg,q,,) such that the eigenvalue of ad A in € is 4 or zero. Then
A =T, only follows from (4.3.7). Here

1 Sm O2m
Thm == . 4.3.8
2 ( OQm _Sm > ( )

A direct computation, together with Lemma 4.2.3-(ii), enables us to confirm that the
eigenvalue of ad T}, in g is +¢ or zero. Hence (g, T;n,n) € dRg4, and

LEMMA 4.3.3 (AI). The elements (g,T,n) € dRy are classified as follows, in the
case where n = ng is fived (cf. (4.3.2)) :

(3) (gvT’ 77) = (gaTmaWS)a

where n = 2m and T, is given in (4.3.8). Moreover, o := o satisfies

{(g,g") = (sl(4m, R), sl(2m, C) & 1),
(g",9° Ng") = (sl(2m, C) ® t, su*(2m)).
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4.3.4. Case n =r1y4.
By Lemma 4.3.3 and arguments similar to those in Subsection 4.3.2. we conclude

LEMMA 4.3.4 (AI). The elements (g,T,n) € dRg are classified as follows, in the
case where n = ny is fized (cf. (4.3.2)):

(4) (97T7 77) = (97T7r;,,774)7

where n = 2m and T,, is given in (4.3.8). Moreover, o := or satisfies
@ {(g,g") = (sl(4m, R),sl(2m,C) & t),
(87,97 N g") = (sp(2m, R), sp(m, C)).
Four Lemmas 4.3.1-4.3.4 and (4.3.2) lead to

PROPOSITION 4.3.5 (AI).  The elements (g,T,n) € dRg are classified as follows,
where g = sl(2n,R) and its Cartan involution is defined as 0 in (4.3.1) :

g T n no.
T, in (4.3.6) AdI, ., (1)
the same as in (1) | 0o Ad I, , (2)
3)
(4)

Al
Ty in (4.3.8) Ad J,,, where n =2m

the same as in (3) | 6 o Ad J,,, where n =2m

Moreover, o := or satisfies

() g7) = (sl(2n,R),sl(n,C) & 1),
g7,8° Ng") = (sl(n,R) ®sl(n,R) & R, sl(n,R));
(2 ){

(9,
(
(
(

3 ){(9,9 ) = (sl(4m, R),sl(2m,C) & 1),
(g7,9° Ng") = (sI(2m, C) @ t, su*(2m));
(

ofs

4.4. Type AIl, g = su*(2n).
Let g, := su(2n) and

g,87) is the same as in (1),

97,97 Ng") = (so(n,n),s0(n,C));

g,9%) is the same as in (3),

;87 Ng") = (sp(2m, R), sp(m, C)).

0:=10AdJ,, (4.4.1)

where 7(X) := —X (= X) for X € g,,. From g, and 6, we construct a non-compact real
form g = €@ p of gc. Then g = su*(2n) and ¢ = sp(n). By arguments similar to those in
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Subsection 4.3 one can demonstrate

PROPOSITION 4.4.1 (AIl). The elements (g,T,n) € dRy are classified as follows,
where g = su*(2n) and its Cartan involution is defined as 0 in (4.4.1) :

g T n no.
(i/2) 1, A, M
the same as in (1) | 6 o Ad J, (2)
(1/2) - (Jm X Jm) | Ad Ky, where n=2m (3)
the same as in (3) | 6 o Ad Ky, m, where n =2m | (4)

All

Moreover, o := or satisfies

’ ){< 8%) = (0" (2n),81(n, C) & 1),
(87,97 Ng") = (sl(n,C) @ t,sl(n,R));
@) {(g,g") is the same as in (1),
(@787 N g") = (s0° (20), s0(n, O));
G ){(g,g ) = (su*(4m), sl(2m, C) @ t),
(g7,9% Ng") = (su*(2m) ® su*(2m) ® R, su*(2m));
@ {(g, g°) is the same as in (3),
(g",g° Ng") = (sp(m,m),sp(m,C)).

4.5. Type AIIl, g = su(p,q).
Let g, := su(p + ¢) and

0:=AdI,,. (4.5.1)

Construct a non-compact real form g = ¢ @ p of g¢ from them. Then g = su(p,q) and
t = su(p) ®su(q) ® t. Set

i
T, := diag(p+qg—a,...,p+q—a,—a,...,—a). 4.5.2
p+q ( ’) ( )

With this notation we can state

PROPOSITION 4.5.1 (AIII). The elements (9,7, n) € dRg are classified as follows,
where g = su(p, q) and its Cartan involution is defined as 6 in (4.5.1) :
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g T n no.
Ty —T,+Tp withh<p&p<k<p+gq m(X):=-X for Xeg |(1)
(2/2) : (I;L X Ivln) Ad( n,n X I, m) (2)
where (p,q) = (2n,2m)
AIII Th_Tn +Tn+h_T2n +Tn+k_ T2n+m+Tn+m+k 11 © Ad(Jn X Jm) (3)
withh<n&n<k<n+m where (p,q) = (2n,2m)
Ty —Tp+Tprn withl <h<p m o AdJp, wherep=gq (4)
the same as in (4) 6 omn oAdJ,, where p=gq| (5)
Ty, — Tpyp with1 <h<p Ad J,, where p =gq (6)
where T, is given by (4.5.2). Moreover, o := or satisfies
{( 511 pa )75(u<hak_p)@u(p_hap+q_k)))a
(97,07 Ng") = (s0(p,q),50(h, k —p) ®so(p— h,p+q—k));
{(g, (5u(2n,2m), 5 (u(n, m) @ u(n, m))),
(87,87 Ng") = (s(u(n,m) ® u(n,m)),su(n,m));
(9,97) = (su(2n,2m),s(u(2h, 2k — 2n) ® u(2n — 2h, 2n + 2m — 2k))),
(g g ﬂg"? (5p(n7m)a5p(h7k_n>@5p(n_han+m_k));
{(g (su(p,p), s(u(h, h) ® u(p — h,p = 1)),
(g g mgn (5p(p7 )75p(h’R)®5p(p_haR))v
(g,97) is the same as in (4),
(97,97 Ng") = (s0*(2p), 50%(2h) & s0*(2p — 2h));
( ){(gvg ) (su(p,p),s(u(h,p—h)EBu(h,p—h))),
(g7,87 Ng") = (sl(p,C) ®R, su(h,p — h)).
4.6. Type BDI, g = so(p,q).
Let g, :=so(p + ¢) and
0:=AdI,, (4.6.1)

Then we get a real form g of gc by setting g := € @ p, where £ := g? and ip := g;%.

We regard g as so(p,q), since g is isomorphic to so(p, q).

demonstrate the following by arguments similar to those in Subsection 4.3:

PROPOSITION 4.6.1 (BDI).

where g = so(p, q) and its Cartan involution is defined as 0 in (4.6.1) :

With this setting, we can

The elements (g,T,n) € dRy are classified as follows,
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g T n no.

El,p - Ep,l Ad(Ih,p—h X Ik,q—k) (1)
withl<h<p&k<gqg

Ept1p+q = Eptap+1 Ad(Inp—n X Ti,qg—k) (1)
withh<p& 1<k<gq

(1/2) - (An x Ap,) Ad(Lnpn X Imm) (2)

BDI ; diag(1,...,1
A = ( . o adiag(L,..., )> where (p,q) = (2n,2m)
—adiag(1,...,1) 0O;

(1/2)- (S, x S) Ad(Jan X Jam) 3)
where (p,q) = (4n,4m)

(1/2) ) (Sn X (_Sn)) Ad Jan, where p=qg=2n (4)

the same as in (4) 0 o Ad Jy,,, where p=q=2n| (5)

Moreover, o := or satisfies

(1) {

g7) = (s0(p, q),50(p — 2, q) © 50(2)),
g7,9° Ng") = (so(h, k) ®so(p—h,q—k),s0(h—1,k) ®so(p—h—1,q—k));
g,8%) = (s0(p,q),50(p,q — 2) ®50(2)),
g7,g° Ng") = (so(h,k) ®so(p —h,q—k),s0(h,k —1) ®so(p—h,q—k—1));

9,90 (s0(2n,2m), m)),
(

9,0 (s0(4n,4m), u(2n,2m)),

g",9” Ng") = (u(2n,2m),sp(n,m));
(s0(2n,2n),u(n,n)),

97,9 Ng") = (sl(2n,R) ® R,sp(n,R));

(g,

(

(

(

(

(¢7,97Ng") = (50(n m) ® so(n,m),s0(n,m));
(

(

(g,

(g"

(g,9%) is the same as in (4),
(g”

" e
@ e
O e
e
e

.87 Ng") = (s0(2n,C),s0*(2n)).
Let us comment on the above proposition.

REMARK 4.6.2 (Proposition 4.6.1).  The item (1) is the same as (1’) if one identifies
s0(p, q) with so(g, p).
4.7. Type DIII, g = s0*(2n).
Let g, := s0(2n) and
0 := Ad J,. (4.7.1)

Construct a non-compact real form g = ¢ @ p of g¢ from them. Then g = s0*(2n),
¢t =u(n) and
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PROPOSITION 4.7.1 (DIII).  The elements (g,T,n) € dRq are classified asfollows,
where g = s0*(2n) and its Cartan involution is defined as 6 in (4.7.1) :

g T n no.
1/ 0y, I )
= m Ad(Lym X Imom 1
where n = 2m
the same as in (1) 0o Ad(Lym X Imm) | (2)
where n = 2m
1 O m - I m— I m—
DIII ( 2 (Tkam—t X Tim—1) ) Ad(J % (=) (3)
I m—ti X L m—k O2m,
with 2k <m where n = 2m
1 On _I n— .
( fonk ) with 2k < n AdI,, (4)
Ik,n—k On
Eipt1 — Engia the same as in (4) (5)

Moreover, o := or satisfies

o f©

@ { g7) is the same as in (1),
g7,87 N g"]) (u<m7m)75p(m7R))§

g7) = ( 0*(4m),u(m,m)),
g",9° Ng") = (s0%(2m) @ s0*(2m), 50*(2m));

g7,9° Ng") = (su*(2m) ® R, sp(k,m — k));
@ { g,9%) = (s0*(2n), u(k,n — k)),
g”,87 Ng") = (s0(n,C),s0(k,n — k));
o o
4.8. Type CI, g = sp(n,R).

Let H denote the division algebra of quaternions with basis {1,41,2,43}. We realize
sp(n) by use of H and denote it by g, i.e., g, := {A € gl(n,H) | A* = —A}. Now, let

g7) = (50*(2n),50*(2) ® s0*(2n — 2)),

(9,
(
(9:
(9"
- {(g,g ) = (s0% (4m), u(2k, 2m — 2k)),
(
(
(
(9:
(g7,9° Ng") = (so(n,C),s0(n —1,C)).

0 := Ad(irI,). (4.8.1)

Construct a non-compact real form g = €@ p of g¢ from g, and 0. Then, g = sp(n,R)
and € = u(n). In this setting we have

PrOPOSITION 4.8.1 (CI). The elements (g,T,n) € dRy are classified as follows,
where g = sp(n,R) and its Cartan involution is defined as 6 in (4.8.1) :
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g 7 no.
(11/2) - 1, Ad L, where n =2m| (1)
the same as in (1) O0oAdL,m (2)
where n = 2m
CI 21( (m - k)Ik X (_k)Im—k Om > Ad(iQJm) (3)
m Om (m— k) x (k) m—g
with 2k <m where n = 2m
(ir/n) - ((n— k) Iy x (—k)I,—x) with 2k <n Ad(iaI,) (4)

where {1,41,12,i3} is the basis of H. Moreover, o := or satisfies

o
(2) {

9,9
g”]
9,9
977

)
)
)

(4) {

4.9.

o
g
[ea
g

g
g
g

)= (sp(?m,R),u(m,m)),
7Ng") = (sp(m,R) & sp(m, R), sp(m, R));
7Y is the same as in (1),

7N g") = (u(m,m),so0*(2m));

Type CII, g = sp(p, q)-
Realize sp(p + ¢q) by the same way as in Subsection 4.8. Let g, := sp(p + ¢) and

0:=AdIJ,,.

(
(
(
(
) {(g,g ) = (sp(2m, R), u(2k, 2m — 2k)),
(g"
(
(

7Ng") = (sp(m,C),sp(k,m —k));

9,9 ) = (5p<an)>u(k>n - k)),
g7,9° Ng") = (sl(n,R) ®R,s0(k,n — k)).

(4.9.1)

Construct a real form g = €@ p of g¢ from them. Then it follows that g = sp(p,q),

t=sp(p) ©sp(q) and

PropPoOSITION 4.9.1 (CII).

where g = sp(p, q) and its Cartan involution is defined as 0 in (4.9.1) :

The elements (g,T,n) € dRg are classified as follows,

g T n no.
(i2/2) Apiq Ad(i1[p+q) (1)
the same as in (2) at Proposition 4.6.1(BDI) | Ad(Ly.n X Lm,m) (2)

CII where (p,q) = (2n,2m)

(i1/2) ) Ip,p

0o AdJ,, wherep=gq | (3)

the same as in (3)

Ad J,, where p=gq (4)

where {1,41,12,1i3} is the basis of H. Moreover, o := or

satisfies
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Q) {(97 g7) = (sp(p,q),u(p, ),
(g7,g" Ng") = (u(p,q),50(p,q));
@ {(g, g7) = (5p(2n,2m),u(2n,2m)),
(6",07 Ng") = (sp(n,m) @ sp(n,m),sp(n,m));
) {(g, g7) = (sp(p,p), u(p,p)),
(g7,07 Ng") = (sp(p,C), sp(p,R));
@ {( g7) is the same as in (3),
(g",g° Ng") = (su*(2p) & R,s0%(2p)).

4.10. Type EII, g = eg(2)-

Our aim in this subsection is to determine dRgy/~ for g = e52) (cf. Proposition
4.10.4). One can accomplish the aim by arguments similar to those in Subsection 4.3.
However, we are going to construct arguments in detail, since we need to treat an excep-
tional Lie algebra.

4.10.1. Setting.

Let gc := ¢5. We assume that the Dynkin diagram of A(gc,cc) is as follows (cf.

Bourbaki [3, p.276]):

Q; Q3 Q4 Q5 Qg

1 2 3 2 1 (4.10.1)
20 Q2

Denote by g, the compact real form of gc given by (3.2.1). Let {Zj}?zl be the dual
basis of {a;}9_; = I(gc, cc) and

0 :=expmadi(Zy+ Zs + Zs). (4.10.2)

Then 6 € Inv(g,), O(cc) C ¢c and the Dynkin diagram of £ := g (with respect to icg) is
as follows:

11111 1 (4.10.3)
Br B2 Bs Ba Bs Do

where 01 1= a2 + az + au, B2 := a1, B3 = az + au + a5, B1 1= ag, F5 1= a2 + ag + as
and [ := ay. This provides us with € = su(6) © su(2) and g = eg(), where g := £ S p.

4.10.2. Reduction.
Berger [1, p. 160] has shown that any involution of g = e¢(2) is conjugate ton € Inv(g)
such that g" is one of the following:
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(1) 5]3(3,1), (2) f4(4)7 (3) 5]3(4,R),
(4) s0*(10) @ t, (5) s0(6,4) & t, (6) su(4,2) ®su(2), (4.10.4)
(7) su(3,3) ®sl(2,R), (8) su(6)® su(2).

We will investigate the involutions only for (1), (2) and (3), because the real forms of
compact Hermitian symmetric Lie algebra (eg,50(10) @ t) are exhausted by

(sp(4),5p(2) ©5p(2)),  (fa,80(9))

(cf. Leung [14, p. 182] or Takeuchi [26]). The involutions are given by

1 :=T1oexpmad(iZz), 2 i=6omn,
(1) m p7ad(iZsz) (2) m2 m (4105)
(3) n3, where "n3(a;) == —aj for 1 < j <6.
Here 7 is an involution of g,, defined as follows:
(o) == ag, T(ae) =, 'r(az):=as,
(a1) (a2) (as) (4.106)
rlay) == a4, 7(as) :=asz, 7T(ag):=a

(cf. Proposition 3.2.1, Lemma 3.2.2). Now, let us consider a restricted root system
Y (¢, a) for each 7.

4.10.3. Case n =mn;.

Let n :=m (cf. (4.10.5)). By (4.10.4) we see that (& €7) = (su(6) @ su(2),sp(3) ®
sp(1)), and its rank equals 2 + 0 = 2. Hence the following as is a maximal abelian
subspace in £€77:

ag = spang {71, 1>},
where Ty := i(Z5 — Z5) and Ty := i(Z, — Zg). The Dynkin diagram of (¢, az) is

1 1
o—0 (4.10.7)

61 BQ A2

where 3, := Bila, and By = B2|a,- Remark that {T7,T2} becomes the dual basis of
{B1, 85} = I(k az). Now, let A be an element of Cri(e,a,) such that the eigenvalue of
ad A in € is 44 or zero. Then A = T3, T follows from (4.10.7). One can deduce that the
eigenvalue of ad T} (resp. ad T) in g is also +i or zero, by direct computation, (4.10.1),
Lemma 4.2.3-(iii) and «;(Z;) = d; ;. For this reason (g,71,7), (g,72,n) € dRy. From
now on, let us show that

(ga Tl7 77) is eqUiva‘lent to (97 T27 77) (4108)
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Denote by S5 — the reflection along B15 = B1 + By € X(€,a2). In this case 53, €
Int(t,n) C Int(g, 6, 7) (cf. (3.3.1)), and satisfies S5 (T1) = —T% because of B:(Ty) = 6 ;.
Consequently ¢ :=no S5 satisfies [0, ] = [n,¢] = 0 and ¢(T7) = T3; and so (4.10.8)
holds. Hence, one can assert the following lemma by the arguments above and Theorem
4.2.2:

LEMMA 4.10.1 (EII).  The elements (g,T,n) € dR4 are classified as follows, in the
case where n =y is fized (cf. (4.10.5)) :

(1) (gvTv 77) = (Q,Z(Zl - 26)7771)7

where {Zj}?:1 is the dual basis of {%‘}?:1 =II(gc, cc) (¢f. (4.10.1)). Moreover, o := o
satisfies
1 {(g’go) = (66(2)a50(6a4) @50(2))3
(87,97 Ng") = (sp(3,1),5p(2) & sp(1,1)).

4.10.4. Case n = ns.
By Lemma 4.10.1 and arguments similar to those in Subsection 4.3.2., we have

LEMMA 4.10.2 (EII).  The elements (g,T,n) € dRg are classified as follows, in the
case where 1 =1y s fized (cf. (4.10.5)) :

(2) (gvTa 77) = (977;(Z1 - 26)7772)7

where {Z;}S_, is the dual basis of {o;}5_, = T(gc, cc) (¢f. (4.10.1)). Moreover, o := or
satisfies
{(979") = (¢6(2),50(6,4) ® 50(2)),
(97,87 N g") = (fa(), 50(5,4))-
4.10.5. Case n =n3.
Let n := ns (cf. (4.10.5)). Notice that 7 gives rise to a normal real form of gc.

So, ag = spang{iZ; }?:1 (= icg) is a maximal abelian subspace in €77 and the Dynkin
diagram of 3(&, ag) is the same as (4.10.3).

1 11 1 1 1
o—(Cc—COC—C0 O

B1 B2 B3 Ba Bs  Bs As x Ay

Denote by {T;}5_, the dual basis of {£; }?:1. Then, we obtain

T1 :Z(ZQ+Z3—Z5)/2, TQ :iZl, T3 :Z(—Zg+Zg+Z5)/2,
Ty=iZg, Ts=i(Zy— Zs+25))2, Ts=i(—Zo— Zy+ 274 — Z5)/2
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from o;(Z;) = 6; ;. Let A be an element of Cy(gq,) such that the eigenvalue of ad A
ing=%¢®pis £i or zero. Then one has A = Ty, Ty, (11 + Ts), (T + Ts) by direct
computation, (4.10.1), Lemma 4.2.3-(iii) and «;(Z;) = 4, ;. Moreover, (g,T>,n) and
(g, 71 + Ts,n) are equivalent to (g, T4,n) and (g, T5 + T6,n), respectively. Thereby

LEMMA 4.10.3 (EII).  The elements (g,T,n) € dRg are classified as follows, in the
case where n = n3 s fized (cf. (4.10.5)) :

(3) (g7Ta 77) = (g7i217n3)7 (4) (g?T7 77) (97 (Z4 - Z5) )

where {Z;}5_, is the dual basis of {o;}5_, = (gc, cc) (¢f. (4.10.1)). Moreover, o := o
satisfies

( ) {(g ) (66(2)750(674)@50(2))7
(g7,97 Ng") = (sp(4,R),5p(2,R) ® sp(2, R));
( ) {(gag ) (66(2)750*(10)@50*(2»7
(97,87 Ng") = (sp(4,R), 5p(2, C)).
By (4.10.5) and three Lemmas 4.10.1-4.10.3, we conclude

PROPOSITION 4.10.4 (EII).  The elements (g,T,7n) € dR4 are classified as follows,
where g = eg(2) and its Cartan involution is defined as 0 in (4.10.2) :

g T n no.
i(Z1 — Zs) m in (4.10.5) (1)
EII the same as in (1) | Bom (2)
iZy 1 in (4.10.5) (3)
i(Zy — Z5) the same as in (3) | (4)
where {Z;}5_, is the dual basis of {o;}5_, = I(gc, cc) (¢f. (4.10.1)). Moreover, o := or

satisfies

) (66(2)750(674) @50(2))7
g7,07 Ng") = (sp(3,1),5p(2) ®sp(1,1));

0'

g,0%) is the same as in (1),

(g,
o fe
{(
(87,87 N g") = (faa),50(5,4));
{(9’9 (e6(2), 50(6,4) B 50(2)),
(67,87 Ng") = (sp(4,R),5p(2,R) ® 5p(2,R));
{(g = (eg(2), 50" (10) © 50*(2)),
(7,87 Ng") = (sp(4,R),5p(2,C)).
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4.11. Type EIII, g = ¢g(_14)-
Let g, be the same Lie algebra as in Subsection 4.10. Define 6 € Inv(g,,) by

0 :=exprmadi(Z; — Zs), (4.11.1)

where {Z;}%_, denotes the dual basis of II(gc, ¢cc) = {a;}5_; (cf. (4.10.1)). From them
we construct a real form g = €@ p of gc. Then, g = eg(_14) and t = 50(10) @ t. In this
setting, one can prove the following by arguments similar to those in Subsection 4.10:

PROPOSITION 4.11.1 (EIII).  The elements (g,T,n) € dRgy are classified as follows,
where g = eg(—14) and its Cartan involution is defined as 0 in (4.11.1) :

g T n no.
i(Z1 — Z3) nz in (4.10.5) (1)
i(Z5 — Zs) 7 in (4.10.6) (2)
EI | iZ, the same as in (1) | (3)
(21 — Zg) the same as in (2) | (4)
the same as in (4) | the same as in (1) | (5)
where {Zj}?:1 is the dual basis of {%‘}?:1 = II(gc, cc) (¢f. (4.10.1)). Moreover, o := o

satisfies

Q) {( ,87) = (eg(—14),50%(10) @ s0*(2)),

(97,97 Ng") = (sp(2,2),5p(2,C));
) {(g,g ) = (€6(~11),50(8,2) ® 50(2)),
(87,87 N g") = (fa(—20),50(8,1));
) {(g,g ) = (€6(~14),50(8,2) ® 50(2)),

(87,87 Ng") = (sp(2,2),5p(1, 1) @ sp(1, 1));
() {(979 ) = (e6(-14),50(10) © 50(2)),

(

(9,
o

8",97 N g") = (Fa(—20),50(9));
g7) is the same as in (4),
4.12. Type EV, g =eq(7).
Let gc := e(7c and let g, be the compact real form of g¢ given by (3.2.1), where the
Dynkin diagram of A(gc, ¢c) is as follows (cf. Bourbaki [3, p.280]):

g7 N g") = (p(2,2),5p(2) @ 5p(2)).

Q1 Q3 Q4 Q5 Qg Q7

2 3 |4 3 2 1 (4.12.1)
20 as
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Denote by {Z;}7_, the dual basis of {o;}7_, and define § € Inv(g,) by

0 :=expmad(iZy). (4.12.2)
We construct a real form g = €@ p C gc from g, and 6. In this case g = e7(7) and

t = su(8). Now, let us prepare 71,73 € Inv(g) for stating Proposition 4.12.1 (below).
Proposition 3.2.1 and Lemma 3.2.2 enable us to get 11,713 € Inv(g,,) by

‘m(an) == ag, ‘mlag):=a, 'm(az):= 045; ‘() = au, (4.12.3)
fm(as) == as, ‘m(ag) =, 'm(ar):=—-q
t?’]3(0¢j) =—a; for 1 <j <7, (4.12.4)

where & := 2a1 + 202 + 3as + 4ag + 3as + 2a + a7. It follows from (4.12.2) that
[0,m] = [0,n3] = 0, so that 01,73 € Inv(g) N Inv(g,) by Proposition 3.1.2. With this
setting we can state

PROPOSITION 4.12.1 (EV).  The elements (g,T, 1) € dRg4 are classified as follows,
where g = e7(7y and its Cartan involution is defined as 0 in (4.12.2) :

g T n no.
iZ7 m in (4.12.3) | (1)

EV | the same as in (1) | 6 om (2)
the same as in (1) | n3 in (4.12.4) | (3)

where {Z;}7_, is the dual basis of {c;;}1_; = T(gc, cc) (of. (4.12.1
satisfies

(

1
(1) {(
(

2
iy
(
(

(3) {

4.13. Type EVI, g = e7(_s)-
Let g, be the same Lie algebra as in Subsection 4.12 and

~—

). Moreover, o := or

8,97) = (e7(7), ¢6(2) D V),

87,87 Ng") = (es(6) O R, faa));
g,9%) is the same as in (1),
g7,87 Ng") = (su(8),5p(3,1));
g,08%) is the same as in (1),

97,97 Ng") = (sl(8,R),sp(4,R)).

0 :=expmadi(Zs + Z7), (4.13.1)

where {Z;}7_, is the dual basis of {o;}7_, = II(gc,cc) (cf. (4.12.1)). Construct a real
form g = €@ p C gc from g, and §. Then g = e7(_5) and £ = s0(12) © su(2). Define
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M5 € Inv(gu) by
N5 = gomog (4.13.2)

where 71 in (4.12.3) and ¢ is an automorphism of g, defined by

4

t¢(a1) = Za:1 Qg t¢(a2) = Oy, t¢(a3) =g,
t¢(044) = Qs, t¢(0¢5) =g+ ZZ:4 Qp, t¢(046) = - — Qr,

Proposition 3.1.2 and (4.13.1) imply that 75 € Inv(g), and moreover 1y, 73 € Inv(g) (see
(4.12.4) for n3). In this setting, we assert

PROPOSITION 4.13.1 (EVI).  The elements (g,T,n) € dRg are classified as follows,
where g = e7(_5) and its Cartan involution is defined as 0 in (4.13.1) :

g T n no.
iZy m in (4.12.3) 1)

the same as in (1) | B om (2)

EVI | the same as in (1) | n3 in (4.12.4) (3)
i(Ze — Z7) the same as in (3) | (4)

the same as in (4) | 05 in (4.13.2) (5)

where {Z;}7_, is the dual basis of {o;}1_, = (gc, cc) (¢f. (4.12.1)). Moreover, o := or
satisfies

(1) { 97) = (e7(-5), ¢6(2) D 1),
87,87 Ng") = (e6(2) D t,faa));

0'

9,97) is the same as in (1),

87,87 Ng") = (su(6,2),sp(3,1));

U

g,0%) is the same as in (1),

(g,
(
(
(
(
(87,87 Ng") = (su(4,4),5p(4,R));
(9,
(
(
(9"

= (e7(=5), e6(—14) D 1),
97,97 Ng") = (su(4,4),5p(2,2));

0'

g,9%) is the same as in (4),

St
o
@ e
9 e

87N g") = (eg(—14) D t, fa(—20))-
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4.14. Type EVIIL, g = er(_25)-
Let g, be the same Lie algebra as in Subsection 4.12 and

0 :=expmad(iZ7), (4.14.1)

where {Zj};-:l is the dual basis of {«; };:1 =TI(gc, cc). Construct a real form g =€¢dp
of gc from g, and 6. Then g = e7(_a5), £ = ¢6 ® t and

PROPOSITION 4.14.1 (EVII). The elements (g,T,n) € dRy are classified as follows,
where g = e7(_o5) and its Cartan involution is defined as 6 in (4.14.1) :

g T n no.
i(Zy — Zo+ Z7) | m1 in (4.12.3) (1)

EVIL i(Z¢ — Z7) N3 in (4.12.4) (2)
iZ7 the same as in (1) | (3)

the same as in (3) | the same as in (2) | (4)

where {Z;}7_, is the dual basis of {o;}T_, = (gc, cc) (¢f. (4.12.1)). Moreover, o := or
satisfies

9,87) = (e7(—25), to(—14) D 1),
87,87 Ng") = (es(—26) D R, fa—20);

9,9 ) ( 7(— 25)766(714)@t)a
g",97 Ng") = (su”(8),5p(2,2));

(
(
(
(

3) {(Qag ) = (e7(—25), 6 © ),
(87,97 Ng") = (eg(—26) © R, fa);
(
(g"

n { g,9%) is the same as in (3),
;87 Ng7) = (su™(8),5p(4)).

We end this section with commenting on the main theorem.

REMARK 4.14.2. Let us enumerate our comments on Theorem 1.0.1.

(1) One can realize all the real forms M C G/R in List I by taking twelve Propositions
4.3.5 (AI), 4.4.1 (AII), 4.5.1 (AIII), 4.6.1 (BDI), 4.7.1 (DIII), 4.8.1 (CI), 4.9.1 (CII),
4104 (EII), 4.11.1 (EII), 4.12.1 (EV), 4.13.1 (EVI) and 4.14.1 (EVII). Here we
utilize the notation in Remark 4.2.4.

(2) By G we mean the adjoint group of Lie G, for G/R in Theorem 1.0.1.

(3) The conjecture of Boumuki [2, p. 118] is not true, because the table in [2, p. 118-121]
is missing the real forms of nos.4, 5 and 6 of type AIIl, nos.4 and 5 of type BDI,
no. 3 of type DIII, and nos. 3 and 4 of type CII.
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5. Real forms and totally real totally geodesic submanifolds.

5.1. Theorem 5.1.1.
Our goal in this section is to establish the following theorem (see Subsection 5.3 for
its proof):

THEOREM 5.1.1.  Let (G/R,o,J,g) be a simple irreducible pseudo-Hermitian sym-
metric space, where Z(G) is trivial, and let N be a subset of G/R containing o. Then,
the following (i) and (ii) are equivalent:

(i) N is a real form of G/R;
(ii) N is a connected, totally real, complete totally geodesic submanifold of G/R with
dimg N = dim¢ G/ R, where the induced metric g|n is non-degenerate.

Here, we recall that a submanifold N of G/R is said to be totally real when
9p(Jp(T,N),T,N) = {0} for each p € N.

5.2. Totally real submanifolds.
To prove Theorem 5.1.1 we need Lemma 5.2.1 and Proposition 5.2.3.

LEMMA 5.2.1. Let (G/R,o,J,g) be a simple irreducible pseudo-Hermitian symmet-
ric space, and N a connected totally real, complete totally geodesic submanifold of G/R
with o € N and dimg N = dim¢ G/R, where g|n is non-degenerate. Then, n := T,N
satisfies

(1) g=n&jn), (2) [[n,n].n] Cn, (3) [li(m),5(m)],5(m)] € 5(n),
(4) [0 gm)n] € 5m), (5) [[n,d(m)],5(m)] Cn.

Here j :=J, and q:=T,(G/R).

REMARK 5.2.2. Lemma 5.2.1 means that the above n is a reflective subspace of q
in the sense of Leung [13, p.156] (see Leung [14, p. 180] also), though the terminology
“reflective subspace” is used only for a Riemannian symmetric space in the original sense.

PRrROOF OF LEMMA 5.2.1. (1) Let n* denote the orthogonal complement of n in g
with respect to g,. Then one has q¢ = n @ nt since g|y is non-degenerate. Therefore we
conclude (1), if j(n) = nt. Since N is totally real, we obtain j(n) C nt. This gives

j(n) =nt

because dimgnt = dimgq — dimgn = dimgn = dimg j(n) follows from dimg N =
dim¢ G/R and j : q — q being linear isomorphic.

(2) Theorem 4.3 [11, p. 237] provides (2).

(3) By Proposition 2.3.3 there exist the canonical central element 7' € ¢ and a
non-zero A € R satisfying

R:CG(T)a j:adT|q7 go:)\'Bg|q><q~
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Needless to say, j(n) = [T, n] holds. First, let us show
[7(n),3(m)] C [n,n]. (5.2.1)

By the Jacobi identity, j = ad T'| and j2=- idq one deduces

3 (n),3 ()] C [[T.0],5(m)] € [[n,5(m)], 7] + [[i(n), T];n] C [[n,5(n)]. T] + [n,n].

It follows from [n, j(n)] C ¢ and v = ¢g(T") that [[n, j(n)], 7] = {0}, so that (5.2.1) holds.
Since (5.2.1), (2) and [[n,n],T] C [¢,T] = {0}, we have

[l3(n), 5], 3 ()] € [[n,n],5(n)] € [[nn], [T,0)] < [T, [n, [0, 0]]] + [0, [[n,n], T7]
C [T,n]+ [n,[[n,n],T]] C [T,n] = j(n).

(4) It suffices to confirm that

Bg ([[n,j(n)], 11], ‘ﬂ) = {O}
by virtue of [[n,j(n)],n] C q, g =n@n*, nt =j(n) (cf. (1)) and g, = X - By|qxq. That
is immediate from (2) and Bg([X,Y],Z) = —By(Y, [X, Z]) for all X,Y,Z € g.
(5) We conclude (5) by arguments similar to those stated above and (3). O

Let us prove

PROPOSITION 5.2.3.  With the same setting as in Lemma 5.2.1; suppose that Z(Q)
is trivial. Then, N is also a real form of G/R.

ProOOF. It suffices to construct an involutive antiholomorphic isometry g of G/R
such that N = (G/R)?. Our first aim is to verify

v=[n,n]®[n,j(n). (5.2.2)
Nomizu [21, p. 56, (16.2)] shows v = [q, q]. So, Lemma 5.2.1-(1) and (5.2.1) yield
t=[n,n]+ [n,j(n)].
Furthermore, it follows from Lemma 5.2.1-(2) and j(n) = nt that
Bg([n,n], [n, 5 (m)]) € By([n, [n,0]],5(n)) € Bg(n,j(n)) = A" - go(n, j(n)) = {0}
(see Proof of Lemma 5.2.1-(1) for j(n) = nt). Consequently, (5.2.2) holds because By is

non-degenerate on t. Lemma 5.2.1-(1) and (5.2.2) allow us to define a linear map p of
g=t®qby
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X X enndn,
o(X) ;:{

-X if X enjn)®jn).

Then ¢ € Inv(g) by virtue of Lemma 5.2.1 and the Jacobi identity (cf. Leung [13,
p.157]). Our next aim is to show

o(T) = -T. (5.2.3)
On the one hand, (5.2.2) yields o(tr) C ¢, and hence v = ¢g(7") implies that
[o(T), X] = o([T’ o(X)]) = 0 = —[T, X] for any X €.

On the other hand, by j = adT|q and j? = —id we deduce [o(T), N1 + j(N2)] =
o([T, N1=3(N2)]) = (3 (N1)+N2) = =3 (N1)+Nz = [T, N1+5(N2)] for any N1, Ny € n.
This and Lemma 5.2.1-(1) imply that

[0o(T),Y] = —[T,Y] for any Y € q.

Consequently [o(T),Z] = —[T, Z] for all Z € g = ¢ ® q, and hence (5.2.3) follows from
g being semisimple. Now, by Z(G) = {e} there exists a unique involution of G whose
differential coincides with p. Denote the involution by the same g. It follows from (5.2.3)
and R = Cg(T) that o(R) = R. Hence, one can get an involutive antiholomorphic
isometry ¢ of G/R by setting

0(9R) := o(g)R for gR € G/R

because j = adT'q, (5.2.3) and g, = X - Bylqxq. The rest of proof is to confirm N =
(G/R)®. Lemma 2.4.4 and Theorem 2.6.1 imply that (G/R)? is a connected complete
totally geodesic submanifold of (G/R, V). For this reason Proposition 2.4.2 and Remark
2.3.2 enable us to conclude N = (G/R)? because o € N, o € (G/R)? and T,N = n
coincides with T,(G/R)®. O

5.3. Proof of Theorem 5.1.1.

We are now in a position to demonstrate Theorem 5.1.1.

PROOF OF THEOREM 5.1.1. (i) = (ii): Suppose that N is a real form of G/R.

Then, there exists an involutive antiholomorphic isometry 7 of G/R satisfying N =
(G/R)". Take any p € N = (G/R)" and decompose T,,(G/R) as

T,(G/R) = T} (G/R) Ty (G/R). a,(Ty (G/R).Ty (G/R)) = {0}).  (5.3.)
Here TF(G/R) denotes the +l-eigenspace of (df)), in T,(G/R). Since dijo J =

—J o dij at p, we have J,(TF(G/R)) = T,7 (G/R). Therefore T,f (G/R) = T,N yields
gp(T,N, J,(T,N)) = {0} and dimg N = dim¢ G/R in terms of (5.3.1). By (5.3.1) and
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TF(G/R) = T,N we confirm that g|y is non-degenerate. Consequently,

(a) N is a totally real submanifold of G/R, (b) dimg N = dim¢ G/R,

(c) g|n is non-degenerate.

Theorem 2.6.1 assures that (d) N is connected. It is immediate from o € N = (G/R)"
that /(o) = o. Hence, Corollary 2.4.6 and Lemma 2.4.4 imply that (e) N is a complete
totally geodesic submanifold of G/R. We have completed the proof of (i) = (ii) by
virtue of (a)—(e).

(ii) = (i): cf. Proposition 5.2.3. O

REMARK 5.3.1.  Theorem 5.1.1 means that Leung’s classification [14] of real forms
is equivalent to Takeuchi’s classification [26] of totally real totally geodesic submanifolds.

6. Para-holomorphic involutions of simple para-Hermitian symmetric
Lie algebras.

The main purpose of this section is to demonstrate Theorem 6.5.1 which is a classi-
fication of the pairs ((gq,0),8) of simple para-Hermitian symmetric Lie algebras (g4, o)
and their para-holomorphic involutions 6, where g, are real forms of complex simple Lie
algebras.

6.1. An equivalence relation on Inv(g)PP.
We first recall

DEFINITION 6.1.1 (cf. Kaneyuki-Kozai [9, p. 88]). (i) A symmetric Lie algebra
(u,0) is called para-Hermitian when there exist an ad u’-invariant para-complex
structure ¢ on u~? and an ad u?-invariant para-Hermitian form (-, - ) (with respect
to i) on u=7.

(ii) Let (u, o) be a para-Hermitian symmetric Lie algebra with para-complex structure
. Then ¢ € Inv(u) is said to be a para-holomorphic involution of (u, o), if [o,9] =0
and Y o1 =401 on u”?. Remark that we assume id and o to be one of the para-
holomorphic involutions of (u, o).

REMARK 6.1.2.  About a para-Hermitian symmetric Lie algebra (g,o0) with gc
simple, Kaneyuki-Kozai [9] enables us to assert statements analogous with those on
Proposition 2.3.3, Remark 2.3.4 and Lemma 2.3.5. In this paper, we do not describe
these statements in detail.

Let g¢ be a complex simple Lie algebra, and g a real form of g¢. Denote by Inv(g)PP
the set of pairs ((g,0),9¥) of para-Hermitian symmetric Lie algebras (g,o0) and para-
holomorphic involutions ¥ of (g, o). Define an equivalence relation on Inv(g)?? by

DEFINITION 6.1.3.  For ((g,01),91), ((g,02),92) € Inv(g)PP we say that they are
equivalent, if there exists a ¢ € Aut(g) such that

(i) poorod =09, (ii) pothodp™t =1s.
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Henceforth, we denote by Inv(g)P”®/au(g) the set of equivalence classes on Inv(g)??.

We will determine Inv(gq)P?/aut(g,) for all real forms g4 of complex simple Lie
algebras gc, by considering

MRo/n =5 AR/ <= Py/~ <& dPy/n <L Tv(00)""/ aui(e
[(gv Ta 77)] [(97 T7 7, 0)] [(gda ZT7 67 7])] [(gd7 ZT? 9)] [(Bd, exp ad T7 9)}

(6.1.1)

(cf. four Lemmas 6.4.1-6.4.4). Note that we have already known the left-hand side of
(6.1.1), where g are non-compact real forms of gc.

6.2. An equivalence relation on d/’P\M.

Let g be a real form of a complex simple Lie algebra. Consider a triplet (g, Z, )
consisting of (1) a non-zero semisimple element Z € g such that the eigenvalue of ad Z
in g is £1 or zero and (2) ¥ € Inv(g) such that ¥(Z) = Z; and denote by dP, the set
of such triplets. Let us define an equivalence relation ‘~’ on dPy similarly to Definition
2.7.4.

REMARK 6.2.1.  About any (g, Z,9) € dPy, one can assert statements analogous
with those on Remark 2.7.3 and Lemma 4.2.1.

Now, let gc be a complex simple Lie algebra. Denote by cﬁ?\c the set of quartets
(9,7,9,7), where g is a real form of gc, (g, Z,9) € dPy and 7 is a Cartan involution of g
such that 7(Z) = —Z and [1,9] = 0. We extend the equivalence relation ‘~’ on dPy to

cﬁ?; as follows:

DEFINITION 6.2.2.  For (g1, Z1,91,71), (g2, Z2,¥2,72) € cﬁ?; we say that they are
equivalent, if there exists an isomorphism ¢ of g; onto go satisfying

(1) ¢(Z1):Z27 (ii)gboﬂl:ﬁgogb, (iii)¢OT1:T20¢.

Henceforth, we denote by cﬁ?; /~ the set of equivalence classes on d/’P;.

6.3. An equivalence relation on dﬁ\gc.

Denote by c@ the set of quartets (g, T, 7, 0) which consist of (1) real forms g C gc,
(2) (g,T,7n) € dR4 and (3) Cartan involutions 6 of g satisfying 8(T) = T and [0,7n] = 0.
We extend the equivalence relation ‘~’ on dR4 to dRg. as follows:

DEeFINITION 6.3.1.  For (g1,71,m1,61), (92, T2,m2,02) € c@ we say that they are
equivalent, if there exists an isomorphism ¢ of g; onto go satisfying

(1) ¢(T1) = TQ, (11) ¢ o] ’I’]l = ’172 o] ¢, (lll) (]5 o 91 - 92 o ¢

Henceforth, we denote by c@ /~ the set of equivalence classes on cﬁ?,;.
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6.4. Relation among dRy/~, d??,\gc/N, etc.

We are going to clarify relation among dRg/~, dRg./~, dPg./~, dPy/~ and
Inv(g)”?/ Aut(g)- The following comes from Proposition 3.1 [20, p.76] and Proposition
3.1.2:

LEMMA 6.4.1.  For a complex simple Lie algebra gc, the following F is a bijection
of dRg./~ onto dPg./x~ :

F: [(ga Ta , 9)] = [(gda ZT; 07 77)]7
where (g4, 0) is the Berger dual of symmetric Lie algebra (g,n).

Let us study relation between dR4/~ and c@ /ot

LEMMA 6.4.2.  For a real form g of gc, the following Fi is an injection of dRg/~
into dRg./~ :

Fl : [(97T, 77)] = [(QaTﬂ%e)L

where 0 is any Cartan involution of g such that 6(T) = T and [0,n] = 0 (see Lemma
4.2.1 for the existence of 9).

PROOF. We only prove that F} is well-defined. Take (g,T71,m1), (g,T2,m2) € dR4
and suppose that they are equivalent via ¢ € Aut(g),

(i) ¢(T1) =Tp, (i) pomo¢™" =1np.

Let 6, be any Cartan involution of g such that 0,(7,) = T, and [04,7m.] = 0 (e = 1,2).
Both 0] := ¢ 0 6; 0 ¢! and 65 are Cartan involutions, and satisfy 0} (T3) = 02(Ty) = Ty
and [0], 2] = [02,72] = 0. This implies that 65 0 6] 0 05 0 §] commutes with both o7, and
n2. Therefore, the proof of Theorem 2.1 [15, p. 153] enables us to have a 1) = expadg X
such that o7, (X) = X, 72(X) = X and v 0 0] op~! = 0. Note that v satisfies

Yobiop =0y, Y(T)=Ts, [¥,m2]=0

because ¢4 (T5) = g”™. Then (g,T1,m,61) is equivalent to (g, 15,72, 62) via ¢ 0 ¢, in the
sense of Definition 6.3.1. g

Similarly one can conclude

LEMMA 6.4.3.  For a real form g of gc, the following Fy is an injection of dPg/~
into dPg. [~ :

F2 : [(g’Zvﬂ)] = [(ga 271977—)]7

where T is any Cartan involution of g such that 7(Z) = —Z and [1,9] = 0.
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There exists a one-to-one correspondence between dPy/~ and Inv(g)P? /aue(g):

LEMMA 6.4.4. For a real form g C gc, the following f is a bijection of dPy/~ onto
Inv(g)"?/ aut(g) :

f+1(g,Z,9)] = [(g,expmad(iZ), 9)].

PrROOF. We only show that f is injective. Take (g, Z1,v1), (g, Z2,92) € dPy and
suppose that (g,o01,v1) is equivalent to (g, 02, 92) via ¢ € Aut(g),

(i) poorod™ =02 (i) poviog ! =1,
where 0, := expmad(iZ,) for a = 1,2. On the one hand,
¢(Zl) = Z2 or ¢(Zl) = —ZQ

follows from (i) because the para-complex structure i5 of (g, 02) is unique up to sign +
and both ad ¢(Z;) and ad Z; induce para-complex structures of (g,c2). On the other

hand, there exists a Cartan involution 7 of g such that 7(Z2) = —Z and [1,03] = 0.
Hence, (g, Z1,v1) is equivalent to (g, Za,92) via ¢ in case of ¢(Z1) = Z,, and via 70 ¢
in case of ¢(Z;) = —Z5. This means that f is injective. O

6.5. The classification of elements ((g,0),9) € Inv(g)PP.

Four Lemmas 6.4.1-6.4.4 and (6.1.1) imply that the classification of elements
(9,T,m) € dRq for each real form g C gc is equivalent to that of ((gq4,0),6) € Inv(gq)P?
for each real form gq C gc. We have already determined dRy/. for each non-compact
real form g C gc (cf. Section 4). Thus, one can assert the following (cf. Remark

6.5.2-(ii)):

THEOREM 6.5.1.  Up to equivalence, the pairs ((gq,0),0) of para-Hermitian sym-
metric Lie algebras (g4, 0) and para-holomorphic involutions 6 of (g4, 0) are given in List
IIT (see p.84), where gq are real forms of complex simple Lie algebras.

PROOF. We only explain how to obtain the pairs ((g4,g9), (89, 85N g%)) in List IIT
from the triplets (g,T,n) € dRy which correspond to (G/R, M) in List I. It suffices to
give an example.

Let (g,7,n) denote the triplet in Proposition 4.10.4-(1). Then T = i(Z; — Zg),
17 =, and 6 in (4.10.2) is a Cartan involution of g such that (T) = T and [0, 7] = 0.
Furthermore,

(9,97) = (e6(2),50(6,4) B 50(2)), (g",8” Ng") = (sp(3,1),8p(2) B sp(1,1)),
where o := op. Denote by (gq4,6) the Berger dual of symmetric Lie algebra (g,7). It

follows from g,, = ¢ and g7 = sp(4) (resp. g3 = s0(10)@s0(2) and g7Ng! = sp(2)Dsp(2))
that



82 N. Boumuki
84 = ¢g(6) (resp. gg = 50(5,5) @ s0(1,1)).

Similarly, it follows from g® = su(6) @ su(2) and g? Ng? = sp(3) ©sp(1) (resp. g2 NgT =
50(6) @ s0(4) @ s0(2) and g2 Ng? Ng? = sp(2) @ sp(1) © sp(1)) that

g% = su™(6) @ su*(2) (resp.gg N g = su*(4) & su*(2) & R & su*(2)).

Hence, we have obtained the pair ((g4,95), (85,85 N g9)) of no. EIL1 in List III from
(g,T,n) in Proposition 4.10.4-(1). O

REMARK 6.5.2. (1) In List III, the notation

Xl {(gZ7gd)7 ,
(9,987 Ngy)

means that the pair ((gq4,0),0) corresponds to that of the pseudo-Hermitian sym-
metric space G/R of type X and the real form M C G/R of no.i in List I.

(ii) Let ((g4,0),60) denote an element of Inv(gs)?*? which corresponds to (g,7.,7n) €
dRg4. If g is compact, then 0 = id, (g4, 99) = (g9, 95N %), and (g4, g5) is the same
as (g, b) in Theorem 4.6 [20, p.80].

(iii) One can achieve the classification of simple para-Hermitian symmetric Lie algebras
by collecting all (gq,9J) in List III and the complexifications of (gq4, g7) without
overlap.

We end this paper with giving an example which enables one to read the graded
decompositions gg = g—1 ® go D g+1 of the first kind and their further decompositions
g; =9, ®g; (j=0,%1) from List IIL

EXAMPLE 6.5.3. Let ((g4,0),0) denote the pair of no. AIIL.1 in List III. Then
o=expradT, § =AdI,, and

ga=slp+q,R)={A € MpiqpiqR) | Tr(A) =0},

where T := Tj, — T,, + T}, and we denote by M, ;(R) the set of a x b real matrices (cf.
Proposition 4.5.1-(1)). Remark that a para-complex structure % of (g4, o) is induced by
ad(iT"), and that (4.5.2) yields

1

T:Th—Tp—‘er:
r—y

diag(x,...,x,y,...,y,aﬁ,...,ac,y,...7y ,
—— —— ——

p—h k—p ptg—k

where x :=2p+qg—h—Fk and y := p—h — k. Now, let g; denote the j-eigenspace of
ad(iT) in gq, where j = 0, 1. A direct computation provides us with
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Since 6(T') =T, all g; are invariant under 6. So, each g; can be further decomposed as
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@ O 0 O
My, _nn O My_prp—p O
: : M,y € M, (R ,
O O 0 19 b o(®)
Mp-‘rq—k,h 0 Mp+q—k',k—p )
Mp,n 0 My j—p @)
% Mp—h-p—h 0 Mp—h pt+q—k
: : € M, € M, (R
My—pn 0 My—pip 0 9d b »(R)
0 Mptg—k,p—n o Mp+q—tp+a—r
) Mh,p—h O Mh,p+q—k
@) 0 O 0
Mgy € Ma7b(]R)
O My—pp—n|O Mi—pptrq—k
@] 0 O 0

g; = g;' @ g; , where gf denote the +1-eigenspaces of # in g;, respectively:

+
1=

O O O O
My _npn O O 0
: M, My p(R) 5,
0 o 3 0 b € Mo(R)
o O Mp+g—kk—p O
O O O O
O O| My hrp O
: My € My y(R) %,
o o0 o0 o b € Ma(R)
My g 1 O O 0
M 1 O 0 0,
O My hpn O 0,
* M, € M, (R
0 0 | My, 3 € 84| Map € Mop(R)
0 0 @ Mp+q—k‘,p+q—k'
0 o Mgy 0
0 O O My hpigr
: My € Map(R) &,
Miyn O 0 0 b € Map(R)
o Mp+q—kp—n 0 o
o Mh,p—h @) O
o o0 |o O
My € My y(R) S,
0 0O O My—ppt+q—k € ,b( )
o o0 |o O

83

bl
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O O |0 Myyiqr
o o |lo o

My € Myp(R
O My ppn|O O 0 »®)
o o |o o

The above subspaces satisfy

9a=0-1D00D0+1, [0:9;] C ity

gi=g g, o7 0/ 1 C oy l05,05] Coinyy [07,05] C oy

for any i,j = 0, £1.

List I1I
o, { (84,87),
(92-97 N 97)
Al
(sl(p + ¢, R),s(gl(h + k — p,R) @ gl(2p + ¢ — h — k,R))),
AIIL1 (sl(p, R) @ sl(¢,R) & R, s(gl(h, R) & gl(p — h, R))
@s(gl(k —p,R)@gl(p +¢— kR)) & R)
(sl(2n, R s(gl(n,R) ® gl(n,R))),
Al2 { (so(n,n),sl(n,R) & R)
(s1( 2n ]R g [(n,R) & gl(n, R))),
AllL2 { (sp(n, [(n,R) ®R)
(st 2p, g[(?h R) & gl(2p — 2h,R))),
AILLS {(5[ t,s(gl(h,C) @ gl(p — h,C)) & t)
ATl
(su*(2n 4 2m), su* (2h + 2k — 2n) ® su*(4n + 2m — 2h — 2k) ® R),
ATIL3 (su*(2n) @ su*(2m) & R, su*(2h) @ su*(2n — 2h) & R & su*(2k — 2n)
@ su*(2n + 2m — 2k) @R ® R)
(su*(2p), su*(2h) @ su*(2p — 2h) B R),
AL | 8 iy o gl ) 0
(su*(4m), su*(2m) ® su*(2m) & R),
Al4 { (s0*(4m), su*(2m) ® R)
(su*(4m), su* (2m) ® su*(2m) ® R),
AlL4 { (sp(m,m), su*(2m) ® R)
AIII
(su(n,n),sl(n,C) ®R),
ALl { (so(n,n),sl(n,R) ® R)
(su(n,n),sl(n,C) ® R),
AlLL { (sp(n,R),sl(n,R) & R)
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no. { (gd7 gg)’
(99,99 N g7)
(su(n +m,n+m),sl(n+m,C) ®R),
AllL2 { (su(n,n) ® su(m,m) ® t,sl(n,C) ® R ® sl(m,C) DR G t)
(su(p,p),ﬁl(p, C)e R),
AIILG { (sl(p.C) ® R, s(gl(h,C) @ gl(p — h,C)) ® R)
(su(2m, 2m),sl(2m,C) ® R),
AlL3 { (s0*(4m), su*(2m) ® R)
(5u(2m, 2m),sl(2m,C) & R),
AlL3 { (sp(m,m),su*(2m) ® R)
BDI
BDL1 { (so(h+k,p+q—h—k),so(h+k—1,p+q—h—k—1)@so(1,1)),
' (so(h,p— h) ®so(k,q — k),s0(h —1,p— h— 1) ®so(1,1) ® so(k,q — k))
(so(n,n),s0(n —1,n — 1) ®so(1,1)),
DILS {(5[(n,R) &R, s(gl(n — 1,R) @ gl(1,R)) & R)
(so(n +m,n +m),sl(n+m,R) BR),
BDb1.2 { (so(n,n) @ so(m,m),sl(n,R) & R & sl(m,R) & R)
(so(n,n),sl(n,R) & R),
DIL4 { (sl(n,R) ® R, s(gl(k,R) & gl(n — k,R)) ® R)
(s0(2n,2n),sl(2n,R) ® R),
BDLS { (so(2n,C),sl(n,C) ® C)
(so(2m,2m),sl(2m,R) @ R),
DILL { (su(m,m) @ t,sl(m,C) B R @ t)
DIII
(s0*(4n + 4m), su*(2n + 2m) G R),
BDL3 { (s0*(4n) @ s0* (4m), su*(2n) & R & su*(2m) & R)
(s0*(4m), su*(2m) ® R),
DIL3 { (su*(2m) ® R, su*(2k) & su*(2m — 2k) @R ® R)
(s0*(4n),su*(2n) ® R),
BbL4 { (s0(2n, C),sl(n,C) @ C)
(s0*(4m), su*(2m) ® R),
it { (su(m,m) @ t,sl(m,C) DR @ t)
CI
(sp(n,R),sl(n,R) ®R),
Cl4 { (5[(n, R)®R,s(gl(k,R)® gl(n — k,R)) ® R)
CIL1 {(sp(p+q7R),5[(p+q,R)@R),
’ (sp(p,R) @ sp(q,R),sl(p,R) ® R @ sl(q,R) B R)
(sp(2m,R),sl(2m,R) & R),
cl2 { (su(m,m) @ t,sl(m,C) BR @ t)
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gd 9q ﬁ 94)
CIL4 {5 p(2p, R) 5[2pR69R)
' (sp(p, C),sl(p,C) ® C)
CII
CL3 {(Ep *(2m) @R)
(su*(2m) @R su*(2k) © su*(2m — 2k) DR O R)
CIL2 {(5p(n+m n+m),su*(2n + 2m) ® R),
' (sp(n,n) @ sp(m, m) *(2n) & R @ su*(2m) & R)
CL1 {(5p( *(2m) ®R),
' (su(m,m @ts (m,C) DR @ t)
CIL3 {(’W’ "(2) & R),
(sp(p,C),sl(p,C) ® C)
EI
EIL1 {(26(6) ,50(5,5) 6950 (1,1)),
(su*(6) ® su*(2), su*(4) © su*(2) @ R @ su*(2))
EIL3 {(eG(G ,50(5 5) @50 1)),
(sl(6,R) & sl(2,R), s(gl(4,R) & gl(2,R)) & s(2,R))
EIL4 {(26(6) s0(5,5) @50 1 1)),
(sI(6,R) & sl(2,R), s(gl(5,R) & gl(1,R)) & s0(1,1))
EIL1 {(36(6),50 (5, 5)@50 (1,1)),
' (s0(5,5) @ so(1,1),sl(5,R) ® R @ s0(1,1))
EITL.3 {(e6(6 ,50(5,5) @ s0(1,1)),
' (s0(5,5) ®so(1,1),50(4,4) ®so(1,1) ®so(1,1))
EIIL5 {(26(6 ,50(5,5) @ s0(1,1)),
' (s0(5,5) @ so(1,1),50(5,5) & so(1,1))
EIV
ElL2 {(26( 26),50(9,1) 6950(1 1)),
(su*(6) ® su*(2), su*(4) & su*(2) & R @ su*(2))
FIIL2 {(eG( 26),50(9,1) 6950(1 1)),
' (s0(9,1) ®so(1,1),50(8) ®so(1,1) ®so(1,1))
EIIL4 {(26( 26)> 50 9 1 @50(1 1))
' (50(9,1) @ so(1,1),50(9,1) ®so(1,1))
EV
EV.2 {(2”7) » 66(6) ®R
(su*(8 @511 (2) ®R)
EVIL.2 {(e @ eﬁ(ﬁ @R
(s0%(12) @ su(2), su*(6) & R & su(2))
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no.

(gd
(92 gd ﬂ g9)

EV.3

e 7)> 66(6) ®R),
sl(8 (gl(6,R) @ gl(2,R)))

EVL3

50(6,6) ® sl(2,R),sl(6,R) ® R & sl(2,R))

EVI4

(
(s(
(27 (1) ee‘(a) DR),
(so(
227(7)’ ¢s(6) DR),

50(6,6) @ sl(2,R),s0(5,5) dso(1,1) ®so(1,1))

EVIIL.2

(e7(7): ¢6(6) B R),
(e(6) @ R,50(5,5) @ s0(1,1) ®R)

¢s6) DR, e6(6) O R)

EVII

EV.l

e7(— 25)736( 26) @R)
su*(8 (6) @ su*(2) ® R)

EVI.1

e7(—25), €6(—26) ® R),
50%(12) @ su(2),5u™(6) & R @ su(2))

EVL5

50(10,2) ® sl(2,R),50(9,1) ® s0(1,1) ®so(1,1))

EVIIL1

€7(—25) €6( 26)@R)
e6(—26) D R,50(9,1) D so(1,1) ®R)

EVIL3

{
{
{
{
{
EVIL4 {Ee 7(7): €o(6) © R),
{
Lo
{
{
{

€7(—25); €6(—26) @R)
¢6(—26) DR, e6(_26) T R)

(
(
(
(
(27 _25), e6(—26) D R),
(so(
(
(
(
(
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